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The genera representing a positive integer
by

PIERRE KAPLAN (Nancy) and KENNETH S. WILLIAMS (Ottawa)

1. Introduction. A nonsquare integer d with d = 0 or 1 (mod4) is
called a discriminant. Let H(d) denote the group of strict equivalence classes
of primitive, integral, binary quadratic forms (a,b,c) = ax? + bxy + cy? of
discriminant b>—4ac = d under Gaussian composition. Only positive-definite
forms are used if d < 0. H(d) is a finite abelian group called the form class
group. The order |H(d)| of H(d) is called the form class number and is
denoted by h(d). The class of the form (a,b,c) is denoted by [a,b, c]. The
conductor of the discriminant d is the largest positive integer f such that
d/f? is a discriminant. The fundamental discriminant associated with d
is A = d/f? Let G(d) denote the genus group of H(d), that is, G(d) =
H(d)/H?(d). The order |G(d)| of G(d) is a power of 2 so that there exists a
nonnegative integer ¢(d) such that

(1) G(d)| = 2",
The quantity 24% is the number of classes in H(d) whose order divides 2,
that is, the number of ambiguous classes in H(d). The value of ¢(d) is given
by [1, §153, pp. 409-413; §151, pp. 400-407], [2, p. 277

w(d) if d =0 (mod32),
(2) t(d)=q w(d)—2 if d=4 (mod16),

w(d) — 1 otherwise,

where w(d) denotes the number of distinct prime factors of d. We do not use
the explicit value of t(d) in any of the proofs in this paper but we do make
use of it in the examples in Section 4.

Let n denote a positive integer. We say that n is represented by the
form (a,b,c) if there exist integers x and y such that n = az? + bxy + cy?.
The representation is said to be proper if (z,y) = 1. If n is represented by
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(a,b,c) then n is represented by (a1, b1, c1) for any (a1,b1,c1) € [a,b, ¢ so
we say that n is represented by the class |a,b,c]. Further, we say that n is
represented by the genus G of G(d) if n is represented by at least one class
in G. We let

(3) G(n,d) ={G € G(d) | n is represented by G}, g(n,d)=|G(n,d)|,
so that
(4)  g(n,d) = number of genera of discriminant d representing n.

Gauss’s original definition of genera was by means of generic characters
(see for example [1, §§121-122, pp. 313-319]), and was done in such a way
that if n is prime to d and is represented by some class of discriminant d
then n is represented by exactly one genus of discriminant d. A main result
of genus theory (see [1, §158, pp. 432-433]) is that the genera defined as
we did above and the genera defined through generic characters coincide, so
that we have

LEMMA 1. If n is represented by a class of discriminant d and (n,d) =1
then g(n,d) = 1.

We have two aims in this paper. First we show that G(n,d) is always a
coset of a subgroup of G(d) and then we give an explicit formula for g(n, d)
without the restriction (n,d) = 1. Before stating our result, we give some
more notation.

It is convenient to define the positive integers M, @) and U as follows:

(5) M = M (n,d) is the largest integer such that M?|n, M| f,

(6) U= U n d H pUP(")
pld, ptf
(7) Q= Q(nv d) = U(n/MQ,d/MQ) = H pUP(”/M2)7
pld/M?, ptf /M

where pU»(%) denotes the largest power of the prime p dividing the nonzero
integer k. A prime p is said to be a null prime with respect to n and d if

(8) vp(n) =1 (mod2), wvy(n) < 2v,(f).

The set of all null primes with respect to n and d is denoted by Null(n, d).
If Null(n,d) # 0 it is shown in [2, Proposition 4.1] for d < 0 that n is not
represented by any form of discriminant d. The proof is exactly the same
for d > 0. It is also shown in [2, Lemma 4.1(a)] for d < 0 that if Null(n, d)
= () then

9) (n/M?, f/M) =1
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and
(10) (n/M?Q,d/M?) = 1.

Again the proof is independent of the sign of d.

Let m be a positive integer dividing f and let K be a class in H(d).
The following assertions can be deduced from [1, §§150-151, pp. 397-407],
[2, Lemma 6.1], and [3, Theorem 1] in the equivalent language of ideals.

