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1. Introduction. Let K be a number field and let Rx be its ring of
integers. The index of a number field K is defined as

ind(K) = ged{ind(a) | € R, K = Q(c)}

where ind(«) = [Rg : Z]«]] denotes the index of the element a.

The problem of determining necessary and sufficient conditions in order
that two number fields of the same degree have the same index remains open.
Usually, this problem is attacked locally; namely, for each prime p one defines
ind, (K) as the maximal exponent s,(K) for which p*»(5) | ind(K), and looks
for conditions on two number fields K, K’ such that ind,(K) = ind, (K’).

Dedekind [1] characterized when ind,(K) # 0 in terms of the form of the
factorization of the ideal (p) in Rx. On the other hand, Ore [6] conjectured
and Engstrom [3] proved that the factorization type of (p) in Rg is not
sufficient, in general, for deciding what is the actual value of ind,(K).

There remain a number of particular cases in which ind,(K) can indeed
be decided in terms of the factorization type of (p) in Rg: for instance,
Engstrom himself [3] proved that this happens when p splits completely in
K, and later Sliwa [7] generalized this result to the case when p is unramified
in K. Moreover, Nart [5] showed that the mere factorization of (p) in Rg
completely determines ind, (/) when p splits into an unrestricted number
of primes of degree 1 and a limited number of totally ramified primes.

An important remark in Nart’s paper [5] is that one can determine
ind,(K) by studying the Q,-algebra K ® Q). In fact, it can be shown that
ind, (K) is nothing else than the index, I),(K ®Qp), of K ®Q), i.e., the max-
imal power of p which divides ind(a) = [Rx ®Zy, : Zp|a]] for all @ € R ®Zy,
(see [5] and [2, Section 2]).

Now, the Q,-algebra K ®Q,, decomposes as a direct sum of fields, K®Q,
~ LM g ... @ LM, where the L(V)’s are the completions of K at the primes
lying over p. It is rather easy to see that the index of K ®Q, depends only on
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the isomorphism classes [L(i)] of the fields in its decomposition, so it is natu-
ral to adopt the notation [K ®Q,] = ni[LM]+. . .+n[L®)], where n; denotes
the multiplicity of the class [L(igj] in the decomposition of K ®Q,,. Moreover,
if K/Q is Galois, then the decomposition of K ® Q, takes the simpler form
[K ® Qp] = n[L] for some integer n and some Galois extension L of Q.

In a previous paper [2], we described a method for explicitly computing
I,(n[L]) for all n and all tamely ramified extensions of Q.

The main object of this paper is to study under which conditions on two
local fields L, L, tamely ramified over Q,, one can say that

(1) L,(n[L]) = I,(n[L']) for all n € N.

We shall use the approach introduced in [2], where, in particular, we
found that (1) is true for all pairs L, L’ of totally and tamely ramified ex-
tensions of the same degree e. Much more generally, we shall show that, for
any two tamely ramified extensions L and L’ of Q,, (1) holds if the defining
equations of L and L’ are related by an arithmetical condition (Theorem 2).
If, moreover, L and L' are Galois over Q,, this arithmetical condition is
equivalent to the following: the Galois groups Gal(L/Q,) and Gal(L'/Qp)
are isomorphic (Theorem 1). Finally, these results can be reinterpreted in the
case of global fields. Let K and K’ be Galois extensions of Q, tamely rami-
fied at a prime p, in which the factorization of p has the same form; if K and
K’ have isomorphic decomposition groups over p, then ind,(K) = ind,(K")
(Corollary 3).

We remark that the condition Gal(L/Q,) = Gal(L'/Q,) seems indeed
a necessary one. In fact, already in the simplest case when the two Galois
groups are the two non-isomorphic groups of order 4, we have given an
example (see [2, Section 5]) showing that (1) is no longer true (for a more
general discussion, see the comments at the end of the paper).

