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Congruences for Ramanujan’s ¢ function
by

SoNG HENG CHAN (Singapore)

1. Introduction. Ramanujan’s famous congruences for the partition
function, p(n),

(1.1) p(5n +4) =0 (mod 5),
p(Tn+5) =0 (mod 7),
p(11n +6) =0 (mod 11),

have been a source of inspiration for many. There has been much interest
in generating functions with congruences. A short list includes the ranks,
cranks, t-core, and My ranks of the partition function, [4]-[6], [I5], the over-
partition function [18], [19], overpartition pairs [10]. In addition, we also
mention that G. E. Andrews’s smallest part partition function [I], spt(n),
satisfies Ramanujan type congruences for the primes 5, 7, and 13. In other
words, when p = 5,7, or 13, there is some integer I, (0 <[, < p) such that
spt(pn +1,) = 0 (mod p) for all positive integer n.
On page 3 of his lost notebook [23], Ramanujan defines the function

e (@ @)2ng™
¢(Q) T nzz:o (q’ q2)%+1 )

and then states an identity involving ¢(q®) and a sixth order mock theta
function, namely,

o ¢"(T/2( (%)% (% ¢*) o

(45 0%)3.(¢% ¢*) oo
Y .-S. Choi [13] worked out the analogous identities involving ¢ and the other
sixth order mock theta functions. The function ¢ was recently studied by

—¢;¢n
(4 4®)nt1

n(
! =2¢7"9(¢°) +

n=0
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K. Hikami [I7]. The notations used above and in the rest of the article are

()0 := (z5q)0 := 1,

n—1
(x)n = (xQQ)n = H(l - qu)a
k=0
(xh cee 7xm)n = (.’El, ceey Ty Q)n = (.%'1; q)n T (xm; Q)nv

and we require |g| < 1 for convergence. Whenever necessary, we use more
compact notations introduced by D. Hickerson,

b—a

Jap = (0" " ") or  Ja = (0%0%) %

The main objective of this article is to present and prove congruences
for the coefficients of the function ¢.

THEOREM 1.1. Let Y 7, a(n)q™ := ¢(q). For any nonnegative integer
n, we have the following congruences:

(1.2) a(In+4) =0 (mod 2),

(1.3) a(18n 4+ 10) = 0 (mod 4),

(1.4) a(25n 4+ 14) = a(25n+ 24) = 0 (mod 4),

(1.5) a(3n+2) =0 (mod 3),

(1.6) a(18n +7) = a(18n + 13) =0 (mod 3),

(1.7) a(10n 4+ 9) =0 (mod 5),

(1.8) a(tn+3)=a(Tn+4) =a("n+6) =0 (mod 7),
(1.9) a(6n+5) =0 (mod 27).

In Section [2, we prove (1.2, (1.3), and (L.5)). In Sections [3| and |4}, we
prove (1.4) and (1.8)), respectively. The proofs in Sections depend upon
the method of A. O. L. Atkin and H. P. F. Swinnerton-Dyer [5]. In Section [f]

we prove (1.6 and (1.7]). Identity ([L.14]) below serves as the key to the proofs
in Section |p, Using (|1.14)) together with several modular equations of degree

three, we prove (1.9) in Section @ In Sections 2| and @ respectively, we also
prove stronger results,

i 3n+2 2 Jig
a(3n +2)g"""" = 3¢ ,
n=0 J3,18J62,18Jg,18
oo
27¢* J13 324¢°
Za(ﬁn +5) 2 = 918 4" /18

9 4 5 14 718 117
n=0 J3,18J6,18J9 J3,18J6,18J9

from which (1.5) and (|1.9) follows. These are analogs to Ramanujan’s par-
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tition identities such as

(1.10) Zp (5n + 4)q 5M

(4 9)%

from which follows 1mmedlately. (See [1I] for an interesting proof of
(T.10).)

The congruences satisfied by the function ¢ motivated a search for sim-
ilar functions satisfying simple congruences. In addition to presenting con-
jectures on congruences for several related functions in the last section, we
also prove the following theorem.

THEOREM 1.2. For any integer p > 2 and 1 < j < p—1 with p and j
coprime, let

Z 1 i (—1)rgpnt1)/2+int)
ajp(n _ gpnti
q] P~ J , qP; qp) = 1 — gty
Then
0 4
Ny q’; g’
(1.11) > ajplon+ (p— )i =p @ 4"

= (@03 (¢, " 5qP)%

In particular,

o
(1.12) > ajplpn+ (p = 4)5)g" = 0 (mod p).
n=0
Besides the appearance of the function ¢ on page 3 in Ramanujan’s lost
notebook [23], a rank type generating function,

e}

(1.13) T (=5 q)2ng" !

= (243 0%)n41(0/ 7P )nga |

from which we recover ¢(q) by setting x = 1, also appears in several identities
in Ramanujan’s lost notebook. Detailed proofs of these identities can be
found in [2, Chap. 12]. One such identity, [2, Entry 12.4.3],

o0

(114) > g% 4™

= (—2q" 4" )n(=¢"/z;:q")n
S (=4 q)2ng™"
+(1+2)(1+1/x) HZO I
(- xq2'q4) (—¢%/254") 00 (6% ¢%) o
T (50923 (—2¢% Y oo (=01 /73 4100 (24 4%) 00 (0/ 25 4%) o

gives a connection between ¢ and the generating function for the ranks of
partitions without repeated odd parts. (See [2I] for an interesting article on
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the M rank differences for partitions without repeated odd parts.) Identity

(1.14]) is equivalent to [2, (12.4.7)],

(%0 o= gt q, )oo Z
(6% ¢ = 1+ zg* ( oS ﬂqu" !
_ (—xq q )oo(—q2/w'q )oo (4% 4%)oc
(434%)2 (=25 4" oo (= 0" /234 oo (245 4*) 0 (4/ 73 ¢*) oo
Another identity, [2 (12.3.20)], gives a transformation formula for ¢, relating
it to a generalized Lambert series:

> —q: ntl
(1.15) (1 + ;) 3 — (g 0)2n1
n=0 ’

@)n+1(q/%5¢?)nta

—g: > (n+1)? (n+1)?
_ (69 Sy L4 ‘
(€00 = 1—agtt oz —g?nt!

Substituting x = 1 and dividing by 2 in (1.15]), we obtain

1 (—¢;9)o0 1)nqn 1’
(1.16) D=5 o n;w pore

In Theorems and below, we present a 3-dissection and a 5-
dissection of ([1.13) with z replaced by a third root of unity and a fifth
root of unity, respectively. Theorem could then be used to give a com-
binatorial interpretation of congruence , but we do not discuss this in
the article.

In our proofs, we often require the Jacobi triple product identity [7,
pp. 33-36],

(1.17) Z @ HD2pnn=1/2 — (g ab) o (—b; ab) o (ab; ab) s

n=—00
Also, we require, from [7, p. 49],

(0 _ (0%¢°)s

(1.18) = —2q(q*, 4", ¢"% ¢"®)
(6D (—¢°1¢%) 0
(1.19) _ M_2 ( 15 35 50, 50) 19 4( 5 45 50, 50)
: _(_q25;q25)oo q\9q ,q9 ,q9 ;q o0 q\9q,q9 ,q9 ;4 o0
2. 2
(120) 7(q 4 )Oo = (_q37_q6’q9;q9) +qw

(¢:4%)0 (0% ")
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There is an equally easy version for the 7-dissection, namely,

(45 9)oo _ (q49,q49) _Qq(qss q63 q98.q98)
(60 (070" on

(1.21)
+2¢*(¢®, 47, 6% 6" o0 — 2¢°(¢7, 6", ¢°%; ¢*®) .

