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ANDRZEJ BIALYNICKI-BIRULA and ANDRZEJ SCHINZEL (Warszawa)

1. Introduction. Let K be an algebraically closed field of characteristic
0 or > d, where d is a positive integer. Let f be a binary form in Kz, y| of
degree d. By a presentation of f we mean a decomposition

f=1+ 41

of f into a sum of powers of linear forms ly,...,l, € K[z,y]. Let r = r(f)
be the minimal length of a presentation of f. Then f is said to be extreme
if for every linear form [ € K|x,y], the sum f + [¢ admits a presentation of
length 7(f). In other words, a form is extreme if and only if it is maximal
with respect to the partial order denoted by < and defined by: a form f is
greater than every form obtained as a sum of some, but not all, summands
appearing in a presentation of f of minimal length.

A form is said to be exotic if the minimal length of presentation of f
is greater than the minimal length of presentation of a generic form of the
same degree. Hence exotic forms are defined as those that have the minimal
length of presentation greater than the length predicted by an answer to
the Waring Problem. In the case of binary forms, the minimal length rg of
presentation of a general binary form of degree d is

(d+1)/2 in case d is odd and (d+ 2)/2 in case d is even.

Hence a binary form of degree d is exotic if its minimal length of pre-
sentation is greater than (d + 2)/2. A form of degree d is said to be regular
if its minimal length of presentation is equal to the length of presentation
of a general form of degree d. A form of degree d is said to be plain if its
minimal length of presentation is less than the length of presentation of a
general form of degree d.

When we consider presentations of forms as sums of forms, then usu-
ally we are not able to identify projectively equal forms and simultaneously
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identify their projectively equal summands. Hence, in the following, we are
going to treat forms as elements of the vector space K|z, y|, rather than of
its projectivization. The properties of forms which we are going to study are
invariant under invertible linear substitutions, i.e. under the natural action
of GL(2) on K[z, y]. Moreover, the studied notions have some interpretation,
easy to find but not helpful in our considerations, in the geometric theory of
secant varieties obtained as the images of the projective line under Veronese
embedding into a projective space.
Let K[X,Y] be the dual ring of differential operators, where

0 0
Zoy=2,
ox’ oy
Let K[X,Y]; denote the space of homogeneous operators of degree t,
t=0,1,.... For f € K[z,y], let A(f) C K[X,Y] be the annihilating ideal
of f and Ay(f) its homogeneous part of degree t, i.e.
A(f) = K[X, Y] N A(f).

We shall say that a form D € K[X,Y] is squareful if, for a linear form L,
whenever L | D, then L?|D.

One of the main aims of the paper is to characterize properties of forms by
means of properties of annihilating differential operators. Let j=|(d + 2)/2].
We shall see that a form f € K[z, y]q is

X =

e regular if and only if there exist projectively distinct linear differential
operators D1, ..., D; such that D;...D;(f) =0 (Theorem ,

e plain if and only if there exist projectively distinct linear differential
operators D1, ..., Dy, u < j, such that Dy ...Dy(f) =0 (Theorem!|l)),

e exotic if and only if no squarefree differential operator of degree < j
annihilates f (Theorem L),

e extreme and exotic if and only if it is annihilated by a squareful linear
differential operator D of degree u < j (Theorem 1'),

e cxotic and regular if and only if (this is the most difficult case) the
conditions given in Theorem 5 are satisfied (then d has to be even).

Since there are no extreme plain forms (Lemma , all cases are covered
above.

It follows from these results that, for example, all forms f = ["g €
K[z, ylq, where [ is a linear form, g € K[z, y|q_p, is relatively prime to [ and
2m > d + 1, are extreme. Moreover, all extreme forms with minimal length
of presentation equal to d are equal to l‘li_llg7 where [q,ls are projectively
different linear forms (Corollary . This means that they constitute one
GL(2)-orbit. The set of extreme forms with minimal length of presentation
equal to d — 1,d > 6, is composed of two orbits. For exotic forms these are
the only cases where the exotic extreme forms with given minimal length of
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presentation comprise a finite number of GL(2)-orbits. However, the extreme
regular forms (they exist only if d = 2m) comprise a finite number of orbits
(Corollary . The proof of this fact is the most difficult part of the paper.

In the remaining part of the paper we study, for a binary form f, all
presentations of f as a sum of powers lil 44 lff of linear forms of minimal
length u. In particular, we would like to know all partial summands g =
lil 4+ l,?l, t < u, that appear in such presentations. This leads to studying
the < relation. We start with the following simple observation. Plain forms
and regular forms in case d + 1 is even and only those forms have a unique
presentation of minimal length. It follows that if, for a form f = lil 419,
we have already fixed some part g = (¢ + -+ +1¢ t < u,u—t < (d+1)/2, of
its minimal decomposition, then the remaining part of the decomposition is
already uniquely determined. If f, g are as above and g is regular or exotic,
then the conditions are satisfied, hence, then, f — g has a unique minimal
presentation. Next we prove that, for f a regular form of even degree or an
exotic form, and only for such forms, there exist only finitely many extreme
forms h such that f < h, hence there are only finitely many forms greater
than f (Proposition .

REMARK. The map r which assigns to a form f of degree d its minimal
length of presentation r(f) satisfies the triangle inequality »(f+g¢) < r(f)+
r(g) and defines a metric p (by p(f,g) =r(f —g)) on K[z,y]q. Then f < g
if and only if r(f) + (g — f) = r(g). A form h is extreme if and only if r
admits at A its local maximum, more exactly, r(h) is maximal among the
values of r taken in the closed ball of radius 1. In other words, the distance
from an extreme form to 0 is locally maximal.

For every form f we can consider the set of all linear forms [ € K|z, y|;
such that 14 < f, i.e. ¢ appears in some minimal presentation of f. This
set is finite for any plain form and any regular form in case d + 1 is even,
and infinite with non-empty complement in K[z, y]; composed of a finite
number of lines in the remaining cases (Proposition . Studying these cases
leads finally to the result (Corollary [5)) that all forms can be divided into
two disjoint classes: those that dominate only finitely many other forms and
those that are dominated only by finitely many forms.

There are still some open problems connected with the results of the

paper.
PrROBLEM. What is the number n(m) of linear equivalence classes of
regular extreme forms of degree 2m?

2. Statements of the results

THEOREM 1. Let f be a binary form of degree d > 1 with minimal length
of presentation r(f) = r. Then f is extreme if and only if f is regular or
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exotic and

e whenever f is exotic, then every element of Agro—r(f) is squareful,
e whenever f is regular, then d is even and every element of Agyo—r(f) =
Aay2)/2(f) is either squarefree or squareful.

We shall see that in the case where f is exotic, dim Ag1o_,(f) = 1. Thus
every element of Agio_,(f) is squareful if and only if Agyo_,.(f) contains a
non-zero squareful form.

In order to formulate further assertions we need to quote some auxiliary
results.

LEMMA 2.1. Let ly,...,1l, be projectively distinct non-zero linear forms
and let Lq,..., L, be non-zero linear operators such that L;l; = 0 for i =
1,...,u. Let ey + --- + ey +u < d. A binary form f of degree d admits a
decomposition

F=gli™ gl
where, fori=1,...,u, g; € K[z,y] is a form of degree e; or 0, if and only if
Lot Lt f = .
In particular, f admits a presentation
f=ailf+- +a,dd,
where a1, ...,ay € K, if and only if
Li...L,f =0.
Proof. See [2, Lemma 1.31].
LEMMA 2.2. Let f be a binary form of degree d.
(i) The sequence (dim K[X,Y],/Au(f))4_, has the following shape:
(1,2,...,8—1,8,...,8,s—1,...,2,1),

where s = s(f) = maxo<y<q dim(K[X,Y],/A,(f)) < (d+2)/2.

