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Simultaneous Diophantine approximation and
asymptotic formulae on manifolds

by

GLYN HARMAN (Egham)

1. Introduction. Write || || to denote distance to the nearest integer.
Throughout this paper n (without subscript) denotes a positive integer.
A central question in the metric theory of Diophantine approximation is
to obtain asymptotic formulae for the number of solutions to the inequality

lan] <¥(n), n <N,
for almost all a under suitable conditions on 1, where 9 (n) € [0,1/2) for

n < N. This subject is covered in Chapters 3 and 4 of [9] (see also [10]).
The question has been generalised to simultaneous approximation and

approximation to linear forms. In these cases we consider x = (z1,...,2x) €
R* and count solutions to

1) max([[nzl,. ., [nall) < ¥(n),  n< N,

or

(2) In1xy + noxa + ... + ngag| < w(m]ax In;l), max Inj| <N,

or (as later in this paper), we consider (2) with all the n; non-negative. If
we write

N N
Uy (N) =283 " p(n)F,  G(N) =2k nFy(n),

then we expect the number of solutions to (1) and (2) (in the case all n;
non-negative) to be asymptotically equal to ¥; (N) and W2 (V) respectively,
for almost all x € R*.

In general, having more variables makes such problems easier. However,
if one restricts x to a submanifold of R* then the question becomes much
more difficult. As is well known, it is very non-trivial even to prove that the
convergence of ¥, (00) implies that there are only finitely many solutions to
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(1) for almost all x on a manifold (see Chapter 9 of [9] for a brief intro-
duction, or [5] for a more thorough discussion). The question of obtaining
asymptotic formulae on manifolds has received relatively little attention to
date (see [3, 4, 7]) and it is the purpose of this paper to address this issue.

Before introducing the notation required to state our main theorems
we give a corollary which illustrates the strengths and weaknesses of our
results. The rational normal curve (o, a?,...,a*) has been of fundamental
significance in the development of the theory of Diophantine approximation

on manifolds and so we use it here as an example.

THEOREM 1. Lete > 0, k > 2 be given. Then the number of solutions to

4 log?te n 1/k
J A g = <
3) s lotno+ gyl < (1)L s,

is, for almost all o« € R and any (B, ..., Bx) € R¥, asymptotically equal to

N 2
2k: Z log +e ’I’Z'
n
n=1

Also, the number of solutions to

log?**e n
(@) llany +a®na + ..+ afng + Bl < =, n=maxn; <N,
J
s asymptotically equal to
N 2k+e
log n
2k e
>~
n=1

for almost all o and any (.

The reader will note that we are a factor log®n away from obtaining
a best possible result for (3) and a factor log' ™" n adrift for (4). It is an
inherent weakness in our method (which is similar to, but more efficient
than the method of [3]) that we cannot obtain the best possible result.
The reader should contrast the method of [7] which gives a result logn
away from best possible (one requires ¥(N) > (log N)!*? there in order to
obtain a non-trivial result as is made explicit in their Theorem 2), but does
not work for the rational normal curve (manifolds there need to be at least
two-dimensional in R¥ with k > 7). It is conceivable that their method, if
suitably refined, would yield a best possible result on certain manifolds. The
reader should also note that we have made the problem inhomogeneous. This
has not affected the quality of the results since our methods are based on
uniform distribution ideas. To date there have been very few inhomogeneous
results for Diophantine approximation on manifolds (see [2]).
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We use the following notation from [5] to state our results. Let 9t be
a submanifold of R¥ with induced Lebesgue measure p (see p. 15 of [5]).
In the following, whenever we use the phrase “almost all x € 9", we shall
mean “with respect to p”. We say that 9 is a Khinchin type manifold
for convergence if the convergence of ¥ (oo) implies that there are only
finitely many solutions to (1) for almost all x € 9. Similarly we call 9t a
Groshev type manifold for convergence if the convergence of ¥s(o0) implies
that there are only finitely many solutions to (2) for almost all x € 9t. We
write S(V,x, ) for the number of solutions to

|xn+ 6| < ¥(n*), n*=max(n,...,n;) <N, necNF
and T'(N,x,y) for the number of solutions to

oy < N.
max fnz; +y;l <9n), n<

Our main results are then as follows.