(i) K contains a form (a,b,c) with (a,m) =1, m|b and m?|¢;
(ii) the mapping 6,, : H(d) — H(d/m?) given by

0 ([a, b, c]) = [a,b/m,c/m?
is a surjective homomorphism.
As 0,,(H?(d)) C H?(d/m?), the surjective homomorphism
O, : H(d) — H(d/m?)

induces a surjective homomorphism

(11) O : G(d) — G(d/m?)

by

(12) O (K H?(d)) = 00 (K)H?(d/m?).
We prove

THEOREM. Suppose that the positive integer n is represented by the
genus G € G(d). Then the set G(n,d) of genera of discriminant d which
represent n is given by

G(n,d) = Gker 0y,
and the number g(n,d) of genera representing n by

g, d) = 2O,
where M is defined in (5), Oy in (11) and (12), t(d) in (1) (see also (2)).

The Theorem is proved in Section 3 after some lemmas are proved in
Section 2. Three examples illustrating the Theorem are given in Section 4.

2. Some lemmas. We begin by proving the following result which is
central to everything that we do.

LEMMA 2. Let G € G(d). The positive integer n is represented by G if
and only if n/M? is represented by 0y (G).

Proof. Suppose that n is represented by the genus G € G(d). Then there

exists a class K € G which represents n. By property (i) above, the class K
contains a form (a, b, ¢) with

(13) (a,M)=1, M|b, M?|ec
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As (a, b, c) represents n, there exist integers = and y such that

(14) n = ax?® + bry + cy’.

Completing the square in (14), we obtain

(15) dan = (2ax + by)* — dy*.

As M?|n and M?|d (by (5)), we see from (15) that M |2ax + by. As M |b

we have M |2az. As (a, M) = 1 we deduce that M | 2z. If M is odd we have
M |z. If M is even we have M |z, where My = M /2. Then, from

4(n/M?) = a(x/M1)* + 2(b/M) (x /M)y + 4(c/M?)y?,
we deduce that 2| a(z/M;7)%. As 2| M and (a, M) = 1 we have (a,2) = 1 so
that 2| x/M;. Thus M | z. Hence in both cases we have M |z and so
n/M? = a(z/M)? + (b/M)(x /M)y + (¢/M?)y?,
showing that n/M? is represented by
[a,b/M, c/M?| = 0x(la, b, c]) € Onr([a, b, JH*(d)) = 00 (G).
N Now suppose that n/M? is represented by the class L of the genus
00 (G) € G(d/M?). Let Ky € H(d) be such that G = K1H?(d), so that
LH*(d/M?) = 0,(G) = 0p (K1) H?(d/M?).
Thus there exists Ly € H(d/M?) such that L = 0y, (K1)L?. As 0y : H(d) —
H(d/M?) is surjective there exists Ko € H(d) such that 0y(K3) = Ly so

that setting K = K1 K3 we have L = 0)/(K). By property (i) we can choose
K =a,b,c] with (a, M) =1, M |b, M?|c so that

L= QM(K) = GM([a,b,C]) = [a,b/M,C/MQ].
As L represents n/M? there exist integers x and y such that n/M? = az? +
(b/M)zxy + (c/M?)y? so that n = aX? + bXy + cy? with X = zM. Thus n
is represented by [a,b,c] = K and so by the genus G. =

LEMMA 3. G(n,d) = 0, (G(n/M?,d/M?)).

Proof. Let Ge€G(n,d). Then G € G(d) represents n. Hence, by Lemma 2,
n/M? is represented by 0 (G) € G(d/M?). Thus 0y(G) € G(n/M?,d/M?)
so that G € 0,/ (G(n/M?,d/M?)). We have shown that
(16) G(n,d) C 071(G(n/M?,d/M?)).

Now suppose that G € 517/[1(G(n/M2,d/M2)), so that G € G(d) and
Or(G) € G(n/M?, d/M?). Hence 0)(G) € G(d/M?) represents n/M?. By
Lemma 2 we deduce that n is represented by G. Hence G € G(n, d), proving
that
(17) 021 (G(n/M?, d/M?)) C G(n,d).

The required result follows from (16) and (17). =
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LEMMA 4. Let p be a prime with p|d, ptf. Then there exists a unique
class of H(d) representing p.