(ii) The ideal A(f) is generated by two relatively prime homogeneous
forms Dy, Er of degree s and d—s+2, respectively. For s < (d+1)/2
the form Dy is uniquely determined up to projective equality and for
u=Ss,...,d— s+ 1 we have

Au(f) = DfK[X7 Y]u—s-

Proof. For the proof of (i), see [2, Theorems 1.43 and 1.44(i)|]. For the
proof of (ii), see |2, Theorem 1.44(ii) and (iii) and Claim on p. 31].

LEMMA 2.3. Let Fy,. .., Fy be binary forms of the same degree such that
the set of all forms f = a1 F1 + -+ + ayFy, a1,...,a, € K, which are not
squarefree is Zariski dense in the linear span of Fy, ..., Fy,. Then there exists
a linear form L € K[X,Y] such that L? divides all Fy,...,F,.
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Proof. See the proof of Lemma 1.1 in [3].

With the notation established in Lemma[2.2] we can formulate Theorem ]
in a slightly weaker, but more transparent form:

THEOREM 1'. A binary exotic form f is extreme if and only if Dy is
squareful.

COROLLARY 1. If a binary form f of degree d has a linear factor of
multiplicity m, where (d+1)/2 < m < d, then f is extreme.

COROLLARY 2. If a binary form f of degree d > 5 is extreme and r(f) >
d — 1, then f has a linear factor of multiplicity r(f) — 1. For d > 6 there
exists a squarefree extreme form with r(f) =d — 2.

The special case of Corollaryfor r(f) = d is due to J. Kleppe [3, p. 11].

In view of Corollary [2] it is doubtful that extreme forms have a simple
characterization in terms of factorization of f instead of that of Dy.

Then we show the following characterization of exotic extreme forms:

THEOREM 2. An exotic form f is extreme if and only if it is of the shape

d— —Cu
f=gmi{™ 4+ gumy~e,
where mq, ..., my are pairwise projectively distinct linear forms, gi,..., gy
are forms of positive degree ey, . .., e,, respectively, m;tg; and
d+2
61+"’+eu+u< T
Moreover, for f as above, if My, ..., M, are non-zero linear operators such

that M;m; =0 fori=1,...,u, then
Df — Mfl-i-l Meutl
The following corollary follows immediately from the above Theorem [2]

COROLLARY 3. Up to a linear transformation we have only the following
extreme forms fo with the given lengths of minimal presentations:

1. r(fo) =d, d>2, only fo = xy?!.

2. r(fo) =d—1,d >4, only fo = x(x +y)y?2 and fo = 2*y?2. For
d < 7 these are all exotic extreme forms and for d < 6 these are all
extreme forms.

3. Forr(fo) =d—2,d > 7, we have two infinite families of extreme exotic
forms which contain all extreme forms: fo = x(x + y)(z + ay)y?=3,
fo =2yt +ax?ly, where a € K \ {0}.

4. For r(fo) = d —3, d > 9, we have two infinite families of extreme
exotic forms which contain all extreme forms: fo = x(x + y)(z + ay)
(4 by)y? ™ and fo = (z + ay)y? ! + e(bz + y)(cx + y)z¢2, where
a,b,ce K, e € K\ {0}.
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Moreover, for d = 2m we have a reqular extreme form fy = x™y™, and for
d=2m with m odd, we still have extreme reqular forms

f0:$(3m+1)/2y(m—1)/2 + x(m—l)/Qy(fim—i—l)/Q‘
For d < 10 these are all reqular extreme forms.

Summarizing the results for small values of d, there are only finitely
many, up to a linear transformation, extreme exotic forms of degree d < 7.
For d = 6 these are zy°, 2%y*, x(x + y)y*. For d = 7, x(x + y)(z + ay)y?,
a € K, is an infinite family of exotic extreme linearly distinct forms.

THEOREM 3. For a binary exotic form f of degree d let
Dy =L LT Ly Ly,
where k > 1, e1,...,er > 1, and L; are projectively distinct. Let l;, for
i=k+1,...,k+1t, be a non-zero linear form annihilated by L;. Then there
exist ay,...,a; € K\ {0} such that
f+ allg+1 +---+ atllcgl+t = fo,

where fo is an extreme form with

Df — Lil-‘rl LZk+1

) e .

Moreover, fo is the only extreme form such that f = fo and the summands

in the above decomposition of fy are uniquely determined by f.

It follows from the above theorem that if for a form f we denote by
f~ (by f*) the partially ordered (by <) set composed of all forms g < f
(f = g, resp.), then f* for all exotic forms f, and f~ for all plain forms,
are isomorphic to a partially ordered (by inclusion) family of all subsets of
a finite set.

THEOREM 4. Let f be a regular form of degree d = 2m. Let
Dy =8 LT L Ly, er b teptkAt=mA1,

where k > 1, e1,...,ep > 1, and L; are projectively distinct. Let l;, for
i=k+1,...,k+1t, be a non-zero linear form annihilated by L;.
If D1 f =0, then there exist ay,...,a; € K\ {0} such that

f + a1l§§+1 + -+ atllggl_t,_t = an
where fo is an extreme form with
_ reitl +1
Dy, =Ly . L.
The summands in the above decomposition of fo are uniquely determined
by f. Moreover, there are only finitely many extreme forms fy such that

f = fo, and every such form is defined in the way described above by some
differential operator Dy .
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PROPOSITION 1. For a binary exotic form f of degree d, a linear operator
L divides Dy if and only if al?, where Ll = 0 and a € K \ {0}, does not
appear as a summand in any presentation of f of length r(f).

The above proposition describes some obstacles for a sum f = l‘f—i—~ PR
to appear in a minimal presentation of an extreme form fy given as

d—ey

fozglmiliel ++gumu )

where my, ..., m, are pairwise projectively distinct linear forms, g1,..., gy
are forms of positive degree eq,...,e,, respectively, and m;{g;. The next
proposition shows that if » < r(fy) — [(d + 2)/2], this is the only obstacle.

PROPOSITION 2. Let f be a plain binary form and let f =1 +--- +1¢
be its presentation of minimal length. Let fo be an extreme form

fo=gmi™ 4. fgmi e e 4 teutu<(d+2)/2,
where mq, ..., my are pairwise projectively distinct linear forms, gi,..., gy
are forms of positive degree ey, ..., e,, respectively, and m;{g;. Assume that
every linear form l; is projectively distinct from any form m;, fori=1,...,r,

j=1 ..., u.
Ifr <r(fo)—[(d+2)/2], then f < fo. Moreover, for every degree d > 1
the inequality is best possible.

COROLLARY 4. For every form f of degree d with r(f) < |d/2] there
exist infinitely many extreme forms fy such that f < f.

However, Corollary [4] is not best possible, as shown by

PROPOSITION 3. For a given form f of degree d, there exist infinitely
many extreme forms fo = f if and only if r(f) < (d+1)/2.

COROLLARY 5. For every binary form f exactly one of the inequalities
f =g, f > g admits infinitely many solutions g.

In fact, it follows from the above results that for all plain forms and
regular forms of odd degree there exist only finitely many forms less than
the given form, and infinitely many greater forms. For all exotic forms and
for regular forms of even degree there exist infinitely many forms that are
less than the given form, and only finitely many greater forms.

The next proposition describes a method for finding some extreme form
greater than a given plain form.