2. Proofs of (1.2)), , and ([1.5)). First, we prove three lemmas
required in our proofs.

LEMMA 2.1. We have
(¢ d)e I 2¢.J13 4% Ji3
(45900 a J§,18Jg,18j9718 Jg,18‘]g,18‘]g,18 J??,lSJgJSJg,lS.
Proof. 1t suffices to show that
(22) (69 ( S ) S ) .
(— 9D J§,18Jg‘,1sj9,18 J§,18Jé,18j92,18 J??718J64,18JS,18
Recalling , we have
(G0 _ (¢%1¢%)o0
(0 (—0%¢%)00
Therefore the left side of is
12 12 2 712
(J9,18 —2qJ3,18)<J :]]418 J. J7 2;1;1]18J2 J6 434J1%]3 )
3,18Y6,189,18 3,18Y6,1879,18 3,18Y6,189,18
Jig 2¢.J13 42 J13
J§,18Jg,18 Jg,lsjé,18J9,18 Jg,IBJg,18J92,18
o qdE AP 8PUR
J?Z,18Jé,18‘]9,18 J§,18J3,18J92,18 J§,18Jé,18‘]g,18
Ji2 8¢ J12 Ji2

_ o _ 18 3 73
- J8 _J4 Jo gt g3 - J8 i Jh (‘]9 18 — 8q ‘]3,18‘]9718)'
3,186,18 3,186,189,18 3,1896,189,18

(2.1)

—2q(¢*, 4", ¢"%; ¢"®) e = Jo,18 — 2¢J315.

Therefore, it suffices to show that
Jg,lS - 8Q3J§’,18J9,18 = J38,18J64,18J§1,18~
This is equivalent to equation (3.2) of [24] with ¢ replaced by ¢>. m

LEMMA 2.2. We have

o0 2 [e'e) 2
(_1)nqn +2n+1 (_1)nqn +6n+3
(2:3) Z 1— q6n+3 - Z 1 — g6nt3
n=-—00 n=-—00
(2.4) _ (@9)(— Z )i 18+ +q(q6;qﬁ)§o
( q; Q) 1 _ q18n+15 (q3; qG)go’

n=—oo
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o (_1)n n2+4n+2

q
(25) ) W

n=—oo
(¢;9)o0 q q oo g ISt % ¢%)?

- + 2¢ o0 )
(_q’ q) Z 18n+9 (qS’ q6)oo(q9’ q18)§o

n=—oo
Proof. Equation (D is easily shown by replacing n with —m — 1 in the
summation index of the series on the left side of (2.3]),
© ( l)nqn2+2n+1 e ( 1)n+l n? o ( 1)n n246n+3

ZWZZ%IZW

n=—oo n=—oo n=—0oo

Next, we show (2.4). Splitting the series on the left side of (2.3]) into
three series according to the summation index n modulo 3, we find that

o (_1)11 n2+4+2n+1

q
(2'6) Z 1— q6n+3

n=-—00
0 (_1)nqn2+2n+1 o (_1)nqn2+2n+1
- Z 1 — gbn+3 + Z 1 gnt3
n=—o00 n=-—00
n=0 (mod 3) n=1 (mod 3)
0 2
(_1)nqn +2n+1
* Z 1 ¢6n+3
nzgzr;(233)
e _1\n,,9n%4+6n+1 & _1\n,9n%+12n+4
_ Z (=1)"q _ Z (=1)"¢
- 1— q18n+3 1— q18n+9
n=-—00 n=-—o0
n 9n +18n+9
T Z 1 _ q18n+15
n=-—00
=:5y— 51+ 85,.

Next, we recall [22, (3.1)] with ¢, (2, and 22 replaced by ¢°, ¢, and z, respec-
tively,

o0

o2 " C n Cn+2
(2.7) > (g [ 218 /¢ 1_2@184
2"/ (—¢% )% i (~1)ng 1sn
(GG )0 (CTL G )0 S T zg!Bn
(—2,—0°/20") 0o (%, "% /G2 a8 /C, %, 4725 4P oo
(_Cv _q9/<'7 q9)00(3€7 qlg/(2<)7 Z/Ca q18<‘/27 Z, q18/z; q18)oo

Replacing the summation index n by n + 1 in the series S, and applying
[2.7) with z = ¢'® and ¢ = ¢'2, we arrive at

n=—0oo

_l’_



Congruences for Ramanujan’s ¢ function 167

o0 2 2
(_1)nq9n +6mn+1 n 9n +30n+25
So = 51 = Z 1 gl&n+3 + Z 1 _ q18n+27
n=—oo n=—odo

_ 5 (50507004, 4% 4" s, (¢%q%)2,

=4 9. 9 +a 559

Theret (@5 ¢”) 0 (2% 4%)%

ererore

(2.8) So — 51+ 59
9. 9 9.9 6. 612
= {(q 2 3°° - 2q(q3,q15,q18;q18)oo}( -2 lo g, +q(q3fq )3"
(—4%¢%) (0% 4”)oo (¢*q
) _9..9 6. 6\2
I qg,qg)oo52+q(q3,q6);o
(=4 @)oo (%5 ¢%) o0 (6% 4°)%
by applying (1.18) in the last equality. Substituting (2.8) into ({2.6[), we
complete the proof of (2.4).

Similarly, by splitting the series on the left side of (2.5 into three series
according to the summation index n modulo 3, we find that

0 (_1)n n2+4n+2

q
(29) > T g

n=—oo
B i (71)nqn2+4n+2 N i (71)nqn2+4n+2
- 1 — gbn+3 1 — ¢ont3
n=-—00 n=-—00
n=0 (mod 3) n=1 (mod 3)
o0 2
(_1)nqn +4n+2
- Z 1 — ¢ont3
nEnQ_(mg?iS)
o0 (_1)nq9n2+12n+2 o0 (_1)nq9n2+18n+7
- Z 1— g3 Z 1 gl&n+o
n=—oo n=—oo
n 9n +24n+14
+ Z PIEEE
n=—oo
=:853 — 5S4+ S5.
Applying ([2.7) with z = ¢° and ¢ = ¢°, we arrive at
PRI Gl LS CY (Y bt i) B PV S U1 S
- (@3 0%)oo (4% 6%)oc (¢ 0"®)%,
Therefore,
(¢";¢") 0 3 15 18, 18 (=" ¢") o
2.10) S3—S4+55 = — —2¢(¢%, 4", ¢'%; ~ 308 Jog
(2.10) S3—54+85 {(_qg;q9>oo (¢, 07, 0% ¢ o E )
+ 2q2 ((16; qﬁ)go
(4% ¢5) (9% ¢')3,
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) 9. 6. 612
_ (@9)(="1¢") 844 2% gq,qgwlgg
(=4 @)oo (%5 ¢%) 0 (4% ¢%)e (47 ¢"%)3s
by applying (1.18) in the last equality. Substituting (2.10) into (2.9)), we

complete the proof of (2.5 =

LEMMA 2.3. We have the identity

nZ 18”“5 (45 2)o0 (0% ¢5)%
1 (—¢% ") q s ) H1sntT Lo ?)oo(4% ¢%)3%
2 (¢%¢%) q1én+o (45900 (0% 4%) 50 (05 ¢*%)2,

n=

Proof. First, note that

o0 1 nq(n—i-l)2 o0 (_1)nq(n+1)2(1 + q2n+1 + q4n+2)

