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The Galois relation x1 = x2 + x3 and Fermat over �nite �eldsby
Kurt Girstmair (Innsbruk)

1. Introdution and results. Let K be a �eld of harateristi 0 and
f = Zn+c1Z

n−1+· · ·+cn ∈ K[Z] an irreduible polynomial of degree n over
K. By x1, . . . , xn we denote the zeros of f in some algebrai losure of K,and by G the Galois group of f ; so G = Gal(L/K), where L = K(x1, . . . , xn)is the splitting �eld of f . The group G ats as a transitive permutation groupon x1, . . . , xn. This ation is ompletely desribed by the pair (G,H), where
H is the stabilizer Gx1

= {s ∈ G : s(x1) = x1}. But this pair yields more: italso determines the set of possible linear relations(1) a1x1 + · · · + anxn = 0, a1, . . . , an ∈ K,between the zeros of f (see [3℄). The said paper develops a framework for abasi understanding of this set. In quite a number of ases this frameworkallows an expliit desription of all possible relations (1) (see also [11℄).It seems more di�ult, however, to walk in the onverse diretion. Bythis we mean that a relation like(2) x1 = x2 + x3is given, and that we lassify the pairs (G,H) for whih (2) is possible.Starting with J. Browkin, a number of people have been interested in thispartiular relation (see [2℄, [10℄). One of the few satisfatory answers about(2) onerns the abelian ase. So G is an abelian group, and, sine G atsfaithfully on x1, . . . , xn, the stabilizer H is the trivial subgroup 1 of G. Inthis situation, the relation (2) is possible if, and only if, the group order |G|is divisible by 6 (see [3℄; basially, this was shown in [2℄ already).In the present paper we onsider, more generally, regular permutationgroups, i.e., arbitrary groups G but trivial stabilizers H = 1. This situationours just if f is a normal polynomial, i.e., L = K(x1). We need someadditional terminology in order to be able to enoune our results: For thetime being, let G be an arbitrary �nite group (so it need not be the Galois2000 Mathematis Subjet Classi�ation: 12F10, 12E05.[357℄



358 K. Girstmairgroup of a polynomial f). We onsider the group ring
K[G] =

{∑

s∈G

ass : as ∈ K
}

of G over K. An element α ∈ K[G] is alled admissible if there is an element
τ ∈ K[G] suh that ατ = 0 but Gτ = {s ∈ G : sτ = τ} equals 1 (see [3,Setion 1℄). Admissible elements of the group ring form the right onept forour purpose: Eah admissible element represents a linear relation (1) thatmay atually our if G is the Galois group of f and Gx1

= 1; and, onversely,eah atually ourring relation is obtained in this way. This assertion hasbeen proved in [3℄ in a more general ontext. In order to keep this paperreasonably self-ontained, we shall give a short proof at the beginning of Se-tion 2. For the moment, however, we ask the reader to believe this assertion.In the terminology of the group ring K[G], the relation (2) is representedby an element of the shape(3) α = 1 − s− t, s, t ∈ Gr {1}, s 6= t.The following �inlusion lemma� will show that an element α of this shapeis admissible in many ases.Proposition 1. Let G be a �nite group, G′ 6= 1 a subgroup of G and αan admissible element of the group ring K[G′]. Then α is also an admissibleelement of the group ring K[G].By the aforementioned result on abelian groups, the group ring K[G′] ofthe yli group G′ = C6 of order 6 ontains an admissible element (3). In[3, Example 9℄, the same was shown for G′ = S3, the symmetri group ofthree elements, and in [10, Setion 2℄, for G′ = A4, the alternating group offour elements. Aordingly, Proposition 1 yields
Corollary. Let G be a �nite group that ontains a subgroup isomorphito C6, S3, or A4. Then K[G] ontains an admissible element of the shape (3).The orollary says that there is a good hane that the relation (2) ispossible for a normal polynomial f as soon as the order of its Galois groupis divisible by 6 (as was asked in [10℄). What about groups G of order notdivisible by 6? Proposition 1 suggests looking for small subgroups G′ suhthat K[G′] ontains an admissible element (3). Sine 6 ∤ |G′|, suh a group G′annot be abelian, so a group G′ that normalizes a yli subgroup Cp of G,

p a prime ≥ 5, would be a natural andidate. In many ases this andidateis a solvable group of prime degree, i.e., a subgroup of the a�ne group
AGL(1, p) of the �eld Fp of p elements. An example of A. Dubikas (privatelyommuniated in 2001) shows that K[G′] ontains an admissible element ofthe shape (3) if G′ is the group AGL(1, p) itself, and, more generally, if
G′ = AGL(1, q), q = pe (a detailed disussion of this example an be found



