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A trio of Bernoulli relations, their implications for the
Ramanujan polynomials and the special values of the
Riemann zeta function

by

M. C. LETTINGTON (Cardiff)

1. Introduction. Let By = 1 and define the sth Bernoulli number, By,
and the sth Bernoulli polynomial, Bs(z), in the usual fashion [9], [7], so that

(1.1) B, = —- i : i (S Z 1> By, Bs(z)= Z <Z)Bs_ka:k.

k=0 k=0
In recent papers [14], [13] we showed that the Bernoulli numbers satisfy the
recurrence relation

s—1

s 1 2s +1
1.2 22s-lp, — - 22k—1p
(1.2) * T 25+ 1 23+1;< 2k ) 2k

and we applied the well-known Bernoulli-zeta even integer identity [4]
(_1)s+122571ﬂ.25328

(1.3) ((2s) =

(2s)! ’
to obtain the result
B o1 7T288 s—1 (_1)s—k7T2k’
(1.4) ¢(2s) = (=1) ((28+1)' +;(2k+1)!§(25—2k)>.

Our results are motivated partly by the relations of the title (given in
Lemma 2.1) and partly by the connection with results obtained by Murty
et al. concerning Ramanujan polynomials [17], [11].
The odd-indexed Ramanujan polynomials are defined by
s+1

_ BokBasio—ok o
(15) Ras(z) = kz 2K)1(2s + 2 — 2k)1°
=0
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They satisfy the functional (reciprocal polynomial) equation

(1.6) Rosy1(2) = 222 Ry 11(1/2),

and occur in Ramanujan’s renowned identity involving the odd zeta con-
stants

o1 2, p—(2stD)
(1.7) « <2<(23+1)+Ze2an_1>

n=1
1 /1 (2s5+1)
:ﬁs <2<(2S+ +Z 26n_1>

Boy Bos 22k _
_92s 1k s+1—k gk
> (1) @his +2 -2 P

k=0
where a, 8 > 0 and a8 = 72. By definition (1.5)), the sum involving Bernoulli
numbers in (1.7]) therefore corresponds to the Ramanujan polynomial
a* M Rogp1(in/B/a) = @ Ryg i1 (i /).

The following definition enables us to generalise the Ramanujan polynomials
to include the even-indexed values Ros(2).

DEFINITION. Let B! and B/ be defined for s > 2 and s > 1 respectively
by the recurrences

(1.8)

—1 —
s+1\ s B s—l—l g
= S+1§ < >2 By, By,
k=

k:

with initial values B = B = 1 and B} = Z' For r > 0, we define the
generalised Ramanujan polynomial Q,(z) such that

[(r+1)/2] B* - 2kB>2kk
1. . — r+ Qk.
(1.9) @r(2) kZ:O (r—|—1—2k).(2k)!z

THEOREM 1.1. With the definition of Q,(z) in . ), forr=2s+1 we
have

(1.10) Q2s11(2) = Rasy1(2).
When r = 2s is even we have

1 1
(111) Qun(2) =45 (Ravr (3 ) = R ()

1
= 4<R25+1( ) = 55573 R25+1(22)>
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and defining Ras(z) = Q2s(z) we deduce the two-term reciprocal relation

(1.12) Ras(2) — Ras <;> = 512 (st (i) — Rog <212>>

Hence we can maintain the notation developed by Murty et al. and speak of
the even-indexed Ramanugjan polynomials, Ros(z), as well as the odd-indexed
Ramanugjan polynomials Rosi1(2).

COROLLARY 1. For every integer s > 1 we have

2 1)B — B3
(25 + 1) Basyo Ros(1) = 2s+1

(113)  Ras11(2) = Rasra(1) = —

(2s+2)! 7 (2s)! 7
so that
1 1
Rosi1 <2> = Sasra f2s+1(1),
1.14 s .
(1.14) (1) = Z Bis 110k Bok —0
“\2) 7 & @s+1-2k)(2k)!

and when s = 2s1 is even we have for the complex values

(1.15) Ros11(1) =0,  Ras(i) = Ras(i/2).
COROLLARY 2. For every integer s > 1 at least one of
= 1
1.1 4s — 1
(1.16) ((4s — 1), zzjl ()

is transcendental. Similarly, for every integer s > 1 at least one of

e}

1 1 1
(1.17) C(45 + 1)7 Z nAs+1 <67m -1 - 243(6471'71 _ 1)>

n=1

1s transcendental.

We note here that the result analogous to (1.16]) for the case 4s + 1 is
contained in page 939 of [11].
From the first relation in ([1.13) we obtain

s+1

Bogio_oxB

2% 2s+2-2kD2k .

(1.18) k§ (2 Vs rs oo = M@~ Rasa(1) =0,
=0

which in turn relates to a quadratic recurrence relation for the even zeta
numbers (stated in Theorem 1.3) similar to that discussed by Dilcher [§]. In
Lemma 2.1 we derive the Bernoulli relations of the title, which enables us
prove Theorems 1.1 and 1.2. We mention in passing that implies that
the odd-indexed Ramanujan polynomials have a root approaching 2 (from
above) as s — 0.



4 M. C. Lettington

In this paper we also show that recurrence relations of the type depicted
in are closely linked to functions related to ((2s) as well as to the
Li equivalence for the Riemann Hypothesis. This type of recurrence rela-
tions can be expressed in determinant form, and in Theorem 1.4, we give
a restatement of the Li equivalence in terms of determinant properties of a
square matrix.

Further results concern the existence of pseudo-characteristic equations
for ((s) and related functions on the interval [1,00), where the approxima-
tions are exact at the end points s = 1 and s = oo, taking approximate
values in between. In music a related type of problem is encountered when
considering open or natural tuning versus equal temperament tuning. A har-
moniously acceptable but inexact solution is obtained by dividing the inter-
val [1,2], representing the octave, into twelfths, by defining the frequency
ratio of two adjacent notes (an equally tempered semitone) to be 21/12,
The approximation then agrees at the end points of the octave but takes
approximate values in between.

For 1/({(s) (and again related functions thereof) we also give a pseudo-
characteristic equation with bounds for the accuracy of these approximations
in Theorem 1.5.

We now introduce some more notation.

DEFINITION (of functions related to ((s)). Let

0 X (_1\yn—1

119 =Y ae =3 Sl = (1 g e
n=1 n=1

(1.20)

o) =3 ( —1>c<s>, o) =3 = L
— (2n+1) 28 = (2n)° 2
Then
(1.21) ((s) = 6(s) + 6(s) and n(s) = 6(s) — é(s).

