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Representation of odd integers as the sum of one prime,
two squares of primes and powers of 2

by

TAo Liu (Jinan)

1. Introduction. In 1999, Liu-Liu-Zhan [6, Theorem 4] proved that
every large odd N can be represented as the sum of one prime, two squares
of primes and k powers of 2. Let r;(N) denote the number of solutions of
the equation

(1.1) N =py +p5+p2+ 2" 422 ... 4 2,

One may anticipate that a small k£ in (1.1) is not sufficient to give the
positivity of 7, (V). Since it is well known that one of the fundamental
problem on the solubility of additive equations is to determine a lower bound
for the number of variables in the equation, an interesting question arises of
how many powers of 2 are needed to ensure ri(N) > 0.

In this paper, we shall show that k& > 22000, so a not very large number
of variables in the equation (1.1) is sufficient to ensure ri(N) > 0. More
precisely, we have the following result:

THEOREM 1. Letri(N) be as defined above. Then there exists a constant
ko > 22000 and a constant Ny depending on k only such that if N > N,
k> ko, then riy,(N) > 0.

2. The circle method. First, we give some notations. Define
P =N?¥=< " Q=N/PL'" L=IlogN.

For a € [1/Q,1+ 1/Q)], from Dirichlet’s lemma on rational approximation,
we have

a=alg+A A <1/qQ,
where 1 <a < ¢ <@, (a,q) = 1. Take

M(a,q) = la/q—1/qQ,a/q+1/qQ),
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98 T. Liu

M=) U Mao,

q<Pa=1,(a,q)=1
CM) = [1/Q,1+ 1/Q]/M.

Since 2P < @, the sets M (a, q) are mutually disjoint.
For y mod ¢, define

) = > we( ). €)= Clana)
h

1 q

I
M=

D(x.a) wm(%), D(x",a) = D(a,q).

>

=1
If x1, x2, x3 are characters mod ¢, we define

q
an
B(n7q7X17X27X3) = Z e<_7>C(X1’CL)C(XQ,CL)D(Xg,G/),
a=1, (a,q)=1
(2.1) B(n,q) = B(n,q,x3,x5,X3),
B(n,q)
oi1(n) = Z .
= 9°)
Define
Ty(a) = ) logpe(ap), Si(a) = Y logpe(ap?),
p<N p*<N
T(a)= Y logpe(ap), S(a)= > logpe(ap®),
M<p<N M<p2<N

where M = NL™ 14,
Theorem 1 depends mainly on Theorem 2:

THEOREM 2. For N/2 <n < N, we have

S SZ(a) Ty (a)e(—na) da = % o1(n)n+O(NL™Y).
M
LEMMA 2.1. Let xj, 7 = 1,2,3, be primitive characters mod rj, ro =

[r1,72,73], and x° a principal character mod q. Then for any € > 0 there
exists c(e) such that

1 -1/2
> M\B(n,q,xwoomxo,x?,xo)\ <oy 1o TETELIC,
q<z,70lq

Proof. The proof is similar to that of Lemma 7 of [2], so we leave it to
the reader as an exercise. Define
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Vi) = > em®)), ()= D e(md),

M<m2<N M<m<N
(2.2) WA= Z logp x(p)e(p*\) — &y Z e(m?\),
M<p?<N M<m2<N
U, \) = > logpx(ple(ap) =y Y e(ml),
M<p<N M<m<N
where
{ 1 if x =xY,
5X = . 0
0 if x # x".

Obviously, we have

_ Cla,q) 1 "
S(Oé) - ¢(q> Vl()‘)—i_ ¢<Q) XmZOqu(Xa )W(Xa)‘)>
_ D(a,q) 1 "
T(a) = =5 VeV + oo szqu(X’ YU (x: ).
Then
X S%(a)T(a)e(—na) da = I + Iy + 213 + Iy + 215 + I,
M
where
I NIC) N < S A A P
= q;, #*(q) al%;q)l ( q )C (@)
1/4Q o
X S ( Z e(m2)\)m_1) ( Z e(m)\))e(—n)\) dA,
~1/¢Q M<m2<N M<m<N
1 E an
b2 50 M%q)l“@e<7>
1/q@Q 9
< § (Y CheaWhen) e(—na)da,
-1/4@Q x mod g
1 K an
I3 = q; @ a:L%;q):lu(Q)C(a’q)eG?)
1/4Q