PROPOSITION 4. Let f be a form withr = r(f) < (d+ 1)/2. Let G be the
mazimal squareful factor of £ € Ag_ri2(f). If 0 < degG < (d +2)/2, then
there exists an extreme form fo such that Dy, = G and f < fo. Conversely,
if f < fo, where fo is extreme, then Dy, is a maximal squareful factor of
some Ef € Ag_ry2(f)-
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Regular extreme forms f are mysterious. We already know from Theo-
remthat they are of even degree d and in case d = 2m, we have r(f) = m+1
and every element in A,,11(f) is either squarefree or squareful. The next the-
orem implies that up to a linear transformation, unexpectedly, there are only
finitely many extreme regular forms of any even degree d, but their number,
in general, is not explicitly given.

THEOREM 5. A regular form f of degree 2m is extreme if and only if
either it is equivalent via a linear transformation to x™y™, or in Ap+1(f)
there are three coprime squareful forms that together have exactly m + 3
projectively distinct linear factors.

COROLLARY 6. For m <5 a regular form f of degree 2m is extreme if
and only if either f is equivalent via a linear transformation to x™y™, or

m=3 or5 and f is equivalent via a linear transformation to x(3m+1)/2y(m=1)/2
— p(m=1)/2,/(8m+1)/2.

COROLLARY 7. For every m there exist up to a linear transformation
only finitely many extreme reqular forms of degree 2m.

Corollary [6] does not extend to m > 5. Indeed, if m = 2kl — 1 (I > 1),
there is an extreme regular form f of degree 2m with three squareful forms

in Am+1(f)i
((Xk+yk)l+ykl)2’ ((Xk+yk)l_ykl)2’ Ykl(Xk—i—Yk)l.

For k = 1 we obtain forms f mentioned in Corollary [6] but for k£ > 1 the
explicit descriptions of the relevant forms f are much more complicated,
though, in any case, such a form is uniquely, up to projective equality, deter-
mined by two explicitly given differential equations. For m = 6, J. Browkin
has found an interesting explicit example given at the end of the paper.

In [I], the current authors considers presentations of a given form f of
degree d in n variables as a sum of powers lil—k- 414 where Iy, ..., 1, are lin-
ear forms and 1, .. .,l, do not belong to a given finite family of hyperplanes
in the space of linear forms. This has led to the following definition:

DEFINITION. One says that f has a lot of presentations of length r if
for any finite set of points {p1,...,pm} in K2\ {0} there is a presentation
f =194 +1¢ such that l;(p;) # 0 for all i <7, j < m.

For f essentially depending on n variables, let 7(f) be the minimum r
such that f has a lot of presentations of length r. In the case of binary
forms f essentially depending on two variables, it has been noticed in [I]
that 7(f) < d and 7(xy?~!) = d. The next proposition determines 7(f) for
various forms f.
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PROPOSITION 5.

1. For every exotic form f, 7(f) =r(f).
2. For every plain form f, 7(f) =d —r(f) + 2.
3. For every regular form f,

o [d/24+1  ford even,
)= { (d+3)/2 ford odd.

3. Proofs of Theorems 1 and 1’

LEMMA 3.1. For

d
F=> (f) i’y d=2n+1,
1=0

let
gt gy L gyt
Gp+1 Qp, ap
C(f) = | An+42 ap+1 .- aq
a2n+1 agn R an,
Ifr(f) <n, then C(f) =0. If r(f) =n+1 and

n+1

(1) F=>1,
i=1

where l; are projectively distinct non-zero linear forms, i.e. (1) is a presen-
tation of f, then

n+1

(2) () =k]] b
=1

where k € K and the presentation is unique up to the order of summands.
Proof. See [5].
LEMMA 3.2. Ifr(f) > n and discr C(f) =0, then r(f) > n+ 1.
Proof. If we had r(f) =n+ 1, then it would follow from (1) that
discr C(f) # 0.

LEMMA 3.3. If f = Z?ill 1¢ is a presentation of length n + 1 = r(f),
then

(3) r(f + (az +by)?) <n
if and only if (ax + by)? = —l;-i for some j <mn+ 1.
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Proof. Assume that (3) holds and
f+ (ax + by)d = me
is a presentation of length s < n. Then

f=- aa:+by Z

=1

and s+1>n+1, hence s =n, ax+ by is prOJectlvely distinct from m;, and
by uniqueness of presentation (Lemma [3.1])

—(az + by)? = l;l
for some j < n + 1. Conversely, if the above equality holds, then
n+1

f+ (azx + by)? Z 14

i1=1,i#7j
and (3) holds.

LEMMA 3.4. Ifa form f of degree d > 1 is extreme, thenr(f)>(d+1)/2,
i.e. [ is exotic or reqular of even degree.

Proof. Assume that f is extreme, r = r(f) and let
f=l+ 41l
be an r-presentation. For every linear form [ € K|[x,y], we have
fH1t=mi+ - +m?
for some linear forms mq,...,ms and s < r. Then
B+ i+t =mi+ -+ md
and this gives a presentation of zero of length at most r + 1 + s. Hence, by
[1, Corollary 3],
r+l+s>d+2and2r+1>d+2, ie. r>(d+1)/2

It remains to exclude the case d = 2n+1, 7(f) = n+1. Let F = f+(az+by).
For d > 1, we have
discr C(F) = P € K]la, b].
If f= Z"H(aix + b;y)? then by Lemmas and ,
P(_aia _b’L) = 07 P(07 O) 7& 07
hence P(a,b) = 0 defines a curve. This curve contains a point (ag, bg) differ-

ent from ‘ ‘
(=Cai—Cbi) (1<i<n+1,0<j<d)
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and the form Fy = f + (apx + boy)? satisfies the assumptions of Lemma
hence r(Fy) =n+ 1 and f is not extreme.

LEMMA 3.5. Let s(f) be defined as in Lemma 2.2. If s(f) < (d+1)/2
and Dy is not squarefree, then r(f) =d+2 — s(f) and £y can be chosen to
be squarefree. If s(f) = (d +2)/2, then r(f) = s(f).

Proof. Let v = r(f) and s = s(f). By Lemma 2.1, A,(f) contains a
squarefree form G. If s < (d 4 1)/2, then by Lemmal[2.2{ii), G = AD;+ BEj,
where A, B € K[X,Y]. Since Dy is not squarefree, we have B # 0, hence

r=degG > deg&y =d+2—s(f).
However, again by Lemma we have (Dy,&f) = 1. Let D3 be any form of
degree d+2 —2s(f) prime to . By Lemmathere are a,b € K such that
Gap = aDyD3 + bEy is squarefree. Hence r = d + 2 — s(f) by Lemma
and since b # 0 we can replace Dy as one of the generators of A(f) by Ggp.

If s = (d + 2)/2, then by Lemma[2.2[(ii), A(f) is generated by two coprime
forms Dj, D2 both of degree s. By Lemma [2.3] there is a squarefree linear
combination aD; + bDy and this is a squarefree form of the least degree in

A(f). By Lemma 2.1} r(f) = s.

LEMMA 3.6. If f is exotic then s(f) < (d+1)/2, Dy is not squarefree

and
Ar_y = DyK[X,Y]—oer.

Proof. 1f we had s(f) = (d + 2)/2, then by Lemmal[2.2} Dy and £ would
be both of degree s(f) and since (Dy,&f) = 1, A(f) would contain, by
Lemma a squarefree operator of degree (d + 2)/2, hence by Lemma
we should have r(f) < (d+ 2)/2, contrary to the assumption. If Dy were
squarefree, we should have r < s < (d 4 1)/2, a contradiction again. Finally,
A,_1(f) does not contain any element ADy + BE; with B # 0.

Proofs of Theorems |1l and 1'. We shall first prove that the condition is
necessary. So assume that f is extreme. Then by Lemma [3.4] we have

r=r(f)>(d+2)/2, s=s(f)=d+2-—r.
Suppose that As(f) contains an element D which is neither squarefree nor
squareful. Hence D = DyL, where L is a linear and L does not divide Dy.