Theorem 1.2 gives linear recurrence relations, similar to that in ([1.4]), for
the functions 7(2s), 0(2s) and ¢(2s).

THEOREM 1.2. We have

5—1 )5= k 2k

(1.22) 9(25):(—1)5—1<(23_1 + (25—2k)),

»
I
— .—-

s — 1)72s _ s—kﬂ.Qk
=1
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COROLLARY. We have

71'28 s—1 (_1)871? 2k

(1.24)  6(2s) = (—1)5—1<4 79 +; 21! 9(23—2k)>,

s — 128 S (qys—kg2k
(1.25) ¢(2S):(_1)S_1<(i(zsi)1>! +Z((21;2+1); ¢(23—2k)>,
k=1

2s s—1 (_1)s—k7r2k

WU(% - 21{:))

™

(126)  n(2s) = (-1)°"" (2(2s+1)'

k=1

The recurrence relation in ([1.4)) was originally deduced by studying de-
terminants [12] and the leading coefficients of the geometric polynomials

bgs) in m, defined for r > 0 and ¢ = 1, ..., m, by the polynomial recurrence
relations
r—1
+r—q+1 1 m+r—k
1.2 (2r+1) _ (™7 I U (2k+1)
(1.27) b 2r +1 kz_:OQT’—Qk-i-l 2r — 2k b ’

r—1
(27,):7 m—l—?“—q B ; m—l—r—k (2k)
(1.28) e < 2r ) kzo 2r —2k+ 1\ 2r —2k b

and also for b*") with r > 0 in (1.28) with 5" = m. When q = m in (1.27),
the leading coefficients of the polynomials then follow the Dirichlet eta func-
tion recurrence relation given in ((1.26)).

DEFINITION. Corresponding to the three infinite-dimensional vectors

h:(h]_,hz,hg,...), H:(Hl,HQ,HS,...), G:(Gl,G2,G3,...),

we define
h1 1 0 0 ... 0
ho h1 1 o ... 0
h3 ha hq 1 ... 0
(1.29) As(h) = (=1)7| . : N
hs—1 hs—2 hs—3 hs—y ... 1
hs hs—1 hs—2 hs3z ... h
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Hy 1 0 0 ... 0
Hy hy
H h h 1 ... 0
(130)  w(HEH)=(-1* TP Th
Hs—l hs—2 hs—3 hs—4 o 1
Hs hsfl h572 h373 oo hl
Hy 1 0
Hy e
Hs ho hy 1 .0
(1.31)  As(hH,G) = (=1)"| . : : : :
Hs—l hs—2 hs—3 h5—4 oo 1
Hs Gsfl G372 G373 s Gl

We refer to Ag(h) as an s X s minor corner layered determinant, or type 1
MCL determinant for short; to Ws(h, H) as a half-weighted s x s MCL de-
terminant, or type 2 MCL determinant for short; and to As;(h,H, G) as a
fully-weighted s x s MCL determinant, or type 3 MCL determinant for short.
Furthermore, if Hy = Gy, for each k = 1,...,s then we call A(h,H,H) a
balanced fully-weighted MCL determinant.

The closed forms for bt(]t) given in 1) and l’ were originally ob-

tained by studying associated magic squares under matrix multiplication [14].
We will see later in Lemma 3.1 that all recurrence relations of this type can
be expressed as one of the three types of minor corner layered determinants
defined above.

We can now state Theorem 1.3, which expresses both 6(2s + 2) and
((2s+2) as a quadratic recurrence relation, an “integer composition” based
sum and as a type one MCL determinant.

THEOREM 1.3. Let p and q be the two infinite-dimensional vectors de-
fined such that

P = 2(¢(2)7 _¢(4)7 ¢(6)7 _¢<8)7 e ')7 q= 2(((2)7 _<(4>7 4(6)7 _C<8)7 - )
Then

s—1 (_1)5 2
(132)  0(25+2) =23 (25 — 26)0(2k + 2) = 2 A (p)
k=0
m° - ¢ t d d d
S D5 DR (R VTP Rl

=1 d;>0
d1+d2+"‘+ds:t
d14+2da+-+sds=s
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and
(1.33)
9 s—1 (_1)57.‘.2
C2s+2) = 55— D %2 — 1)¢(25 — 2k)¢(2k + 2) = ~——L—Aq(q)
k=0
2 9 S
- 22712/_1 22 2t<d d t )cd% )C(4)... ¢ (25).
=1 ;0 1, 2,...,

di+do++ds=t
d14+2do+-+sds=s

REMARK. Similar sums have been considered by Dilcher in [§], where
for N > 1, he defines the Sy(n) such that

(1.34) Sn(n)= > Z(%” >Bgd1...Bng,

di+-+ds=n d;>0

and the sequence r,(CN) of rational numbers recursively by r(()N) =1 and
v+ _ —L o 1 ov-n
T = er + Zrk—l ,

with r,(cN) =0 for £ < 0. For 2n > N, Dilcher then shows that
[(N=1)/2]

(2n)! (N) Ban—2k
IS - = (2dy1)---¢(2d
N =G N D 2. 2 ) N);
k=0 di+-tds=n ;>0
note that Dilcher’s sum includes the non-elementary value ((0) = —1/2 (see

Titchmarsh [19, equation (2.4.3)]).

In Lemma 3.3 we show that the linear recurrence relations already stated
for ¢(2s), n(2s), 6(2s) and ¢(2s), in (L.4), -, and (L.26)), can
also be expressed as MCL determmants and as 1nteger compomtlon” based
sums.

This seemingly fundamental link between the even zeta based constants,
closed form recurrence relations, “integer composition” based sums and
MCL determinants also extends to the Li equivalence for the Riemann Hy-
pothesis.

The Li equivalence relies on the non-negativity of a sequence of real
numbers {A,}5°; determined from the Riemann xi function as follows. Let

&(s) = s(s — V) ~*/*T(s/2)¢(s),

1 dan

Ap = m @[Snil log £(s)]s=1,
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and
1 =
()O(Z) = €<1Z) =1+ ]El CL]'ZJ

for |z| < 1/4. Then £(s) satisfies the functional equation £(s) = £(1 — s).
By expressing A, as a sum over the non-trivial zeros of {(s) and utilising
Jacobi theta functions, Li [I5] shows that a; is a positive real number for
every positive integer j, that

~ ()
(1.35) M=D D k-,

t=1 1<ky,....,kt<n
ki+-+ki=n

and that the recurrence relation
n—1

(1.36) An = na, — Z Njlp—j
j=1

holds for every positive integer n.

