ACTA ARITHMETICA
155.1 (2012)

Improved discrepancy bounds for hybrid sequences
involving Halton sequences

by

HARALD NIEDERREITER (Linz and Dhahran)

Dedicated to Professor Andrzej Schinzel on his 75th birthday

1. Introduction. A hybrid sequence is a sequence of points in an m-
dimensional unit cube that is obtained by “mixing” two different types of
lower-dimensional sequences, in the sense that certain coordinates of the m-
dimensional points stem from the first type of sequence and the remaining
coordinates of the m-dimensional points stem from the second type of se-
quence. In many cases of practical interest, one lower-dimensional sequence
is a low-discrepancy sequence and the other is a sequence of pseudorandom
numbers (or vectors). Hybrid sequences go back to a proposal of Spanier [15]
in the context of multidimensional numerical integration by Monte Carlo and
quasi-Monte Carlo methods (see [LI] for a recent survey of these methods).

A classical family of low-discrepancy sequences is formed by Halton se-
quences (see Section [2| for the definition). It is therefore of great interest
to study hybrid sequences involving Halton sequences as one constituent.
Discrepancy bounds for hybrid sequences involving Halton sequences have
been established in [9], [10], and [I3]. In the present paper, we introduce a
new method for dealing with hybrid sequences involving Halton sequences
which leads in several cases to substantial improvements on the previous
discrepancy bounds for such sequences.

For an integer m > 1, let \,, denote the m-dimensional Lebesgue mea-
sure. For arbitrary points yq,y1,...,yn—1 € [0,1)™, their discrepancy Dy
is defined by
A(J;N)

N

where the supremum is extended over all half-open subintervals J of [0, 1)™

Dy =sup — A (J)],
J
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and the counting function A(J; N) is given by
1) AJIN) = #{0<n< N —1:y, € J}.

Note that we always have NDy > 1 (see [0, p. 93]) and Dy < 1. Throughout
the paper, we use the convention that the parameters on which the implied
constant in a Landau symbol O depends are written in the subscript of O.
A symbol O without a subscript indicates an absolute implied constant.

In Section [2| we review Halton sequences and prove the basic lemmas for
our new method. In Section [3] we apply the new method to hybrid sequences
obtained by “mixing” Halton sequences and Kronecker sequences. We also
prove a multidimensional version of the classical lower bound of Behnke [2]
for the discrepancy of one-dimensional Kronecker sequences. In Sections [4]
to [6] we establish improved discrepancy bounds for hybrid sequences ob-
tained by “mixing” Halton sequences with various types of sequences of
pseudorandom numbers.

2. Halton sequences. For an integer b > 2, let Z, = {0,1,...,b— 1}
denote the least residue system modulo b. Let n =32 a; (n)b~! with all
a;j(n) € Zy and aj(n) = 0 for all sufficiently large j be the digit expansion
of the integer n > 0 in base b. The radical-inverse function ¢, in base b is

defined by
n)=> aj(n)b
=1

For pairwise coprime integers b1,...,bs > 2, the Halton sequence (in the
bases b1, ...,bs) is given by

Xn = (¢p,(n), ..., ¢, (n)) €10,1)%, n=0,1,....
It is a classical low-discrepancy sequence (see [7, Section 3.1]).

LEMMA 1. Let b > 2 be an integer and let v and f be positive integers
with v < b/, Then for any integer n > 0, we have ¢y(n) € [0,vb~1) if and
only if n € | ;- Qk, where 1 < m < bf, each Qy, is a residue class in Z,
and Q1,-..,Qm are disjoint. The moduli of the residue classes are powers
b with 1 <5 < f. The sets Q1,...,Qn depend only on b, v, and f.