< M ( X CheaW i) )e(=na) dx,

-1/qQ x mod g



1 g an
L, 2 O oe(-7)
1/q@Q
x| V(X Do)l (xN) )e(—nA) da,
-1/49Q x mod ¢
1 1 an
Yy L%‘q)lc(a’Q)e(__)
1/4Q
< (X cheaw (e ( X Dok a)U(x.A) )e(—na) da
—1/4Q x mod g x mod ¢
1 1 an
=25 )azl%q):f<_7>
1/q@Q 9
< (X cheaw e ) (X Doea)U(x ) )e(-na)dA,
—1/qQ xmodgq x mod g

We also define
J= e ST max [W(xa, M),

ri<P x1 mod ry IA<1/mQ
—1/4+¢ * 1/r2Q 2 1/2
K=Y, (] Wee )
ro<P x2modry —1/r2Q
J=> " Y7 amax U0 A,
’I”3§P X31’1’10d7”3
1/Q 1/2 1/Q 1/2
Ko=( § paPra) ", m=( § mora)
-1/Q -1/Q

First, we estimate I:

’I@ qu:,) Z Z nQ7X17X27X3)
q<P xlmodq x3 mod q
1/4Q
x| W(Xl,)\)W(Xz,/\)U(X:s,)\)e(—m)d/\'
—1/qQ

B(n,q, x1x°, x2x% x3x°)
3(q)

<Y Y Yy Y

ri<P r3<P x1 modry x3 mod T3 q< P, ro|q
1/q@Q

< W Oax®, MW (xax®, MW (xsx®, A)| dA,
-1/qQ
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where X" is a principal character mod ¢, ro = [r1,72,73], and the nota-
tion E* refers to primitive characters. For ¢ < P and M < p < N, we
have (¢q,p) = 1. Using this and (2.2), for the primitive character ys, we get
W(x3x", A\) = W(xs,A). Thus by Lemma 2.1 we obtain

I < ZZ Z* Z*

r <P r3<P x1 modr; X3 mod r3

I/TOQ
x| WO MV (xa, MV (xa, A)| d
—I/ToQ
0 0 0
S B(n,q,xlzg,(x)zx ,sz)‘
q<P,rolq 1
S 2ADID DI DD DD D
r1<Pra<Pr3<P x1modr; x2 modry X3 modrs
1/7’0Q
x| WO MW (2, MU (xa, A)| dx
71/7”0Q
< LY° ry * max  |U(xs, A
; D AT o 1T 0 M
T3S XngdT‘g
" e 1/2
x 3 e S ( { yW(Xl,A)m)
ri<P x1modry —1/r1Q
11 el 12
DI Sl (I W (CRV IO
ro<P xzmodry —1/r2Q
= LY JK?2.

For I5, we have the following estimate:

|I5| < LY Z Z [7“2,7“3]*1/2+8 Z* Z*

ro<Prs<P x2 mod rg x3 modrs
l/ToQ
b WO, NIV T (s, A dA
—I/TOQ
10 —e * e 9 1/2
<23 gt 3 max [UGe NI | P
ra<P mod r P‘lgl/”BQ _1
3< X3 3 /Q
et . 1/r2Q 1/2
DR D DUl (R W (O LYY
ro<P xzmodry —1/raQ

= LYJKK,.
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Similarly, we have

L <L) s D ¥ max  [U(xs N
rs<P Qg NS1/Te@
3> X3 mo 3

1/Q 1o, @ Y
<(F moora) (] Mo a
-1/Q -1/Q
=LY JK3,
L] < L1 37 3T max [W(xa, M)

Al<1
ro<P X2 modrgl I<1/m2Q

1/Q 1/Q
(8 ) (] mepa)”
-1/Q -1/Q
= LY J K| Ky,

|12| < L0 Z T;1/4+5 Z* /\r<nlax |W(X17)\)|
ri<P X1 mod7‘1| |7 /7"1Q

1/T2Q 1/Q

S (] weenEa) (] o)

ro<P xzmodry —1/r2Q -1/Q
= LYJKK,.