Choose a linear form [ # 0 such that Ll = 0.
Since LDy f = 0 we have

Dof = 1%+ for some ¢; € K.
Since L does not divide Dy,
Dol = 31475t for some ¢ € K\ {0}.

It follows that
Do(f —al®) =0 fora=¢/co,
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and since Dy of degree s — 1 < d/2 is not squarefree,
Dy_ya = Do, r(f—al’)y=d+2—degDy=d+3—s=r(f)+1.

The contradiction obtained shows that all elements of A(f) are either
squarefree or squareful. If f is exotic, then, by Lemma , As(f) contains
no squarefree elements, hence all elements there are squareful.

In order to prove that the condition is sufficient, assume that

r=r(f)>(d+2)/2, s=s(f)=d+2-r

and that all elements of A(f) are either squarefree or squareful. Let [ €
K|z, y] be a linear form and choose a linear operator L # 0 such that LI = 0.
Suppose that

r(f+1) =r+1.
Then by Lemma [3.5]
s(f+1=d+2—-r—1=d+1—-r<d/2
and for Dy = Dy 4 we have
Dy f + Dyl =0.
It follows that
LDy f=—LDy*=-DLI"=0, LD; € As(f).

By the assumption, LD is either squarefree or squareful. If LD; is squarefree
then D; is squarefree, contrary to Lemma [3.6] Therefore LD, is squareful,
L divides Dy,

Dif =—-Dyl%=0,

and by Lemma [3.5]
r(f)=d+2—degD; =r+1,

a contradiction. This completes the proof of Theorem |1} Theorem 1’ follows
now from the last statement of Lemma

Proof of Corollary [l We can assume without loss of generality that the
linear factor in question is y. Then Dy | X4=m+1 and, since Dy does not
divide X for m < d, Dy is squareful.

Proof of Corollary[4 1f d > 5, r(f) > d—1 and [ is extreme, then by
Lemma s = s(f) <3, and by Theorem |1}, Dy = L*, where L is a linear
operator. Assuming without loss of generality that L =Y we obtain

s—1
f = Z aixd—zyz7 as—1 ?é Oa
1=0

and f has a factor x with multiplicity d — s+ 1 =17+ 1.
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To prove the second assertion of the corollary put f = x4 1y + zy® 1. If
d> 7, we have Dy = X 2Y2 and Theorem [1| applies. If d = 6 every element
of A4(f) is of the form a(X* — Y?) + bX?Y? and is either squarefree, if
a(b? + 4a?) # 0, or squareful otherwise, and Theorem [1] applies.

4. Proof of Theorem Assume that f is extreme and exotic. Then
it follows from Theorem 1’ that Dy is squareful and

Dy = MO M

wheree; > 1fori=1,...,uand e;+---+e,+u < (d+2)/2. Fori =1,...,u,
let m; be a non-zero linear form such that M;m; = 0. Then it follows from
Lemma [2.1] that

d—eqy

F=gumi™ o gumi e,

where g;, e; satisfy the above conditions. Thus the conditions given in the
propositions for a form to be extreme and exotic are necessary.

In order to prove that they are also sufficient, assume that f can be
decomposed as

d— _
f:glml €1 ++gumg €y
with g;, e; and m; as above. Let M;m; = 0 for some non-zero linear opera-
tors M;, where ¢ =1,...,u. Then

Mi€1+lgim;l7€i _ mgfei(Miengi) —0,
since

deg(MFtg)) = e; +1 > ¢; = deg g;.
Hence f is annihilated by Mfﬁl ... M&*1 On the other hand,

Mg = mi“(Mfig;) = aim{ % # 0,

%

where a; € K \ {0} (g; is not divisible by m;, hence M*g; # 0) and

u u
) 41 41 ) .
Mfz( H M;]Jr )f H MjeJJr M:‘z)glmld e;
=1, J=1, 57
u
= H Mjej“aimf_ei = bimf_(el+"'+e“+u_l) #£0.
j=1,j#i
The last inequality follows from d — (e1 +---+ e, +u—1) > 0, Mym; #0
for j =1,...,u, j # 4. Thus f is annihilated by

u
D =] M
i=1
but, for 7 = 1,...,u, f is not annihilated by D/M;. Thus D = Dy. Now,
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it follows from Theorem 1’ that f is extreme and exotic with r(f) = d —
degDy+2=d—(e1+ - +ey+u)+2>(d+2)/2.

5. Proofs of Theorems [3]l and 4

LEMMA 5.1. Let r = r(f) > (d+2)/2, and let L; for 1 < i < k+t
denote projectively distinct linear operators. If t > 1 and

Dy =L LT Ly Ly,

then for some a; # 0, f1 = f—i—atlgH has the minimal length of presentation
equal tor + 1 and

Dy = L8 LT Ly L.
Proof. Let Lil; =0for 1 <i<k+t and
H=L5 L L o L.

Then Hf # 0, but L Hf = 0. Hence Hf = alglf“ for some a € K \ {0}

and s =d+ 2 — r. Thus

(4) H(f + adify,) = 0,

where a; is chosen in such a way that H (atlg

s — 1 it follows from Lemma [3.5] that
r(f+add)>d—(s—1)+2=r+1.

Since obviously r(f+a;l{) < r+1wehave r(f+a;lf) = r+1 and s(f+add) =
s —1=deg H. In view of (4) we have

H=Dyrout, =Ds

1.

= —al® 5! Since deg H =

+t) k+t

Proof of Theorem[3. It follows from Lemma [5.1] by induction on ¢, that
there exist ai,...,a; in K \ {0} such that

f + allg+1 + -+ atlg+t = f07
where fo is an extreme form with Dy, = L{* ... L{*. The minimal length of
presentation of fy is equal to d — (s —t) + 2 = r +¢t. Thus

fo—f= @1l1(§+1 +- atlg—&-t
is a presentation of minimal length and hence it is unique for fixed fj, since
its length is t < s — 1 < d/2.

It suffices to show that fj is unique. Notice that anyway
Lo L (f) =0

and

Lis1 -+ Lyt (fo) = Lig1 -+ Lia (f + (@l + -+ ailyy))
= Lis1-. L £0.
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If fo, f{ both satisfy these conditions, then

Lis1- - Ly (fo — fo) =0,
hence fy— f{), annihilated by Dy, = D 7, can be represented, by Lemma
as a sum of powers of linear forms projectively equal to ly41, ..., g4+ Thisis
not possible unless fo — f = 0, because both operators annihilating fo — f{),
namely Dy, and Ly ... Ly, have degrees smaller than (d 4 2)/2, but are
relatively prime.

Proof of Theorem [{] For the proof of the first part of the theorem it
suffices to use the same argument as in the proof of Theorem [3| Finiteness
of the set of extreme forms fy such that f < fo follows from Lemma [2:3]

6. Proof of Proposition In order to prove that the condition for
L |Dy is necessary, let [ be a non-zero linear form such that LI = 0. If al?
appears in a presentation of f of length r = r(f), then A,(f) contains a
squarefree operator D of degree r divisible by L. By Lemma [2.2| we have
D =D;A+E&¢B, where A, B are forms from K[X,Y]. Since deg D = deg &y,
we have B € K, and (Dy,&¢) = 1 gives B = 0. Thus D divisible by Dy is
not squarefree, a contradiction.