Proof. We write (v — 1)b~/ = Zle djb=7 with d; € Z for 1 < j < f.
Then ¢p(n) € [0,vb~7) if and only if

Zaj )b <Zdb d,

This condition holds if and only if one of the following f mutually exclusive
conditions is satisfied: (C1) ai(n) < di — 1; (Cz2) a1(n) = di and az(n) <
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dy — 1; (C3) ai(n) = dy, az(n) = dg, and az(n) < dz —1;...; (Cy) a1(n) =
di,...,ar—1(n) =ds_1, and af(n) < dy. These conditions can be translated
into the following congruence conditions on n: (C}) n = r1 (mod b) for some
0<r <d —1; (Cy)) n=d+reb (mod b?) for some 0 < ry < dp — 1;
(C4) n = dy + dab + r3b* (mod b®) for some 0 < r3 < d3 — 1;...; (C%)
n=d;+dyb+--- +df_1bf_2 +rfbf_1 (mod /) for some 0 < ry < dy. This
yields disjoint residue classes @1, ..., Q, in which n must lie. The number
m of residue classes satisfies m = Z{;Il di+df +1 < (b-1)f+1<0bf,
whence the result. =

The following multidimensional version of Lemma [I|is obtained by com-
bining the Chinese remainder theorem with Lemma [T}

LEMMA 2. Let by, ...,bs>2 be pairwise coprime integers and let vy, ..., Vs
and f1,..., fs be positive integers with v; < b{i for 1 <i<s. Then for any
integer n > 0, we have

(60,(n),-- dn. () € [ [0, vib; )

if and only if n € |_|£/[:1Rk, where 1 < M < by---bsf1-- fs, each Ry is a
residue class in Z, and Ry, ..., Ry are disjoint. The moduli of the residue
classes are of the form b]' --- bl with 1 < j; < f; for 1 < i < s. The sets
Ry, ..., Ry depend only on by, ... bs,v1,...,0s, f1,.--, fs-

3. Mixing Halton sequences and Kronecker sequences. A Kro-
necker sequence is a sequence ({na}), n =0,1,..., of fractional parts, where
a € R for an arbitrary dimension ¢ > 1. The discrepancy of this sequence
depends on the (simultaneous) diophantine approximation character of a.
The following definition is relevant here (see e.g. [0, Definition 6.1]). We
write |Ju|| = min({u},1 — {u}) for the distance from u € R to the nearest
integer. Furthermore, we put

t
r(h) = [[max(|h;|,1) for h=(h1,..., ) € Z'
Jj=1

and we use - for the standard inner product in R?.

DEFINITION 1. Let 7 be a real number. Then o € R is of finite type T
if 7 is the infimum of all real numbers ¢ for which there exists a constant
¢ = c¢(o,a) > 0 such that

r(h)?|h-af > ¢ for all h € Z'\ {0}.

REMARK 1. It is well known that we always have 7 > 1. There are
interesting examples of points o € R! with 7 = 1, for instance: (i) a =
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(a1,...,04) with real algebraic numbers aq,...,a; such that 1,a1,..., 0
are linearly independent over Q (see [14]); (ii) o = (e?,. .., e%) with distinct
nonzero rational numbers qi, ..., ¢ (see [1]).

Now we choose dimensions s > 1 and ¢ > 1, pairwise coprime integers
bi,...,bs > 2, and a € R'. Then we define the hybrid sequence

(2) Xp = (¢p, (n), ..., 5. (n), {na}) €[0,1)*T", n=01,....
The following discrepancy bound is an improvement on [9, Theorem 2].

THEOREM 1. Ifby,...,bs > 2 are pairwise coprime integers and o € R?
is of finite type T, then for any integer N > 1 the discrepancy Dy of the
first N terms of the sequence satisfies

1
Dy = Oy,...poae(IN DGttt 70 for gll e > 0.

Proof. The result is trivial for N = 1, and so we can assume that N > 2.
Let A(J;N) be the counting function in (L)), but relative to the points
X0, X1,...,XN_1 IN . We introduce the positive integers

1
’7(7'—1)(8t2—8t+t)+8t+1

We first consider an interval J C [0,1)™ of the form

S t
(4) J = Tl0,vib; ) x [T 1w!”, w?)
=1

(3) fi= logy, N} forl1 <i<s.