The Galois relation x1 = x2 + x3 359at the end of Setion 2). Hene it is reasonable to study transitive subgroupsof AGL(1, q). Our main result (Theorem 1) gives an exhaustive answer forthese groups.In what follows, q may be an arbitrary prime power (in partiular, weinlude ases like q = 2, 3). The elements of AGL(1, q) are represented as
aX + b, a ∈ F×

q , b ∈ Fq,where aX + b stands for the (a�ne) mapping Fq → Fq : x 7→ ax+ b. A tran-sitive subgroup G of AGL(1, q) is always a semidiret produt G = HF . Thenormal subgroup F = {X + b : b ∈ Fq} is the group of all translations of
Fq, and H is the stabilizer {s ∈ G : s(0) = 0} of 0 ∈ Fq. We onsider H asa subgroup of F×

q : sine eah s ∈ H has the form s = aX, a ∈ F×
q , we mayidentify aX ∈ H with a ∈ F×

q .Theorem 1. Let G = HF be a transitive subgroup of AGL(1, q) with
H ⊆ F×

q as above. Then K[G] ontains an admissible element of the shape(3) if , and only if , there are elements a, b ∈ H suh that a+ b = 1.From Theorem 1 the onnetion between x1 = x2 + x3 and the Fermatequation over Fq is obvious: Let m denote the index of H in F×
q , so H =

{xm : x ∈ F×
q }. Then there are a, b ∈ H with a+ b = 1 if, and only if,

xm = ym + zmholds for some x, y, z ∈ Fq with xyz 6= 0.We brie�y highlight some speial ases of Theorem 1: If G = AGL(1, q),then H = F×
q . As soon as q > 2, there are always elements a, b ∈ F×

q suhthat a+b = 1, soK[G] ontains admissible elements (3) (whih we mentionedalready). As the groups AGL(1, 3) and AGL(1, 4) are isomorphi to S3 and
A4, respetively, Theorem 1 overs these speial ases onsidered above. Foran odd prime p and G = ASL(1, p) (the subgroup of index 2 of AGL(1, p)),we have H = {x2 : x ∈ F×

p }. It is easy to hek that a+ b = 1 has a solutionin H if, and only if, this holds for a− b = 1, or, in other words, if there areat least two onseutive quadrati residues mod p. This is known to be truefor p ≥ 7 (see, for instane, [4, p. 174 f.℄) but false for p = 3, 5. Aordingly,the group rings of C3 and ASL(1, 5) = D5 (the dihedral group of order 10)do not ontain admissible elements (3). For the last-mentioned group thiswas shown in [3, Example 9℄.Proposition 1 and Theorem 1 will be proved in the next two setions.Setion 4 supplies some additional information about Fermat over Fq andits onnetion with x1 = x2 + x3. We think that this relation is possible forevery non-abelian simple Galois group G in the regular ase. This will alsobe disussed in Setion 4 (see Proposition 2).Historially, the �rst paper about linear relations between zeros of poly-nomials seems to be [8℄. The same author wrote a number of papers about



360 K. Girstmairlinear relations in ases where the group G is that of our Theorem 1; his sta-bilizer, however, is the above group H itself, so the situation is quite di�erentfrom the present one (see, for instane, [9℄).2. Some explanations and proofs. We begin with the justi�ationof our onept of admissible elements. Let G be the Galois group of apolynomial f as above. We onsider L = K(x1, . . . , xn) as a left K[G]-module in the usual way: For α =
∑

s∈G ass ∈ K[G] and y ∈ L we put
αy =

∑
s∈G ass(y). In a naive sense, a relation between x1, . . . , xn is just avetor (a1, . . . , an) ∈ Kn suh that (1) holds. Suppose now Gx1

= 1. Thenthe map
G→ {x1, . . . , xn} : s 7→ s(x1)is bijetive. Therefore, we may identify (a1, . . . , an) ∈ Kn with an element

α =
∑

s∈G ass of K[G], on putting as = aj if s(x1) = xj . In partiular, arelation (a1, . . . , an) between x1, . . . , xn orresponds to an α ∈ K[G] suhthat αx1 = 0. The normal basis theorem says that there is a y ∈ L suh that
ϕ : K[G] → L : α 7→ ϕ(α) = αyis a K[G]-linear isomorphism. Suppose now that α ∈ K[G] is a relationbetween x1, . . . , xn, i.e., αx1 = 0. Put τ = ϕ−1(x1). Then ατ = 0 and,beause Gx1