Moreover, it turns out that if Gal(L/Q,) and Gal(L’/Q),) are isomorphic
groups, then there exists an isomorphism ¢ : Gal(L/Q,) — Gal(L'/Q))
which satisfies the further condition ¢(H) = H', where H and H' are the
inertia groups of L and L', respectively (Remark 4). Since we use this special
isomorphism in the proof of Theorem 1, we doubt whether the condition
Gal(L/Qp) = Gal(L'/Q,) remains sufficient, in the general case with wild
ramification, in order that (1) holds.

2. Notation and preliminaries. Throughout the paper, p will be a
fixed prime number, and e, f will be positive integers with (e,p) = 1. Also,
we shall let ¢ be the integer p/ and we shall choose ¢ = Cg—1 to be a fixed
primitive (¢ — 1)th root of unity. If m is a non-zero integer and r is a prime
number, we shall use the notation v,(m) to denote the largest power of r
dividing m.
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Let @p be a given algebraic closure of Q,. We denote by |z| the p-adic
valuation of @p, normalized so that |p| = 1. We shall denote by F' the unique
unramified extension of Q, of degree f contained in @p and by L(e, f) the
set of all (tamely ramified) extensions L of Q, (L C @p) with inertial degree
f and ramification index e.

By classical theory (see for instance [4]), each field L € L(e, f) is a totally
and tamely ramified extension of F'; moreover, we can write L = F(x),
where 7 is a root of the polynomial X¢ — (“p for some a € Z. Conversely,
for any integer a the field F[X]/(X¢ — (%p) is a tamely and totally ramified
extension of F' of degree e, and hence determines an element L € L(e, f) up
to isomorphism (see also Remark 1 below).

We shall write L = L, if L can be obtained by adjoining to F' a root of
X — (.

Let X', be the set of embeddings A : L, — @p. Since F' C L, is normal
over @), any such A restricts to an automorphism of F', hence A\(¢) = <
for some 0 <14 < f. Therefore A must satisfy

()" = Ax) = ¢7'p = (0D

Let & be a primitive e(q — 1)th root of unity such that ¢ = (. It follows
that for any Qp-isomorphism A : L, — @p there exist indices 4,j such
that _
(2) { A(C) = sza ) )

A7) = gar' —D+ila—1
Since L = Q,(¢, ), equations (2) completely determine the embedding .
Calling A}’ the embedding defined by (2), we have X7, = {\)' |0 < j < e,
0<i< f}.

PROPOSITION 1. The field L, is a normal extension of Q, if and only
if el(alp—1),q—1).

Proof. Suppose that L, is normal over Q,. Then L, is also normal over
F, Gal(L,/F) = (o), where o(r) = £~ !7. It follows that €971 a primitive
eth root of unity, belongs to F' and hence e | ¢ — 1. Further, from (2), we find
that Ao (1) = €2~V € L, hence e|a(p — 1).

Conversely, if e | (a(p—1),g—1), one sees immediately that X' (Lq) C Ly
foralli,j. m

REMARK 1. Since we have fixed the primitive (¢ — 1)th root of unity ¢,
the description of the embeddings of L, given above shows that L, and L,/
are Qp-isomorphic if and only if @’ = ap® (mod (¢—1, ¢)) for some 0 < i < f.
If, moreover, L, and L, are normal over QQ,, then they are isomorphic if
and only if @’ = a (mode).
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DEFINITION 1. Suppose that L, is normal over Q,. We define G, =
Gal(L,/Qp), H = Gal(L,/F), K = Gal(F/Qy). Moreover, since both H and
K are cyclic, we shall write H = () and K = (7), where o(n) = ¢(¢=D/ex
and 7(¢) = ¢? (here and in the following we identify ¢'/¢ with £). Finally,
we denote by 7 the extension of 7 to L, such that 7(7) = ¢*®~1/ex,

PROPOSITION 2. The group G, has the following presentation:
Go=(o,7]0°=1,7 =02 70171 = 0P).

