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1. Introduction and main results. Let f(z) = 2%4-a129 '+ - -4-ay,
ai,...,aq € Z, d > 2, be an irreducible polynomial. Let N¢(n) be the
number of solutions x of f(x) = 0 (mod n) satisfying 0 < x < n. It is an
important problem to study the function Ny (n).

In 1952, Erdés [2] proved the asymptotic formulae

S N0) = o+ 0 o)

p<z

ZM =loglogz + c(f) + o(1),

p<w
and the lower estimate
Z N¢(n) > x,
n<x

where p runs over primes, and n runs over integers.
In 2001, Fomenko showed (see formula (4) in [3]) that

S Np(n) = C(f)z + 0(W>7

n<x
where
(1.1) C(f)=e 7P > 0.

Here ~ is the Euler constant and

2
P:He_Nf(P)/p<1+Nf(p) _|_Nf(p ) _|_)
p

P p?
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Let L be the splitting field of f over Q with Galois group G = Gal(L/Q).
If G is Abelian, the field L is called Abelian. In this case we also call f(x)
an Abelian polynomial. Otherwise we call f(z) a non-Abelian polynomial.
In [3] Fomenko proved that for any Abelian polynomial f(z),

Z N¢(n) = C(f)x + O(x exp(—B(log z)%))

for a certain positive constant B and any fixed § < 3/5. In addition,
Fomenko mentioned in Remark 1 of [3] that for any Abelian polynomial
f(z), under the Riemann Hypothesis on Dirichlet L-functions,

(1.2) Y Ny(n) = C(f)z + O(/?*e).

Recently Kim [8] introduced the Langlands functoriality to this problem
and proved the following two results.

(i) For any non-Abelian polynomial f(z) of degree d, unconditionally
we have

> Ng(n) = C(f)z + Oz %),
n<x

(ii) For any Abelian polynomial f(z) of degree d, we have
> Ng(n) = C(f)z + O(z'¥/(FH0)+),
n<x

Based on Kim’s method, we shall show the following results.

THEOREM 1.1. For any Abelian polynomial f(x) of degree d, we have

C(f)x + O(z'/?+e) for d=2,3,
Z Ni(n) = ¢ C(flz+ O(z'=3/d+2+e)  for 4 < d <11,
nsw C(f)x + O(z'—3/d+e) ford > 12,

where C(f) is defined in (3.4).

THEOREM 1.2. For any non-Abelian polynomial f(z) of degree d, un-
conditionally we have

Y Np(n) = C(f)z + O(a! /(@0 ),

n<x

where C(f) is defined in (4.2).

2. Preliminaries. Let D denote the discriminant of the polynomial
f(x). By Lemma 3 in Erdés [2], Ny(n) is a multiplicative function, and its
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value at the power of a prime p satisfies
d if pt D,
N¢(p%) <
%) < {dD2 if p| D,
where d is the degree of the polynomial f. Then we have
gd

(2.1) Ny(n) < ™ < 7(n yio?

where w(n) is the number of distinct prime divisors of n, and 7(n) is the
divisor function. Therefore in the half-plane Res > 1, we can define the
L-function associated to N¢(n),

(2.2) L(s) = i Ny(n)
n=1

where the series is absolutely convergent in this region. Since N¢(n) is mul-
tiplicative, for Res > 1 we can write

(2.3) L(s)=H(1+Nf(p)+Nf(p2)+---),

S 2s
p p p

where the product is over all primes.

Recall that L is the splitting field of f over Q. Let E' = Q(«), where « is
a root of f. We have [E : Q] = d. Let (g(s) be the Dedekind zeta-function
of the field . Then for Res > 1, we have

Ce(s) =) (Na)~™,

a

where the sum is extended over all integral ideals a of the field F, and Na
is the norm of a. We can rewrite it as

[e.o]
:Zli H( ++22+~-),
-

where a, denotes the number of integral ideals in F with norm n. From
Lemma 9 in [1], it is known that a,, is a multiplicative function and satisfies

(2.4) ap < (r(n))"

where 7(n) is the divisor function, and d is the degree of the polynomial f.
In addition, from page 57 in [1] we learn that

(2.5 e =] (1- 1)

pS

where U(s) is an infinite product over primes, which is absolutely and uni-
formly convergent for Res > 1/2. From (2.1), (2.3), (2.4), and (2.5), we
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conclude that for Res > 1,