(=1
ZW: Z 1 — ¢on+3

n=—00 n=—00
00 2 00 o] 2
(_1)nq(n+1) ( 1)n n2+4n+2 n q" +6n+3
- Z 1 — ¢on+3 T Z T g + Z ¢on+3
n=—00 n=-—00 n=-—00
n (n+1)2 o0 _1\nn?+4n+2
"q (=D"q
=2 Z 1— q6n+3 T Z 1—gfnt3
n=—00 n=-—00

where we applied (2.3)) in the last equality.
Also, note that

0 n n 244n+2 n n2+4n+2
Z 1 _ q6n+3 + Z 1 _ q6n+3
n=0 n=-—oo
Z n n 244n+2 N i (_1)nqn 2_4n+2
- 6n+3 1— q—6n+3
n=1
Z n n 244n+2 i ( 1)77, n24+2n—1 Z n n2+4n+2
= — - =2
_ 46n+3 _ 4,6n—3 _ 46n+3
1 q" ot 1— g~ 1 q"
is divisible by 2.
Recalling 1) we have
2
q’ oo n+1)
(a0 (5~ (D" 1 gt
T (39 ( Z 1 — ¢bn+3 5 1 _ q6n+3 )

n=—oo n=—oo
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n 9n2+18n+9

q q 00 Z +q(—q;q)oo(q6;q6)io
et 1*q18"“5 (45 @)oo (a5 4°)3,

1 q q ~ n 9n +18n+7 (7q;q> (qﬁ.q6)2
2 Z g8 o ta (45 @)oo (0 65) 00 (4% ¢18)3,°

where in the last equality, we applied (2.8)) and (2.10)). »
Proof of . Taking congruence modulo 2, we find that
(6D _ (69 (
(@) (¢0)co
Therefore, taking congruences modulo 2 in (2.11]) gives
o (_l)n In2+18n+9

q (4% ¢®)%
#(q) = +q
nzzoo 1— q18n+15 (q37 qﬁ)go

mod 2) =

Jrgon ST (¢5; ¢%)2
- = +q L (mod 2).
Z 1 _ q18n+9 (@5 ¢%)o0 (0% q18)3.

n=—oo

Note that the two series and the second product on the right side do not
have terms with powers of ¢ congruent to 4 modulo 9. For the first product
on the right side, we examine

q(qﬁ;qﬁ)io _ q(q12;q12) mod 2) qun (n+1)+
(43 ¢%)% (455 ¢'?) 0

by applying the Jacobi triple product identity (1.17) with (a,b) = (¢% ¢'®).
Since 3n(n + 1) + 1 is never congruent to 4 (mod 9), we conclude that the
coefficient of ¢™ in ¢(q) is even when n = 4 (mod 9). This completes the

proof of (1.2]). m
Proof of (1.§). Taking congruences modulo 4, we find that
(@0 _ (€50 )00 _ (€0
(@0~ @0k (—60%
Therefore, taking congruences modulo 4 in (2.11)) gives

(#9)
(_qs Q)oo

mod 4) =

n 9n2+18n+9

q q 0
oq) = Z 1 — q18n+15

n=—oo

(¢; 9o (4% ¢°)%
(=5 @)oo (a?: ¢5)2
n 9n2+18n+7

1 ( q q 0o
) Z gi8n+9

(q;q)oo(q ;q°)%
(=4 @)oo (@®; 45) 00 (4”; 4*8)3,

+ ¢ (mod 4).
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Clearly the two series on the right side do not have terms with powers
of ¢ congruent to 10 modulo 18. Therefore, it suffices to examine the two
products. For the first product, we dissect each factor by applications of

(1.18) and (1.20]), respectively, to give
(¢ 9)oo (4% ¢%)5 _< (¢ 4”)o _2q2(q3 q'® q18.q18) >
- ) ; 5 0o
(—4 @)oo (a3 ¢%)3 (—4%¢%)o0

5 (4™ q54)oo>2

(@* 6" )
The only factor that contributes to terms with powers of ¢ congruent to 1
modulo 9 is

X ((—qg, —4"%,¢*"¢* oo + q

(¢ 4")o % (_qg L q27'q27)2 —q (6" ¢")0 (0% 0")% (T *)3
(=% @)oo ’ T N (4% ¢%) (=75 ¢*")2,
(4"%¢"®) 0 (¢*7; %),

a (*% "M%
= q(¢"%¢") oo (mod 4).
Therefore the terms in this product with powers of ¢ congruent to 10 modulo
18 are divisible by 4.
For the second product, we find that the factor

qz (qﬁ; q6)go
(¢ 0%)c (¢ 4"8)3,
only contributes to terms with powers of ¢ congruent to 2 modulo 3, while
the factor

= X e

n=—oo

only contributes to terms with powers of ¢ congruent to 0 or 1 modulo 3.
Therefore the second product does not have any term with powers of ¢
congruent to 10 modulo 18. This completes the proof of (1.3)). =

First proof of . Examining (2.11)), we find that the two series on
the right side do not contain any terms with ¢” where n is congruent to 2

modulo 3. For the two products on the right side, we invoke ([2.1) to obtain
3-dissections of each product, namely,

( Jig 2q.J13 44°J {3 )
] 4 7 4 2 6 4 3
J3,18J6,18J9718 J3,18J6,18J9,18 J3,18J6,18J9,18
STk % ¢%)%,
9

2
q > +q )
(a3 45)2% (@35 4%) 00 (9”5 ¢*®)3,
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_( J J 4q2J )
J§,18Jél,18‘]9718 J37,18Jg,18‘]g,18 J§,18Jé,18‘]g,18

2 3 2 3

% < ‘]6,18‘]18 4 2 J6,18J18 )
2 2
J3,18J9,18 J3,18J9,18

Extracting only terms with ¢ where n = 2 (mod 3), we arrive at the
following corollary.

COROLLARY 2.4. We have the identity

o0

3n+2 2 J%85
n=0 3,18¥6,189,18

Taking congruence modulo 3, we complete the proof of (1.5)). =

From (|1.15)), we find that

[e.9]

S (@ @mg"™t @ oo Z 1)ng(nt1)?
n—0 (26 ¢*)n+1(0/7:¢%)ns1 1+ 2 (60 I S xq2”+1
Substituting = w, a third root of unity, we find that
2
(2.12) i (@ @2ng™™ q q o Z —w?(—1)ngn+D)
— (Wg; P )nt1(q/w; 1 1 — wq2”+1

n=—oo

Rationalizing the denominator of the summand on the right side, we find
that

o 2¢_ 1\n,(n+1)?
w*(=1)"q
2.13
B i _w2(_1)nq(n+1)2(1 +wq2n+1 +w2q4n+2)
- 1 — ¢on+3
n=-—00
> (_1)n+1qn2+4n+2 > (_1>n+1qn2+6n+3
- 2 1 ¢6n+3 Tw Z 1 — ¢on+3
n=—o0 n=—00
00 2
(_1)n+1qn +2n41
+ (-1 -w) nzzoo 1 — gbnt3
o (_1)nqn2+2n+1 o (_1)n+1qn2+4n+2
= e
n:z_:oo 1— q6n+3 n;oo 1— q6n+3

where in the last equality, we appealed to (2.3)) for the second series.
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With Sy and Sy defined in (2.6) and (2.9)), respectively,

0 _w2(_1)nq(n+1)2

Z 1 — wg2ntl

- (q,Q) (—¢%¢")oo (¢% %% . - 4% ¢%)3%
( 1 Q) oo (q9,q9)oo(8 +S4)+q(q ;q%)%, 2 (2% 4%)00 (g% ¢"®)3,
9 9
( )io(

g )oo{ (0% ¢°) o —2(q%, 4%, 4% ¢) }
9 9 ) o
(q?’,qﬁ)2 (q q°) (—4°:¢%)

(40)00(—4% ") (q;q) (4% %)% (—¢"; ¢°) o
T T @ P I T (0 R0
(69 [ (=00 (0% 492 (=¢°; ") oo

—(—q;q)oo{ (0% ¢%)os (524 54) 4 (4% 4°)2.(¢% ¢°)oo }

where in the penultimate equality, we applied - to the products in

the braces. The last equality follows from (2.6), (2.8]), (2.9), and (2.10).