with v1,...,vs € Z, 1 < v; szf" for 1 <17 <s, andOSw(.l) < w? <1 for
1 <j <t We apply Lemma to a point x,, in . Then we have x,, € J if
and only if

n € |_|R;~C and {na}GH 1), (2)

where M and Ry, ..., Ry are as in Lemma [2| Hence we obtain A(J; N) =
S Sk, where

t
Si = #{0 <n< N-—-1:n=r; (mod my) and {na} € H[w](-l),wf))}
j=1
with suitable moduli mq,...,my and 0 < 7rp < my for 1 < k < M.

We consider Sy for a fixed k with 1 < k < M. For an n counted by Sy,
we have n = Imy, + rj, for some integer [, and the condition 0 <n < N —11is
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equivalent to 0 <[ < |(N —r — 1)/my]. Assume first that N > my. Then

t
Sk = #{O << {N_THJ A{lmpa+ rpa € H[w§1),w§2))}

m
k j=1

t
_ N —rp —1+my @ 1

J
_'_O(\‘N—Tk—l—l-kaD(k)
my,

L(N—Tk—1+mk)/ka> ’
where Dgc) denotes the discrepancy of the L points {imya + rpa}, | =
0,1,...,L — 1. Since

N —rp—1+my @ _, @1 _ N 2) (1)
A T - ) = 2 [Tl - )+ o),

Jj=1 Jj=1

it follows that
t
N 2 1
(5) Sk:m—kH(wj(-)—wJ(» ))
j=1

N —rp— 14+ my (k)
T O(\‘ my JDL(N rp—14+mg)/mg]

Now fix an € > 0. Then by [9, Lemmas 1 and 6] we have
LD = O (mi L /(=D D+/2) forall > 1,
With L = [(N —rg — 14+ my)/my] = O(m; ' N) this yields

t
6) Sp= N H(w](?) (1))+an( t=141/((T=1)t+1) \r1—1/((r— 1)t+1)+a/2)_
my,
7j=1
This is trivial for N < my since then S; = 0 or 1, and so @ holds in all
cases.
By inserting (6]) in the identity A(J; N) = ch\/lzl Sk, we get

t

(H @ _ (1>)> i 1
. =1 Tk

M
+ Oaqe (lel/((‘rfl)t+1)+e/2 Z mz—1+1/((r—1)t+1)) _

Since the Halton sequence in the bases by, ..., bs is uniformly distributed in
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[0,1]* (see [T, Theorem 3.6]), we deduce in conjunction with Lemma [2] that

Hvib;fi :]\}gnw%#{ogngl\f—l:(qul(n),...,qbbs EHO v;b; fi }
i=1

Therefore

M
A(z], N) = N)\s—l-t(e]) + Oa,z—: (Nl_l/((T_l)t+1)+€/2 Z m2_1+1/((7_1)t+1))7
k=1

and so

M
A(J; N _ —
(7) (‘j\}) - )\ert(J)‘ = Oa,s (N_l/((T_l)t+1)+5/2 E ’I’YLI;C 1+1/(( 1)t+1)) .

k=1

Next we note that Lemmayields M <by---bsfi--- fs and my < b{l e bgs
for 1 <k < M. From the choice of the integers f; in , it follows that

my < by -+ bgN T-DG2—stwowsei1 for 1 < k < M.
Using these bounds in , we obtain

A(J; N _ 1
® [ 0l = Oty (I

+£)

with an implied constant independent of J.
Next we consider an interval J C [0,1)*™* of the form

t

(9) J = f[[O,wi) x [T, )
=1

with0<wl§1for1<i<sand0<wj(1)<wj(2)<1for1<j<t By
approx1mat1ng the w; from below and above by the nearest fractions of the
form v;/b; b/ with v; € Z, we deduce from . that

S

A(J; N _t - L
(10) ‘(]\}) - )‘s+t(‘])' < b 4Oy (N T OGPt 05515
i=1
Using again the expression for the f; in , we derive from that