ProprosITION (Li Criterion). A necessary and sufficient condition for
the non-trivial zeros of the Riemann zeta function ((s) to lie on the critical
line is that A\, is non-negative for every positive integer n.

Li obtains a corresponding equivalence for the Dedekind zeta function
Ck(s) of an algebraic number field k. There is an illuminating discussion of
the Li Criterion in [5], [6].

We can reword the Li Criterion (and similarly for an algebraic number
field) using half-weighted MCL determinants.

THEOREM 1.4. With \; and a; defined as in (1.35)) and (1.36)), let a and
A be the two infinite-dimensional vectors defined by

a = (al, az,as,aq4, . . .), A= (al, 2(12, 3a3,4a4, .. )

Let L,, be the n x n matriz given by

—al 1 0 0 . 0
—2as al
(1 37) L. — —3a3 a9 al 1 . 0
. n — il
—(n—1)ap—1 apn—2 Gp-3 ap-g ... 1
—MNap, apn—1 ap—2 ap—-3 ... Qi

and define M, such that M, = (—1)"|Ly|. Then
(1.38) M, =X, =V¥(a,—A)=—¥(a,A),
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and a necessary and sufficient condition for the non-trivial zeros of the Rie-
mann zeta function to lie on the critical line is that the n X n half-weighted
MCL determinant M, given in (1.38)) satisfies My, > 0 for allm =1,2,....

Theorem 1.5 below examines some ‘pseudo-characteristic polynomials’
that approximate ((s), 1/{(s) and related functions.

DEFINITION (of pseudo-characteristic polynomials). Let
s—1 s—1
(=D r?h o, (=D)Fr* o
1. s = AN ) s - a1 1 1\1 )
(1:39)  ps(a) ; (2k+1) v 4s(@) kzo(%ﬂ)!x
(1) )
14 s(r) = ——— + ps(2), s(T) = —F—~— s(T),
(140) () = (25+1>_ ) ) = s @)
(—1)3717'(25 ( 1)371(28_1)7@5

(1'41) es(x) = m +ps(x)’ fs(x) =

The polynomials above are all of a similar structure to that in (|1.4)).

THEOREM 1.5. For positive integers s the polynomials zs(x) and qs(x),
evaluated at either k = 2s or k = 2s — 1, satisfy the following inequalities;
For s > 17,

(1.42) (k) = 3{C(k)}? < z5(¢(K)) < C(k).
For s > 38,
(1.43) 0(k) — 3{0(k)}* < t,(0(k)) < 0(k).
For s > 34,
(L41) g = {0 < 1+ 0l < g + 1D
For s > 114,
1

(145) o — (O <1+ a,0(h) < 0(1@ +11{0(R).

)
Here {((k)} = ((k) — 1 is the fractional part of ((k). Similar results hold
for es(n(k)), fs(¢(k)) and 1+ gs(n(k)).

Q>

2. Bernoulli relations. We now establish the Bernoulli relations of the
title. Different relations of this type were obtained by Woon [20)].

LEMMA 2.1 (Bernoulli trio). Let B, and B¥ be defined as in (1.8). Then
for any natural number s, the following three identities hold:

. X N 1\ 2By
(i) By = Bas, By = (1 - 225> =

S
.. B
(11) BL/Q = ?SS’
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228B2 ) 225 -1

(iii) T(z)= Z 7(25 751) 2?52 = < + Z 25 28)
s=1

ZSi(_l)s 19(28) 22572 — <1+2Z s 1¢2S (L_25>1.

s=1 ksl
As an immediate consequence of the second identity in (i), we have
(71)5-1-1225 37.[.28328_1
(2s —1)!
The first few values of Bs; and B} are given in the following table:

(2.1) 0(2s) =

s 001 2 3 4 5 6 7 8 9 10 11 12
—1 1 —1 1 —1 5 —691

Bs 1. 5 5 0 5 0 5 0 5 0 5 0 55
B* 1 1 1 -1 -1 1 1 17 -1 81 5 601 691
S 4 6 32 30 64 42 1024 30 1024 66 8192 2730

Proof of Lemma 2.1. Let the sth Bernoulli number, Bs, and the sth

Bernoulli polynomial, Bs(x), be defined as in (1.1)), where By = 1.

The first expression in (i) follows directly from rearranging the identity

in (1.2)). We have

1 = r9g41
925~ lB S 92k-1p
T 9s+1 2541 kzl 2% 2k

2s5—2
5 1 1 2s+1 1 25+ 1\ 51
_ L _ 2+-1R
23+1+2s+1<2 2 ) 23+1kz_0< k > b

2s—1

1 25+ 1\
= — 2B
w2 () e
k=0
so that pei
S
2 1
Z<S+ >2k—2sBk:B>2ks’
k=0

as required.

To obtain the second part of (i) we consider Bs(z) with s > 1 and

x = 1/2. We then have

(2~ 1)B, = BS(;> = kZ:O (Z) (;)HBk,

25 2s—k
2s 1
=3 () ()
k=0

yielding
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Thus we get
2s
(22571 — 1) 25\ Jp_2
S B == ()2 B
k=0
925-1 _ B2 128\,
(2251)325 + Bgs = — Z <k>2k 2SBk:a
k=0
so that

25—2
(2% ~1)Bpy = — > (2'8)2’“3
2s — k k-

k=0
It therefore follows that

25—2 25—2
1 2B23 2 2s k—1 1 2s k—2s+1
< 223> s 2255 kz—o <k> b 2s kz—o k b

and replacing s with 2s — 1 in we deduce the result. The identity
then follows from the definition of 6(2s).

Part (ii) of the lemma can be obtained by simply multiplying through
by 27° in the definition for By, although for part (iii), we need to consider
the series expansions of both cothz and tanhz. It is known from [I] that

225 B
cothz =z~ 1 + Z 289325 V2] <,
and that
o
225 223 — 1B
tanhz = ( o] ) 25x25_1, lz| < g
s=1 ( S)'
Writing
2 T T z\ !
T(.I) = Etanhg = (2 COth 2> N |.CU‘ < T,
then gives
223+1 225_1 B x2572 > 2233 $2s -1
e ()
s=1 ’ s=1 ’
so that
[e'e) —1
A (13 )
=1

o0

Z2 228—1 Bog 252
S 23—1
s=1

o
13 o

ke
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We then apply the first two parts of this lemma to obtain the polynomial
result

—1
(22) ZQZZB_Qsl 1 2s—2 _ ( 2228 2s 2s> 7

and from the definitions of 6(2s) and ¢(2s) we obtain the final display
in (iii). =

With the aid of Lemma 2.1, we are now in a position to prove Theo-
rems 1.1 and 1.2.