Proof. 1t is trivial to check that G, is generated by ¢ and 7 and that
0 = 1. By induction on ¢ one easily proves that

ri(m) = (R e

whence 7f (1) = ¢9=V/ex Since 7/ (¢) = ¢, this yields 7/ = 0.
From the equation 771(7(7)) = m we obtain

a(p—1) f_
(1) = C_pTlpf n
and hence
(p=1) f- (b=1) f-1, g—
ror Hm) = To(( v m) = T(Cf%pf 1+%7T)

= (T = v

Since H is a normal subgroup of G, we get 7o7~! = oP. Finally, it is
trivial to see that the relations just given completely determine the structure

of G,. m

COROLLARY 1. G, is abelian if and only if e|p — 1. If G, is abelian,

then
fe

(f,e a)

Proof. The condition for abelianity is clear from Proposition 2. If G, is
abelian and has two generators, then G, can be written as a direct product
Go =2 Z/d17 x 7/ doZ, where d; is the exponent of G, and dids = ord(G,,).
In our case the exponent of G, is

Go 2 Z)d17 X Z)doZ, where di = , do = (f,e,a).

eXp(Ga) = lcm{ord(g%OI‘d(T)} - lcm{e’ (gi)} - (ff: Cl)' -

3. Arithmetical conditions for the equivalence of fields. In the
previous section we have seen how we can associate to every integer a an
element L, € L(e, f) (up to isomorphism). Now we introduce an equivalence
relation ~ on the set of integers which will be used in the next section, where
we shall show that I,(n[Lg]) depends only on the equivalence class of a.
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DEFINITION 2. We shall say that two integers a and a’ are (e, f)-equiv-
alent, or simply equivalent, (and we shall write a ~ a') if and only if

q_l o q_l /
(3) (p_l,e,a>—<p—_1,e,a>.

REMARK 2. Condition (3) says that a ~ @’ if and only if a and a’ gen-
erate the same ideal in Z/dZ, where d = (%, e), i.e. if and only if there
exists an integer k with (k,d) = 1 such that

(4) d' = ka (mod d).

Now, this is equivalent to saying that there exists a solution k € Z of (4)
which satisfies the stronger condition (k,dm) = 1 for any fixed integer m. In
fact, the natural projection Z/dmZ — 7Z/dZ restricts to a surjective homo-
morphism (Z/dmZ)* — (Z/dZ)*; hence any solution of (4) with (k,d) =1
can be lifted to a solution with (k,dm) = 1.

In particular we deduce that a ~ o’ if and only if there exists (s, ¢, k) € Z3
with (k,e) = 1 such that

-1
4 + te = ka.
p—1

DEFINITION 3. We shall say that L., Ly € L(e, f) are equivalent, and
we shall write Ly ~ Ly, if a ~ a’.

(5) a +s

We remark that although the integer a determines the field L = L,
only up to isomorphism, the definition just given is consistent. In fact, by
Remark 1, if two fields L,, Ly € L(e, f) are Qp-isomorphic, then they are
also equivalent.

LEMMA 1. Let L,/Q, be a normal extension and let a ~ a’. Then also
Ly /Q, is normal.

Proof. By Proposition 1, L,/Q), is normal if and only if e | (a(p—1),¢—1)
and by (4) this condition is equivalent to e| (a/(p — 1), —1). u

If @ ~ @ and L,, Ly are normal extensions of @, then condition (3)
can be expressed also in a different way. We shall need the following simple
lemma, which we state without proof.

LEMMA 2. Let fo|f and let v be a prime dividing po — 1. Then
( g1 > ve(f/fo) +vr(po +1) =1 if r =2, pfo =3 (mod 4)
Uy =

0 and 2| (f/ o),
plo—1 v (f/ fo) otherwise. ’

PROPOSITION 3. Let Lo, Ly € L(e, f) be normal over Q. The following
are equivalent:
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(i) Ly ~ Ly
(2™f,e,a) = (2Mf,e,a’), wherem=wvy(p+1)—1
(i) if p=3 (mod4) and 2| f;
(f7 €, a) = (f7 €, a/) otherwise.