Substituting this into the right side of (2.12]) and simplifying, we arrive at
the following rank difference type identity, similar to those in [15].
THEOREM 2.5. Let w be a third root of unity. Then

o0

(214) Z (wq (_Qa q)2nqn+1

0 'q2)n+1(Q/w;q2)n+1

n=
( 1)n In2+18n

_ 70 i ~1)"q +q(q18;q18) 0o (4% %)
(qg;qg)oo — 1 — g8 H1s (@3 ¢*) 2% (¢ %)%

9n2+18n
q q 0 )"
+d' Z 1 q18n+9

Second proof of (-) From , we see that the coefficient of ¢™ for
n = 2 (mod 3) is zero. The argument given in [9, Sect. 8] allows us to deduce
the congruence

o0

215 Y (—q; ))2ng™ !

“ (243 °)nt1(4/ 73 4% )nt

n=
1)77, In?4+18n

o (0" ¢") q (¢"%:4") (4% %)%
4 (4?3 4%)0 n_z_oo 1= ™15 U P2 (% )2

1)nq9n +18n

7(=¢% ¢%)
e — d 1+1
+d' (@0 oc Z 1 — 1849 (mod z +1+1/z).

n=—oo
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Setting * = 1 in the congruence above, we conclude that a(3n + 2) =
0 (mod 3). This completes the proof. =

3. Proof of (1.4). We require the following lemma in our proof.

LEMMA 3.1. By dissecting the series, we have

o 2 00 5
(_1)nqn +2n+1 (_1)nqn +10n+5
(3.1) Z W - Z 1 — glon+5
n=—00 oo
(3 2) _ (QQ Q)oo(_ 5 q Oo Z 1 n 25n +50n+25
' T (=g 0% ¢%) o —— ST S
(=4 @)oo = 1—gr

(qw,q‘“’,q )3, (0% ¢°)% 2 (@9 ') (7% ¢°°) o

q q
(45,65 ¢°°)3, (4%, 3% ¢°0) o (4°:4")00(¢%°;¢°%) o0

o0 2 o0 2
(_1)nqn +4n—+-2 (_1)nqn +8n-+4
(3.3) Z 1— gionts Z 1 — ¢l0n+5
n=-—oo n=-—oo
2
(3 4) _ (q; Q>oo<_q25§ (]25)00 > (_1)nq25n +50n+23
(=4 0) o0 (6%% ¢%°) o et 1 — ¢POn+35

(%45 % (6 e (0% 0 ) (67 )

q
(q10’ q40; q50)oo(q15’ q35; q50)2o (q5; qIO)OO(q%; q50)oo ’

0 (_1)n n2+4+6n+3

q
(3.5) Z 1 — ql0n+5

n=—oo

+¢2

)n 25n2450n+19

(69 ( 2 %) 0o Z —1)"q
25 25 50 +25
(69 S 1=t

50)

10 (q ¢ ¢° )oo(q )% o300 )5 (05675
(4", %% ¢50) oo (¢25; ¢0) 4, q (65, 4% 470 (425 P0) 4,
We omit the proof of Lemma [3.1] and only briefly mention that the proof

is similar to that of Lemma [2.9] -, and involves shifting of the summation
indices, applications of (2.7) with ¢ replaced by ¢%3, and the Jacobi triple

product identity ((1.17)).
Proof of . By an application of ((1.19)), we find that

(3.6) (*('];Q)OOE (iz;g)m (mod 4)
(¢:9)o0 (=4 @)oo
25. 25
:%—Qq(qw,q 0% 60 + 264 (6%, 6%, 0% %) .-
(—4?°;¢%)
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From , we have

q7 oo n n +2n+1(1 + q2n+1 + q4n+2 + q6n+3 + q8n+4)
P(q) = Z 1 — ql0n+5
n=—o00
_ 1 q7 oo n n +2n+1(2 4 2q2n+1 4 q4n+2)
T2 (¢ Q) Z 1 — qlon+5 ’

n=—0oo

after invoking l' and (3.3). Substituting (3.2)—(3.6), we find that the only

products containing terms With powers of ¢ congruent to 14 or 24 modulo 25

are
—2¢( 15 35 50, 50) % 3((1207q30;q50)go(q50;q50)c2>o _.p
q q 7q 7q ’q [o¢] q (q5’q45;q50)oo(q25;q50)g0 - 1
and
—2¢%( 5 45 . 0) % 10 (", 4" )% (6™ ¢*°)% —. P
TN T4 34 oo 74 (q157q35;q50)oo(q25,;q50)§o o

Note that
P+P=-P+P (m0d4)
50. 5013
=29 = (1((1) 7q2200503
(q 'q )oo (q ;%)
x {(¢"°,¢*,¢%, ¢ ¢ — ¢"°(¢°, ¢, ¢, ¢*°; ¢™°)2 }

(q ;q )go 10 20 30 .40. 50 25. 50\4
=2q 5,977,974 5q a7 q
(q5;q10)oo(q25;q50)§o( )oo( )oo
10. .10
q;q
— 2q4(q25;q25)oo(q50;q50) ( )00

(%40
where in the second equality, we invoked [14, Theorem 1.1],
(3.7)  (A/b,gb/A, Afe,qc/A, Afd,qd/A, Afe,qe/A; )
- (b7 Q/b7 ¢, Q/Cv d7 Q/da €, Q/ea Q)oo
= b(A,q/A, A/bc,gbc/A, A/bd, gbd /A, A/be, qbe/A; @)oo
with ¢ replaced by ¢°° and (A4,b,¢,d,e) = (¢*,¢'°, ¢*, ¢*°,¢*®). By (L.17),
(ql[); qlo)OO _ i q5n(n+1)/2’
(@*¢"%) =
hence does not contain terms ¢ where n = 10, 20 (mod 25). This shows that
the coefficient of ¢" for n = 14, 24 (mod 25) is divisible by 4. This completes

the proof of (1.4]). m

We state without proof the following 5-dissection modulo 5 of the rank
type function for ¢. As this dissection does not seem to lead to any congru-
ence modulo 5, it is nonessential in the context of this article, and so we
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omit the proof. We briefly mention that the proof follows from Lemma
and various theta function identities.