In the opposite direction assume that L does not divide Dy and that
Ll =0. Now, if deg H < r and

HLf = H(Lf) = 0,
then Dy | HL, but since L does not divide D, we have Dy | H. On the other
hand, DyLf = 0. Thus if s(Lf) < d/2, then Dy = Dy and by Lemma [3.5,
r(Lf) =degLf+2—degDry=d+1—-(d+2—-r(f)) =r—1.
If s(Lf) = (d+1)/2, then again
r(Lf)=d+1—-s(Lf)=d+2—-7r(f))=d+1)/2=r—1.

Let
(5) Lf =11+ 1]

If [ is not projectively equal to any of [;, then integrating this presentation
with respect to L we obtain a form

fozall‘f+'--+ar_1lf_1, a1,...,0r_1 € K,
of degree d such that f — fy # 0 is annihilated by L, hence equal to al?,
a # 0. Thus we have a presentation of length r
f=al{+- - +a1l | +al®

containing al®.
If [ is projectively equal to [;, then A,_1(f) has a squarefree element Gg
divisible by L. Let Ay be an element of K[X,Y]s,._4—3 not divisible by L.
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Since Gy is squarefree, the discriminant of aAgDy + bG) is not identically 0
in a,b. Hence there exist ap € K \ {0} and by € K such that

G = aon + b Gy

is squarefree. We have G1 € A,_1(Lf) and L does not divide G, hence by
Lemma Lf has a presentation (5) such that no [; is projectively equal
to [ and this case has been considered earlier.

7. Proofs of Proposition [2| and of Corollary [4. First we prove the
following

LEMMA 7.1. The formula
d \d
(6) Z . (z + ziy) — day®!
i=1 szl,j;éi(zi = %)
for distinct z; satisfying

(7) 21+ -+29=0

gives all presentations of dry®=' of the minimal length d.

Proof. Since X? annihilates dzy®~!, by Lemma the minimal length
of a presentation of dxy® ! is d. By Proposition [l every form in such a
presentation depends essentially on z. An identity

(8) Z (z + zjy)? = day®™!
7=1

implies that

d
(9) dat=0 (i=0,....d—2,d), > a2} '=1,
j=1 j=1
hence
1 . 1
1 1
Z1 Zd
z1 Zd
(10) d—2 d—2 O E e — 0,
A1 2 d—2 d—2
-1 Ld-1 2] s Zg
1 cee 2y . "
zf .. zfll 0 1 d

and since z; are distinct, we have (7) by a well known formula (see [4, p. 333])
for the last determinant. The coefficients a; are determined by a system of
equations obtained from (9) for i = 0,...,d — 1. Using Cramer’s formulae
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and the formula for the Vandermonde determinant we obtain
d

(11) aj =[]z —2)7",
j=1
J#i
which gives (6). Conversely, if (7) and (11) are satisfied for distinct z;, we
obtain (10) and (9), hence (8).
Proof of Proposition 2. Let L; be non-zero linear operators such that
Lil; =0 fori=1,...;r+1,....,7r+u.
We shall prove below that
(x) fi=—f+ (gllftfl + o+ gul®ie) s either exotic and
Dy, =Ly...L, L0 Letl,
or regular of even degree and
Ly L Lo Lt € Ay (f)
Denote e; + - - - 4+ e, by e. Notice that
D=1Ly...L, Lo . Let!
annihilates fi and has
degD=r+e+u=r+d—r(fo)+2
<r(fo) = [(d+2)/2] +d—r(fo) +2
=d+2—[(d+2)/2] =[(d+2)/2].
By Lemma and Theorem [2| in order to prove (%), it remains to show
that no proper factor of D annihilates fi. Hence it remains to show that
Li_lDfl #0fori=1,....,r+wu. Fori=1,...,r, this is clear:
L7'Dfy = gl ¢ #0,
since L;l; # 0 whenever j # 4. For i =r 4+ 1,...,7 + u, we have
— — d— i—r
L;'Dfi = L;'Dg;_,1;”°
— (Li_Ei_T_ID)Lfi_rgi_rl;i_ei_r — ai<Li_ei—r_1D)l?_ei—r7
where a; € K \ {0}, since g;—, is of degree e;_, and is not divisible by ;.
Then
(L DS = pd=e £ 0, b e K\ {0},
since no L; with j # ¢ annihilates ;.
Then we consider the decomposition of f; given by
fr=—l = =1 (gl 4 guld ).
We have r(f1) =d — (r+ (e +u)) + 2. Denote r(f1) by r1. Let

fi=mi+- o +md
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be a presentation of minimal length. Then

gl gl =1 m e md

1

is also of minimal length equal to d — (e + u) + 2. Hence
f=l 41 =gl o galde,

where gll,,_H +-+ gulf+5“ is extreme.

This completes the proof of the first part of Proposition 2] In order to
prove the second part we proceed in the following way. Let (,, be a primitive
root of unity of order n and consider first d = 2r. If r = 1 we have 2% £ zy,
hence the inequality r(f) < r(fo) — 2 cannot be weakened. If » > 1 we shall
show that f £ fy, where

f=a 4y (a+ Gy, fo=2(1-2[2/r]ray® "

Assuming the contrary we infer from Lemma the existence of zq,..., 29,
in K such that

(12) 21+ + 29, =0,
(13) a1=0, z=¢, (2<i<r),
2r
(14) H(zi—zj):(1-2{2/@)—1:1—2@/@.
o
Now, (12) and (13) give
(15) ZT‘+1+"'+227‘:_L2/TJ’
while (13) and (14) give
2r r
I Gz =@ =212/ [[(-C )" =2[2/r] -1,
j=r+1 j=2
2r T
IT G =z =a=202/7 D[ =¢ )"
j=r+1 j=1
J#i
r—2
=@ =202//)JJa-¢ )
k=1

=(1-212/rDr-D7t (@2<i<r).

Denoting by yi the (r—k)th elementary symmetric polynomial of —z,11, ...,
—z9, and using (11) we can write the above system of equations in the
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form
Yo = 2L2/rJ - 17
§j<1mﬁ-1—2mﬁpv—wrﬂ— =t 2.
For r = 2 we obtain an insoluble system of equations yg = 1, yo = —3. For

r > 2 solvability of the system implies

1 0 0 —1
1 1 —1t-1

16)  F= (r=1) _o.
|G R (e L B (S ) e s

Adding the second column to the last one and then developing the determi-
nant according to the first row we obtain

(r—1) IHQ 1H Groq Crl (— )H(gfl_dfl)

3> >t

=04YT_2IHd4—-Ln¢&

r -
7>

contrary to (16). This contradiction shows that f 4 fo.

Consider now d = 2r + 1. If r = 1, we have (z + 2y)3 £ 27xy?, since
(z+2y)3 —27xy? has the factor  —y with multiplicity 2. Thus the inequality
r(f) < r(fo) — 3 cannot be weakened.

If r > 1, we shall show that f £ fo, where

s
; 2r+1 2r+1
f:Z(:E+C;r—l/er)QT—I—l:,rx2r+1+r1/2< T+ >$r+1yr+< 7“2—|— )xy%,
i1 r r

fo=(2r + Lay®

Assuming the contrary we infer from Lemma [7.1] the existence of distinct
21y ...y 22r+1 € K such that

(17) 214+ 22041 =0,
2r+1

(18) a=Cr 7 J[e-z)=1 @<i<r).
7=1
ji

Now, (17) and (18) give
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(19) Zrg1 + o+ 22041 =0,
2r+1 ‘ r . .
H ( iT_I/QT _ Zj) _ H( ir—l/Z'r’ _ Cg,r—l/Qr)—l
j=r+1 7j=1
i#i
r—1
=0 [T =gt = e g,
k=r—1
hence denoting by yi the (r 4+ 1 — k)th elementary symmetric polynomial of
—Zp41,- -+, —22r+1 and using (19) we obtain
r—1
(20) Cﬁ(r+1)r—(r+1)/2r + Z(Clir—l/%)kyk _ C};(r—&—l)r—(r-i-l)/Qr‘
k=0

It follows from (19) and (20) that y, = 0 (0 < k < r), hence 2,41 =
- = 29,41 = 0, contrary to the condition that the z; are distinct. This
contradiction shows that f £ fo and completes the proof.