= 1, we also have Gτ = 1. Hene α is an admissible element of
K[G]. Conversely, let α ∈ K[G] be admissible, i.e., ατ = 0 for some τ ∈ K[G]with Gτ = 1. Put x̃ = ϕ(τ). Then Gx̃ = 1 and αx̃ = 0, so α is a relationbetween the zeros of the irreduible normal polynomial

f̃ =
∏

s∈G

(Z − s(x̃)) ∈ K[Z].Proof of Proposition 1. Let G′ 6= 1 be a subgroup of G and suppose
α ∈ K[G′] is admissible. Let τ ∈ K[G′] be suh that ατ = 0 and G′

τ = 1. Weshow that every s ∈ Gτ lies in G′. Then it lies in G′
τ = 1, and sine ατ = 0,

α is an admissible element of K[G].If τ = 0, then G′ = G′
τ = 1, whih we have exluded. Hene τ =∑

t∈G′ ctt 6= 0, and there is an element u ∈ G′ with cu 6= 0. If s ∈ Gstabilizes τ , we have τ = sτ =
∑

t∈G′ ctst; in partiular, cusu must beequal to an element ctt for some t ∈ G′. This, however, requires su = t and
s ∈ G′.
Remark 1. Proposition 1 shows that, as a rule, many relations are pos-sible if the Galois group G of f ats regularly on x1, . . . , xn. For instane, if

p is a prime dividing |G|, then G ontains a yli subgroup G′ of order p.Sine α =
∑

s∈G′ s ∈ K[G′] is admissible, it is also an admissible element of
K[G]. This shows that both x1 + x2 = 0 and x1 + x2 + x3 = 0 are possiblerelations in the regular ase if |G| is divisible by 6. It does not show, however,



The Galois relation x1 = x2 + x3 361that these relations hold simultaneously: We annot onlude that there isan element x1 ∈ L with Gx1
= 1 suh that x1 = −x2 and x1 = −x3 − x4for K-onjugates x2, x3, x4 of x1. If this were true, the relation (2) would bepossible in the regular ase whenever 6 | |G|.As onerns the proof of Theorem 1, we start with the simpler diretionnow (the more ompliated one is postponed to Setion 3). Let G = HF bea transitive subgroup of AGL(1, q) with F and H as above. We onsider the

K-vetor spae K[Fq] with basis Fq. In order to avoid onfusion, we write
(a) if we onsider a ∈ Fq as a basis vetor of K[Fq] (whih is atually ratherdi�erent from a as an element of the �nite �eld Fq). Aordingly,

K[Fq] =
⊕

a∈Fq

K(a).

Now K[Fq] is a K[G]-module in a natural way: In partiular, s = aX+b ∈ Gats on K[Fq] by
(aX + b)

∑

c∈Fq

rc(c) =
∑

c∈Fq

rc(ac+ b), rc ∈ K.

Note that K[Fq] is just the K[G]-module that is usually attahed to thepermutation representation ofG on Fq; in partiular,H ⊂ F×
q is the stabilizerof (0) ∈ K[Fq].Now suppose a, b ∈ H are suh that a+b = 1. Consider x = (0)−(a−1) ∈

K[Fq] and α = (X)− (aX)− (bX +1) ∈ K[G]. If s ∈ G stabilizes x, it must�x the basis vetors (0) and (a−1) and, hene, the elements 0 and a−1 ∈ Fq.But an element s ∈ G with two �xed points in Fq equals 1 (a well-known fat,whih an be heked diretly for the �xed points in question). Moreover,
αx = (0)−(a−1)−(a·0)+(a·a−1)−(b·0+1)+(b·a−1+1) = −(a−1)+(ba−1+1),sine the other terms obviously anel eah other. The equation a−1 =
b · a−1 + 1, however, is equivalent to 1 = a + b, whih we assumed to betrue. Thus, αx = 0.The K[G]-module K[Fq] is yli, sine the basis vetor (c), c ∈ Fq, arisesfrom (0) by (c) = (X + c)(0) for X + c ∈ F ⊆ G. Then Mashke's theoremshows that K[Fq] is isomorphi to a (left) K[G]-submodule V of K[G]. Any
K[G]-linear isomorphism K[Fq] → V maps our above x onto an element
τ ∈ K[G] with Gτ = 1 and ατ = 0. This implies that α is an admissibleelement of K[G].
Remark 2. Our �rst attempt to prove the onverse diretion of The-orem 1 was based on the assumption that for an admissible element α =