THEOREM 3.2. Let ¢ be a fifth root of unity. Then

i (=43 9)2ng™ ™! _ i (—1)ngm (1 — g2nt1)
n=0 (C(L q2)n+1(Q/C, qz)n—i-l JLQ o 1— q10n+5
1 1 00 (_1)nq(n+1)2 (q2n+1 o q4n+2)
i <C+ C)JLQ Z 1_q10n+5

n=—oo

The two series on the right have the following 5-dissections:

1 o (_1)nq(n+l)2(1 . q2n+1)

Jio 1= glon+5
T n=—0o0
2
O S S sl
=276 4 3 12
J5 50715 50720 50425 50 Jas 50 | & 1 — ¢?n+5
Jls 2 715
" qJ50 4~ J50

5 2 6 6 5 2
J5,50J10,50J15,50J25,50 J5,50J15,50J20,50J25,50
o (—1)" 25n24-50n

3 15
+92 q J20,50J50 4 13 1 q
4 3 6 2 E: _ 450n+15
J5,50J10,50J15,50J25,50 J25,50 n=—00 l—gq
4 715
492 q"J50
5 5 2
J5,50J10,50J15,50J20,50J25,50
and
1 o0 (_1)nq(n+1)2(q2n+l N q4n+2)
Z _ ,10n+5
Jip 1—g¢q
5 715 6 715 2 15
—9 7 J50 49 q°J50 n q°J20,50 /50
— 4774 2 6 2 5 5 2 2 4 3 7
J5,50J10,50J15,50J25,50 J5,50J15,50J20,50J25,50 J5,50J10,50J15,50J25,50
8 715 o n ,,25n2+50n
14 q°Js50 o3 1 Z (=1)"q
4 5 3
J550710,50 15 5020,50 S35 50 Jasgo A~ 1 —go0ntld
14 715 4 715
14 a " J50 q"J50
I3 oI5 0 J2 T4 JD 0 J2r e J2
5,50715,50% 20,50 25,50 5,50+10,5015 50+/20,5025 50
o0 n ,,25n24+50n
gl 1 Z (=1)"q
J25.50 = 1 — ¢P0n+25

4. Proof of (1.8)). In this section, we prove the following theorem, from
which (1.8) follows.
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THEOREM 4.1. We have

1 oo (_1)n q49n2+98n+49 o0 (_1)n q49n2+98n+47
20(q) = 7 {2 > T T 2. 1 — g98n+77
49,98 \ T q e oo q
oo (_1)n q49n2+98n+43 o0 (_1)nq49n2+98n+37
+2 Z 1 — ¢98n+63 N 1 — g98n+49 }
n=—oo n=—oo
74 Jiy + 2 J14J28,98 42,98 2 J 5571401498 42,98
J12J? J7J19 J2 J49,98 J7J49
Jiad J:
_ ggrd1aiaosasos
J7Ja9
Therefore the congruence (1.8)) is true, that is,
(4.1) a(fn+3)=a(in+4) =a(7n+6) =0 (mod 7).
Noting that from ((1.16)), we have

2.J1,20(q)

— (_ 1)nq(n+1)2 2n+1 An—+2 6n+3 8n+4 10n+5 12n+4-6
= > W(qu T AT T )

n=—oo

= (—1)ngn Y’ Mt1 | o Ant2 | 6n+3
= D w222

n=—oo

after replacing the summation index n by —n — 1 in the last three series.
The theorem follows immediately from the next two lemmas.

LEMMA 4.2. Let

3 3 3 2 3
P Ji4,0835,98J98 9 J14,98J12,98Jy5 4 J14,98J58 98 J58
0.-— - 2 9
J$,98J21,98J42,98 J7,98J35,98J49,98 J7 98J35,98J42,98
3 3 2 3
P2 J2s,98J12,98 T 7 J7.98J0 9358 6 Ji1,987J42,98/8
1= - )
J7,98J21,98J49,98 J§1798J28,98J35,98 J7,98J221798=]28,98
2 3 3 3 3
Pyoe J28,98 12 98 /53 5 J21,98J55 938 16 J14,98J28 9898
2 .= ) - 1)
J14,98J21,98J35 98 J7,98J14,98J§5798 J21,98J35,98J49,98
2 3 2 3 2 3
Py = 24 Ji2,08J98 13 J38,98J93 o1 J14,98798
3= 12 T 72 7o 12
J7798J49,98 J2L98J49,98 J35798J49,98
Then
2 2
o0 (_1)nq(n+1) JLQ 0 (_1)nq49n +98n+49

e = Ryt
Z _ 14nt7 0 Z 980491 )
I—qg™n Jagos —  1—q®"

n=—oo =
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i (_1)nq(n+1)2+2n+1 _p Jio i (_1)nq49n2+98n+47
= 1 — glin+7 1 Jio9s 1— g%BntT7
i (71)nq(n+1)2+4n+2 _p Jio i (71)nq49n2+98n+43
ol 1 — qln+7 2 Jioos 1 gBnt63
i (—1)ng(n+1)*+6n+3 e J1o i (—1)nglon®+98n+37
e 1 — glint7 3 J10.08 L 1 — ¢98n+49

Sketch of proof. The proof is tedious but routine, and it is similar to
that of Lemma We split each series on the left side according to the
summation index modulo 7. After shifting the summation indices where
necessary, we apply with ¢* three times in each identity to obtain the
products in Py, Py, P», P3, respectively. Application of then gives the
factor 1/J49 98 for each of the series on the right side. m

LEMMA 4.3.

J4 J1aJ: J.
(42) 2P0+2P1+2P2+P3: J1,2{7q2 14 _|_2q 14J28,98 442,98

J1,2J'? J7J49
_ e g TuduesTies q7m}
J2 J 19,08 J7 a9 J=J a0

To prove Lemma we require three identities below, (4.5)—(4.7]), which
are corollaries from Halphen’s identity

(ab, q/(ab),be, q/(be), ca, q/(ca); @)oo (¢; 4)20

(3)  Hlabed) = T /b, afc, abe, g (abe); a)o
=14 F(a,q) + F(b,q) + F(c,q) — F(abe, q),
where
(4.4) F(x):= F(z,q) ::Zﬁ—zl_ik (lgl <1).
k=0 e - ¢*/

As a side note, we mention that Halphen’s identity in the form above was
first discovered and presented in [3]. However, equivalent versions of
in terms of Weierstrassian elliptic functions appeared in the literature much
earlier, in Whittaker and Watson [26l Examples 19 and 20, p. 458] and in
G. H. Halphen [16], p. 187].

COROLLARY 4.4. We have
(4.5) H(a,b,c,¢”®) — H(a,b,d,q") = H(c,1/d,abd, ¢*),
(4.6)  H(a,a,q"/a,q") + H(b,b,¢"*° /b,¢*) = 2H (a,¢**/a,b,¢"),
(4.7  H(a,a,¢*/a,q°) — H(b,b,q*/b,¢*) = 2H (a, ¢ Ja,b/¢"*, ¢*®).
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Proof. From , we find that
(4.8) 1+ F(x,q) = —F(1/z,q) = F(zq,q).
Therefore, by ,
H(a,b,c,q) — H(a,b,d,q)
=1+ F(a)+ F(b) + F(c) — F(abc) — 1 — F(a) — F(b) — F(d) + F(abd)
= F(c) — F(d) + F(abd) — F(abc)
=14 F(c)+ F(1/d) + F(abd) — F(abc) = H(c,1/d, abd, q),
where we applied with = d in the penultimate equality. Replacing ¢

by ¢, we obtain (4.5)).

Similarly,
H(a,a,q/a,q*)+H(b,,q/b.q°)
=2+42F(a,q°)+ F(q/a,q*)— F(aq, )+ 2F (b,¢*) + F(q/b, ¢°) — F(bq, ¢*)
= 242F(a,q°)+2F(q/a,q*) +2F (b,¢*) —2F (bq, ¢°) = 2H (a, q/a, b, ¢°),
where we applied twice in the second equality. Replacing ¢ by ¢*°

obtain (4.6)).