THEOREM 2. Let € > 0,k > 2 and M C R* a Khinchin type manifold
for convergence. Suppose ¥(n) € (0,1/2) is decreasing and satisfies

Then, for almost all x € M, for every B € R, we have, as N — o0,
Uy(N) < S(N,x,3) < Wy(N).

Here the implied constants depend on € and x but not on (. If we suppose
that (n) satisfies

logk+1+5 n

b(n) >
then, as N — oo, for almost all x € 9N,
S(N,X”B) ~ WQ(N)

Suppose, in addition, that for 1 <n < m < 2n we have

nk ’

m—-n

(5) P(n) —p(m) < P(n).
Then, for almost all x € M,
(6) S(N.x, ) = ¥2(N) + O(O(N))
where
N E=1(n _ n*(n 1/(2k+1)
O(N) = Zzzl éﬁ(i;f)() with  ¢(n) = <1 i (IO;Z);L)IS+1+5> :

REMARK. An alternative hypothesis to (5) would be “¢(n) increasing”.



382 G. Harman

THEOREM 3. Let € > 0,k > 2 and M C R¥ a Groshev type manifold for
convergence. Suppose ¥(n) € (0,1/2) is decreasing and satisfies
14-¢

B(n)* > l%yin.

Then, for almost all x € M, for every y € R*, we have
U (N) < T(N,x,y) < ¥ (N).

Here the implied constants depend on € and x but not on y. If we suppose
that 1(n) satisfies

n

then, for almost all x € MM, for every y € R*, we have, as N — oo,
T(N,X,y) ~ WI(N)

Suppose, in addition, that for 1 <n < m < 2n we have
m-—n

(7) P(n)* —(m)* < p(n)".
Then, for almost all x € M,
(8) T(N,x,y) =" (N)+O(Z(N)),
where
N 1/(k+2
B A (LA ()t YO

REMARKS. Theorem 3 improves Theorem 1 of [3]. The condition that
M be a Khinchin or Groshev type manifold for convergence can be relaxed
at the expense of imposing stricter conditions on . For example, if the
manifold is extremal in the sense that, for every ¢ > 0,

|x.n|| > n*F7¢

has only a finite number of solutions, then (8) holds with (logn)?*¢ replaced
by n® in the conditions on 1. To date better results are known for manifolds
of Groshev type for convergence than for those of Khinchin type. One could
use Theorems 2 and 3 to demonstrate that a manifold of Groshev type for
convergence is “almost” of Khinchin type for convergence as well, and vice
versa. In fact, it is more efficient to use “Transference Theorems”. We leave
it to the reader to verify that Theorems 2 and 6 of [6, Chapter 5] lead to
the following two results.

THEOREM 4A. Let MM be a Groshev type manifold for convergence. Then,
given € > 0, for almost all x € M there are only finitely many solutions to

(9) max(||zin|l, ..., ||lzxn]]) < nfl/k(logn)flf’z.
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THEOREM 4B. Let 9 be a Khinchin type manifold for convergence.
Then, given € > 0, for almost all x € M there are only finitely many solu-
tions to

|xn| < n* F(logn*)~F=.

As an example of the simple principle behind our method we prove first
the following theorem which would give a weaker result than Schmidt’s work
([12], [9, Chapter 4]) for small 1, but is stronger for the case of larger ¢ we
state.

THEOREM 5. Lete > 0,0 < 6 < 1. For almost all real o, and any given
real B, the number of solutions to

(10) lan+ 6| <n=? n <N,
is, for N > 2,
2N179
(11) 5 + O(NI=9/2(1og N)V/2Fe),

REMARK. We have lowered the exponent of the logarithm here from 2
(in Schmidt’s work) to 1/2.

2. Proof of Theorem 5. We will give a lower bound for the number
of solutions, the upper bound follows by a similar argument. Write

Y(n) =n""
Let

Dys(na) = sup Z l—fyM‘.
v€[0,1) n<M
{an}<y

Then it is well known (see [9, Theorem 5.15], the original result goes back
to the work of Khinchin [11]) that, for almost all a,
Dys(na) < (log M) as M — oo.