Proof. We shall prove the proposition by showing that, for all primes r
dividing e,

-1 -1

(6) yr<;_1,e,a> :yr<;%l,e,a’>

vr(2™f,e,a) = v (2™ f,e,a’) if p=3 (mod4) and 2| f;
(7) _ ; :

ve(f,e,a) = v (f e a) otherwise.
If r 4 p — 1, then, by Proposition 1, v.(e¢) < v(a) and v,.(e) < v,(a’), hence
both (6) and (7) are satisfied.

If r|p — 1, we apply Lemma 2 with fo = 1 to obtain

v (2™ f) = v, (;_—1

) if p=3 (mod4) and 2| f;

-1
ve(f) = vy (q—> otherwise. m
p—1

Assume again that L,, L, are normal extensions of Q,. We are now
ready to interpret the arithmetical equivalence (3) in terms of the Galois
groups of Lg and Ly over Q.

We shall write G, = (0, 7) as in Proposition 2 and, similarly,

7
-1
Gy = {0/, 7|0’ =1, =6 ol = o'?y.
THEOREM 1. Two normal extensions Lq, Ly € L(e, f) are equivalent if

and only if their Galois groups G, and Gy are isomorphic.

Proof. Suppose that (3) holds, and let (k,s) be as in equation (5). We
explicitly construct an isomorphism ¢ : G, — G as follows. Set

(o) = O',k, o(t) = o7
We can extend ¢ to GG, by multiplicativity, since it is easy to verify that

p(0) =1, () =d" =p(0%), ¢lror™) =" = p(o?).

Moreover, G = (¢(0), (7)) and, since G, and G, have the same order,
Gy, = Gy

Conversely, suppose G, = G,. Let m = v2(p+1) —1 as in Proposition 3.
We shall show that, for each prime r, this implies

8 v (2™ f e a) = v (2" f,e,ad’)  if p=3 (mod4) and 2| f;
®) { ve(f,e,a) =vr(f,e, a’) otherwise.
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Clearly, it suffices to consider only those primes r dividing e. If r{p — 1,
then, by Proposition 1, v,(a) > v,(e) and v,(a’) > v,(e), so condition (8) is
automatically satisfied.

Let 7 |p — 1, and consider first the case when r = 2, p = 3 (mod4) and
2| f. We construct a 2-Sylow subgroup of G, as follows. Let e = 2v2(€) ey
f= 2”2(f)f2 and a = 2”2(“)(12. Let also bs be an integer such that asbs =1
(mod 22(¢)). Define

09 =0 and T = 7/202¢2,
and let Sy, = (02, 72). We have

va (e) va(f) va(a) vo(a) _
(9) O'% 2te) 1, 7_22 2 be262 — 522 azbzea _ O'% 2 ., Te0aT, 1_ 0'5,

where k = pf2b2¢2_ Note that, since fabses is odd, k = 3 (mod4) and
va(pf222¢2 4-1) = vy(p4-1). From (9) it follows that S, is a 2-Sylow subgroup
of G,.

Now remember that, by Proposition 1, va(e) < wa(a) + v2(p — 1) =
va(a) + 1, whence

IO {Ugyz(e)_l if vo(a) = a(e) — 1,
2 1 if v5(a) > a(e).

If 9(2™ f) < va(e)—1, then condition (8) is obviously satisfied, hence we may

suppose 12(2™ f) > va(e). We now count the elements of Sy, of exponent
2v2(f) Let g = o571y € Soq, where 0 < x < 2v2(&) and 0 < y < 22, We

have

va(f) 1tkYt. k@2 =11 gua(h)
(o3r)? " = ottt bry,

If y is even, the number of solutions of (c¥7 )2"2(f )

on a. If y is odd, then

= 1 does not depend

y y2”2<f) o
1/2(1 +EY 4+ .+ ky(2 2<f)_1)) =19 <%> = V2(2mf)7

by Lemma 2. Since we have assumed v2(2" f) > v»(e), this implies that, for

y odd and for all z,
va(f 1 ifwe(a) =1a(e) — 1
10 x_Y\2 2(f) 7& 9
(10) (0372) =1 if nra(a) > a(e).
Consider the analogous 2-Sylow subgroup 53, of Gy and the analogue
of condition (10) for elements of Sy . If G, = G/, then S, = S5 o and
therefore S , and Sy o have the same number of elements of exponent 2” 2(f),
It follows that either v9(a) = va(a’) = va(e)—1 or min{ry(a), va(a’)} > va(e).
In both cases condition (8) is satisfied.