Proof. We first show that there is a class of H(d) representing p. If
p is odd, as p|d and ptf, we have p||A and p||d. If d = 0 (mod 4)
then [p,0,—d/(4p)] € H(d) represents p. If d = 1 (mod4), then the class
[p, p, (p? — d)/(4p)] € H(d) represents p. If p = 2, as 2|d and 21 f, we have
2] A so that 4] A and A/4 = 2 or 3 (mod4). If A/4 = 2 (mod4) then
d = 8 (mod16) and [2,0,—d/8] € H(d) represents 2. If A/4 = 3 (mod4)
then d = 12 (mod 16) and [2,2, (4 — d)/8] € H(d) represents 2.

We now show that the class of H(d) representing p is unique. Let K be
a class representing p. As p is a prime any such representation of p by K
is proper so we have K = [p,b,c] with b?> — 4pc = d. If p is odd and d = 0
(mod4) then b = 0 (mod2p) so that K = [p,0,—d/(4p)]. If p is odd and
d =1 (mod4) then b = p (mod2p) so that K = [p,p, (p> —d)/(4p)]. If p = 2
and d = 8 (mod 16) then b = 0 (mod4) so that K = [2,0,—d/8]. If p = 2
and d = 12 (mod 16) then b = 2 (mod4) so that K = [2,2,(4 —d)/8]. =

As an immediate consequence of Lemma 4 we have

COROLLARY 1. Let p be a prime with p|d, ptf. Then there exists a
unique genus of G(d) representing p.

We denote the unique genus representing p by (p). As each prime p
dividing U (see (6)) satisfies p|d, pt f, we can define (U) € G(d) by

©) = I

p*[|U
The mapping on G(d) given by G — (U)G is a bijection.

LEMMA 5. Let n be a positive integer and let G € G(d). Then n is
represented by G if and only if n/U is represented by (U)G.

Proof. Let p be a prime dividing d and n but not f. We show that
(p)G € G(d) represents n/p if and only if G € G(d) represents n. The
assertion of the lemma then follows by repeatedly applying this result to all
the primes p dividing U.

Suppose that G represents n. As p|n we have n = pn; for some inte-
ger ny. Thus the genus (p)G represents pn = p?n;. Let K be a class in the
genus (p)G which represents p?ny. It is easy to show that K contains a form
(a,bp, cp), where p divides neither a nor ¢ (see [2, Lemma 7.1]). Thus there
exist integers x and y such that

mp? = az® + bpry + cpy®.

Clearly p | 2. Then p? | n1p? —ax? —bpry = cpy? so that as pfc we have p|y.
Hence
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n = a(x/p)® + bp(z/p)(y/p) + cp(y/p)*

so that n/p is represented by [a, bp, cp] € (p)G.

Suppose now that (p)G represents n/p = ny. As (p) represents p, we see
that (p)2G represents pni = n. But G? = principal genus for any genus G
so that (p)2G = G represents n. m

3. Proof of Theorem. As n is represented by some form of discrimi-
nant d, we see by Lemma 2 that n/M? is represented by some form of dis-
criminant d/M? and then by Lemma 5 that n/(M?Q) is represented by some
form of discriminant d/M?2. Also as n is represented by some form of discrim-
inant d, we have Null(n, d) = (. Hence, by (10), we have (n/(M?Q),d/M?) =
1. Thus, by Lemma 1, we deduce that g(n/(M?Q),d/M?) =1 so that
(18) G(n/(M?Q),d/M?) = {Go}
for some genus Gy € G(d/M?). Let G1 = (Q)Goy € G(d/M?). Clearly
(Q)G1 = (Q)2Gy = Gy. Thus n/(M?Q) is represented by (Q)G;. Hence,
by Lemma 5, we deduce that n/M? is represented by G1 € G(d/M?).
Thus G; € G(n/M?,d/M?). Suppose Gy (# G1) € G(n/M? ,d/M?). Then
Gy € G(d/M?) represents n/M?. Hence, by Lemma 5, n/(M?Q) is repre-
sented by (Q)Ga € G(d/M?), that is (Q)G2 € G(n/(M?Q),d/M?). Hence,
by (18), we have (Q)G2 = Gy so that G2 = (Q)Go = G1, a contradiction.
Hence

G(n/M? d/M?) = {G1}.
Then, by Lemma 3, we have
G(n,d) = 0,/ (G(n/M?,d/M?)) = 0, ({G1}).