We write ¢(n) for an increasing function whose definition will not appear
until it can be justified. We split up the range 1 < n < N as follows: Ny = 1,
N; (j > 1) is the smallest integer exceeding

N1 (1 " m>

We also write M; = N; — N;_1, ¢; = (N;), D;j = D, (na). Suppose
N > N > Nj_; and redefine N}, if necessary to be N. Then the number of
solutions to (10) is at least the number of solutions to

(12) lan+ 8| <, Nj-1<n<N;, 1<j<k
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Let S; be the number of solutions to (12) for one j. Then
S; = 2¢y;M; + O(Dj).

Hence, a lower bound for the number of solutions, for almost all «, is

k k
(13) 23"y M, +O<Z(logMj)1+6).
j=1

j=1
Now
k N k
Z%MJ 2 Z@Z)(n) _ZMJ(¢J*1 ¥;)
j=1 n=1 j=1
N k Mij—_el
=2 v O(; )
and

i j4Vi—1 j—1
= 2 G, € X E,
) (

5 nl—0
U T Gogayee

which leads to an error term of size (for N > 2)

N
Z(logn)1/2+sn—(1+e)/2 < N(l_e)/z(logN)1/2+5
n=1

as required to complete the proof.

3. Proof of Theorem 2. We will give a complete proof of the case
loghtite m-—n
Y(n) > — P(n) —p(m) < P(n).
We will mention the modifications for the other cases later. We begin by
splitting the range 1 < n < N into subranges as in the previous section. Put
Nl = 1, let ¢j = gb(Nj,l), and Write, for j > 2, Nj,1 < N,

1
N; = {Nj_l <1 + ¢—]>} + 1.

If N, > N then put N; = N + L. Let ¢ = ¢(N;), L; = &7 ¢;, M; =
Nj _Nj—l- Put

g(L) = L'/*(log L)/,
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Also, ify; > 0for j =1,...,k,let N(L,x,y) denote the number of solutions
to

llznll <yn, h=1,....k <L

LEMMA 1. For almost all x € 9N we have
k

(15) N(L,x,y) < [ max(1, g(L)yn).
h=1

Proof. Since M is a Khinchin-type manifold for convergence, we have

. -1
(16) min max(laal,.... L)) > g(L)

for almost all x € 9 for all sufficiently large L. If (15) is violated, say

k
N(L,X,y) 2 Tk H ma‘X(17g(L)yh)7
h=1

then, by the pigeon-hole principle, we can find an [ < L with, for 1 < h <k,

c(k)yn -1
Tmax(L gDy ~ )

for sufficiently large 7. This contradicts (16) and so establishes the lemma.

[l <

Proof of Theorem 2. We shall only establish a lower bound of the form
(6); the corresponding upper bound follows similarly. We have

t
S(N,x, ) > 5
=

where S; counts the number of solutions to
lx.n + 3| <y, Nj_1 Sl’l*<Nj.

By a familiar argument from Fourier analysis (see [1, Chapter 2]) we have

Sj > Dj +Ej
where
1
D, = 21/)]—?) oo
J 7 Nj_1<n*<N;
1
~(2:- ) Bt L1+ O ),
77/ Nj_1<n<N;
and
LJ
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Here e(a) = exp(2mia). Now, for Nj_; <n < Nj,

b3 = ) - 0=

Since, for N;_; < n < Ny,

Nj—n ¥(n)
< — and — <K —=
n ¢] J ¢(n)

this gives

- nk=1y(n
D; =2k Z n*Lep(n) + O( Z <75(+)()>
Nj71§n<Nj Nj71§n<Nj
Also,

5wy IT (m“( 4 |x1zn)>

I=1r=1
We divide up the values taken by |z,/|| so that either ||z,l|| < g(L;)~!, or
250~ < g(Ly)||znl]| < 257, s =1,2,...