Proof of Corollary[j} Forr <d— [(d+2)/2] = |d/2] — 1 we infer from
Proposition 2| that the form f = l‘li + .-+ 4 1%, where I; are projectively
distinct and not divisible by ¥, satisfies f < xy?~!. Thus for any two linearly

independent linear forms [ and m such that m{l; (1 < i < r) we have
f < ImT1,

8. Proofs of Propositions [3] and
LEMMA 8.1. Let d be odd, v = (d+1)/2, and f = S 1. Let 1% be

i=1""
projectively different from all lf, i=1,...,u. For some a € K*, f + al®
admits a minimal presentation of length u+1 if and only if Ayy1(f) contains
an operator D = D1LDs, where Ll =0, D1, Dy € K[X,Y], Dy is squareful,

deg D1 > 0 and D1Ds is not divisible by L.

Proof. Assume that f + al? has a minimal presentation of length u + 1.
It is sufficient to consider the case a = 1. Then Dy a is of degree u and
Df+ld = D1 D,, where D is squareful, deg D1 > 0 and

Diyjaf =Dya(f +19) = Dyl =0 — " = -,

Thus
DiLDyf =0

and D1 LDy € Ay 11(f). Moreover, since, by Proposition , no linear factor
of Dy e can annihilate a summand in the minimal presentation of f + 1, it
follows that DqDs is not divisible by L.

Now, assume that D1LDy € Ay41(f), where Dy, Dy, L satisfy the as-
sumptions of the lemma. Then D;Ds(f) # 0 is annihilated by L and hence
D1Dsf = bl4™* for some b € K*. Since DDy is not divisible by L, we have
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D1D5(1%) # 0. Thus, for some a € K*, we have Dy Do(f + al?) = 0. Notice
now that f + al? admits a presentation of length u + 1,

fHal=1+ . 414+

and this presentation is of minimal length. In fact, f + al® cannot have
presentations of length less than w, since otherwise f would admit two dif-
ferent presentations of length u (only one of them containing al?). Hence
the minimal length of presentation of f + al¢ is at least w. If it were u, then
A(f + al?), would contain both D;Ds and a squarefree operator Dy ygpa-
This is not possible, since u = (d + 1) /2.

Thus the minimal length of presentation of f+al® is u+1. This completes
the proof of the lemma.

Proof of Proposition[3. Necessity of the condition follows from Theorems
and [ In order to prove sufficiency, consider first the case where f is plain.
Let f =1¢+ .- +1% be its presentation of minimal length. Since f is plain,
2u < d+ 1. Let [ be a non-zero linear form projectively different from all
li,...,l, and let g = f + 1% Then g = lf 4+ -+ lff + 1% is a presentation of
minimal length. In fact, otherwise g = (§ +--- +1¢ + 1% = r¢ + .- +rd for
some linear forms r1,...,r, and we would have

lil—l—-'-—{—lg—i-ld—ril—-'-—Td:0.

u

Since [y, ...,l,,[ are projectively different and 2u + 1 < d + 1, this is not
possible by Lemma 5.3 of [1]. It follows that for any form [ as above, there
exists an extreme form h > f such that [¢ appears in a presentation of h — f
of minimal length. In fact, every extreme form h = ¢g > f has this property.

Now, if there exists a plain form which is dominated by only finitely many
extreme forms, then there also exists such a plain form with minimal length
of presentation equal to u = |d/2]. Let us consider this case. If an extreme
form h dominates f, then h — f is plain, since h — f admits a presentation of
length at most 7(h) —r(f) < d—u < d/2 < (d+ 1)/2. Thus the presentation
of h — f is unique and if the number of extreme forms dominating f is finite,
only a finite number of powers of linear forms can appear in all presentations
of differences h— f, where h > f and h is extreme. This contradicts the result
proved above saying that every form [ projectively different from Iy,..., 1,
appears in a minimal presentation of some difference h — f, where h is a
properly chosen extreme form dominating f.

Consider the case where f is regular of odd degree d. Then f can be
presented as I + - + 14, where u = (d+ 1)/2, and the presentation is
unique. Consider the space A,+1(f), of differential operators of degree u+ 1
annihilating f. Then

Ayi1(f) = {aDyX +bDsY +cf 1 a,b,c € K},
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hence is of dimension 3. Moreover Dy = L; ... L,, where L4, ..., L, are non-
zero differential operators such that L;l; =0 for ¢ = 1,...,u. Let W be the
subset of A,y1(f) corresponding to a,b,c such that discr(aD;X + bD;Y +
c€y) = 0. Then dim W = 2. Take the component W; of W which contains
L%Lz ... Ly. Then Wi contains an open non-empty, hence two-dimensional,
subset consisting of the operators M?Mj ... M, where My, ..., M, are pro-
jectively different linear operators. If among Mo, ..., M, there are infinitely
many projectively different linear operators, then it follows from Lemma 8.1
that for infinitely many linear forms I, 1, f+1% 1 is of minimal length u+1.
Hence f < g for infinitely many extreme forms g.

Otherwise, every operator from W can be presented as M?Ls ... Ly,
where M is linear and can be chosen to be projectively different from L;.
Then

M?Ly...Lyf = M?Ly... Ll = el{™!

for some e € K*. This contradicts the assumption that M?Ly...L, €
Aut1(f)-

This proves that there are infinitely many extreme forms g such that
f=y

REMARK. It follows from the proof that, in fact, each f as above is
dominated by infinitely many extreme forms g whose minimal length of
presentation is maximal (equal to d). The number of remaining extreme
forms dominating f is finite.

Proof of Corollary @ For r(f) < (d+1)/2 the inequality g < f has
finitely many solutions by Lemma 5.2 of [I], and the reverse inequality has
infinitely many solutions by Proposition 3| For r(f) > (d + 1)/2 the inequal-
ity g < f has infinitely many solutions by Theorem 5 of [I] and the reverse
inequality has finitely many solutions by Theorems 3 and 4.

Proof of Pmpositz’on. Let f =1¢4---+1¢ be a form and let r = r(f) <
(d+1)/2. Then Dy = Ly ... L,, where L; are non-zero linear operators such
that L;l; = 0 for i = 1,...,r. We already know that always (Df,&f) = 1.
Let

Ep =M MO Mg . My,

where My, ..., M, are projectively distinct linear operators and
O<er+--+e,+u<(d+2)/2.
Let mq,...,my4¢ be non-zero linear forms such that M;m; = 0,7 =1,...,

u+ t. It follows from Lemma that
f=gm{ "+ 4 gumd e taml 4+ aml

where g; are forms of degree e¢; and a; € K, fori =1,...,u, j =1,...,t.
Notice that g; # 0, a; # 0, since otherwise f would be annihilated by a
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proper factor of £¢. Then Theorem 2 implies that

d—e1 d—ey

fOZQIml + -t gumy,
is extreme. Moreover, f < fo. Indeed,
Jo=f— (almgH +-- '+au+tmg+t) = l(11+' ‘ “Hg_ (almgH +-- '+atmg+t)
and this is a presentation of fy of minimal length, since
r(fo) =d—(e1+---+e,+u)+2
=d—(e1+--+e,+u+t)+t+2=d—deg&s+t+2
=r(f)+t=r+t,

and this is exactly the length of the above presentation of fy. Thus f < fo.
Also r(fo) > (d+1)/2 > r(f). Hence f < fo.