Finally,
H(a,a,q/a,q*) — H(b,b,q/b.q°)
= 2F(a,q”) + F(a/a,q*) — F(aq.q*) = 2F (b,¢*) — F(q/b,q*) + F(bq,q")
=2+ 2F(a,q%) + 2F(q/a,¢*) + 2F (b/q) — 2F (b, ¢*) = 2H (a,q/a,b/q, 4*),
where we applied twice in the second equality. Replacing ¢ by ¢*°, we
obtain . "
Proof of Lemma[{.3 Noting that
Ji2 = Jagos — 2qJ35.08 + 2¢* Jo1.08 — 2¢° J7 98,

expanding the right side and comparing both sides according to the powers
of ¢ modulo 7, we find that it suffices to prove the following seven identities:

(4.9) 2 Ji4,08/35,98 /55 _ 9 J14J28,98 42,98 J49,98 b J14J14,98 728 98J35.08
J2 g8 J21,98J42,98 J7 a9 T2 T10
(4.10)  2¢° Jos,98J12,98 T o J1498J42,98 15 516 J14,98J28,98 o5

J7.98J21,98J49,98 J7.98J35,98J49,98 J21,98J35,98J49,98
_ 782 J14 a4 J14J28,98J35,98J42,98 _ 2 JiyJ19,98
J? JrJ49 J2 J19,98
9 J14J14,98J21,98 J42,98 416 J14J7,98J14,98J28 98
J7J49 J7J49
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(411) 24 Jos,98T 12, 98 /s o1 11,0875
J14 98J21,98 /35 0 J35,98J30 08
— 2 3@ 410 J14J7,98J28 98 J42 98
J2 J19,98 J7J49
(4.12)  2¢* J422,98J§8 — 24 J14,98J28,98J98
J7,98 Jfg,gg J72 08J35,9842,98
gt J14J14,98J21,98J28 98 4ot Jidr, %
J7J49 J7 J49 98
(4.13) 5 21,9858 95 /s
J7 08:J14,98 /35 08
— 4 J14J21,98J28,98 42,08 7 J14J14,98J42,98J49 98
J7J49 J7<]49 ’
J?, 0cd. J3 J2 0e S
(4 14) 2q6 14,9842,98J98 9413 28,9898
J7,98J221’98J28,98 J21 98J4%9 08
4 J14J14,98J35,98 J42,98 98 Jiy o, %
J7 49 J2Ja9.08 "
J7 I3 0e S
@15 —2q7 98742 9898

J§1,98J28,98J35,98
7 J14J14,98J28 98 J49,98 + 4qM J14J7,98J14,98J42,98
J7J49 J7J49
Simplifying each of these seven identities, we see that to prove , it
suffices to prove

2 g3 2 g3 3
J1498Jig,0sJos 28,98 100805 J7,98J28,98 19,9855

(4 16) =
: 2 2 2 )
']7,98 ']42,98 J14,98 J35,98 J14,98 J35798J—7,98 J42,98

and this follows from (4.6) with (a,b) = (¢'4, ¢*?).
To prove (4.10), it suffices to show that

2 2 2 2
J3598Jo8 | 72108058 14 Jresdos  Jiy
- )
J14,98J49 J28,98J149 JazgsJag  J7
which is equivalent to

J. J: J J J. J.
(4.17) 398 | 1J2198 g Jres _ Jiass Jasos Jazos.
J14,98 Jog 98 Jao98  J7,98J21,98J35,98
From (3.7) with ¢ replaced by ¢°, by setting (A4,b,c,d,e) = (¢°%,q7, ¢*®,

¢*°,¢*) and (A, b,c,d,e) = (¢%, ¢"*, ¢*%, ¢*2, ¢*?), respectively, we obtain

2 7 2
J7,98J21,98J28 98 J35 98 J42,98 + 4" J7,98J14,98J31 98J35,98J42,98

2
= J14,98J31 98J28,98J35,98 J19,98
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and

2 2 2 14 72
Ji4,08738 98 42,08 + 4 J7 98J14,98J21,98 /28 98J35,98
2
= J14,98J31 98J28,98J35,98J19,95.

These two identities imply (4.17)).
To prove (4.11)), it suffices to show that

2 2
Ji9 98/28,98 J31 98J14,98

2 2 2
J14,98J35,98 J—21,98J42,98J35798

2
J14,98J33 98 J7,98J28,98J49 98

C J2gglarosdasos Jo798 149803508 Ja2.08”
and this follows from (4.16|) and

2 2 2
J14,98 J49,98 ‘]14798*]28,98 J21,98 J14,98

2 - 2 2 :
I o5 iaos  JFosTo1,9803598  J-21,98 5 95 /35,98

This last identity follows from (&.5) with (a,b,c,d) = (¢7,q", ¢**, ¢*").
To prove (4.12]), it suffices to show that

3 2 3
Ju2,98J35,98Jos  J14.98J19,08 /98

J7,98J228,98 J72,98JZ2,98
Y, J14,98J19,98 T 7 Jia0842,98 T35 _
J7,98J28,98J42,98 J7,98J221798J35,98
This follows from the two identities
Ji2,98 000 08058 J12,98 3508058 Jia0s 12,9855
J221,98‘]228,98 ‘]7798‘]228,98‘]35798 a J*7798J221,98‘]35:98’
J12,98T79 98 /58 _ J14,98 79 98 /s o Jiaesda1,98J49,08 0%
J221798J228798 J72798Jfg798 " J_7.98J21,98J98.98 Ja2,08

which are equivalent to (4.5) with (a,b,c,d) = (¢*%,¢%,¢*",¢7) and (4.7)
with (a,b) = (¢*', ¢*?), respectively.
To prove (4.13)), it suffices to show that

2 3 3 2 3
J28,98Ji0,0s 98 _  J35,98Ja2,98Ja9,08J5s  J42,98 19,05 Jog

I

- 2 2
‘]124,98 J325,98 J14,98 J2L98J28,98 J35,98 J21,98 J28,98

and this follows from (4.6) with (a,b) = (¢4, ¢*1).
To prove (4.14)), it suffices to show that

2 13 3 2 13
J12,98 9 98J58 B s Jr98dos 08ty Ja2,98J19,08 0 Jo8,98J 1 98 J9s

- _ .
I3 08933.08 J141.08J21,98 J14,98J21,98 28,98 J7,98J21,98J35 98
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This follows from the two identities

2 13 2 13 3
Ja2,98 59 08 Jo8 | J28.98 4908008 . J35.98 42,98 49,98 5%
- )
J31 98735 08 J71.08755 08 J14,98J21,98 28,98 /35,98
2 13 2 3 2 13
J28798J49,98J98 J7,98J28,98J98 . J28798J42,98J98
2 2 - 2 - 2 )
‘]14,98‘]35,98 J77,98J14,98J21,98 J7,98J21,98J35,98

which are equivalent to (4.6) with (a,b) = (¢*', ¢'*) and ([4.5) with (a, b, c, d)

_ (14 14 .35 T .
= (% q¢%,¢”,q""), respectively.
To prove (4.15)), it suffices to show that
2 3 2 3 3
Ja2,98 49 08Tz J14,98J59 98J5s J14,98J21,98J49,08 S5
- )]
J31.08/58 98 JZ 98T 12,08 J28,98J21,98 7,98 J42,98

and this follows from replacing q by ¢*° and setting (a,b) = (¢*!, ¢*?) in (4.7).
This completes the proof of the lemma. =

5. Proofs of ([1.6)—(1.7)). First we prove the following lemma which
gives a simple representation for the odd coefficients of ¢.