Proof of Theorem 1.1. To see ([1.10)) we have

[(2s+2)/2] Bx* B*
QQ +1(Z) _ Z 254+2—2k"2k 2k
* (25 + 2 — 2k)!(2k)!

k=0

s+1

— Bas o2k Bak %
N z_;) (25 +2 - 20)1(2k)° Ros1(2),

and for (1.11)), when r = 2s,

S * *
BQs+1—2kBQk

Q2s(2) = Bzo(z) = Z (25 +1— 2k)!(2k)!22k

s+1
_Z Basia- Zszk 1 52522k

(25 + 2 — 2k)!(2k — 1)!

1
_ \ Bas+a-2k _ L \2Bok as10-9k
—(@st2-2mlk DI\ 2F) TR

_ 52(2% _1) ABzsia-onBak 25122k
(25 1+ 2 — 2k)!(2k)12%F

1
4525+2 i(2Qk ~1) Basto—okBag 1 o
— (25 +2 —2k)!1(2k)! \ 22

1 1
= 42512 <R2$+1 <z> — Rosi1 <22) > .

Using the odd-indexed reciprocal relationship of (1.6 then gives

1
Z2S+2R28+1 <Z> = R2s+1(z)>

1 1
2542 _
2T Rogq1 (22) = 5312 55 Rosy1(22),
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from which we obtain

Q2(2) = Ras(2) = 427+ (R25+1 (i) ~ faen (212)>

1
— 4<R23+1(2) — WR2S+1 (22)) s
which is the relationship given in (1.11]). Setting

Ps(2) = Ros(2) — Ras(2/2),
and then applying (1.6) and ((1.11) we deduce the final statement of the

theorem

1 1 1
Pys(2) = 22 Py () = %12 (RQS <> — Ros ())
z z 2z

It was proven in [I7] that

(28 =+ 1)323 2
T

so to obtain the left hand identity in (1.13)) we only need to show that
Ros41(2) = Rosy1(1).

We recall that the generating function for the Bernoulli numbers is

o0

¢ B, "
elt—lzZ n! ’

and that Byjy1 = 0 for j > 1. Hence

t t intk iBnt”
et—1 et —1 (et —1)2 k! n! )’

k=0 n=0

and for s > 1, the coefficient of t25*2 in this product of sums is

2542 2542
i Bosio 1By 1k — i Bosio By 1k
( (

25 + 2 — k)(k)! 25+ 2 — k)lk!

k=0 k even

s+1

Bosi 2ok Bay 2%
= 1% = Royi1(1).
;(23—1—2—21@)!(%)! 26+1(1)

We notice also that
d/ N\ 2 t2 2
dt\et—1) et —1 et —1 (et —1)2"

2 t? d( t
(et —1)2 et—1 e —1 dt\et—1

Hence
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and this implies

2 o0 B,t" d o Bntn+1
—_— = 2—t)— —
=X 0 g (X7
o o0
B B
=S 2hE - (e D) = Y S (= e - ),
n=0 n=0 "

So for n = 2s + 2 with s > 1, the coefficient of t?**2 in the above sum is
given by
(n — 1)Bn (28 + 1)BQS+2

n! N (2s+2)! 7

and equating the two different expressions for the coefficients of t2512 gives

(28 + 1)BQ$+2

(2s+2)! 7
where the right-hand identity in (1.12]) is obtained in a similar fashion.
Hence Rg5(1/2) = 0 and applying (1.11)) we deduce the two expressions

in (LT0).

It was shown in [17] that when s is even Ras11(i7) = 0. To prove the re-
maining identity in ((1.15)) and also Corollary 2 we need to introduce Gross-
wald’s generalisation [10] of Ramanujan’s formula given in (1.7]).

Ros11(1) = Ros11(2) = —

Grosswald defines

) =S d and Fiz) =3 o_s(n)eins = 3 20 zrin:,
n=1

ns
dln

n=1

so that we may also write

> o > 1 e2minz
_ —s 2minmz __ -
FS(Z) o Z noe - Z ns 1 — e2minz
n,m=1 n=1

= —C() = 3 sy = ~(0) — Fu(=2).
n=1

For any z lying in the upper half-plane, Grosswald obtained

(23) F23+1(Z) — Z2SF25+1 <_zl> = 1C(2$ + 1)(228 — 1)

2
24 2s+1
N

and he set z = i\/f/a =if/7 in 1) to get Ramanujan’s formula li
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Substituting ([2.3)) into (1.11)) we have

(27TZ')25+1

(2.4) <

1 228 1
—1 1 225 -1
2
+ Fost1(2) — 27 Fast <z> - WFst(?Z) + 7F25+1 <2z>>

and setting z = /2 in (2.4) when s is even gives

(27.()2s+1 . . 1 . 1
(25) S Res(i/2) = Fasa(i/2) — 555 F2s41(20) + 5n(2s + 1),
and when s is odd
o 2s+1 '
26 -0 R G/2)

, 1 . 1 L1
= F25+1(’L/2) — ﬁFQS—‘rl(l) + ﬁF2s+1(2Z) + 5((28 + 1)
Similarly for z = ¢ in (2.4]) when s is even we have

(27r)25+1 . . 1 . 1
(2.7) TRQS(’L) = Fysi1 (7,/2) - ﬁF%—H (21) + 577(25 + 1),
and when s is odd

1 2s+1 )
(2.8) —()4325(1)

. ) 1 ) 1 1
= —F23+1(Z/2) + 4F25+1(Z) — ﬁFQS+1(2Z) + 5 <3 — 225) C(2S + 1)

When s is even, and together imply that Ras(i) = Ras(i/2), which
is the final expression of Corollary 1.