1 − s − t as in (3) there must be an x ∈ K[Fq] suh that αx = 0 and
x = (i) − (j) for some elements i, j ∈ Fq, i 6= j. Suh an x will heneforthbe alled a simple di�erene in K[Fq]. The existene of a simple di�erene



362 K. Girstmairthat is annihilated by an α of this kind requires, indeed, that a+ b = 1 hasa solution in H. The said assumption is false, however: In general there areadmissible elements (3) that do not annihilate any simple di�erene, as weshall show in Setion 4 (and so our �rst attempt failed).
Remark 3. At this point we should say some words about Dubikas'example: He only onsidered the ase AGL(1, 5), but his idea remains validif only the ation of the Galois group G on the zeros x1, . . . , xn of f isdoubly transitive. De�ne yij = xi − xj (a simple di�erene of zeros), where

i, j, i 6= j, run through all elements of {1, . . . , n}. Beause of the doubletransitivity, the elements yij are all onjugate, so f̃ =
∏

i6=j(Z − yij) is anirreduible polynomial over K with Galois group G. Sine y12−y32−y13 = 0,we have a relation of type (2).In this way one also obtains examples quite di�erent from the regularase; for instane, if G = Sn, the stabilizer of y12 is isomorphi to Sn−2.In the ase G = AGL(1, q), q > 2, this tehnique is essentially identialwith what we have done in the above proof: We may assume that f has thezeros xa, a ∈ Fq, and that an element s ∈ G ats on xa by s(xa) = xs(a).Put y = x0 − x1 and hoose a ∈ F×
q , a 6= 1. Moreover, let s, t ∈ G be suhthat s(0) = a, s(1) = 1, t(0) = 0, t(1) = a. Then (1 − s − t)y = 0 and

s = (1 − a)X + a, t = aX. Sine 1 − a 6= 0, the equation a + b = 1 has thesolution a, b = 1 − a in H = F×
q .

Remark 4. In the example of Remark 3 we have y12 = y32 + y13 and,simultaneously, y12 = −y21. This situation di�ers from the following ase:Let p ≡ 3 mod 4, p ≥ 7, and suppose G = ASL(1, p) is the Galois groupof f . Then there is an irreduible normal polynomial f̃ ∈ K[Z] with group Gsuh that y1 = y2 + y3 holds for the zeros y1, . . . , yn of f̃ (see introdution).However, yk = −y1 annot be true for any k, 2 ≤ k ≤ n. Otherwise, therewould be an s ∈ G with s(y1) = yk and s(yk) = s(−y1) = −yk = y1.As y1 generates the splitting �eld of f̃ , s would be an involution, whih isimpossible sine n = |G| = p (p− 1)/2 is odd.3. Proof of the onverse diretion. Let the notations of Setion 2hold, in partiular, G = HF is a transitive subgroup of AGL(1, q), q = pe.We assume that there is an admissible element α = 1 − s − t ∈ K[G],
s, t ∈ Gr {1}, s 6= t. We have to show that this implies a+ b = 1 for ertainelements a, b ∈ H, H ⊆ F×

q .The plan of this proof is as follows: First we onstrut a ertain simple
K[G]-submodule V of K[G] whih ontains an element ̺ 6= 0 with α̺ = 0(reall that K[G]-modules are always left modules!). Then we onstrut a
K-basis of V suh that the matrix of the K-linear map V → V : ̺ 7→ α̺



The Galois relation x1 = x2 + x3 363an easily be read o�. Sine the determinant of this matrix must vanish, wehave a ondition that implies the desired equation in H.Let ξ denote a primitive p (q − 1)th root of unity (in some algebrailosure of K). We put K ′ = K(ξ). Then α is also an admissible element of
K ′[G]; indeed, if τ ∈ K[G] is suh that ατ = 0 and Gτ = 1, then α does notloose these properties if it is onsidered as an element of K ′[G]. Therefore,we may assume, without loss of generality, that K ontains ξ. Under thisassumption the K-irreduible haraters of G are absolutely irreduible, sowe simply speak of �irreduible haraters� of G. These haraters fall intotwo ategories (see [6, p. 239℄): First, 1-dimensional haraters ψ of the yligroup G/F ∼= H, onsidered as haraters of G by means of the anonialmap G → G/F . Seond, haraters indued by nontrivial 1-dimensionalharaters χ : F → K× of the group F . Hene we distinguish between twoategories of simple K[G]-modules, namely, those belonging to irreduibleharaters of the �rst and of the seond ategory, respetively. This leads tothe deomposition