1
_ )\s+t(J) — Obhm’bs’a’e(N_(771)(st27st+t)+st+1 +5)

‘ A3 N)
N
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with an implied constant still independent of J. The standard method of
moving from intervals of the form @D to arbitrary half-open subintervals of
[0,1)5F (see [5l, p. 93, Example 1.2]) produces an additional factor 2° in the
discrepancy bound. =

REMARK 2. In the special case where a € R? is of finite type 7 = 1
(compare with Remark , we obtain the simpler bound

Dy = Ob1,...,bs,a,g(N_l/(St+1)+€) for all € > 0.

There is an even more special case where t = 1 and « € R is of constant type
¢ (see [9, Section 3]). In this case, the method in the proof of Theorem
yields

Dy = Oy,,...p, (Cl/(8+1)N—1/(s+1)(log(c—lN + 3))5/(5-1—1)).
This is an improvement on [9, Theorem 1].

REMARK 3. A probabilistic result on the discrepancy Dy of the first N
terms of the hybrid sequence was shown in [4], namely that for almost
all a € [0,1)" in the sense of Lebesgue measure we have

Dy = Ou, ... b, oe(N " Hlog(N +1))5TH1F€) - for all e > 0.
This result was extended in [3] to a more general family of hybrid sequences.

There is a classical lower bound on the discrepancy of one-dimensional
Kronecker sequences, due to Behnke [2]. A multidimensional version of this
lower bound has not been established so far. We present such a generalization
in Theorem [2]below. In the case ¢ = 1, Theorem [2]reduces to Behnke’s result.
It is clear that Theorem [2] yields also a lower bound on the discrepancy of
the hybrid sequence when « is of finite type.

THEOREM 2. Let v € R be of finite type 7. Then the discrepancy Dy of
the first N terms of the Kronecker sequence ({na}), n=0,1,..., satisfies

Dy =Q(N"Y™%)  foralle > 0.

Proof. Fix ¢ > 0 and put § = 72¢/(27¢ +2). Since 6 > 0, it follows from

Deﬁnitionthat for any ¢ > 0 there is h € Z*\ {0} with r(h)"%||h-a < c.
Consequently, there exist infinitely many h € Z!\ {0} such that ||h- «af <
r(h)~7t°, Fix such an h for the moment. Then there exists v € Z with
h-a—v| <r(h)"™. Put §=7—-20 =7/(re+1) and N = [r(h)?]. Then
for 0 <n < N —1weget |h-(na)—nv| <rh)’~7 =r(h)~°, and so
(11) |h-{na}|| <r(h)™® for0<n<N-—1.
Since we have infinitely many h, we can assume that (h)™® < 1/3. It follows
from that none of the points {na}, n = 0,1,..., N — 1, is in the set
K(h) = {x € [0,1)" : ||h-x| > 1/3}. For any half-open subinterval .J of
K (h), we then have Dy > M\(J).
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We now construct a special interval J. We can assume without loss of
generality that all coordinates of h = (hi,...,h;) are nonzero and that,
moreover, h; > 0 for 1 <i<m and h; < 0 for m+ 1 <14 < t, with some
integer m satisfying 1 < m < t¢. Put

t

7= o) * I [0 i) <00

1=m+1

Then for any x = (x1,...,2¢) € J we have

t m
2
h-x= th’SUi < Zhil‘i < 3"
i—1 i—1
t

- 1 1 1
h~X=ZhZ‘JJi— Z ‘hz‘$ZZ§—6=§
=1 i=m+1

Hence J C K(h), and so Dy > M\(J) > (6t)'r(h)~!. Recalling that N =
[7(h)?], we conclude that

(12) Dy > (6t) ' N~Y8 = (61) TN~V 7=,

Since there are infinitely many choices for h, there are infinitely many values
of N for which holds. =