It can be deduced from and , using a similar approach to Murty
et al. [I1], that @ is true for every integer s > 1. Applying the same

method to (2.5)) (or ZD) in order that we may prove (1.17]), we argue as

follows. Let s be even. Then

(2m)2st1 , _ 1 o1
TRQS(Z/Q) = F25+1 (7,/2) — ﬁFQS_H (21) + 57](28 + 1)
o0 (0.9}
1 e~ 1 1 e~ 1
- Zl 25+l ] — e—7n  92s Zl 2stl ] — g—dmn T 577(28 +1)
n= n=

i ! ! ! + L (2s+1)
= — — S .
vt n23+1 e™ _ 1 223(647”1 _ 1) 277

The right-hand side of this equation is a sum of positive terms, and so
is non-zero. The left-hand side is therefore a non-zero rational multiple of
725t where s is an even integer. Consequently, for every integer s > 1, at
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least one of

> 1
45 + 1 Z 4s+1 < 1 243(647m _ 1)>

is transcendental. =

Proof of Theorem 1.2. From Lemma 2.1(i) we have

)
25—2
1— — =—— 2r—2stlp
( 223> s 2s Z <k‘> b

k=0
so that
1_i B, __95 2s 92-25 —1—825 92k—2s+1p
22s )7 45\ \ 1 = \2k
Hence
9(28) (1 L (_1)571225717.‘.25328
22s (2s)!
_ (_1)5—17T28 2g B s—1 22kng
4 (2s)! Pt (25 — 2k)!(2k)!
(1§ 2
N A(2s)! = 4(2s — 2k)!(2k)! )
yielding

(25 — 1)7‘(25 s—1 (_1)k7r25—2k

6(2s) = (_1)8_1( a2s)) T ’; 2(25 — 2k)! C(2k:)>,

which is the required identity given in ([1.22]).

To obtain (1.23]) and (1.25)) we use the definition in (1.§]) so that

()2 By, _ (C1)T RS (254 1) o
225)) s+ D! =\ k b

5(2s) =

—1)%7*8 S S s
(=) ((2 + 1B 0(2 +1>32k>

T (251 1) 2 2\ 2k )2
— (—1)5_171‘28 (23 + 1) _ 1
42s+ 1)1 2(2s+1)!
s—1 92k—1,2k B,
T2 s okt 1)!(2k)!22k7r2k>
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giving the required expressions

¢<2s>:<—1>81((28‘1 +§ D >)
4(2s 4+ 1)! 28—2]€+1'22k

1

L aaf@s—Drx S (kg2
= (—1)*! <4(23+1)! n > Wg@s - 2k)>,

and

sk252k

i (@2s—1)r T
$(2s) = (=1) ( 4(2s + 1) +Z 23—2k+ )¢(2k)>

=1

B 1/ (25— 1)n2s s—1 (—1)sFn2k
=(=1) 1( 4(2s +1)! (2k + 1)!

—+

$(25 — 2k:)>.

k=1
We substitute ([1.4)) and ((1.23)) into the first identity in (1.21]) to obtain

0(2s) = ((2s) — ¢(2s)

s—1
_ (_1)3—17T25<(48 2—82j—1|— 1 + Z 23—2]€ + 1 12k (C(2k) — ¢(2k))>

1

s—1
4s —2s+1) k
— _18—1 2s ( 02]{
(=17 < 4(2s+1)! +;(25—2k—|—1'7r2k( )

2s s—1 (_1)s—k 2k

= (_1)51<4(2s)! +; 2k + 1) 3(23_2k)>’

which is the expression in (|1.24]).
Finally, to obtain (|1.26]) we substitute (1.24)) and ([1.25) into the identity

1(2s) = 0(2s) — ¢(2s),
given by the second relation in (|1.21)). m

3. Families of determinant equations. This section describe some of
the fundamental relationships between the three types of MCL determinant
and certain recurrence relations.

LEmMA 3.1. Let hy,...,hs, Hi,...,Hs and Gy,...,Gs be given. For
k=1,...,s, let Ag(h) be the k x k type 1 MCL determinant in (1.29)). Let
Ui (h,H) be the k x k type 2 MCL determinant in and let Ap(h,H, G)
be the k x k type 3 MCL determinant in (L.31)). Let Ag(h) = ¥y(h,H) =
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Ao(h,H,G) = 1. Then

(3.1) Au(h) = — ki: ho-1.Ax(h),
(3.2) Ps(h, H) = — ki_: H,_;Ar(h),
(3.3) Wy(h,H) = —H, — f hs— (b, H),
k=1
(3.4) Ay(h,H,G) = — i H,_ ¥ (h, G).
k=0

Conversely, if Ao(h) =¥(h,H) = Ag(h,H,G) =1 and A;(h),...,As(h),
hi,...,hs satisfy , then As(h) is giwven in terms of hi,...,hs by
the MCL determinant . In addition, if ¥1(h,H),...,¥s(h,H) and
Hy, ..., H, satisfy either or (one implies the other), then Ws(h, H)
is given in terms of hi,...,hs and Hy,..., Hs by the half-weighted MCL
determinant . As a further addition, if A;1(h,H,G),..., As(h,H, G)
and G1,...,Gs also satisfy then As(h,H, G) is given in terms of
hi,....hs, Hi,...,Hs_1 and Gy, ...,Gg, by the fully-weighted MCL deter-

minant in ((1.31)).

We refer to the above recurrence relations according to which type of
MCL determinant they relate to: type 1 recurrence relations are of the

form (3.1)), type 2 recurrence relations are of the form (3.2) or (3.3), and

type 3 recurrence relations, where ¥y satisfies a type 2 recurrence relation,

are of the form (3.4)).

COROLLARY. Let Ug, Vi and Wy be the respective s X s matrices corre-
sponding to the determinants Ag(h), Ws(h,H) and As(h,H, G), i.e.

Ag(h) = [Us], ¥s(h,H) = [V, As(h, H, G) = [W].
Then denoting the characteristic polynomials of Ug, Vi and Wy by
Ag“)(h):|US_NIS|7 !pegu)(h7H):’VS_HIS|’ Ag“)(h, H, G):|W8_:U’IS|’

we find that the characteristic polynomials of Us, Vs and Wy also satisfy
the recurrence relations of the lemma, but with hy replaced with hy — pu,
H;y replaced with Hy — p, G1 replaced with G — p and Ag(h), ¥s(h, H),
As(h,H, G) respectively replaced by Ag“)(h), WS(“)(h, H), Ag”)(h, H,G).
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Proof of Lemma 3.1. To obtain (3.1]), we expand the determinant in
(1.29)) along its first column starting at the sth row so that

(=1)°As(h) = (=1)* 11" hy(=1)° Ao (h) + (=1)° 721" 2he_1(=1) A (h)
+ (=1)5315 3 hg_o(—1)2Ag(h) + - - -+ by (—1)5 1Ay (h)

s—1
= (=" " hy_pAg(h),
k=0

and hence the result. Similarly, for (3.2), we expand the determinant in (1.30)
along its first column starting at the sth row, which yields