K[G] = I ⊕ J,where I is the sum of the K[G]-submodules of K[G] of the �rst and J thesum of those of the seond ategory.We now de�ne the K-vetor spae
S = {σ ∈ K[G] : ασ = 0}.We shall show that there is a simple K[G]-submodule V of J suh that

S ∩ V 6= 0. To this end we use the followingLemma 1. In the above setting , let W be a K[G]-submodule of K[G] and(4) W = V1 ⊕ · · · ⊕ Vka diret deomposition of W into arbitrary K[G]-submodules. Then
W ∩ S = (V1 ∩ S) ⊕ · · · ⊕ (Vk ∩ S).Proof. Let σ ∈ W ∩ S. Then σ = ̺1 + · · · + ̺k with ̺j ∈ Vj for eah

j = 1, . . . , k. Now ασ = 0 = α̺1 + · · · + α̺k, and sine Vj is a (left)
K[G]-module, we have α̺j ∈ Vj , j = 1, . . . , k. The deomposition (4) beingdiret, we onlude α̺j = 0, j = 1, . . . , k, so eah ̺j lies in Vj ∩ S.The lemma shows

S = (I ∩ S) ⊕ (J ∩ S).Suppose J ∩ S = 0. We know that there is an element τ ∈ K[G] suh that
ατ = 0 and Gτ = 1. In partiular, τ 6= 0. Sine J ∩ S = 0, τ lies in I ∩ S.However, the group F ats trivially on I: Eah simple K[G]-submodule Vof I belongs to the �rst ategory. Therefore, it has K-dimension 1, and for



364 K. Girstmairall u ∈ G and ̺ ∈ V ,
u̺ = ψ(u)̺,where ψ : G → K× is a group homomorphism with ψ(F ) = 1. Aordingly,

Gτ ontains the group F , a ontradition.Hene we have J ∩S 6= 0. Let J = V1 ⊕· · ·⊕Vk be a deomposition of Vinto simple K[G]-submodules. Sine J ∩ S 6= 0, Lemma 1 entails Vj ∩ S 6= 0for some j ∈ {1, . . . , k}. In partiular, there is a simple submodule V of Jwith V ∩ S 6= 0, as desired.In the next step we hoose a suitable K-basis of this module V and studythe matrix of the K-linear map
V → V : ̺ 7→ α̺with respet to this basis (where α is our admissible element). The irreduibleharater onneted with V is indued by some harater χ : F → K×,

χ 6= 1. Sine F ∼= Fq is an elementary-abelian p-group, the values of χ are
pth roots of unity.A K[G]-module V ′ isomorphi to V an be onstruted in the followingway (see [6, p. 216℄): The group H is yli, so H = 〈v〉 for some v of order
m = |H| = [G : F ], m | q − 1. Let K · ε be the 1-dimensional K[F ]-modulebelonging to χ, i.e., u ∈ F ats on K · ε by(5) u · ε = χ(u) · ε.Then V ′ has the K-basis vj ⊗ ε, j = 1, . . . ,m. Eah element of G has theshape vku, where k ∈ {1, . . . ,m} and u ∈ F are uniquely determined. Sine
F is a normal subgroup of G, we may write(6) w−1uw = uw ∈ Ffor eah w ∈ H and u ∈ F . The ation of G on V ′ is now de�ned by(7) vku · (vj ⊗ ε) = vk+j ⊗ uvj

· ε = vk+j ⊗ χ(uvj

) · ε = χ(uvj

) · vk+j ⊗ ε(in other words, we �rst apply the �exhange rule� uvj = vjuvj ontained in(6) and then (5)). Let ϕ : V ′ → V be a K[G]-linear isomorphism. Then ϕmaps the basis vetors vj ⊗ ε onto basis vetors ̺j of V , j = 1, . . . ,m. Theation of G on these vetors an be read o� from (7), namely,(8) vku̺j = χ(uvj

)̺k+j , k, j ∈ {1, . . . ,m}, u ∈ F(observe that the subsript k + j has to be understood mod m, i.e., as anelement of {1, . . . ,m}).Let β ∈ K[G]. We onsider the m×m-matrix M(β) that belongs to the
K-linear map V → V : ̺ 7→ β̺; the elements bij of its jth olumn are givenby

β̺j =

m∑

i=1

bij̺i.