For the remaining cases, we shall consider the maximal r-power dividing
the order of elements of G, v, (G,) =maxyecq, Vr(ord(g)). Let g=0"7Y € G,,
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where 0 < x < eand 0 <y < f. Assume first that y # 0, and let (y, f) = fo,

y = foz, where (z, f/fo) = 1. The least power of g that belongs to the sub-

group generated by o is ¢f/fo. By simple calculations as above, we get
gHfo = gl tas

and hence

f e
zZ_1 .
Jo (x el +az,e>
pfOZ —1
LEMMA 3. Let fo < f be fized. Then the maximum value of ord(g) is
equal to
f e
fo (g-1 '
o e
Proof. Since (z, f/fo) = 1, we have (pfo* —1,¢q — 1) = pfo — 1. Now
plozr —1]¢F —1=(q— 1)%, whence
Mw—l‘f—l q—l‘ ¢ —1

ord(g) =

ivalentl .
=1 | =1 or, equivalently, pho =1 | phr =1

g—1 ¢ -1
pifo_l,a,e xpfoz_1+az,e

for all x and all z.
On the other hand, let z = 1 and choose « such that, for all primes r
dividing e,

Therefore,

: qg—1
1 (modr) if I/r<pf0 — 1) < vp(a),

: q—1
0 (modr) if v, <pf0 — 1) > vp(a).

8
Il

With this choice we have, for r | e,

-1 -1
Uy (acp(]]co — ta e) = min{yr <h>,w(a),w(e)}

and the lemma follows. =

Consider the maximal r-power dividing the order of g. By Lemma 2, and
taking into account that we have already excluded the case r = 2, p = 3
(mod4) and 2| f, Lemma 3 translates into

v = S v, S !
rz?%(ur(ord(a ) = %2?({%(]00) + v (e) T(pf() — 1,6,&)}
= 1]}012;; {yr(e), V,q(%),w(%) + vr(e) — Vr(a)}.
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Clearly, this maximum is reached for fy = 1. Since, moreover, if y = 0 then
ord(c®) | e, we get

vr(Ga) = max{ur(e), ve(f), vr(f) + ve(e) — ve(a)}-

Considering the analogous equation for v, (G4/), we have

{ VT(Ga):Vr(Ga’):maX{VT(e)’ V?“(f)}@yr(a)a Vr(a,) Zmin{y?‘(f)’ Vr(e)}v
vr(Ge) =vr(Gy ) >max{v,(e), v (f)} vr(a) =vp(a') <min{v,(f), v, (e)}.

In any case, condition (8) is satisfied. =

REMARK 3. We note that in the abelian case, when p = 3 (mod4) and
2| f we have (2" f,e,a) = (f,e,a). In fact, since e|p — 1, we have vy(e) <
1< wa(f) <r2(2™f).

REMARK 4. For Galois groups of normal extensions of Q, one could
also consider the following equivalence relation, more restrictive than pure
isomorphism.

Let G and G’ be the Galois groups of two normal extensions of Q. Let
GD2Gy DG D...oG,={1l}and ¢ DG, DG, D...D>G, ={1}
be the chains of the ramification groups of G' and G’, respectively. Then we
call G and G’ strongly isomorphic if h = h’ and there exists an isomorphism
¢ : G — G’ such that ¢(G;) = G} for all i =0,..., h.

The explicit isomorphism constructed in the proof of Theorem 1 shows
that, in the case of tamely ramified Galois extensions of Q,, two Galois
groups are isomorphic if and only if they are strongly isomorphic.