(—1)°@(h, H) = (=1)° 1" Hy(=1)° Ag(h) + (=1)°*1° *Hy_1(=1)' Ay (h)
+ (=11 Hyo(=1)*Ag(h) +- -+ Hi(=1)" "' Ay (h)

s—1
= (-1 ZHS_kAk(h).
k=0

To obtain (3.3)), we expand the determinant in (1.30)) along its sth row
starting at the first column, which gives

(—=1)°%(h, H)
= (1) M5 H 4 (—1)57215 %y (—1) 0y (h, H)
+ (_1)5_315_3]%72(_1)251/2(}1, H) + -+ hl(—l)s_lg/sfl(h, H)

s—1
= (~1)*7" (Ha Y hoiti(n, H) ).
k=0

Finally, to deduce (3.4)), we expand the determinant in (|1.31)) along its first

column starting at the sth row, which yields

(—1)°Ag(h, H,G) = (=1)* 1157 H, + (-1)*21°2H,_|G4]

hi 1
, ha hy
1
(1)1 B H | o+ Hy| o A
Gy Gy
hs—o hs—1 ... 1
Gs—1 Gs—o ... G4

and by comparing the above determinants with those of the form we
obtain the result. The converse follows by showing inductively that each
Ag(h), ¥s(h,H) and As;(h,H,G) can be expressed as a determinant of
the required form and then re-packing the original determinants expanded
above.



20 M. C. Lettington

To see the Corollary one simply replaces hy, H; and G with hy —
H; — pand G1 — p respectively in the recurrence relations of the lemma. m

REMARK. We note that the symmetric structure of the n x n MCL
determinant Ag(h) = |Us|, in ((1.29), leads to a symmetry in the cofactors of
the matrix U = (u; ;). Specifically, let M; ; be the cofactor or minor of u; ;.
Then for i — j > 0 we have

M= (1) Ay_i(h) x A;_1(h).

LEMMA 3.2. With Ags(h) as defined in the previous lemma we have

_ - LY. ¢ dipds  pds
A= Y Y (-1 (dbd%”"ds hdpdz | pds,

t=1d; >0
di+da+-+ds=t
di1+2do+--+sds=s

where the above sum consists of 2°~1 monomial terms.
Proof. Repeated use of . 3.1) gives

s—1 k}1 1 w 1— 1
As(h LD DD Z Rty Pyt -+ Py 1oy Ay (R),
k1=0ko=0
with ky = kw—1 — 1 =0, so that Ak (h) = Ap(h) = 1. Hence we can write
s—1 kl 1 w 1— 1

As(h D DT Yy Y PR TR

k1=0 k2=0 k=0
which is just a sum of products of hg, where the subscripts in each product
sum to s. Therefore we have established that Ag(h) is a sum of monomials
of the form
(3.5) + a2 nds
with
d; >0, di+2dy+ -+ sds =s.
We note that for a given dy +2dy + - - - + sds = s with dy +-- - +ds = ¢, the
coefficient of the product in (3.5) is the same (ignoring sign) as that in the
multinomial expansion of
(h1+ ha + -+ hy)".

Hence we can write

- 13 diyd .
A= > ) (—1)1t(d1 4 d>h11h22...h§.
t=1d120 ) AR S

di4do+-+ds=t
di1+2do+--+sds=s

To see that the number of monomials in this expression for Ag(h) is
equal to 2571, we note that for fixed values of ¢, the rules of summation give
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the number of compositions of the integer s into ¢ parts, which is known to
be (‘zj) Explicitly we have

Z t o s—1
dido,....dy)  \t—1)

d; >0
di1+da+-+ds=t
d142da+-+sds=s

so that summing over the values 1 < t < s gives the required total of 257!
monomials. For example, when s = 5, we have

As(h) = —h3 + 4h3hy — (3hih3 + 3h3h3) + (2hohs + 2h1hy) — hs. =

DEFINITION. Define five infinite-dimensional vectors u, v, Uj, Ujs

and Uz by
(1 1 1 1
S\3U T T 2s 41 )Y

(111 1
T\ A U sl

1 2 3 s
U=, o
! (3!’5!’7!’ (25 + 1) )
1 3 5 25— 1
Up= (o) oo ),
2 (3!’5! 7! (25 +1)! >
11 1 1
Us= (=, — ., ——, ... ).
s (2!’4!’6!’ " (2s)! )

We now give two well-known MCL determinant identities for the Bernoulli
numbers [20]. In the first instance we have

B(s) = s!A4(v),

which by Lemma 3.1 can be written as the recurrence relation

B s—i—lkz:1< )Bk’

given in (|1.1), and by Lemma 3.2, as the double sum

(=1)°

B(s) - t
sl ZZ <d1,d2,...,d5) 2!d13!d2...(8+1)!d5'

t=1d;>0
di4do+-+ds=t
d1+2do+--+sds=s

The second identity states that

B(2s) = ~ g Adw)

the equivalent forms of which we express in terms of 7(2s) in Lemma 3.3.




22 M. C. Lettington

Lemmas 3.1 and 3.2 effectively give us two alternative ways to express
an MCL determinant: as a recurrence relation and as a double sum over
compositions of s into t parts. For a half-weighted MCL determinant we
get the two alternatives just stated, along with an extra recurrence relation
obtained by expanding the determinant along the sth row instead of the
first column.

Combining these equivalent methods of expression for 7(2s), ((2s), 6(2s)
and ¢(2s) we obtain the following lemma.

LEMMA 3.3. Let n(2s), ((2s), 6(2s) and ¢(2s) be defined as in Theo-
rem 1.1. Then

(—1)5Lx2s s—1 (—1)k—1n2k
- + [ —
(25 +1)! — (2k +1)!