(2.6)  L(s) = gE(s)U(s)l;[ (1 4 N;Ep) e N ) <1 - ;)

p

By Kummer’s Theorem on the decomposition of prime ideals in algebraic
extensions (see e.g. Lemma 22 in Swinnerton-Dyer [11]), we learn that except
for finitely many primes (in fact, if p does not divide the discriminant D of
f(z) or the index [Op : Z[a]]),

(2.7) ap = N¢(p).
In fact, the factorization of a prime p in the field E as
(p) =pOp = p1---pg,
where Np; = p/i (1 < j < g) corresponds to the factorization
f(z) = filz) - fo(z) (mod p),

where fj(x) (1 < j < g) are irreducible polynomials over Zj,, of degree f;.
Therefore the number of integral ideals with norm p corresponds to the
number of linear polynomials among f;(x). Obviously the latter number
equals N¢(p). Therefore we have the identity (2.7).

We define

S={p:p|D orp|[Og: Z[a]]}.
Then from (2.6) and (2.7), we conclude that for Res > 1,

(28)  L(s) = ¢a(s)U(s) [ <1+ Ny(®) Nfgfz) +> <1 B 1)“?

2eS p® p p°
y Nf(pQ)—apz/Q—ap/Q
plgg <1 " p* " )
= (r(s)U(s) H X H
peES  pgS
= (p(s)A(s).

From (2.1), (2.4), and the finiteness of the set S, we learn that the prod-
uct Hpe g is absolutely convergent for Res > 0, and the product Hpgs is
absolutely convergent for Res > 1/2. Then A(s) = U(s) [[,eg X [[gs 18
absolutely convergent for Res > 1/2; and uniformly convergent for Res >
1/2 4+ ¢ with any € > 0, and hence holomorphic for Res > 1/2. There-
fore L(s) = (g(s)A(s) has a meromorphic continuation to the half-plane
Res > 1/2. Since (g(s) only has a simple pole at s = 1 in this region, so
does L(s).
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3. Proof of Theorem 1.1. In this section L is the splitting field of f
over Q with the Abelian Galois group G = Gal(L/Q). Then the splitting
field L coincides with the field E = Q(«).

The Kronecker—Weber Theorem asserts that every Abelian extension
of Q is cyclotomic (see e.g. Theorem 44 in Swinnerton-Dyer [11]). We let
Q(Gm) with G = €2™/™ be the least cyclotomic field which contains the
Abelian field L. Then we call m the conductor of the Abelian field L. We
have Gal(Q(¢)/Q) = (Z/mZ)*, and so H = Gal(Q((x)/L) can be re-
garded as a subgroup of (Z/mZ)*. The characters of the finite Abelian group
Gal(L/Q) = (Z/mZ)*/H are also called the characters of the field L. We
denote the character group of L by L. Therefore L consists of the Dirichlet
characters modulo m that are trivial on H.

As a simple corollary of Abelian class field theory we can write (1 (s)
as a product of the Riemann zeta-function and Dirichlet L-functions. More

precisely, we have
=TI ZGs.x) = <o) ] Z(sx)

xEE xGE
XFX0

where x* is a primitive character modulo m’ with m’|m, which induces
x mod m. For simplicity, we shall write

d—1
(3.1) ¢us) = ¢(s) [T Ls.x),
j=1

where L(s, x;) are primitive Dirichlet L-functions.
From (2.8) and (3.1), we have
d—1
(3.2) L(s) = Cu(s)A(s) = ((s) [ ] (s, x5) A(s),
j=1
which admits a meromorphic continuation to the half-plane Re s > 1/2, and
only has a simple pole at s = 1 in this region. Here A(s) is absolutely and
uniformly convergent for Res > 1/2 4 ¢ with any € > 0.
Now we begin the proof. First we assume that 4 < d < 11. By (2.1),
(2.2) and Perron’s formula (see Proposition 5.54 in [7]), we have

b+iT'

x® plte
(3.3) SN = 5 | L(s)sds—i—0< . )

n<z b—iT

where b=1+¢ and 1 <7T < z is a parameter to be chosen later.