Now, we estimate J', J, K, K1 and K». Since

(2.3) Va(M) = > e(m)) < min(N,1/|)),
M<m<N

we have
1/N 0o 1/2
K, < (S N?dx+ | /\—2d/\) < VN.
0 1/N

Since

we obviously have

Vl()\)<<min<\/ﬁ ) + O(|AIN +1).

1
s —— A7!
\/MH
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Thus
1 2 2
Vi) < (min(x/ﬁ,— >\1>) + O(1 + |\°N?).
Vi) T (1+IPN?)
Next,
1/Q 1/2
Ko=( | viPa)
-1/Q
1/Q 1/2 1/Q
. Loy—2 2 772 1/2
< < | mm(N,MW )d>\> +( | i+ PN )d)\)
-1/Q -1/Q
The first term on the right hand side is
1/vMN ) 1 1/2
< < | ~Naxv+ | MA‘%ZA) < (LT + LNHYV? <« LY,
0 1/vVMN
while the second is < 1. Therefore,

Ky < L*.
For J' and K, we have the following lemmas:
LEMMA 2.2 (see [4, Lemma 5.1]). Let A > 0 be arbitrary. Then
J <« NY2L=4,
where the O-constant depends at most on A.
LEMMA 2.3 (see [4, Lemma 6.1]). We have
K< L°,
where ¢ > 0 is an absolute constant.

Now it remains to estimate J. This is similar to Lemma 5.1 of [4]. For
completeness, we write it out in detail.

LEMMA 2.4. Let A > 0 be arbitrary. Then there exists a constant B =
B(A) > 0 such that
J< NL™4,

where the O-constant depends at most on A.

Proof. Since
J < max JgrL,
R<P

where the definition of Jg is similar to that of J except that the sum is over
r ~ R, we only need to prove Jp < NL~4. We divide the proof into two
cases: L® < R < P and R < LZ. So we need to prove the following three
lemmas.
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LEMMA 2.5. We have

2.5 < RENL™A.

(2.5) ZJ; D7 max U0 )
r~R xmodr

Let R
Ui, N) =Y. (Alm)x(m)—dy)e(m).
M<m<N
Then
U(x,A) — Z Z logpx(p)e(p’ ) < N'/2,

hence (2.5) becomes a consequence of the following lemma:

LEMMA 2.5'. We have
Z Z max )| < RENL™4
r~R xmodr M|<1/TQ
where LB < R < P and A is a positive number.
This is proved by a slight modification of the proof of Lemma 5.1 of [4]
(replace N/2 by N).
For R < L®, we have the following result:

LEMMA 2.6. Let A >0, B > 0 be arbitrary numbers. Then for R < LB,
we have Jp < NL™4, where the implied constant depends at most on A
and B.

The proof is similar to that of Lemma 5.5 of [4] (replace T = N'/¢ by
T = N'/3),

Now, we can estimate I1,...,Is. We have
|Is] < LYJK? <« LNL*L4 « NL™4,
|I;| < LYJKK, < LONL 4L <« NL™4,
|I;| = LJKZ < L''NL L8,
|Is| < LV J' K Ky < LONY2L-ANY2 L4 « NL™4,
|| <« LT KK, < LYNL AL < NL™4.
Thus, we have
| T()S*()e(—na)da = Iy + Ip + 213 + Iy + 215 + I = I + O(NL™™).
M
It remains to deal with [;. From (2.3) and (2.4), we have

(+) Z¢3 @ :1,%(1):16(—%)02(@&)

q<P
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1/4Q

X S ( Z e(m)\)m_l/2>2( Z e(m)\))e(—n/\) dA
~1/¢Q M<m<N M<m<N
, 1/4Q ,
+ o(ZP P F@_ | arANfunnag 0)
1 (q) ! an’\ o
B ZqSP (Z)’é) al%;q“e(—?)C o
1/2 )
x( X ( Z e(mA)mfl/Q) ( Z e(mA))e(—nA)d)\
—1/2 M<m<N M<m<N
1/2 )
-2 S ( Z e(m)\)mfl/Q)( Z e(mA))e(—nA)dA)
1/9Q M<m<N M<m<N
+O(N?/Q%).