Nj if Sy = 0,
G, =
{g(Lj)2_ST' it s, >0,

and let y = y(s1,...,s,) = ¢g(L)(27°,...,275). It follows that

Ej<<1bJH(ZG) (J,x,y)

k—1
<Y Z(Q(LJ’) log Lj)HTNf_l_T by Lemma 1
r=0

< 1;(g(L;)*log" L + NF~g(L;)log L;)
- i MNE~' 7 g(L;)*¢2 log" L; N 9(Lj)¢3log L;
NF N, '

Put

bj J
We have
9(Lj)*(log Ly)*¢?  ¢3 ) ¢2F 1 (log L)k +i+e
< 5 i(log Ly)FHite « < 1.
Nk NF ! Ny,
Also,

< 1.

<Q(Lj) log L¢3 > ¥ < @2+ (log Lj)h+i+e
N NFy;
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Hence i
Y(n)n*
B 2 oy
N;_1<n<Nj
This completes the proof on combining the ranges for j =1,...,¢t.

To prove the result in the absence of condition (5) replace € by £/2 and
take
¢(n) = loglog 9n.

To complete the proof when only the condition

is given, take ¢(n), £/2 as above, but count the solutions with weights. We
note that

1 M o7 2MT
W‘ Z e(am)‘ = Z cme(am)
m=1 m=—2MT
where
2T M
0< e < C(T), > em=M
m=—2TM

In this section we take 7' = 2 and this gives an improved estimate for £ in
the lower bound case:

YT .
Ej < ijl;l_]; (;G%)N(]a)QY)

k—1
W r —2-2r —
€ —L= D (g(Ly)) PPN TR < ay(g(L)7F 4+ NS T (L))
Mij r=0

- Y MN; <9(Lj)2k¢§’ N g(Lj)2¢§’>'

%5 N3 N;
This suffices to complete the proof since
9(Lj)*¢%  ¢3(log L;)***
2k 2\ 2k
N; UiN;

<1,

and similarly

L)%
9(Ly)°0; ])2 0 < 1.
N;j

4. Proof of Theorem 3. The proof is, in outline, the same as the proof
for Theorem 2, so we shall be very brief. We only sketch the proof of the



388 G. Harman

case where

log?™en

P(n) > —=—— P(n)* —p(m)"

k
. ()"
Note that A(n) replaces ¢(n) in our previous argument. Define N;, M;, 1;,

L; as above, and A\; = A(N;_1). Lower and upper bounds are considered
separately as before. For the lower bound we have

T(N,x,y) > ZT],

where T} counts solutions to

max ||nx, + v, || <v¥;, Nj—1 <n<Nj.
From the method used in Section 4 of [§],
c(k)Myi~!

(17) T; > 28 My} — 7 + Ej,
J
where
E; < Z 1/1;“‘ Z e(nx.h)‘.
0<|h|<Lj Nj_1<n<Nj

The first two terms in (17) give the main term in (8) with a suitable
error. We have

1
Bj< >, Y mm( T hH> < YFY 2°N(s, L),
0<|h|<L, 5>0
where N (s, L;) counts the number of solutions to
|x.h|| <27, 0<h| <L,

Since M is a Groshev type manifold for convergence an application of the
pigeon-hole principle (as in Lemma 1) gives

N(s,L) < Lj(log L;)'*<27*.
This quickly leads to the result

k
E; <« A?(log Nt < Z Y
Nj—1<n<N;

as required to complete the proof.

5. Deduction of Theorem 1. The first part of Theorem 1 follows
immediately from Theorem 3 since the rational normal curve is a Groshev
type manifold for convergence.

At present it is not known whether the rational normal curve is of
Khinchin type for convergence (except for the case k = 2). To prove the
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second part of Theorem 1 we therefore need to start with the weaker asser-
tion (from Theorem 4) that there are only finitely many solutions to

j ~1/k(] —1-e
max, lo/n|| <n (logn) :

We can then modify the proof of Theorem 2, changing g(L) to

g(L) _ Ll/k(IOgL)S/IH_I.

Following through the analysis, this changes k + 1 to 2k to complete the
proof.
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