Next we move the integration to the parallel segment with Res = 1/24-¢.
By Cauchy’s residue theorem, we have
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1 1/24e+iT b+iT 1/24e—iT 8
(34) 3 Ny(n) 2m{ o+ o+ ) }L(s)?ds
n<lz 1/24e—iT  1/24e+iT b—iT

+ Resy—1 L(s)z + O(z'+¢/T)
=1+ I+ I+ C(f)z + O(x'*/T),
where C(f) = Ress=1 L(s).
It is well known that
C(1/2+it) < (1+t))/Clog (|t + 1)

and

L(1/2 +it, x) < (1 + [t])C log([t| + 1)
(see e.g. Theorems 24.1.1 and 24.2.1 in Pan and Pan [10]). Then by the
Phragmén—Lindel6f principle for a strip (see e.g. Theorem 5.53 in Iwaniec
and Kowalski [7]), we deduce that for 1/2 <o <1+¢,

(3.5) C(o+it) < (1+[t) =93+ and  L(o+it, x) < (14 J¢])F—)/3+e,
where we have used
C(l+e+it)<1 and L(l+e+it,y) < 1.
Hence we have
(3.6) C(1/2+e+it) < (1+[t)Y0F5, L(1/2+e+it,x) < (1+|t))/6Fe.
For I, by (2.8) or (3.2) we have

I <<a:1/2+5+a;1/2+E L(1/2+e+it)|t ™ at

1
T
< a2 g P12+ e+ i) A(L/2 + e+ it) |t dt
1
T
< ot/ g2 (e (1/2 4+ € + it dt,

1

where we have used that A(s) is absolutely convergent in the region Re s >
1/2 + ¢ and is O(1) there.
By (3.1) and (3.6), we have

:]w

T
I <<x1/2+5+x1/2+ag‘ (1/2—|—€—|—Zt)
1

(1/2+6+it,xj)
1

.
Il

d—1
x [T L/2+e+it, Xj)’f1 dt
j=4

::]w

T
< g/HrE g/ | ‘ C(1/2+e+it)]

L(1/2 + & + it Xj)’t(d*“)/‘s*l dt.
1

<.
Il
—
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Then by Holder’s inequality, we have

Ty 1/4
(3.7) I < 2¥/**¢1log T max {de_4)/6_1( | lc/2+etit)! dt)

<T

T /2
3, h 1/4
<11 ( | IL(1/2+4 & + it x;)|* dt) } + gl/2Fe
j=1 T1/2
< 1‘1/2+ET(d_4)/6+8 _|_x1/2+e’

where we have used
T
| 1c/2+e+it)tdt < 1/
T /2
and
T
VIL(1/2+ e +it, xp)|* dt < T
Ti/2
These results can be established by using Gabriel’s convexity theorem (see

e.g. Lemma 8.3 in Ivi¢ [6]), and the following two classical results (see e.g.
Theorems 29.3.1 and 29.3.4 in Pan and Pan [10]):

T
| lc(/2+it)|* dt < Ty(log T1)*
Ty /2
and
Ty
| 1L(/2 + it x))* dt < Ty(log Ty)*.
T /2

By (3.1) and (3.5), we conclude that for 1/2 <o <1+¢,

Co(o+it) < (14 [t))s1-o)+e,
Therefore for the integrals over the horizontal segments we have
b
(3.8) L+Iz< | 2o +iD)| T do
1/2+¢

< max :c"Tg(l_”)JrET_1
1/24e<o<b

= max —
1/2+e<o<b (Td/3
< .’IJ1+E/T+ $1/2+6Td/6_1+8.

£ )on/3—1+s
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From (3.4), (3.7) and (3.8), we have
(3.9) Z Nf(n) = C(f).%' + O(xl-i-a/T) + O(xl/2+ET(d_4)/6+E)_

n<x
On taking T = 2*/(**2) in (3.9), we have
Z Nf(n) = C(f)$ + O($1—3/(d+2)+5)‘
n<x

Now we consider the case d > 12. From the context we only need to
estimate the integral I;. We have

L < a2t g2\ | L(1/2 + e +it) |t dt

T
|
< gt/ g1/ f ICL(1/2 + e+ it)|t ™ dt
%
1

11
< pV/2rE g/ )4(1/2 +e+it) [[ L(1/2 4 +it, x;)
j=1
d—1
x [] L(t/2+e +it, Xj)’t—l dt
7j=12
T 11
< g/ g /e | )C(1/2 +e+it) [[ L(1/2 + e +it, xj)’t(d‘”)/ﬁ‘l dt.
1 j=1

Then by Holder’s inequality, we have

T
1/2+e (d—12)/6—1 12 o\ 112
I < 2'/* log T max {T1 ( | lc/2+e+in) dt)

T /2
1T 1/12
<] ( | 1L/2 4+ it, x;)|" dt) } + gt/2He
J=1 Ti/2
< x1/2+€ + x1/2+€Td/671+€7
where we have used
T
| lc/2+e+it)?dt < TP
Ty /2
and
Ty