Conversely, let f < fo, where fy is extreme. Then it follows from our
assumptions and Theorem [2] that

T
f=l+ 1t r<t,

for some linear forms m;, [; with e; +--- + e, +u < (d+2)/2 and t =
d—(e1+ -+ ey +u)+ 2. Thus

F=gmi 4 gumd = (U 4+ 1)

and an operator
e1+1 w1
Lyjqv... LM o M

of degree
t—rtei+--Feytu=d—(e1+- - Fey+u)+2—r+ei+- - Feytu=d—r+2
annihilates f. This completes the proof.

9. Proof of Theorem [l
LEMMA 9.1. If A(f) = A(g), then f/g € K\ {0}.
Proof. See [2, Lemma 2.12].

LEMMA 9.2. A regular form of degree 2m is extreme if and only if either
it is equivalent via a linear transformation to x™y™, or in Api1(f) there
are exactly three projectively distinct non-zero forms with a square factor and
each of them is squareful.

Proof. By Lemma 2.2, A,,+1(f) is generated by two coprime forms D;
and D5 of degree m + 1. Let

BI(X) :DI(X71>7 BQ(X):DQ(le)
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Since D1, Dy are not both divisible by Y we shall assume without loss of
generality that deg By = m + 1 and that B;, By are monic. Let

o B if deg Bo < deg By,
B { By — By if deg By = deg By,
so that n = deg C < m, and let the leading coefficient of C' be c¢. It follows
from
BBy — B1B} = B,C — B,C'
(prime denotes differentiation) that the coefficient of X™*" in B} By — B1 B}
is ¢(m+1—n) # 0, hence B|Bs — B B), is of degree m + n > 0, thus the
set Z of its zeros is not empty. Let
(21) BBy — BiBy=c(m+1-n) [[(X - 2)*.
z€Z
It follows by induction on ¢ that for every z € Z and for every positive integer
i < e(z),
(22) B () Ba(2) - Bi() By (2) = 0.
For every zg € Z the form
F = By(20)D1 — B1(20)D2 € Apy1(f)
has the square factor (X — 29Y)?. Moreover F # 0 since (D1, Dy) = 1 and
Bj(z9) # 0 for some j = 1,2. If F' is, up to projective equality, the only
non-zero element of A,,11(f) with a square factor, then for every z € Z we
have Bj(z) # 0 and

Bs—j(2) _ Bs—j(%)
Bj(z)  Bjz0)
Now, by (22), .
P = Bony(X) - S ()

contains the factor X — z with multiplicity e(z) + 1, hence by (21),
m+1>deg P > deg(By{Bs — B1B)) + |Z| =m+n+|Z] >m+n,
thus n = 0. It follows that By — By =b € K \ {0}, hence
bY™H =Dy — D € Apia(f)

and A,,+1(f) contains at least two non-zero, projectively distinct elements
with a square factor, namely F and Y™ *!. This contradiction proves that
the number of projectively distinct non-zero elements of A,,11(f) with a
square factor is at least two.

We proceed to prove that there are at most three such elements. Let
F1, F5 be two of them and suppose that

(23) arFy +agFy = F3,  biF1 + boFy = Fy,
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where a;,b; € K \ {0}, F3, Fy have a square factor and are projectively
distinct. Since (D1,D2) = 1 the forms F; (1 < i < 4) are coprime, i.e.
pairwise relatively prime, and since f is extreme, F; are squareful. Let
(24) Fi(X) = Fi(X,1) = [T (X —2)®.
2E€Z;
We see that Z; are disjoint (one Z; may be empty) and
(25) ei(z) >2 (1<i<d4,zeZ).
From (20) we obtain
a1F1 + agFy = F,
biF1 4 byFo = Fy,
and by differentiation
0(F\ Ty — FiF)) = FyFo — TsF),
b (F\ Ty — F1FY) = F\ Ty — Fu 'y,

By (24) and (25),

If deg F'; # deg F'9, then
deg F'3 = deg F, = max(deg F'1, deg F5)
and (26) gives

3 — — 1 — —
(27) 2 max(deg F'1,deg F'9) + 5 min(deg F'1, deg F'5)
< max(deg F'1,deg F2) + min(deg F,deg F) — 1,

a contradiction. If degFL are equal, then the same argument applies. If

deg F'1 = deg F'2 but deg F'; < deg F'y for j = 3 or 4, say j = 3, we have
o 1 .,
F\Fy—FFy= - (F\F3 — FiFy)

and (27) holds with F replaced by F3. This contradiction shows that the

number of projectively distinct non-zero elements of A,,+1(f) with a square

factor is at most three.

It remains to prove that for a form f in question, A,,4+1(f) contains

exactly two projectively distinct non-zero forms with a square factor if and
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only if f is equivalent to 2™y™. Let the two relevant forms in A, 11(f) be
Fy and F5, and let F;(X) = F;(X,1) for i = 1,2. We have
(28) (F1,Fy) =1
and we assert that
(29) F\Fy— F1Fy=c1(F1,F))(Fy, Fy), ¢ € K\{0}.
If it were not so, then
F’lfz - Flflz
(1, Fy)(Fs, )
would have a zero (. If ¢ were ¢ a zero of F; with multiplicity m; > 0, then
¢ would be a zero of F;/(F;, F;) of multiplicity 1, hence H(¢{) = 0 would
imply

FiFs_;
(F1,Fy)(Fa, Fy)

(€)=0

and since (;%,)(g) # 0 we should obtain F3_;(¢) = 0, contrary to (28).

Therefore F'1(¢)F2(¢) # 0 and the form Fy(¢)Fy — F1(¢)F, projectively
distinct from Fy, F, would have the square factor (X —(Y)2. This proves (29).

Now, suppose that F; has exactly g; projectively distinct factors and
q1 > g2. Then

(30) deg (Fl,Fa)(Fg,Fé) =deg F'; +deg Fo —q1 — ¢2
and
deg(ﬁllfg — EF’Q) =degF1+degFy—1 if degF; # deg Fs.

This gives, by (29), that ¢ = 1, ¢o = 0, thus F; is a power of a linear
polynomial, Fy € K\{0}. It follows that F; = L™ Fy = Y™*! where L is
a linear form and by a linear transformation we can achieve that F; = X"t
Fy = Y™*! Then f annihilated by Fy and F; is projectively equal to z™y™.

It remains to consider the case where deg 'y = deg Fy. Then Fy =
c3F1 + R, where c3 # 0, degR < degFy. If deg R < degF; — 2, then
F5 — ¢3F) is divisible by Y2 and projectively distinct from Fy, F», contrary
to the assumption. Thus deg R = deg F'; — 1 and

deg(F,Fo— F1Fy) = deg(F{R—F1R') = deg F1 +deg R—1 = 2deg F — 2.
Hence from (29) and (30) we obtain
2deg Fy —2 =2deg F1 — q1 — q2,

thus ¢ +q2 =2, 1 = @@ = 1, F; = L;j(X, 1), where L; is a linear form,
F; = L;n'H and the previous argument shows that f annihilated via F}, Fj
is equivalent via a linear transformation to z™y™.
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Conversely, if f = 2™y™, then A, 1(f) contains X™! Y™+ and up
to a constant factor no other form with a square factor.

LEMMA 9.3. For every positive integer s there exist up to a fractional
linear transformation only finitely many rational functions a,b € K(z)\ {0}
with the set S of zeros and poles such that a +b = 1, |S| = s and
— >_pes min{ord, a,ordy b} = s — 2.

Proof. See [0, Theorem 3| in which one takes k — K, K — K(x).