By Vinogradov’s upper bound (see [8, Ch. VI, Problem 14b(«)])
IC(x. a)| < 2¢"/%d(q)
and M~1P?2Q? = NL~', the second sum in (x) is, according to the earlier

estimate for Vi (A) and Va()),
1/2

<<Z“§Eq> 3 C%a,q) | MIABdA
<P

) a<q 1/4Q
(a7Q):1

<X “QEq) gd?()M~1P2Q? < NL 1.

2
= 9@

Hence

= ()

a<gq
(a,q)=1

<. > (mmy) P+ OWNLT

M<mi<N M<mo<n—M-—m;

= % moy(n)n+ O(NL™Y),

_ 1 w9
h=32 5

q<P

where o1(n) is defined in (2.1). Therefore,

S S%(a)T(a)e(—na) da = i noi(n)n +O(NL™Y).
M
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In the following, we want to show that §,, S7(a)Ti(a)e(—na)da can be
replaced by §,; 5 ()T (a)e(—na) dov. Indeed,

§ (5*()T () = S} ()T (a))e(—na) da
M

< { ISt ()] |T(a) = Ty(a)| da+ [ |5*(a) — S} ()] IT ()| dax

= H1 —|—H2

From Cauchy’s inequality, we have

1 2 1/2 A 1/2 1/2 111/2
H, < (H Z logpe(ap)’ da) (S]Sl(a)\ da) = H{{"H5",

0 p<M 0
where

1 2

Hi = S ‘ logpe(ap)‘ do < L*M,
0 p<M
1

Hyy = {[S1(a)[*do < L*Z(N),
0

where Z(N) is the number of solutions of the equation

(2.6) P +p3 = D3+ i

and p; < N, 1 < j < 4, are all primes. From [7, Satz 3], the number of
p1, D2, P3, Pa satisfying (2.6) with p1psy # psps is O(NL™3). From the prime
number theorem, (2.6) has O(NL~2) trivial solutions. Hence

(2.7) Hyy < NL%.

Therefore
Hy < (ML)Y*(NL*)Y? <« NL™°.

We have
H,y < (§ 1S(a) = 8 (a)[? da)1/4 (§ 1S(a) + S (a)[* da)1/4
0 0

1

x (g \T(a)\zda)

0
1/2 pp1/4 p71/4
= H21/ H22/ H2:'{7

1/2



H21 =

Hyy =
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IT(a)]? da < L2N,

1S(a) — S1(a)|*da < L*Z(M),

Ol = O ey =

where Z(M) is defined in (2.6). From (2.7) we have

1

Hy < ML? = NL_12,
1 1

Has = {|S(a) + S1()]* da < {1S(a)* dav + 51 (c)[* dev.

0 0

>

pi+p3=p3+03
pi<N

logpy - --logps <

0
Since
1
V1S()[* da = >
0 Pi+p3=p3+p3
M<pi<N
1
= {181 ()|* da,
0
we have

1

H23 < S ‘Sl(a)|4 da =

0

Hence

Hy < Hy{” Hy) ' Hyl' <

D

pi+p5=p3+p}
p? <N

(NL2)1/2<NL712)1/4(NL2)1/4 < NLil,

S (S%(a)T () — S?(a)T1(a))e(—na)da = O(NL™Y).

M

Therefore we have

S S2(a)Ty (a)e(—na) dor =

M
Let

| $*(@)T()e(—na)do+ O(NL™H).
M

S(N,E)={n:n=N— (2" + .. + 2V},

Ay ={n=N-211 —2»

We have
> | @St (e
n€Z(N,k) M

Je(—na) da = il

neZ(N,k)

— =2y <logy(N/EL), 1 <i < k}.

Z o1(n)n+ O(NLF ).