LEMMA 5.1. The coefficients of the odd powers of ¢ have the generating
function

- n_ (656
(5.1) 7;)@(271 +1)¢" = GO

Note this is the case (j,p) = (1,2) of Theorem since Y o7 s a1,2(n)q"
= 2¢(q). Here we present a different proof than the general proof of Theo-
rem in Section [

Proof. First, we note that from [7, Entry 25(v), p. 40], we have

(5.2) (—:6*)%(@*6*)%  (6:6°)3(¢% %)%
(6*)2%(—¢% ¢33 (4% (=% d*)%

= ©*(q) — ¢*(—q) = 8q¥*(¢") = 8¢

Setting = 1 in the right side of ([1.14]), we have

(6% ¢®)%
(g% ¢®)%

i": (—1)"(¢% ¢*)ng®” +4§: (@ @)2na™  (—¢% M2 (6% P
(—q*q*)2

e S ERR R (L EN G E
This gives, upon rearrangement,

n=0

(A E P = (CD)" (@)™
(53) 494a) = (4 4*)3(—q* a")3 2 '
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Noting that the series on the right side contains only terms with even powers
of ¢, we find that

g) = (=% 4")%(d%5q
(6% (—a% a3 ()5 (—dhah)%
(B )

(=g aH% (0% 4% (¢
(—¢; %)% (¢°
(¢4%)3(—
(

Voo (%03 (6% 0o

49(q) — 4¢(—

4.
2
o0

7% 4*) oo
D% (s PE (AL }
0% (6% Pk
0504075 (8545 _ o (454w
()% (% D (% (P
where in the penultimate equality, we invoked (| .

A simple observation on the g-power series expansion of 4¢(q) — 4¢(—q)
gives

% qa;4q
7% q

— 4d(—a) = .- n+1 _ m
46(q) — 46(—q) =8 a(2n+1)q =840 3 Ay

n=0

Replacing ¢* by ¢ and dividing by 8¢, we obtain (5.1). This completes the
proof of Lemma, .

Proof of (1.6). From (5.1)), we find that

.- _ (@) _ (@635 )
Z;) «ln )t ()L (6% (mod 3)
1 (4 9)

T (%00 (—¢;0)e0

1 ¢ q°
= <(( 3°° —2¢(¢*,¢",4"%¢"%)

(€73 4")0 \ (—¢% ¢”) oo
by an application of ((1.18) in the last equality. Since there are no terms of
the form ¢°**3 and ¢”**%, we conclude that a(18n + 7) = a(18n + 13) =

0 (mod 3). This completes the proof of (1.6)). =
Proof of . From (5.1), we find that

> 1
HZ:O a(2n+1)¢" ((Z’qq)) = (q5,q10)go(q2;q2)oo(q; )3
1

(0% ¢19)2 (¢19; ¢10) o (4% %)% (4:6°)%
1

7% ¢10) (4% ¢*)3 (4 9)3 (mod 5)

(4% ¢")%(
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1 o0
_ -1 m-+n o+ 1)(2m + 1 qn(nJr1)/2+m(m+1)7
(¢%; ¢19)2_(q10; q10) oo Z (=1) ( ) )
where in the last equality, we used Jacobi’s identity [7, Entry 24(ii), p. 39].
Since n(n 4+ 1)/2 + m(m + 1) is congruent to 4 modulo 5 only when both
m and n are congruent to 2 modulo 5, we see that the coefficient of ¢°"**

in the series on the right side is always divisible by 5. This in turn implies
that

n,m=0

a(l0n +9) =0 (mod 5).
This completes the proof of (1.7)). m

6. Proof of (1.9). First, we prove two lemmas.

LEMMA 6.1. We have the following 3-dissection:
(6.1) 1 T 12¢°J1¢ 3¢.J1§ 64> 71§
(q;q2)§o J3,18J9 J§,18Jé,18Jg J§,18Jé,18‘]93 J:'Z,lsjél,lsjg

Proof. Simplifying the right side, we rewrite (6.1]) as

1 T 12¢° 717 3¢.J13 6¢>J1§
(Q§q2)go_<]3718=]9 J??,lSJé,lSJg J§,18Jé,18‘]93 J?Z,ISJgJSJQS
_ I +3q‘]128{ Jig 2q.J14 44° J13 }
J3,18J9 Jo J??,lSJél,lSJQQ J§,18Jé,18jé Jg,lsjé,lsjg

(4"% 4" (=090
(4% ¢%) oo (@”:0"®%)o0  (€:9)o0
where we applied (2.1) in the last inequality. Therefore, it suffices to show
that

9

(6.2) L 1 5 0% 60
(©:¢%)% (%% (@ ¢"®)x (430

Upon rearrangement, we see that this is equivalent to [8, Entry 50(i), p. 202]

with ¢ replaced by —q. =

LEMMA 6.2. We have the following 3-dissection:
63 (O IBCHT | Aed 9T
(q; qz)go J§,18 J37,18Jé1,18‘]96 J31,018J98 J§,18J§,18Jé
Proof. Note that by (1.20]), we have

(%070 (0":107)00(@”:0®)s0 | (0"%0")00  Jo1g

JQ
2 = 3. 6 47 9. 18 = +q7°,
(45 6%) o0 (435 ¢%) 0 (°:¢"®)o T8 Jo
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Therefore invoking (6.2)), the left side of (6.3)) becomes

(@*:4%)0 _ ( 430050 Do (—q;q)oo> (7% 4%)o0
CHRES (4% ¢%) (%% (6D /) (6:6%)
_ 1 <J9J18 st) PPCAT OC

+q¢28

(4345)00 \ J3,18 Jy (0”5 ¢"®)o0 (0:6%)%
_ Jis quls
_?,18 Js18J2
+3q‘]128( iy 12¢3 41 3T 6¢° 18 )
Jo \ J3,18J9 J§,18Jé,18‘]97 J§,18Jél,1sjg J§,18Jg,18JS
_ S el 3¢Jk o 36¢'J 9¢° J1{ 18¢° /1
J??,ls J3,18J3 J3718J92 ‘]??,18‘]61,18‘]3 J??,lgjg,lsjé Jg,18‘]g,18‘]g.

Comparing with the right side of (6.3)), we find that it suffices to show
Jig i 9¢*J1§
J%HSJS ‘]3,18‘]92 J36,18Jél,18<]98

Multiplying through by J§718J318J§J1_815, we see that this is equivalent to

3 74 6 13 714 4

Jo1sdis 318761879 331818
3 12 11 2"
J3,18J9 J18 J6,18J9

(6.4)

This is [24] (3.6)] with ¢ replaced by ¢>. =
Proof of @ From (5.1), we find that

oo
1 (6%
a(2n+1)¢" = .
nzo (:0°)3 (4¢*)%
Invoking (6.1)) and (6.3)) on the right side and expanding, we find that
o0
(65) Z a(6n + 5)q3n+2 — 9q2‘]11§ 1408(.75‘]%1 12(]2J%§L
= T1sias s J3isToasdst  J3isTiasdst
L 6¢*i 108¢°Ji5
J??,lsjé,lsjgg) J?},%Sjg,lgjél
15¢% J 1§ 21645 J34 12¢2J3%

~— 79 14 75 14 78 711 18 74 gil°
J318061879  J318761879 J371876,189
Dividing (6.4]) by JgiBJ&ngg J3¢ and multiplying by ¢* gives
s IR 9¢° Ji§
4 = 4 4 :
J§,818J6,18J911 J??,18J6,18J§) J31,18‘]68,18J911
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Substituting this into (6.5]) gives

> 272 J13 324¢° J3
E a(6n +5)g* "+ = =0 (mod 27).
n—0 J??,lsJél,lsjg J3 18J6 18Jg11

This completes the proof of (1.9). m

7. Conjectures and proof of Theorem In this section, we first
prove Theorem Next, we state our conjectures for some similar functions.