In the proof of Theorem 1, we have constructed from a solution (s, k) of
the congruence
—1
(11) d +s1" " =ka (mode)
p—
an isomorphism ¢ = @) 1 G — G’ such that
o(olrh) = a'kj+sp;%117"i.
More generally, if a ~ o/, from a solution (s, k) of (11) we can construct a
map ¢ = @) ¢ 2L, — 21, by mimicking the case of normal extensions;
namely, we define
. kj+ Pi;17'
(12) e = A,
PROPOSITION 4. If a ~ a' are related by (11), then the map @) is
one-to-one.

a/

Proof. 1t is enough to observe that the map Z/eZ — Z/eZ given by
jr— kj+s(p'—1)/(p—1) is one-to-one, and this is true because (k,e) = 1. =
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4. Invariance of the index under equivalence of fields. We shall
now apply the results of the previous sections to obtain a sufficient local
condition in order that two number fields have the same index (Theorem 2).
When the number fields are Galois over Q, we shall reinterpret this condition
in terms of their Galois groups (Corollary 3). Finally, at the end of the paper
we shall briefly discuss the necessity of our local condition in order that the
conclusion of Theorem 2 holds true.

We first recall briefly how the p-component of the index of a number
field K can be described in terms of the completions of K at the primes
lying over p.

Let L be a finite extension of @, and denote by Oy, the integral closure
of Z, in L. Let «, 3 be integral generators of L and denote by f, and fg
their minimal polynomials over Z,. We let disc(a) be the discriminant of f,,
Res(a, ) be the resultant of f, and f3 and ind(«) = [Of, : Zy[a]]. Finally, we
put discy () = |disc(a)|, indp(a) = |ind(«)| and Resp (e, B) = |Res(fa, f3)]
(here |0] = o0).

DEFINITION 4. Let LM, ... L™ be finite extensions of Qp. For a =
(@M, ... a™)e Or0)®...0 0, where o is a generator of L) for all
1, we define

Resy( (l + 1nd
D Res(

1<i<j<n
We also put I,(a) = oo when some of the o is not a generator.

It is immediate to verify that the set of values of I,(ax) depends only on
the isomorphism class of the fields L.

Consider the set & of isomorphism classes [L] of finite extensions of Q, in
Q,. For each [L] € &, denote by Oy, the ring of integers of any field in [L]. Let
& be the free abelian monoid generated by £. For I' = [LM]4.. . +[LM] € £
we define

I,(I') = i I .
P( ) aEOL(SIE‘IBl.I}@OL(n) p(a)

In the particular case when I' = n[L] we can also write
(13) BnlD) = iy ()
|A|=n

In fact, in this case an n-tuple of nOy, is an ordered subset of cardinality n
of O, and

n

(14)  L({aW,...,a™}) = Zmd Z Res, (@, al))

i=1 1<i<j<n

is clearly symmetric in the (9.
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We associate to each number field K a unique element of &,
(K ® Qp] =n1[L1] + ...+ ns[Lg,

where n; is the multiplicity of the isomorphism class [L;] in the decomposi-
tion of K ® Q.
With this notation we have

PROPOSITION 5 (Nart). For every number field K,
ind,,(K) = Ip([K @ Q).
Proof. See [5, Thm. 1]. =
COROLLARY 2. Let K be a Galois number field, and let L be the com-
pletion of K at any prime over p. Then there exists n € N such that
ind, (K) = I,(n[L]).

Proof. 1t is enough to observe that the completions of K at the primes
lying over p are all isomorphic; hence [K ® Q)] = n[L], where n is the number
of distinct primes of O over p, and Proposition 5 applies. =

We can now state our main result on the index of local fields.

THEOREM 2. Let L,L" € L(e, f). If L ~ L', then I,(n[L]) = I,(n[L"])
for each n > 0.

We remark that, if either e or f is equal to 1, then (5) is trivially satisfied
for all a,a’. Hence, in particular, Theorem 2 includes the analogous result
proved in [2] for the case of totally ramified extensions.