107

logpy - - -log p4

logp; ---logps < L*Z(N) < NL?.
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Therefore
29 Y TSt -na)da
=% Y aln+OWLY)
nEE(Nyk)
> 2 > ainn+ONLF )
neA;
L
neA;
> gNu —L7) ) o1(n) + O(NLF)

neA;
> %Nu =) 3 oi(n) + O(NLF ),
neA;

where 0 is a sufficiently small positive number. Now, we will mainly deal
with o1(n).
3. The singular series. We need the following lemmas:

LEMMA 3.1 (see [5, Lemma 3]). Letn < 1/7e. The set £ of a € [0, 1] for
which |G(a)| > (1 —n)L has measure < L>2N®~1 where

6 =6(n) = @ nesc? (%) log<m>

1022 <1 —nese” <%>> 10%(#@@/8))'

LEMMA 3.2 (see [5, Lemma 4]). If « is a rational number with odd de-
nominator q satisfying 1 < &(q) < L, then

1 2
G <|[1l-———-——+= )L
661 < (1~ e * 7)1
where £(q) denotes the least positive integer & satisfying

2¢ =1 (mod q)

_l’_

for odd q.
LEMMA 3.3. Let A(q) = qu A(p), where p is prime and A(p) satisfies

_[(VP+1 if p=1 (mod4),
A(p) = {\/m if p=—1 (mod4).
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Then )
ggéqg A%(q)qg < clog’x
< M
and )
gggqi A%(g) < calog'P z,
e(q<a ¥
where ¢; = 5.287076611, co = 3.803.
Proof. Let
x =] -1
£<z

If £(q) < z, then ¢| X, and obviously 2/ X, X < 27 We have
2 2 2

q q A%(p
11D y2g) < M<)A2(Q)Q§H<1+ Up)-

e ?3(q) T $3(q) 2iX ?3(p)
When p > 16,
%(p)
l—i-( 1)3p<1+p—_1.

By Lemma 3.3, we have
A? 2
(e 228) < )
p 3<p|X p

3<p|X
2
2 5 1 5
- 14—~ ).2 < 14— ) .2
H + —1> 12 — <+p—1> 12
pl2X
S5
$?(2X) 12 — 12

since by Lemma 5 of [5], we have

4e¥ log? z =: ¢; log?

2X
3.1 < 2¢7 log x.
(3.1) (2
Note that
(3.2) 1.7810 < €7 < 1.78108.
So we have ) )
A
3 2 (q)3 (9)q < e loga,

(oee P

where

c1 = 5.287076611.
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We have

12(q) 2 1(q) o,y A%(p)
Plg) 0= 2@ =T](1+ 5)

£(g)<n

and for p > 25,

Thus

I1 (1 + ‘;jfﬁ;) < 3£[X (1 + %) -1.413867968

3<p|X

1.5 1
— H (1 + —> . — - 1.413867968

et p—1 2.5
1\ 1
< 14+ — - — - 1.413867968
<11 ( oz 1) 2.5
pl2X

< 3.803log!® ,
where we have used (3.1) and (3.2).

LEMMA 3.4 (see [5, Lemma 6]). For odd q and k > 2, we have

L
L2k‘72 L2k71
5 (0) <2 , qznrk,k(n) < (1 + —f(q)>’

where 1 (n) is the number of ways to write n as
n=2" 4.4 2% 2 — =20 (1 <y < L).

Consider the sum

Y- X Y ctaalGH e/l

a=1
2Tq (a7Q):1

According to the length of £(q), we obtain

q

33 L-(X + X )58 X Caallcta/l

3<g<R  3<q<R 9 =
E(@)<E  £(q)>E (a,q)=1

where E is a constant < L .
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By Lemmas 3.2 and 3.3, the first sum on the right hand side of (3.3) is

k _; g M2(Q) 2
Z = (1 Ecsc2(7r/8)) sSqeR ¢2(Q)A @

3<q<R
§(Q<E S(Q)<E

k

1
<ecylogt®E(1— ———— | LK.
= 2108 ( Ecsc2(7r/8)>

REMARK. C(a,q) is multiplicative, so for ¢ = pip2---ps, C(a,q) =
C(ay,p1)---Clas,ps), with a; = aq/p;. It is easy to see that when p; = 1
(mod4), we have |C(ai, pi)| = | £ /pi — 1| < y/pi + 1, while when p; = —1
(mod4), |C(ai,pi)| = |[v/—pi — 1| < \/pi + 1. Thus we have