The Galois relation x1 = x2 + x3 365In the speial ase β = u ∈ F , equation (8) yields(9) M(u) = diag(χ(uv), χ(uv2

), . . . , χ(uvm

)),and for β = vk we obtain
(10) M(vk) =




1 . . .
1

1 . . .
1




;

the nonzero entries of this matrix (all of them = 1) are plaed at the positions
(k + 1, 1), (k + 2, 2), . . . , (m,m − k), and at (1,m − k + 1), (2,m − k + 2),
. . . , (k,m).With these tools at hand it is no more di�ult to establish M(α) for ouradmissible element α = 1 − s − t ∈ K[G]. Beause V ∩ S 6= 0, there is avetor ̺ ∈ V , ̺ 6= 0, suh that α̺ = 0 and, thus, detM(α) must vanish.Regrettably, M(α) may take a number of di�erent forms:
Case 1: s, t ∈ F . Here we read o� from (9):

M(α) = diag(1 − χ(sv) − χ(tv), . . . , 1 − χ(svm

) − χ(tv
m

)).This matrix is singular only if 1−χ(svj

)−χ(tv
j

) = 0 for some j = 1, . . . ,m.Sine the values of χ are pth roots of unity, this is impossible: It is an exeriseto show that 1 − η − η′ = 0 an hold for roots of unity η, η′ only if η hasorder 6 and η′ = η−1.
Case 2: s ∈ F , t 6∈ F . Observe that G is a normal subgroup of AGL(1, q).Hene onjugation by elements of AGL(1, q) de�nes an automorphism of G.Suh an automorphism an be onsidered as an automorphism of K[G]. Itmaps α onto an admissible element of the shape 1 − s′ − t′; here s′ remainsin the harateristi subgroup F of G and t′ an be hosen equal to vk,

1 ≤ k ≤ m− 1. We may, therefore, assume α = 1 − s− vk, whih yields(11) M(α) = diag(1 − χ(sv), . . . , 1 − χ(svm

)) −M(vk),withM(vk) as in (10). The entries ofM(α) lie in Z[ζp], where ζp is a primitive
pth root of unity. Consider the prime ideal p = (1 − ζp) of Z[ζp] (whih liesover p) and the residue lass �eld R = Z[ζp]/p. Sine 1 − χ(svj

) ∈ p for all
j = 1, . . . ,m, (11) yields the identity

M(α) = −M(vk) ∈ Rm×mof matries over R (the bar denotes residue lasses mod p, not omplex



366 K. Girstmaironjugation). Thus, inspetion of (10) gives detM(α) = ±detM(vk) =
±1 ∈ R, and, in partiular, detM(α) 6= 0. So this ase is also impossible.
Case 3: Both s, t 6∈ F . Here the onjugation argument of Case 2 showsthat we may assume s = vk, t = vlu, with u ∈ F and 1 ≤ k ≤ l ≤ m − 1.We distinguish two subases:
Subcase 1: u = 1. Then k < l (reall s 6= t) and M(α) = Im−M(vk)−

M(vl), where Im is the m×m unit matrix. But in this ase M(α) is a yligroup matrix, whose determinant is well known. Indeed, put
bi =





1 if i ≡ 0 mod m,

−1 if i ≡ k or i ≡ l mod m,

0 otherwise.Then M(α) = (bi−j)i,j=1,...,m and detM(α) =
∏

η(1 − ηk − ηl), where ηruns through all mth roots of unity. The argument of Case 1 shows that
detM(α) = 0 only if 6 |m (and k ≡ −l mod 6). But then H ontains anelement r of order 6 and r + r−1 = 1 is a solution of a+ b = 1 in H.
Subcase 2: u 6= 1. Again we onsider the prime ideal p and the �eld Rof Case 2. Sine M(u) = Im, we have M(vlu) = M(vl)M(u) = M(vl) and

M(α) = M(k, l) ∈ Rm×m,with M(k, l) = Im −M(vk) −M(vl). This matrix is essentially the groupmatrix of Subase 1, with the only di�erene that the ase k = l is notexluded now. We obtain detM(α) = detM(k, l), where(12) detM(k, l) =
∏

ηm=1

(1 − ηk − ηl) ∈ Z.

Now detM(α) vanishes, hene detM(k, l) ≡ 0 mod p, and detM(k, l) ∈ Zrequires detM(k, l) ≡ 0 mod p (reall p∩Z = Zp). Let ζm denote a primitive
mth root of unity and P a prime ideal of Z[ζm] lying over p. The residuelass degree fp of P equals the order of p mod m (see [13, p. 14℄). Sine
m | q − 1, pe ≡ 1 mod m, so fp | e and Z[ζm]/P is a sub�eld of Fq (up toan isomorphism). From p |M(k, l) and (12) we infer that 1 − ηk − ηl mustvanish in Z[ζm]/P for some mth root of unity η, hene also in Fq. However,
H = {a ∈ Fq : am = 1}. So a = ηk and b = ηl form a solution of a + b = 1in H. This onludes the proof of the onverse diretion of Theorem 1.