Proof. Let a,a’ besuchthat L =L, and L' = Ly, andlet m € L,n’ € L’
be roots of the polynomials X¢ — (%p, X€ — (% p, respectively. Since L ~ L/,
then a ~ a' and (5) holds.

In the following we fix once and for all a solution (s,t,k) € Z3 of (5)
with (k,e(q—1)) = 1.

We recall that each element oo € Of, can be written uniquely as a series
o = Zz';o apm", where either oy, = 0 or oy, = ¢*r for some xzp € Z. If
H = H(a) is the set of indices h for which a; # 0, we shall also write

_ Th b
a=> pep ¢t
We give some preliminary lemmas.

LEMMA 4. The map ¢ : O — Ops defined by

1/}( Z thﬂh) _ Z Ckoch+thﬂ_lh
heH heH
18 one-to-one.
Proof. We can write ¢(a) = 3532, ¥n(ap)n", where ¢5,(0) = 0 and
Yp(¢®r) = Ckentth for all h > 0, x;, € Z. Since (k,q — 1) = 1, all maps
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Un : Z)(q — 1)Z — Z.)(q — 1)Z defined by y,(z) = kx + th are one-to-one,
and the lemma follows immediately. m

LEMMA 5. Let A\, 2 € X1, and let 04(1),04(2) € Or,. Then for ¢ =
P(s,k) we have
(@) = A (@®)] = (M) (@) — p(X2) (¥ (a®))].

In particular, o and ¢(«) have the same degree over Q, for all o € L.

Proof. Fori=1,2,let o) = 377° Oahl)wh We have

Al(a(l)) — Xa(a ()) _Z()‘l( 1) hy — /\g(af)wh)),

h=0

= 5" Wn(af) ) — o(A2) (n(af)).

By [2, Lemma 3], either Al(ag)ﬁh) - )\g(af)ﬁh) is equal to zero or its p-adic
valuation is equal to h/e, and the same is true for go()\l)(q/)h(agl))wh) -
(p()\g)(wh(ag))wh). Hence it suffices to prove that

(1) (2)
(15)  Aa(¢™ ) = ho(¢™n ")
x(l) h x( ) h
& (A 7)) = p(A2) (P (¢ 7).
Let \; = )\f}jl, Ao = \272 A explicit computation gives that the left-hand

side of (15) holds if and only if j1, j2, 1, 2, .CCELI), :1:22) satisfy

(16) ey )p™ —afp™) + ah(p = p?) + (j1 = j2)h(a — 1)

=0 (mode(qg—1))
and the right-hand side of (15) holds if and only if jl,jg,il,ig,mg),xf)
satisfy
(17)  el(kal) + nt)p™t — (ki + ht)p #) 4+ d'h(p —p?)
—p"

+ |k = j2) + spp h(g—1) =0 (mode(g —1)).
Finally, it is easy to check that, multiplying (16) by k£ and using (5), we
obtain (17). Since (k,e(q — 1)) = 1, equations (16) and (17) are equivalent.

As to the last statement, it is sufficient to note that (15) implies that
M) = Ag(e) if and only if ¢(A1)(1(a)) = p(A2)(¥(a)). =

LEMMA 6. Let A C Op, be finite. Then I,(A) = Ip(¢¥(A)).
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Proof. Let A= {a®, ... o™} By Lemma 5, A contains a non-genera-
tor of L, if and only if 1)(A) contains a non-generator of L,/. Then it suffices
to consider the case when the (¥ are all generators. We have

L(A) = L,({aW, ..., a™}) = Zindp(a(i)) + Z Res, (@, al)).
i=1 1<i<j<n
We recall that
disc(a)] — (e — 1)  €2nex;, Ma) —al—(e—1)

(18) indy(cv) 5 5

and
(19) Res, (¥, o)) = Z A1 (@) = Ag(a@)].