Proof of Theorem[1.3. Recall from [20, Lemma 3], [12, p. 610]

(a,q/a,—b,—q/b; @)oo (q; )%

2(—a, —q/a,ab, q/(ab); @)oo (—¢; D%
o (Dt b(1/b, by ) xm "D/
-2 1+ ag" 2(~a:9)% ‘1 —abg"’

n=—oo n=—

Replacing g by ¢?, setting (a,b) = (—z,1/z) in (7.1)), multiplying by 4z, and
dividing by (x, ¢?/z, ¢P; ¢P) o, We obtain

(7.1)

(=2, =" [2:¢")5 (¢ ") _, x i (—1)mangrn(ntD)/2
(.’E, qp/x7 qp)oo( qv; qp)oo (xa qp/_x, qP; qp)oo e 1 — xgP"
5 (@ oo = /2
NEDpFLILL H g -
(4275 4%P) 0o nzzoo 1+ grn

Setting « = ¢/, we arrive at

( q] _qp J. qp) (qp qp)
(¢7,qP=7;qP)2.(—qP; qP)4,
qpn (n+1)/2

00 0o
=4 : " )oo .
nzzo a],P(n)q +2 2p q2p Z 1+ qpn

We observe that the second series on the rlght side only contains terms of
the form ¢" where n is a multiple of p. Therefore it suffices to examine the
p-dissection of the product on the left side.

Recall that from Ramanujan’s famous 111 summation formula, we have
the following corollary [12] (3.1)]:

(7.2)

n

(zy,q/7Y, 4,45 @)oo s T
7.3 _ _
(7:3) (@, q/%,9,4/Y)s0 Z 1 —yq"

n=-—00
Replacing ¢ by ¢P and substituting (z,y) = (¢, —1), we find that the formula
becomes

(=7, =", ¢, qP qP)oe f: "

7.4 : A .
( ) (qjvqp_]7_17_qp;qp)00 S 1 +qpn

n=—
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Separating the series on the right side according to the summation index
modulo p, we find that

(— R Y qpintik
(q] qP~ J —1 , —qP; qp Z Z 1+qp n+pk

k=0n=—o0

qp(J+/€) _qp —p(j+k) qp qp ’qp)

)

_Z (qPi, qr*—Pi, —qpk, —qr*—pk; gr*)

where in the last equality, we apphed to each series. Applying this to
the left side of ([7.2)), we arrive at

o )
1 <(—q37—qp J;qp)oo(qp;qp)io>
(qP;qP)3, \ (¢7,0P 775 qP) oo (—qP; qP)2,
p—1 . 2_ . (s 2 2 2 2
! ik (—qPUTR) —qpm P UTR) o™ gp™ gp™)
- P- qP)3 Z DJ  qP>—pj pk p2—pk. 4p? ’
(qP; qP)3, (¢",q ,—qPk, —q @7 ) oo

Extracting only terms with ¢" where n = pj — j2 (mod p), we obtain

k=0

Za]ppn-i-p] il aiax 7?

n=0
(—¢P (5+k) _qp —p(j+k) qp qp qp)

qp qp ?So kzo qm qp -pJ _qpk‘ _qp —pk. qp )

-k —p(p—k .
% qj(p—j—k:) (_qp(p )’_qp PP )’qp ’qp ’qp )oo

(qu qP> =i —qplp—i=k) —gp*—p(p—j—Fk), gr° )oo

2 2
Z i) (@75 a7 A
qp qp gok ‘ qm qp —pJ- qp )
(@57 )4
(qP; qP)3.(qP7, qP*~PI; qP*)2,
Thus we obtain ((1.11)). m

In addition to the congruences satisfied in ([1.12]), we also conjecture the
following congruences.

We list the following congruences observed based on ¢-expansions up
to ¢200.

_ qu(pfj)

CONJECTURE 7.1. For any nonnegative integer n,
a(50n 4+ 19) = a(50n + 39) = a(50n 4+ 49) = 0 (mod 25),
a13(5n+3) = a1 3(bn +4) =0 (mod 5),
a16(2n) =0 (mod 2),
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a1,6(6n +3) =0 (mod 3),
a1,10(2n) = az;10(2n) =0 (mod 2),
a1,10(10n + 5) = az10(10n + 5) = 0 (mod 5).
Replacing ¢ by q2 and setting (a,b) = (—¢,1/q) in (7.1)), we obtain
q-; 9 q-;9
L o B0 (a0

(a5 6%)%,
n (n+1)2 2. 4 i~ n(n+1)
q7 ooz +2(Qa‘])oozq

1— q2n+1 (i qYo0 &~ 14

n=—0oo

Note that the left side is
> b(n)g" == L(q) = (4% ¢*)oo(—0; ¢*)%,
n=0
= (—¢*4°)% (=4, —¢, 4% ¢*) oo (mod 3)

(e e}
62 n2
XD 4

n=—oo

where in the last equality, we applied (1.17) with (a,b) = (—q, —q). Since n?
is only congruent to 0 or 1 modulo 3, we conclude that b(n) = 0 (mod 3) for
n = 2 (mod 3). The congruence (|1.5)) then leads to the following congruence.

THEOREM 7.2. Let

9) . (6:0Y) oo qn(n+1)/2
HZ:%C(n)q : Z T

Then for any nonnegative integer n,
c¢(3n+1) =0 (mod 3).

Following the approach in the proof of Corollary[2.4] one could also prove
the stronger result,

S (q:4*)7 (4% ¢%)3,
nz;] “n o+ V4= 3 oy,

Similarly, by taking congruences modulo 7,
> b(n)g" = (0% ¢*)oo(—a: %)%
n=0

= (—¢"¢") o (— —q)o0 (mod 7)

o0

= (050" Y (gt

n=—oo
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where in the last equality, we applied with (a,b) = (—q,q?). Since
n(3n + 1)/2 is only congruent to 0,1,2, or 5 modulo 7, we conclude that
b(n) =0 (mod 7) for n = 3,4,6 (mod 7). The congruence then leads
to the following congruence.

THEOREM 7.3. For any nonnegative integer n,
c(Tn+2)=¢(Tn+3)=c(Tm+5) =0 (mod 7).

We remark that the results in Theorems and were also indepen-
dently discovered and proved by M. Waldherr in [25].

Finally, by examining a function that closely resembles ¢ but with an
extra factor of ¢" in the summand, we offer the following conjecture.

CONJECTURE 7.4. Let

ZOO n ZOO (—q; @)2ng®™
d n = —_— .
n=1 ( )q

=0 (a; q2)721+1
We conjecture that for any nonnegative integer n,
d(18n+5) = d(18n+ 8) = d(18n + 11) = d(18n + 14)
=d(18n +17) =0 (mod 3).
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