4. Additional remarks. Here we ompile some additional informa-tion that may be of interest for the reader. First onsider the determinant
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detM(k, l) of (12). It an be written

detM(k, l) =
∏

d|m

Nd(1 − ζk
d − ζ l

d),where ζd is a primitive dth root of unity and Nd : Q(ζd) → Q is the norm ofthe dth ylotomi �eld. We all
W k,l

d = Nd(1 − ζk
d − ζ l

d)theWendt fator of order d that belongs to {k, l} (note that k = l is possible).The numberW k,l
d is a divisor of Wendt's determinant, whih has hie�y beenstudied in onnetion with the Fermat equation over Fp (see, for instane,[12℄). If H ⊆ F×
q is as in Setion 3, |H| = m, then the equation a+ b = 1 issolvable in H only if there is a Wendt fator W k,l

d , d |m, suh that p |W k,l
d .Conversely, suppose p |W k,l

d . Then W k,l
d is divisible by q′ = pfp,d , where fp,dis the order of p in (Z/dZ)×. Sine pe ≡ 1 mod d, fp,d | e and Fq′ is a sub�eldof Fq. Moreover, the disussion at the end of Setion 3 shows that a+ b = 1has a solution in the subgroup of order d of F×

q′ , and, in partiular, in H∩F×
q′ .For a �xed number m there are only �nitely many primes p dividing aWendt fator W k,l

d , d |m. For suh a p we onsider q = pe, where e mustbe a multiple of fp,d and m must divide q − 1. Let G = HF , |H| = m, bethe uniquely determined subgroup of AGL(1, q) of order qm. By the above,
K[G] ontains an admissible element α of the shape (3).In order to �nd all these primes p one may proeed as follows: Fix adivisor d of m. The de�nition of W k,l

d shows that it su�es to onsidersubsets {k, l} of {1, . . . , d − 1}. We may further assume that these subsetsare primitive, i.e., (k, l, d) = 1. Indeed, for any ommon divisor r of k, l, dwe have
W k,l

d = (W
k/r,l/r
d/r )ϕ(d)/ϕ(r).Two numbers W k,l

d , W k′,l′

d oinide if the sets {k, l} and {k′, l′} arise fromeah other under the ation of the group (Z/dZ)×, i.e., {k′, l′} = {jk, jl} forsome integer j, (j, d) = 1 (jk, jl must be understood mod d). Aordingly,one has to establish a set of representatives of the orbits of (Z/dZ)× on theprimitive subsets of {1, . . . , d−1} with at most two elements. If {k, l} is suha representative, W k,l
d an easily be omputed by means of the identity
W k,l

d =
∏

rd=1

(1 − rk − rl) ∈ Z/p̃Z,where p̃ is a (su�iently large) prime number, p̃ ≡ 1 mod d, and r runsthrough all dth roots of unity in Z/p̃Z.
Example. Take m = 16. The group (Z/16Z)× has 13 orbits of primitivesubsets of {1, . . . , 15} with one or two elements. They yield the Wendt fators
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W 1,1

16 = 257, W 1,2
16 = 49 and W 1,3

16 = 17. The Wendt fators belonging to theremaining ten orbits either oinide with these or are equal to 1. Whereas
fp,16 = 1 for p = 17, 257, we have f7,16 = 2. The seven orbits of (Z/8)×produe the Wendt fators 17, 9 and f17,8 = 1, f3,8 = 2. In the ase d = 4we have three orbits yielding the Wendt fator 5, and for d = 2 there is oneorbit yielding 3. Altogether, the prime 3 ours twie and in di�erent roles:as a divisor of W 1,2

8 and of W 1,1
2 , orresponding to the identity r + r2 = 1that holds for a ertain generator r of F×