A, e€XL,

By Lemma 5, we have indp(a(i)) = indp(dz(a(i))), Resp(a(i),a(j)) —
ReSp(dJ(a(Z)), Y(al9))) and the lemma follows. m

We are now ready to conclude the proof of the theorem. Take the min-
imum of I,(A) as A varies over all subsets of O, with n elements. By (13)
and Lemma 6 we get

I,(n[L]) = min I,(A) = min I,(4") = I,(n[L']). u

ACOy, A'CcOp,
|Al=n |A|=n

The next corollary gives an application of Theorem 2 to the case of global
fields.

COROLLARY 3. Let n,e, f € N and suppose that pte. Let K, K' be Ga-
lois extensions of Q of degree nef. Assume that: (i) pRx and pRy: have
the same factorization type (P; ... P,)¢; (ii) the decomposition groups of the
primes over p in O and Ok are isomorphic. Then

ind,(K) = ind,(K").

Proof. Under our hypotheses, we have [K ® Q,] = n[L] and [K' ® Q)] =
n[L'] for some L,L" € L(e, f). Now, L and L’ are normal over Q, and
Gal(L/Qy) (resp. Gal(L'/Q))) is isomorphic to the decomposition group of
any prime of Ok (resp. Ogr) over p. Hence L ~ L' and Theorem 2 applies. m

We have given in [2] a recursive algorithm for computing I,(n[L]) when
L is tamely ramified over Q,. By Theorem 2, the value of I,(n[L,]) depends
only on the equivalence class of a, but unfortunately we do not have an
expression in closed terms for the function I,(n[Ly]) = I,(n;e, f, [a]) (where
[a] denotes the equivalence class of a).

We are not able to prove that if L, ¢ L/, then there exists an integer n
such that I,(n[Lq]) # I,(n[Ly]); however, we remark that the actual com-
putation of I,(n[L]) with our algorithm requires, essentially, the knowledge
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of I(mg[E]) for all subfields E of L, of type E = Q,((*") and suitable
integers mg < n depending on E, and that the lattice of these subfields
depends on the equivalence class of a.

In fact, let S(L) be the set of subfields E of L of type E = Q,(¢n"),
where h > 0 and 0 < x < ¢ — 1. We have the following

PROPOSITION 6. There exists a one-to-one map between S(L,) and

S(Lgy) which preserves the ramification index and the inertial degree if and
only if Lg ~ Lg.

Proof. If L, ~ Ly, then the map ¥ : S(L,) — S(Ly) defined by
P(Q,(¢*rh)) = Qu(1(¢*n™)) is one-to-one and preserves the degree, by
Lemmas 4 and 5.

Moreover, the ramification index of both Q,(¢*7") and Q,(x(¢*n™)) is
e/(h,e), and therefore also their inertial degrees coincide.

On the other hand, let (e, %) = d and let m be any divisor of d. A
field Q,(¢®m") in S(L,) is totally ramified over Q, of degree m if and only
if (e,h) = e/m and =z is a solution of zm + ah/ = 0 (mod g;_}), where
h' = hm/e. Now, the last congruence is solvable if and only if m|a and
therefore S(L,) contains a totally ramified subextension of degree m if and
only if a is a multiple of m. It follows that if L, and L, are not equivalent,
then there is no degree-preserving bijection between the totally ramified
extensions of Q, contained in S(L,) and S(Lgy/). =

In view of the last proposition, we can interpret the example of non-
equivalent fields given in [2], where p = 3 and L, = Lo, Ly = L; are
elements of £(2,2), as follows: Ly has two totally ramified subextensions
of degree 2, L; has no such subextension, and we get different values for
I3(n[Lo]) and I3(n[L1]) as soon as the algorithm requires to investigate the
existence of such subfields.

More generally, if L, # L, our algorithm says that, for n sufficiently
large, the two indices must be computed quite differently, and it seems very
unlikely to us that they can nevertheless be the same for all n.

Acknowledgements. We wish to thank the referee for his/her helpful
suggestions, and in particular for correcting an error in our original formu-
lation of Lemma 2.
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