Proof of Theorem[5. We begin by proving that the condition is necessary.
By Lemma 9.2 it suffices to show that if P, @), R are three projectively distinct
forms in A,,41(f), then they are coprime and the total number of their
projectively distinct linear factors is m + 3. The former fact results from
Lemma 2.3. Also, replacing if necessary P, @), R by their scalar multiples, we
may assume that R = P + Q.

By a linear transformation we can achieve that Y | Q. Now, let
P=P(X,1), Q=Q(X,1), R=R(X,1)
and let w(P), w(Q), w(R) denote the number of zeros of P, Q, R, respectively.
Since P and () cannot be both divisible by Y we have
(31) degP=degR=m+1 > degQ,

and the abe-theorem (see [6]) gives

w(P) +w(Q) +w(R) >m+2.
We shall show that equality holds here. Therefore assume

(32) w(P) +w(Q) +w(R) >m+ 3.

Since

)=degP—w(P), deg(Q,Q)=degQ —w(Q),

inequalities (31) and (32) give
(33) deg(P'Q-PQ) =degQ+m > deg(P, P) +deg(Q, Q) +deg(R, F).
The polynomials (P, ?/), (Q, @l), (R, El) are coprime and each of them di-

vides F/Q — P@I. For the first two this is evident, for the third it follows
from the identity

(1) 2PQ-PQ)=P+QF -Q)- P +Q)P-0).
By virtue of (33),
PO-PQ
(P,P)(@Q,Q)(R,R)
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has a zero (. If we had P(¢) = 0 it would follow that

contrary to

This contradiction shows that P(¢) # 0 and similarly Q(¢) # 0, while iden-

tity (34) implies R({) # 0. Now consider the form

F=Q(Q)P - PO)Q.
F has the square factor (X —(Y)?, since Q(¢)P — P(¢)Q has ¢ as a multiple
zero. However, since (PQR)(¢) # 0, F' is projectively different from P, Q, R
contrary to Lemma This contradiction shows that
w(P) 4+ w(Q) +w(R) =m + 2.
Since @ is divisible by Y, the number of projectively distinct linear factors
of PQR is m + 3.

We proceed to prove that the condition is sufficient. If P, @Q, R are three
coprime squareful forms in A,,1(f) with the number of projectively distinct
linear factors of PQR equal to m + 3 we may assume that P + ) = R and
Q is divisible by Y. Let again

P=P(X,1), Q=Q(X,1), R=R(X,1).
The condition on PQR now gives

(35) w(P) +w(Q) + w(R) =m + 2.

By Lemma 9.2, it suffices to show that every non-zero form F' = aP + bQ
(a,b € K) with a square factor is projectively equal (~) to P,Q or R. If
Y?2| F, then since Y |Q and Y{P, we have a = 0 and F' ~ Q. If I has a
square factor and Y24 F, then aP + bQ has a multiple zero ¢. Thus

(36) aP(¢) +bQ(¢) =0, aP'(¢) +bQ'(¢) =0,
hence
(37) (PQ-PQ)(¢) =0

However, as shown in the first part of the proof,
(P,P)(@.Q)R.R)|(PQ-FQ).
Now, by (35),
deg (P, P)(Q,Q)(R,R) = deg P + deg Q + deg R — w(P) + w(Q) — w(R)
=m+degQ = deg(?/@ — ?@/),
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hence
— —

PQ-PQ =c¢P.P)QQ)RR), ceK\{o}
Therefore (37) implies P(¢) = 0 or Q(¢) = 0 or R(¢) = 0. If P(¢) = 0,
then Q(¢) # 0 and (36) gives b = 0, thus F ~ P. If Q(¢) = 0, then similarly
a =0, thus F ~ Q. Finally, if R(¢) = 0, then P(¢)+ Q(¢) = 0, thus by (36),
a=band F ~ R.

Proof of Corollary[f. We begin with a remark valid for every m. If any of
the three squareful forms is a power of a linear form, then, since each of the
others has at most (m + 1)/2 projectively distinct linear factors, the total
number of such factors is too small, namely at most m + 2. Thus none of
the three forms is a power of a linear form, which settles the case m < 2,
where every squareful form is of this type. For m = 3 the relevant squareful
forms are of the type X2Y?2, thus we have P = P, Q = Q?, R = R? where
Py, Q1, Ry have one linear factor each and P2+ Q? = R?. Therefore Ry + Py,
Ry — P; have one linear factor each, and taking them equal to 2X2,2Y? we
obtain

P=(X?-Y?*? Q=4X%Y? R=(X*+Y?? fo2dy—ay’.

For m = 4 the relevant squareful forms are of type X3Y?2, thus the total
number of projectively distinct linear factors of three such forms is 6 < m+3.
For m = 5 the relevant squareful forms are of type X4Y 2, X3Y3, or X2Y?2Z2.
The condition on the total number of projectively distinct linear factors leads
to P = P?, R = R?, where P;, Ry have three factors each, and Q = R — P
has two such factors. Therefore, R1 4+ P;, Ry — P; have one linear factor each,
and taking them equal to 2X3,2Y3 we obtain

P = (X3 o Y3)2, Q — X3Y3, R = (X3 + Y3)2’ f ~ x8y2 _ .%'ng.

Proof of Corollary [ For a form f of degree 2m, coprime polynomials
P,Q € Ap41(f) determine A(f) by virtue of Lemma hence by Lemma
9.1, f is determined by them up to a constant factor. Transforming P, Q)
by a linear substitution results in transforming f by the inverse of that
substitution, thus it suffices to prove that up to a linear substitution there
are only finitely many triples P,Q, R = P + @ of coprime forms of degree
m+ 1, which together have exactly m + 3 projectively distinct linear factors.
Assuming without loss of generality that Y | Q and putting

P=P(X,1), Q=Q(X,1), R=R(X,1)

we obtain

w(P) + w(Q) + w(R) = m + 2.
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Now, we apply Lemma with a = P/R and b= Q/R. Here

— Z min{ord, a,ord, b} = deg R =m + 1,
peS
S| = w(P) +w(Q) + w(R) = m + 3.

Thus the assumptions of the lemma are satisfied and so there exist, up to
a fractional linear transformation, only finitely many pairs P/R, Q/R in
question. It follows that up to a linear transformation there exist only finitely
many relevant triples P, Q, R.

EXAMPLE (due to J. Browkin). For m = 6 the conditions of Theorem
are satisfied by the following forms in K[X,Y],+1:

P=(X-Y)PUX? - XY +Y??2 Q=Y37X?-7XY +4Y?)?,
R=X3(7XY +7Y%)%

10. Proof of Proposition In all three cases we argue in the same
way. First we notice that, in all three cases, the number on the right hand side
is equal to d — s(f) + 2 = deg &f. Denote that number by t(f). Next notice
that dim A4 (f) > 2, t(f) < 7(f). Moreover, Ays)(f) contains coprime
forms and contains a Zariski dense subset consisting of squarefree forms.
Then it follows from Lemma [2.1] that it is sufficient to prove that, for any
given finite family My, ..., M; of projectively distinct linear operators, we
can find linear forms L1, ..., L, such that all forms L+,..., L., Mq,..., M;
are pairwise projectively distinct and G = Ly... L, € Ay (f). However,
for i = 1,...,r, M; does not divide all forms from Ay )(f), since Ay
contains coprime forms. Thus forms in A,y (f) divisible by M; belong to a
hyperplane and hence for a Zariski dense subset U C Ay(s)(f) the condition
G € U implies that M;tG for all i = 1,...,r. On the other hand, as noticed
above, for a Zariski dense subset V' C Ay4)(f) the condition G € V' implies
that G is squarefree. Hence, U NV # () and every form G € U NV satisfies
the required conditions.
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