4. Mixing Halton sequences and explicit nonlinear congruential
sequences. A standard nonlinear method for the generation of uniform
pseudorandom numbers is the explicit nonlinear congruential method (see
[7, Section 8.1]). In this section we consider hybrid sequences obtained by
“mixing” Halton sequences and sequences of explicit nonlinear congruential
pseudorandom numbers. We choose dimensions s > 1 and ¢ > 1, pairwise
coprime integers b1,...,bs > 2, and a prime p > 3. We identify the finite
prime field F), of characteristic p with the set {0,1,...,p—1} C Z. Now we
choose polynomials g1, ..., g: € F,[X], view their function values as elements
of ), and define the hybrid sequence

(13) Xn = (¢b1 (n)v <oy Bo, (n),gl(n)/p, s 7gt(n)/p) S [07 1)8+t

for n =0,1,.... The following discrepancy bound is a substantial improve-
ment on [10, Theorem 2]. We put Logu = max(1,logu) for u € R, u > 0.

THEOREM 3. Let by,...,bs > 2 be pairwise coprime integers. Let p > 3
be a prime and assume that ged(b,p) = 1 for 1 < i < s. Let g1,...,0
€ F,[X] with deg(g;) < p for 1 < j < t and assume that the polyno-
mials 1,X,g1(X),...,9:(X) are linearly independent over F,. Put G =
max(deg(g1),...,deg(g:)). Then for 1 < N < p the discrepancy Dy of
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the first N terms of the sequence (13)) satisfies

B Gp1/2(logp)t+1 N s
Do = O T (108 o) )

Proof. For a fixed integer N with 1 < N < p, we introduce the positive
integers

1 N
14 ;= L for 1 <i<s.
49 / Log b8 Gp1/2(10gp)t“w do=rEe

Let A(J;N) be the counting function in (), but relative to the points
X0, X1, ..., XN—1 IN . We put

u, = (1(n)/p, ... ge(n)/p) € [0,1)", n=0,1,....
For an interval J C [0,1)*™" of the form (4]), we then deduce as in the proof
of Theorem 1| that A(J; N) = S0" | Sy, where now

t
S = #{O <n<N-1:n=r; (mod mg) and u, € H[w§-1),w§2))}
j=1
with suitable moduli mq,...,my and 0 < rp <my for 1 <k < M.
We consider Sj, for fixed k with 1 < kK < M and we assume first that

N > my. In analogy with , we get
t
N 2 1
(15) Sk:mka(w](.)—w]( ))
j=1

N —rp — 14+ my (k)
+O<{ my JDL(N—Tk—lerk)/ka ’

where Dgg) denotes the discrepancy of the L points u;,, 4r,,[=0,1,..., L—1.
Note that ged(my, p) = 1. It was shown in the proof of [10, Theorem 2] that

LD(Lk) = 0y(Gp'*(logp)*™) for 1 <L <p.
Together with this yields

t
N
(16) Sk = e [T —wiV) + 0u(GpH?(1og p)+Y).
j=1

This is trivial for N < my since then S; = 0 or 1, and so holds in all
cases.
By continuing to follow the arguments in the proof of Theorem [l we
obtain
A(J;N)

N~ Aett(D)] = Oba(fi foNTIGp!P (logp) )
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with an implied constant independent of J. Furthermore, for an interval

J C[0,1)*** of the form (9) we derive in analogy with that
A(J;N 4 _
'<N) - /\s+t(J)‘ <D b+ Opy bt FN TGP (log p) ).
i=1

Using the expression for the f; in , we get

A(J; N Gp'/%(log p)tt? N s
‘ (J: V) :Obh,..bs’t(zwgp)(mgw))
N Gpl/2(log p)

T - AS-‘Hf(‘]‘)
with an implied constant still independent of .J. The proof is completed like
the proof of Theorem [1| =

REMARK 4. The conditions on ¢i,...,¢9: € F,[X] in Theorem (3| are
satisfied if 2 < deg(g;) < p for 1 < j < t and deg(g1),...,deg(g:) are
distinct.