9 , and to 2+2 = 1 ∈ F3, respetively.We now return to Remark 2 of Setion 2 (about simple di�erenes).In the (most interesting) Subase 2 of Setion 3, α ∈ K[G] has the shape
α = (X)−(aX)−(bX+c) with a, b ∈ H ⊆ F×

q , c ∈ Fq. If a+b = 1, there is asimple di�erene x = (i)− (j) ∈ K[Fq] suh that αx = 0, and this proves theadmissibility of α (whih is, essentially, what we did in Setion 2). Conversely,it is not hard to hek that αx = 0 an hold for a simple di�erene x only if
a + b = 1. The K-vetor spae K[Fq] has a natural nondegenerate bilinearform de�ned by 〈∑

j∈Fq

aj(j),
∑

j∈Fq

bj(j)
〉

=
∑

j∈Fq

ajbj .We onsider the K-linear map K[Fq] → K[Fq] : y 7→ αy. By abuse ofterminology, this map is alled α again. Let α∗ be the adjoint map of α withrespet to 〈−,−〉. One readily veri�es that α∗ is the K-linear map de�nedby
α∗ = (X) − (aX)−1 − (bX + c)−1,the inverse elements being taken in AGL(1, q). So α∗ = (X) − (a−1X) −

(b−1X + c′), c′ ∈ Fq. The linear map α and its adjoint α∗ have the samerank. Therefore, a+ b = 1 implies that there must be a y ∈ K[Fq]r{0} suhthat α∗y = 0. However, the identity a−1 + b−1 = 1 is false in general, andthen y annot be a simple di�erene. One an show that α∗ is, nevertheless,admissible at least if m = |H| is a prime number.The above disussion of the matrix M(k, l) and the fators W k,l
d of itsdeterminant shows that from p | detM(k, l) one annot immediately read o�a solution of a+ b = 1 in H. The matrix M(α) of Setion 3 seems to ontainmuh more information about possible solutions. We know, for our present α,that detM(α) vanishes if, and only if, detM(α∗) vanishes. In general thishappens only if a + b = 1 or a−1 + b−1 = 1, i.e., in the ases one expets.There are, however, also some unexpeted ases: for instane m = 5, q = 31,

α = (X)− (4X)− (4X +1), or m = 8, q = 17, α = (X)− (8X)− (16X +1),where detM(α) vanishes although none of the said identities holds. Theseases seem to be rare, but it would, nevertheless, be interesting to know whythey our.



The Galois relation x1 = x2 + x3 369Although M(α) looks quite similar to the yli group matrix M(k, l) towhih it is ongruent mod p (one just has to replae m entries −1 of M(k, l)by ertain values −ζk
p ),M(α) is, in general, not a yli group matrix�whoseeigenvalues would lie in a ylotomi �eld. Even if detM(α) = 0, the Galoisgroup of the harateristi polynomial of M(α) may be Sm−1 or Sm−2 (overthe �eld of de�nition Q(ζp) of M(α)). This happens, for instane, in theabove ase m = 8, q = 17, α = (X) − (8X) − (16X + 1), where this groupis S6.Finally, we return to the inlusion lemma (Proposition 1), whih o�ersan easy way to prove the possibility of x1 = x2 + x3 in the regular ase.Another example for this fat is the followingProposition 2. Let G be a �nite simple linear group, i.e., G =

PSL(n, q), q = pe, n ≥ 3 or n = 2 and q ≥ 4. Then K[G] ontains anadmissible element α of the shape (3).Proof. If n ≥ 3, we onsider the embedding
AGL(1, q) → SL(n, q) : aX + b 7→




a b

0 1

a−1

1 . . .




.

Sine PSL(n, q) = SL(n, q)/{c · In : cn = 1}, we see that AGL(1, q) isisomorphi to a subgroup of PSL(n, q). For G′ = AGL(1, q) the group ring
K[G′] ontains an admissible element if q > 2 (see Remark 3 of Setion 2).In the ase q = 2 we havePSL(n, q) ∼= GL(n, q) ⊇ GL(3, q) ∼= PSL(2, 7) ⊇ ASL(1, 7)(see [5, p. 183℄), whih onludes the proof in this ase (observe 4 + 4 =
1 ∈ F7). In the ase n = 2 we use PSL(2, q) ⊇ ASL(1, q), whih provesthe assertion for p ≥ 7, e ≥ 1 (see introdution) and p = 2, e ≥ 2 (whereASL(1, q) = AGL(1, q)). In the remaining ases one an use PSL(2, 5) ∼=
A5 ⊇ A4 and PSL(2, 3) ∼= A4 (ibid.).The Atlas of Finite Groups [1℄ gives the impression that a �nite sim-ple non-abelian group always ontains a subgroup ∼= S3 or ∼= A4, with theexeption of the Suzuki groups Sz(q), q = 22n+1. These, however, ontainAGL(1, 5), as an be extrated from [7, p. 190℄. So it seems realisti thatthe assertion of Proposition 2 remains true for all �nite simple nonabeliangroups.
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