As Oy : G(d) — G(d/M?) is a surjective homomorphism, there exists G’ €
G(d) such that 63;(G’) = G;. Hence

G(n,d) = 0, ({G1}) = G'ker Oy

is a coset of the subgroup ker 0y of G(d). Since G € G(n,d) we have
G(n,d) = Gker 0y, as asserted.
Finally,

~ ~ G(d _
g(n,d) = |G(n,d)| = |Gker 0| = |ker O] = % = Qi) —td/M?)

As a special case of the Theorem, we have

COROLLARY 2. If the largest square dividing both n and f? is 1 then
g(n,d) = 1.

Thus, in particular, if d is fundamental or (n, f) = 1 we have g(n,d) = 1.
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4. Examples. We give three examples to illustrate the Theorem.

EXAMPLE 1. We take n = 8 and d = —288 = —25 .32 = 0 (mod 32).
Here

and

d/M?* = —72 = —23.32 =8 (mod 16),  t(d/M?) = w(d/M?) —1 = 1.
There are 244 = 22 = 4 genera of discriminant —288. We have

G(—288) ={I,A,B,AB} ~ Zs X Z3,

where

I={[1,0,72]}, A={[4,4,19]}, B={[8,0,9]}, AB={[8,8,11]},
and

A*=B*=(AB)?=1.
There are 2t(¢/M*) = 21 = 2 genera of discriminant —72. We have
G(=72) ={11, A1} ~ Zo,

where

I ={[1,0,18)}, A; ={[2,0,9]}, A?=1,.
The surjective homomorphism 6y : G(—288) — G(—72) is such that
05(1) = 63(A) = I, 65(B) = 6:(AB) = Ay,

so that kerfy = {I, A}. As B represents 8 (8 = 8- 12 + 9 - 02) we have by
the Theorem _
G(8,—288) = Bkerfy, = {B, AB}.

Hence ¢(8, —288) = 2.

EXAMPLE 2. We take n = 640 =27 -5and d = —1984 = —26.31 =0
(mod 32). In this case we have

wd)=2, A=-31, f=8 M=8, td) =uw(d)=2
and
d/M?* = -31=1 (mod4), t(d/M?)=w(d/M?*)—1=0.
There are 2Hd) =22 = 4 genera of discriminant —1984. We have
G(—1984) ={I,A, B, AB} ~ 7y X Za,

where
I ={[1,0,496], [20, +4, 25]},
A = {[4,4,125],[5,£4,100]},
B ={][16,0,31],[7,+2,71]},
AB = {[16, 16, 35|, [19, 12, 28]}
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As 20(d/M?) — 20 — 1 there is just one genus of discriminant —31. We have
G(-31) = {L},

where
L ={[1,1,8]}.

The surjective homomorphism 0 : G(—1984) — G(—31) is such that 0s(G)

= I; for all G € G(—1984) so that ker s = {I, A, B, AB}. As I represents
640 (640 = 122 + 496 - 12) we have by the Theorem

G(640,—1984) = I'ker 0y = {I, A, B, AB}.
Hence ¢(640, —1984) = 4.

EXAMPLE 3. We take n = 32 = 2% and d = 960 = 26-3-5 = 0 (mod 32).
Here we have

w(d) =3, A=60, f=4, M=4, t(d) =w(d) =23,
and
d/M?* =60 =2*-3-5=12 (mod 16), t(d/M?) =w(d/M?)—1=2.
There are 2% = 23 = § genera of discriminant 960. We have
G(960) = {I,A,B,C,AB, AC, BC, ABC'} ~ Zg x Zg x Zg,

where
= {[1,0,—240]}, ={[-3,0,80]},
= {[-1,0,240]}, = {[4,4,-59]},
= {[3,0,—80]}, AC = {[-7,6,33]},
[ ]

Bc_{[—4,4,59]}, ABC = {[7,6,—33]}.

As 2Ud/M?) — 92 — 4 there are four genera of discriminant 60. We have
G(60) = {11, A1, By, A1 B},

where
I ={[1,0,-15]}, Ay ={[-3,0,5]},
By ={[-1,0,15]}, A1 By ={[3,0,-5]}.
The surjective homomorphism 6, : G(960) — G(60) is given by
04(A) = A1, 04(B) =By, 04(C) =1,
so that ker6; = {I,C}. As A represents 32 (32 = —3 - 42 + 80 - 12) we have

by the Theorem _
G(32,960) = Akerfy = {A, AC}.

Hence ¢(32,960) = 2.
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