An interesting special case of the explicit nonlinear congruential method
is the explicit inversive method (see [8, Section 3.3]). In this case, the hybrid
sequence corresponding to is obtained as follows. Let s > 1 and t > 1
be given dimensions, let by,...,bs > 2 be pairwise coprime integers, and let
p > 5 be a prime. Choose a1, ...,a; € F;; and c1,...,¢; € Fp. For 1 < j <,
we introduce the sequence

e(j):(ajn+6j)p_2€Fp, n:(),l,...,

n

of period p. Then we define the hybrid sequence

(17) Xn:(qbbl(n),...,d)bs(n),eg)/p,...,eg)/p)E[O, 1)s+t7 n=0,1,....
The following discrepancy bound is a substantial improvement on [10, The-
orem 4].

THEOREM 4. Let by,...,bs > 2 be pairwise coprime integers. Let p > 5
be a prime and assume that ged(bi,p) =1 for 1 <i <s. Let a1, ...,a; €
andcy,...,c; € IF) be such that clafl, e ,cta;1 are distinct elements of F,.
Then for 1 < N < p the discrepancy Dy of the first N terms of the se-

quence (17) satisfies

1/2 t+1 s
3 p'/*(logp) N
Dy = Oby,... byt <N (Log P2 (logp)itl) )

Proof. A comparison with the proof of [10, Theorem 4] shows that we
can formally proceed as in the proof of Theorem [3| with G = 1. u

5. Mixing Halton sequences and digital explicit inversive se-
quences. Let ¢ > 3 be a prime power and let I, be the finite field with ¢
elements. Choose «, 8,7 € Fy with ~ of order T > 2 in the cyclic group Fg.
Put o, = (ay" + B)7 2 € Fy, n=0,1,.... Let {B1,...,B:} be an ordered
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basis of Fy over its prime subfield F,,. Then we can write 0, = > ;_; ¢n B,
n =0,1,..., with uniquely determined ¢,; € F, = {0,1,...,p — 1}. A se-
quence of digital explicit inversive pseudorandom numbers of order T is then
defined by

e
(18) =Y cupl€[0,1), n=01,....

=1
These sequences were introduced in [I6]. They are purely periodic with least
period T

We now consider hybrid sequences obtained by “mixing” Halton se-

quences and sequences of digital explicit inversive pseudorandom numbers
of order T'. For a dimension s > 1, we choose pairwise coprime integers
bi,...,bs > 2. For a dimension ¢ with 1 < t < T, we choose integers
0<d <dy < - <dy <T. Then with zp,z1,... as in , we define
the hybrid sequence

(19) Xp = (¢b1(n),...,¢bs(n),zn+dl,...,zn+dt)6[(), 1)8+t7 n=0,1,....

The following discrepancy bound is a substantial improvement on [I3} The-
orem 3.

THEOREM 5. Let by,...,bs > 2 be pairwise coprime integers. Let ¢ > 3
be a prime power and let the sequence zy, z1,... in have least period
T > 2. Assume that ged(b;, T) =1 for 1 <i <s. Then for 1 < N < T the
discrepancy Dy of the first N terms of the sequence (19)) satisfies

1/2 t s
q/*(logq)' logT N
Dy =0 L .
N b1y st ( N 08 q/2(log q)tlog T
Proof. For a fixed integer N with 1 < N < T, we introduce the positive
integers
1 N
;= L for 1 <i<s.
J: {log b % g2 (log q) log TW o=

Let A(J;N) be the counting function in , but relative to the points
X0, X1,...,XN_1 IN . We put

Zn:(2n+d1,...,2n+dt)G[O,l)t, n=0,1,....
For an interval J C [0,1)%%t of the form (), we deduce as in the proof of
Theoremthat A(J;N) = 224:1 Sk, where now

t
S = #{0 <n<N-—-1:n=r, (mod myg) and z, € H[wj(.l),wj(,z))}
j=1
with suitable moduli mq,...,my and 0 < rp <my for 1 <k < M.
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For N > my, we derive in analogy with that

t
Sk = mi H(wj —w; ) +0 mi DN —ri—1mi) ) )

j=1

where D(Lk) denotes the discrepancy of the L points z,,, 4, =0,1,..., L—1.
Note that ged(my, T') = 1. It was shown in the proof of [13 Theorem 3] that

LD} = 04(q"*(logq) log T)  for 1 < L <T.