Clai,pi)| < Alpi),  1Cla, @)l < ] Alp) = Alg).
plg
For the last sum in (3.3), we use Lemma 3.4. When k = 2m,

q q

Y IG@/glF = Y |Gla/g))P™ < ZIG a/Q)P" =q ) rmm(n)
(a1 (a1 aln
_ L _ qLF
£(q) £(q)
When k£ =2m + 1,
q q
Y IG@/glf = Y |Gla/g)PT <L Z G(a/q)|*™
(a1 (a1 (a1
_ L _ qLF
( £(q) £(q)
Thus we have
: k k—1 qL”
G a q S qL B + N\
> 1G(a/g)] €0

a=1
(a7Q):1

and so

S o< Y L9 a6/

slin st @0 o
(a)>E  €&(9>E (a,9)=1
M2(Q) 2 . k
< A Y@ > IG*(a/g)]
3<¢<R a=1
¢(q)>E (a,q)=1
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< k-1 L (Q) Z M (9) 2 q
= 3
sSe2r® (q) e () E(q)
£(e)>E

By Lemma 3.3, the first sum on the right hand side above is < log® R. The
second sum is

q) Tl 2(q
<y - > LD e | (Y D w)a
(q) $3(q)
mep €(q)= E £(q)<t
T log?t log? E 2logE 2
< - pp— .
< C S t dt = Cl( E + B + E
E
Hence

log? E 2logE 2 _
k k—1 2
g <ciL ( + + =) + O(L" "log” R).
3<q<R E E E

&(q)>E
Therefore

log? E 2logE 2
: E < LF =
(3.4) <c L ( % + = + E>

1
+ cplogh® E (1 - L* + O(L* '1og® R).

k
E csc?(m/8) >
Define

A(n,q) :

= Alnq), oo(n)= ZA(H, 9), o(n) =) Aln,q).

q<P q=1 q<R

We will prove that

if pfn,
|A(n,p)| < 2

if p|n
We have
where (a,p) =1, x(a) = (9) is the Legendre symbol and
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is the Gauss sum. Here S(p, 1) satisfies

B VP if p=1 (mod4),
(3.5) S(p,1) = {z\/]_) if p=—1 (mod4).

Therefore, we have

= Erenl5) Sl

p

(.1 ( —)—25<p, >pzlx<a>e(—@)

a—
=:S1 —S,.

For S;, we need the following result:

i( an) ~ {p—l if p|n,

— D -1 if pfn.

By this result and (3.5), we obtain

p? —1, p=1(mod4), p|n
(37) Sl — - (p - 1)27 p= -1 (m0d4)7 p’na

_(p+1)7 pEl (m0d4)? pjfnv

p—1, p=—1 (mod4), pin.

For Sy, if p|n, then > 7~ 1x( ) =0; if ptn, let

Fo-3(5)e(%)
)F

Then obviously we have

ro=(;
and
)= 3 e(5) = () 4
=S (9)(8) 1= ()e(2) - rar

w
X
W
|
b
nn
v}
S
=
/|\
D3
~—
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From (3.5), (3.6) and (3.8), we get

= an

;CQ(a,p)e<—?>

(S1, p

~(p+1)-2p=-3p-1, (-%

={(p—1)+2p=3p—1, (—%
(=3
(=5

-+ +2p=p—1,

(p—1)—-2p=—(p+1),

Therefore, we have

3p+1 ¢
17 ptn,
TEE if p|n.
Thus
25 25 25 _
Am gl <2 [[ ZII==2]]=1lr<a " @n).
plg P plg p plg P plg
ptn pln pln
Therefore
S A )| <Y s Y (st) 7T <2 HEd(n).
q>x s|n st>x
Thus,

o1(n) = oo(n) + O(P™14),  o1(n) = o(n) + O(R™11).
Obviously, the function of ¢
ﬂ(Q) Z‘]: 02((1 q)€<—%>
By & " g
(a,q)=1

is multiplicative, therefore we have

o= 2 Ceoe(-F)

(a,q)=1

ety S )
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This infinite series is positive and has positive partial sums, it must converge
to a positive constant, say c, i.e.

oo(n) = [J(1 + A(n,p)) = ¢ > 0.