VIL(1/2 4+ e +it, )| dt < TP
Ty /2
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These results can be deduced from Gabriel’s convexity theorem (see e.g.
Lemma 8.3 in Ivié¢ [6]), and the results of Heath-Brown [4] and Meurman [9]
respectively, which state that
T
| lc(/2 +it)"2 dt < 17 (log Ty) '
Ty /2
and
T
VIL(1/2+it, )2 dt < TP
T1/2

Then on taking 7' = 2*/%, we have
> Nj(n) = C(f)a + O =),
n<x

Finally, we consider the cases d = 2, 3. For d = 2, we have

T
I < /2% 1og T max {T;l( | lca/2+etip? dt>1/2
hst Ty /2
T 1/2
x( | \L(1/2+5+z’t,x)\2dt> }
Ty /2
< gl/?e
where we have used
T
| lca/2+e+i)dt < T/
T1/2
and
T
VL2 4+ +it, xp) P dt < T
Ty /2

These results can also be established by applying Gabriel’s convexity theo-
rem (see e.g. Lemma 8.3 in Ivi¢ [6]), and the following two classical results
(see e.g. Theorems 25.2.1 and 25.3.1 in Pan and Pan [10]):
Ty
| lc/2+it)?dt < Tylog Ty
T /2
and
Ty
\ IL(1/2+it, x;)? dt < TylogTh.
Ti/2
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Then on taking 7' = x'/2, we have
> Ny(n) = C(f)e + O(a/2+9).
n<z

For the case d = 3, we have

T 1/2
1/2+4¢ —1 N2
I <zt logT:rFrllg)jg{Tl <T1§/2C(1/2+8—|—Zt)\ dt>
xH( S L(1/2 + ¢ +it, x;)|* dt) /4}
] 1 T1/2

< $1/2+€.

Then on taking T' = /2, we also have

ST Np(n) = C(f)z + O(aV/*+),

n<x

4. Proof of Theorem 1.2. Recall that L is the splitting field of f over
Q with Galois group G = Gal(L/Q) and E = Q(«), where « is a root of f.
From our assumption, GG is not Abelian in this section.
By (2.1), (2.2), and Perron’s formula (see Proposition 5.54 in [7]), we
have
b+iT

s xl £
(A1) ZNf(n):% g L(s)sds—i—O( T+>

n<z b—iT

where b=1+¢ and 1 < T < z is a parameter to be chosen later.
Next we move the integration to the parallel segment with Res = 1/24-«¢.
By Cauchy’s residue theorem, we have

1/24e+iT b-+iT 1/24e—iT

1 x®
(42) YN =5 { i+ 0+ }L(s) s
n<z 1/24e—iT  1/24e+iT b—iT
:L.l—i-s
+ Ress—1 L(s)x + O< T )

:L‘H—E
= J1+J2+J3+C(f)$+0< T )

For Jy, by (2.8) we have
T
Sy < a4 a2 |L(1/2 4+ e +it) e dt
1
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< 2V 4 g2 e U ep(1/2 + e+ it) A(1/2 + & + it) [t~ dt

< 2V 4 g2 |Cp(1)2 + & +it) |t dt,

e N e ]

where we have used that A(s) is absolutely convergent in the region Re s >
1/2 + ¢ and is O(1) there.

To go further, we cite a result of Heath-Brown [5] about the subconvexity
bound for the Dedekind zeta-function on the critical line, which states that
if E is an algebraic number field of degree d, then

Ce(1/2+it) <p t¥  (t>1)

for any fixed € > 0. Then by the Phragmén—Lindelof principle for a strip
(see e.g. Theorem 5.53 in Iwaniec and Kowalski [7]), we deduce that for
1/2<0<1+c¢,

(4.3) Cp(o +it) < (1+ [t])s1-o)te,

where we have used the estimate (g(1 +¢) < 1.
By (4.3), we have

(4.4)  Jp < 2?42\ ep(1/2 4 e +at) |tV dt

< $1/2+€ +1}1/2+€ /614 14 < x1/2+6 +$1/2+€Td/6+€.

[ R B

For the integrals over the horizontal segments, by (4.3) we have

b
(4.5) o+ Js< | 2%Cp(o+iT)|T " do
1/2+¢

< max 205 (o) +ep—1
1/2+e<0c<b
(o
L d/3—14¢
max — | T
1/24e<0<b <Td/3>
< ZL’1+8/T+ xl/Z—i—aTd/G—l-i—e'

From (4.2), (4.4) and (4.5), we have

(4.6) Y Ny(n) = C(f)z + O /T) + O /*HeT/0+).

n<x
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On taking T = 23/(@+6) in (4.6), we have
>~ Ny(n) = C(Px + Oa!/40)%),

n<z

This completes the proof of Theorem 1.2.
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