The proof of the theorem is completed in the same way as that of Theo-
rem 3l =

REMARK 5. The paper [I3] studied also the “mixing” of Halton se-
quences with sequences of so-called digital explicit inversive pseudorandom
numbers of period q. The method of the present paper can be applied also
to this case, but it yields only a tiny improvement on the earlier discrepancy
bound in [I3, Theorem 2.

6. Mixing Halton sequences and recursive inversive sequences.
We consider the recursive inversive sequences introduced in [12]. Let p > 3
be a prime. As in Section we identify F), with the set {0,1,...,p—1} C Z.
Fix a,b € Fj; and define the sequence ho, h1, ... of rational functions over F),
by ho(X) = X and hy,(X) = hp—1(aX 1 +b) for n = 1,2,.... The sequence
ho, h1, ... is purely periodic with least period T < p+1. For 1 <n <T —1,
each h, has a unique pole e, € F,. Now choose ¢y € F, with 0(2) = beg + a.
Then for 1 < n < T —1 we put ¢, = hy(cg) if ¢9 # e, and ¢, = b — e, if
co = e,. By extending with period T', we get a sequence cg, c1, . . . of elements
of IF,, which is called an inversive generator and has least period T" according
to [I2, Lemma 2]. A simple sufficient condition for obtaining the maximum
period T'= p+1 is given in [I12] Theorem 1], and for any p there are always
choices of a,b € [, such that this maximum period is attained (see [12] p.
255]).

For a dimension s > 1, we choose pairwise coprime integers b1, ...,bs > 2.
Then we define the hybrid sequence

(20) Xp = (¢, (n), ..., dp.(n),cn/p) €10,1)°TL, n=0,1,....

The following discrepancy bound is a substantial improvement on [9, The-
orem 5.

THEOREM 6. Let by,...,bs > 2 be pairwise coprime integers. Let p > 3
be a prime, let cy,c1,... € F, be an inversive generator, and let T' be the
least period of this sequence. Then for 1 < N < T the discrepancy Dy of
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the first N terms of the sequence satisfies
1/4] N2 \®
B p/*logp
Dy = Obl,“.,bs< Ni/2 (Log i logp) )
Proof. For a fixed integer N with 1 < N < T, we introduce the positive

integers
1 N1/2
P = L forl1 <i<s.
J [logbi o pl/“logpw st

Let A(J;N) be the counting function in (I]), but relative to the points
X0,X1,...,Xy—1 in (20). For an interval J C [0,1)*"! of the form with

t = 1, we deduce as in the proof of Theorem [1| that A(J;N) = £/1:1 S,
where now

Sk=#{0<n< N —-1:n=r, (mod mg) and ¢, /p € [w%l),wg))}
with suitable moduli mq,...,my and 0 < rp <my for 1 <k < M.

For N > my, we derive in analogy with that

_ N @ W N—rg—14me| @
S = mik(wl - w )+0 e DL(Nfrkflerk)/ka )

where D(Lk) is the discrepancy of the L points ¢y, 4, p~1,1=0,1,...,L—1.
With L = |(N — i — 1 4+ my)/my| we have

mg(L—1)4+rg,<N—-—rg—1+mp—mp+r,=N-1<T,
and so we deduce as in the proof of [9, Theorem 5] that
LD = O(LY?p"/*logp).
Since L < 2N, this yields

N
(21) Sk = m—k(w§2) = wgl)) + O(NY2p' /4 10g p).

This is trivial for N < my, since then S, = 0 or 1, and so holds in all

cases. The proof of the theorem is completed in the same way as the proof
of Theorem [3 m
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