When n is sufficiently large, we have o1(n) > 0, o(n) > 0. Thus, we could
replace o1(n) by o(n). Take

_ logloglog R

E = W, R = O(N)
We have
Y oi(n)= > o(n)+O(LFR™IT).
neA; neA;
Define
2 q N log, (N/kL) k
Z o(n) = Z ,ug(q) Z Cz(a,q)e<—a—> ( e(g?’))
neA; <R ¢ (q) a=1 q v=1 q
(a,9)=1
=Y Flg,N)
g<R

When ¢ = 1,2, F(q, N) contributes 2L* to the above sum. Thus,

(3.9) Y om)y=2LF+ > F(¢,N)

neA; 3<q<R
=2LF+ > F(¢,N)+ > F(gN)
3<q<R 3<q<R/2
21q 2tq

From (3.4), we have

log?E 2logE 2
1 < 2¢,LF =
310) S+l < 2an(E B 2
k
1
2¢310g' " F(1 - ———— | LF
ez oy ( Ecsc2(7r/8)>

+ O(LF'1og® R),

where ¢; = 5.287076611, co = 3.803. If we take R = exp(v/log N /loglog N),
the O-term above is O(L*(loglog N)~2).
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4. The proof of Theorem 1

LEMMA 4.1 (see [3, Lemma 5.1]). For p a prime,

T(a) =) logpe(ap), S(a)= ) logpe(ap®),

p<N p2<N
Gla)= > e(a2"),
v<log, N
we have
1 2
VT ()G()[* da < ¢5 T NL*,
0
where

11443 - 724 8
€= (W + — log® 2) (1+¢)”.

LEMMA 4.2 (see [5, Lemma 9]). We have
1
[1S(a)G(@)|? da <
0

C3NL2,

log? 2

where c3 < 17.2435.

REMARK. It follows from the proofs of the above lemmas that they re-
main true if T'(a) and S(«) are replaced by T («) and S; (o) respectively.

From (2.8), (3.9) and (3.10), we have

m
(4.1) S > (5 —6)NLk+(Zl+22),
M
where
log? E logE 2
(4.2) ]21+Z2IS2C1NL’“< i3 + 2 i +E>
1 k
2elog? E(1— ———— ) .
+2czlog ( ECSCQ(T('/8)>

Let
1

re(N) = T1(0)S} (@)G*(@)e(-Nayda= |+ | + |
0 M  CoM)NE C(M)NC(E)
with the set £ from Lemma 3.1.
In order to estimate the minor arcs, we first estimate the second integral.
Fora €e C(M), a =a/q+ N, 1 <a<gq, (a,q) =1, where P < ¢ < Q, we
use Theorem 3 of [1] to obtain

Si(a) < N1/2+5(P71 +N71/4+QN71)1/4 < N1/2-1/30,
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Take = 1/868, so © in Lemma 3.1 is < 1/15. Thus the second integral can
be estimated as

(43) S S N@—1N1—1/15+4€LkN < NL_1+k.
C(M)NE

The last integral can be estimated as

(4.4) |
C(M)NC(E)
! 12,1 1/2
< (=L (JIT(@)G(a)2da) ~ (§1S1(a)Ga) *da) .

0 0

From (4.4), Lemma 4.1 and Lemma 4.2, we have

(4.5) | < 23667416(1 — n)*3(NLF).

C(M)NC(E)

Take E' = 400; when k£ > 22000, from (4.1)—(4.3) and (4.5), we have
re(N) > (g - 25> NLF —23667416(1 — )" 3N LF

log? E log & 2
LI +—>

E E E

k
1
2eolog'? EB(1 - ———— 0.
s < Ecsc?(w/8>>>>

Thus the proof of Theorem 1 is complete.

— NLF <2c1NLk (
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