_ 2 i: > 8 (-1t
dy,do, ..., ds 3ldipldz (28 + 1)!d5’

t=1 d;>0
di+do+-+ds=t
d1+2do+-+sds=s

21(2s) = (—1)*7% Ag(u) = 2n(2s — 2k)

(_1)5715W23 s—1 (—l)kflkﬂ%

926) = (—1)° QSWS — Z IM(2s — 2
C( 8) ( ) m (Ll, Ul) (28+ 1)' + - (2l€+ 1)‘ 77( S k)
s—1
(—1)37187T2S (_1)k717r2k
= 25 — 2k
(25 + 1) +g kT o2 2k)
B 223—27T23 ZS: Z ¢ (_1)t+s
O D — di,dg,...,ds) 31512 (254 1)lds’
dy -+t ds=t
d1+2do+--+sds=s
4¢(25) = (—1)*7*W,(u, UQ)
—1
(=1)*"1(2s — 1)n% % DFY 2k — 1)7?
= 2 2s — 2k
(25 + 1)! -+ Z‘; 2k + 1) (25 = 2k)
(—1)3_1(28 . 1)71’23 . s—1 (— 1)k—17.r2k4¢(2 %)
= —_—mm S —
(2s+1)! — (2k + 1)!
7T28 s S (71)t+s

d1+d2+"'+ds:t
d1+2da+-+sds=s
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(—1)5_171'25 s—1 (_1)k—17.r2k

40(2s) = (—1)*7% ¥ (u, Uy) = + ) 2n(2s — 2k)

(2s)! Pt (2k)!
(—1)s~Ly2s s—1 (—1)k—1n2k
= BRI + 2 W40(28 — 2k)

B (225_1)7T28 s (_1)t+s
T2 22 di,ds, ... dy) 31015142 (251 1)1ds”

t=1d;>0
ditdo+-+ds=t
d1+2do+-+sds=s

Proof. The formulas follow directly by applying Lemmas 3.1 and 3.2 to
the recurrence relations stated in Theorem 1.2. =

We are now in a position to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. From Lemma 2.1, we can write

o 28 o o ?(25) o ! _
82 B 2<1+2Z 17528)372) = (1+29)7"
s=1

=1-25+(25)2— (28 + (29)* —---,

and comparing terms in = enables us to obtain the double-sum expression
for 6(2s) in ([1.32)). The determinant and single-sum identities of #(2s) in
(1.32) are then deduced by applying Lemmas 3.1 and 3.2. To obtain the

expressions in ([1.33]) we rearrange the double sum in ((1.32]) and again apply
Lemmas 3.1 and 3.2 to get the determinant and single-sum identities. m

Proof of Theorem 1.4. Substituting ¥,, = \,, H, = —na,, and h,_ =
ap_) into the type 2 recurrence relation (3.3|) of Lemma 3.1 gives

n—1
Ap = Nay, — g Ajn_j,
=1

which is just ([1.36]). Hence by Lemma 3.1 we have

ai 1 0 0 ... 0
2a0 al 1 0 ... 0
3as as a 1 ... 0
Ay =M, = (-1t
(n—1)apn—1 an-2 apn-3 ap—g ... 1
napy, ap—-1 Ap—2 AaAp—-3 ... 41
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so that
A >0 M, >0.

Therefore a necessary and sufficient condition for \,, to be non-negative for
n=1,2,...is for M, to be non-negative, and the equivalence of the theorem
follows. =

REMARK. An important point to note with the sums in (|1.32)) and ( -
is that they consist entirely of positive terms, whereas the sums in Lemma 3.3
are all alternating. We now give the examples for ¢(14) = 24 /18243225,
firstly by using the single-sum and double-sum composition expressions from
, and secondly by employing the double-sum expression for {(2s) given
in Lemma 3.3.

Taking s = 6 in , we have the strictly positive sums

C(14) = S —7 (4098¢(2)¢(12) + 1038¢(4)¢(10) + 318¢(6)¢(8)),

and

((14) = (4)¢(8) + ¢*(6))
(4)¢(6) +¢(4)°)
+ 23(4C3( )¢(6) + 642( )¢*(4))
+215¢4(2)¢(4) +2°¢°(2)),
whereas using the double-sum expression for {(2s) in Lemma 3.3 with s =7
gives the alternating expansion

rl4212 7 2 2 2
M1) = — | — — [ — + — 4 _—_
(1) = 95— <15! <3!13! Tt 719!>
3 6 3 3
T3t T s Tame s
4 12 4
~ 3801 T 312571 T 3158
5 10
37 T 3mse

6 1
~ 3B 37 )

As expected, the numbers of terms in the double sums from ([1.33)) and
Lemma 3.3 are given by

STl 2t =527 1<t <6,

214

and
STl =%, 1<t<T,
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respectively. Hence the sum of the coefficients in the double sums of Lem-
ma 3.3 is simply 257!, and for (1.33), taking into account the extra 2!~!

terms, the coefficients sum to 3571.

For comparison we give the more common (alternating) recurrence iden-
tity [4] for ¢(2s), which states that

S (_1)k7r2k
(3.6) ((28) =) mu — 22k=2sthye (25 — 2k) = 0.
k=1 )

4. Approximating equations. The Riesz, Hardy-Littlewood and
Béez-Duarte equivalences to the Riemann Hypothesis all rely on bound-
ing sums involving inverse zeta constants. Hence the ability to approximate
1/¢(s) for s € N is of interest. The simplest well-known bound for ((s) and
its inverse can be deduced as follows.

From Euler’s product [2], [18], and the identity

20(s) — 1 = 2(1 - 1)<<s> 1<),

2s
we obtain
(4.1) 1+2s_1<((s)<1+ﬁ
and
1 1 < 1 <1 1
9s—1 C(S) PE

In a similar vein, using ((1.20) and (1.19) gives

1
1*28—1<n(8)<1<9(8)<1+m,

from which we obtain the consecutive integer bounds
29 —2<(2°=1)n(s) <2 =1, 2°=-2<(2°=2)0(s) <2°—1.
For ((s) and ¢(s) we have

2°—2((s) < (2°=3)C(s) < 2°—=((s), 1—2¢(s) < (2°=3)¢(s) <1—a(s),
so that the respective intervals here are ((s) and ¢(s) themselves.

Although the upper bound in has been improved by Murty et al. [17]
to 1 +27%(s + 1)/(s — 1), the interval bounding ((s) is still O(1/2571).
The bounds in Theorem 1.5 for the pseudo-characteristic polynomials that
approximate ((2s) and ((2s — 1) are more accurate. We need two lemmas
before we prove Theorem 1.5.
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LEMMA 4.1. Let

R =T, Fil)= 28
_ Fy(s) oy~ Fo(s) . Fy(s)
BE =g BO=gep B9 GeE

and (to, t1,t2,t3,t4) = (9,34,76,68,228). Then for integers k > 1 and s > t;
we have
1

Fi(s) < (k)&

—1,...,4

COROLLARY. As s — oo we have
Fo(s) = o({¢(5)}?) and  Fo(s) = o({6(s)}").

Proof of Lemma 4.1. For i =0 and s > 9 we can write s = 9k + r with
k> 1, r > 0. Then 4% /(9k)! < 1, which gives

s 45 49k+r
— < — <
s! st 7 (9R)N9k +1)--- (9 + 1)
4r 4r 1 1
< < )
“(9k+1)--- (9% +r) — (Qk)r = (2k) T (2k)s9%
and taking k = 1 leads to the result.
Similarly, for ¢ = 1 and s > 34 we can write s = 34k 4+ r with £ > 1,
r > 0. Then 1334¥/(34k)! < 1 and we have

Py (8) - (47’[‘)8 - 1733 _ 1334k+'f‘
{¢(s)}? s! sl 7 (34k)!(34k + 1) --- (34k + 1)
13" 13" 1 1 1

A

< < < <
T B4k +1) -+ (34k + 1) — (34k)" T (2k)r — (2k)s734k — (2k)s—347
when k£ = 1. The proofs are similar for the remaining three cases when
1=2,3,4.
The Corollary follows by considering the limit as s — oo by either fixing
k and increasing r or vice versa. m

LEMMA 4.2 (Approximate sine lemma). In the notation of (1.39) we
have

(D) sinm{z} = (=1)F(mx)?*
pole) =1 = +kz::(2k+1)'
2k

D)l sin r{x = 1 T

vl
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Proof. We have

1 8—1 )2k+1
Tz ; 2k + 1)!

2k+1

1 81
7T£L‘k0 2k—|—

1 o0 2k+1 o (—1)k71(7rx)2k
- mz;) 2k:+ +k:8 (2k+1)!
_ ., sinmz nx)2k
B * Z 2k + 1)!
_ o, sina(fe] + {z}) |~ (CDF ()
=1 T + ZS 2k + 1)!
1 sin [x] cos m{x} 4 cos 7[z] sin w{x} i (=1)F ()2
N T P (2k+1)!
., cos 77[ sin 7r{:1:} > ()2
=1 " kz 2k: + 1!
. (—1)[””} sinm{x} > - )Qk
=1 - kzz: 2k + nt o

as required. m

We are now in a position to prove Theorem 1.5. As with the previous
lemma we give the proof for zs(((k)), with & = 2s or k = 2s — 1. The
proofs for £,(0(k)), es(n(k)), fo(6(k)), 1+ q(6(k)) and 1-+ g,(n(k)) are sim-

ilar.

Proof of Theorem 1.5. By (1.40) and Lemma 4.2, for any integer k > 1,
we can write

( 1)8 177288

() = g (R
e R e
B (_1)5—17T25 . 7T2C( )25+2 7.‘.4{( )23+4
= 251 (”C(W _(2s+2)(25+3)+(23+2)-..(23+5)_'”)
sinm{C(k)}
+1+—d

m( (k)
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s (w¢(k))?
<S +(k)? <1 T s+ 2)2s 1 3)
(w¢(k))*
+ (23+2)---(2s+5)+'”>>
{¢(k)}  m*{C(R)}?

GO

m¢(k)? | (w¢(k))*
(25 +1'<5+C ( 2)2+(2s+2)4+"')>
{¢(k)}  m{C(R)}?
C(k) C(k)

< ( ))2>_1>+1+{C(/€)}_7T2{C(k)}3 b
n

(_1)5—17T23
' (2s+1)!

+1+4

+..

l

(25 4 2)2 ¢(k) C(k)
<y _ Ly ey e for
= >+1 H W n

: (72Ts). {S(k)} = m* (SR + (¢ (k)Y =)L+ {¢ ()™

Expanding out the brackets and collecting terms we find that

28
zs(C(k)) < 1+ {C(k )}+( 25)] —{Ck)Y? + (1 = 7){¢(k)} + O({¢(k)})

7r25

and with a slight adjustment of signs to the above argument we can deduce
the lower bound

2{C(k)}>.

Hence we have
71_25 2s
) = Gy ~ 2ACY < 2(CR) < <)+ o = LCY,

and applying Lemma 4.1 with k = 2s or 2s — 1 we deduce of Theo-
rem 1.5.

To see (|1.44)) we use ¢5(C(k)) = 1 —ps(C(k)) in the above proof, omitting
the initial term in z4(((k)). This yields
(K
(k

)
2(7*)  {¢
¢

R A k)
=G am T am T am T PRt
so that

71’28
() < = — 14+ 20 e,

(k) " (2s41)!
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We again obtain a lower bound by considering the signs in the upper bound
argument, and combining these results we have
1 2(72%) 1 2(729)

@ —-1- m < QS(C(]C)) < @ -1+ m + 7r2{<(k3)}3,

whence we apply Lemma 4.1 with k£ = 2s or 25 — 1 to deduce the inequal-

ity (1.44). The proofs for the inequalities involving #(k) and 1/6(k) in (1.43)
and ([1.45)) are similar. m

Hence 1+ ¢5(¢(2s)) approximates 1/¢(2s) to an accuracy of O({((2s)}?)
on the interval [1,00), where the approximation is exact at the end point
s = o0.

REMARK. The Bdez—Duarte equivalence to the Riemann Hypothesis
([3], [16]), using coefficients ¢; defined by

s=0

asserts that the Riemann Hypothesis is true if and only if for integers ¢ > 0,
¢ =034 for all € > 0.

Our approximation to 1/{(2s) is probably not strong enough to use in the
Béez-Duarte equivalence to the Riemann Hypothesis in terms of restating
the equivalence as sums of both ((2s) and 1/¢(2s).

5. Roots of the Ramanujan polynomials. We conclude this paper
with a brief look at the roots of the Ramanujan polynomials R, (z). In [I1],
it was shown that Ras;1(2) is a polynomial in z of degree 2s + 2 whose four
real roots are zp, 1/29, —2z9 and —1/zp, where 2 is the root of Rosi1(2)
slightly greater than 2. It was also shown [I7] that the 2s — 2 complex roots
of Ros11(2) lie on the unit circle and as s — oo the distribution of these
non-real roots on the unit circle becomes uniform. Specifically, the roots of
unity that are zeros of Ras11(z) are given by +i when s is even; all four of
+p, £p when s is a multiple of 3; and no others. Here p is a cube root of
unity.

In contrast, the even-indexed Ramanujan polynomials Ras(z) are of de-
gree 2s in z (as by Theorem 1.1 it can be seen that the leading terms cancel)
and appear to only have the two real roots +1/2, as detailed in Corollary 1
of Theorem 1.1. Explicit calculation suggests that for s > 1, Ras(z) has
2s — 2 complex roots, which all lie just outside the unit circle and whose
distribution also becomes uniform as s — oc.
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The zeros of the Ramanujan polynomials [17] are important because they

occur in expressions for the odd zeta values and as such the roots of Ras(2)
may well be worth investigating further.
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