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1. Introduction. Let D be a compact convex set in R?, containing 0 as
an interior point, having a smooth boundary curve C with nowhere vanishing
curvature. How many primitive lattice points (m,n) (m € Z, n € Z, m,n
coprime) are in \/z D for large x? If we write Ap(x) for the number of such
primitive points, the answer is certainly of the form

Ap(x) = 5 m(D)z + 0("+)

for every € > 0, for some 6 (independent of D) satisfying 1/4 < § < 1/2.
(Implied constants may depend on D and € unless otherwise specified.) Here,
of course, m(D) is the area of D.

Moroz [13], Hensley [7], Huxley and Nowak [10], Miiller [14] and Zhai
[21] have treated this question assuming the Riemann hypothesis (R.H.),

with improving values of 6 culminating in

33349
0, = 227 _0.3968. ..
7= a0 ~ 03908

(Zhai [21]). The smoothness assumptions on C vary in these papers. Indeed,
Zhai’s curves C are only piecewise smooth, and D is not necessarily con-
vex; but Zhai imposes Diophantine approximation conditions on the tangent
slopes on either side of the “corners” of C (if any).

In the present paper, I improve Zhai’s constant 6. For simplicity I as-
sume that the tangent slopes on either side of the “corners” of C are rational.
I shall make the following hypothesis about D, somewhat similar to those
in Nowak [15]:

(H1) D is a compact set whose boundary curve C = 9D can be written in
polar coordinates as
r=p0), 0<60<2m,

where p is positive and continuous.
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(H2) There is a partition
Op <01 <---<O5=2mw+6
such that p) is continuous on [6;_1,6;] and the curvature of
Cj:r=p(0), 0¢€l[0j-1,0],

is never zero. No tangent to C; passes through 0. No C; has both a
horizontal and a vertical tangent.
(H3) The reciprocal curves R(C;) (j =1,...,J) can be written in the form

r=p;j(0) (0i—1<60<0;)

with p§4) continuous on [6;_1, 0;].

H4) The tangents to C; at § = 6;_1, 6 = 6, have rational slopes.
J J J

For more details about reciprocal curves, see Huxley [8, Lemma 4], and
for a brief summary, §2 below.

In particular, suppose that D is convex, (H1) holds with p™ continuous
(as a function of period 27), and C has nowhere zero curvature. Suppose
also that R(C) is given by r = p1(f) with p§4) a continuous function of
period 27r. Then (H2)—(H4) are automatically satisfied. The main point here
is that because the tangent to C varies continuously in slope, we can choose
partition points 6g,...,0;_1 so that the tangent slope is rational at the

corresponding points on C.

THEOREM 1. Assume R.H., and let D be a compact set with the proper-
ties (H1)—(H4). The number of primitive lattice points in \/x D is

Ap(z) = % m(D)z + O(z/13+¢),

For comparison with 6, we note that 5/13 = 0.3846.... When D is the
unit disc, we have the stronger exponent 221/608+¢ = 0.3634 ... (Wu [20]).
For D as in Theorem [1] let

(1.1) Q(D;u) = Q(u) = inf{r? : u/7 € D}

whenever u € R?. The Hlawka zeta function of D is the meromorphic func-
tion Zp(s) obtained by extending

Zp(s)= Y Q(m)™" (Res>1).
meZ2, m#0

It is well-known (and will be shown during calculations in §3) that Zp(s) is
analytic in Res > 1/3 except for a simple pole with residue m(D) at s = 1.
With more effort, the domain can be enlarged, but we shall not need this.
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For results such as Theorem [I| we need to find ¢ as small as possible
such that

2T
(1.2) | 1Zp(o+it)?dt < T (T > 2).
T
The successive conditions on o published so far that suffice for (1.2]) are
o >0.75 (Huxley and Nowak [10]),
o >48/73 = 0.6575. .. (Miiller [14]),
o >1749/1168 = 0.6412... (Zhai [21]).

Dr. Miiller kindly sent me a sketch of an argument (based on a lecture of
Huxley) that gives the value o = 0.625. Even though I could not substantiate
all the details, this helped me understand the difficulties of this problem.

THEOREM 2. Let D be a compact set with the properties (H1)—(H4).
Then (1.2)) holds for o > 3/5.

The following estimate is an important tool for the proof of Theorem
It is of some interest that condition (H4) can be omitted in Theorems
and [4l

THEOREM 3. Let D be a compact set with the properties (H1)—(H3). Let
X >0, A>0. The number of solutions Np(X, A) of
(1.3) Qm)~ X, 0<Q(n)—Q(m)<AX
satisfies
Np(X, A) < 1+ X054 AX2.
The notation “I" ~ X” means X < ' < 2X.
It seems that the best previous result is
ND(X, A) <<X547/416+6+AX’

which can be deduced from the work of Huxley [9] by treating m trivially
in (T3).

I conjecture that 6/5 could be replaced by 1 in Theorem 3| A proof of
this would give a new approach to the work of Robert and Sargos [16] on
the number A of solutions of

|n?+ngfn§fnf|<ANﬁ, nj ~ N.
Here (3 is real, 8 # 0,1. It is perhaps not surprising that this special case
has a stronger result attached to it, namely
N<< N2+E+AN4+€‘

The following result is a step towards Theorem |2, and is almost a corol-
lary of Theorem
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THEOREM 4. Make the hypotheses of Theorem 3] Let
Sx(s)= Y, Qm)™

m#0,Q(m)<X

Then for 3/5 <o <3/4, X >1, T > 2, and X*>72° < T, we have

2T

| 1Sx (o +it)[? dt < T'*.

T

Theorem [3] will be proved in §2, and Theorem [ is deduced from it

there. This enables us to prove Theorem [2]in §3. In §4, we recall a standard
decomposition

Ap(r) ~ —m(D)e = Er(x) + Ba(a),

and prove that Fo(z) = O(2%/13%€) via Perron’s formula and Theorem
This is where R.H. is needed; the strategy follows Huxley and Nowak [10].
We then show that E(z) = O(2%/'3+€) via a refinement of exponential sum
estimates of Zhai [21]. Theorem [3|is used again in treating E;(x).

An idea of Montgomery and Vaughan [12] underpins [10} 14}, 2I] and the
present work, although the details of [12] are totally different. The present
paper uses some techniques from my paper [3], and I quote one lemma
from [3].

2. Proof of Theorem 3| and the deduction of Theorem [4} I begin
with an elementary lemma that I have not been able to find in the literature.
Let

Y(z) =2 —[z] - 1/2,
_ J(z) (= ¢Z), e V(@) (x¢Z),
Yolz) = {0 wez), Y@= {1/2 (x € Z).

Thus 2(1) — 1) is the indicator function of Z. For o # 0, (3 real, let

V(a5 (M) = Z @00(@1)-

1<n<aM

LEMMA 1. Let a >0, 3> 0, and M > max(a~!,371). Then

Yia,p)(M)+ W50 (M) = % ¢*(aM) + % P (BM)
1
~ (MM - o=

It is asserted by Nowak [15] that
(2.1) V(0,5)(M) =¥ pq)(M)+0(1)
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with implied constants depending on «, 3. Lemma [l] corrects this to

¥ (a,5)(M) = =¥ 5q)(M) + O(1).

(2.2)
Proof of Lemma The number of lattice points in the rectangle [1, aM]

x [1, BM] is
(2.3)  [aM][BM] = aM? — aM(BM) — BMyp(aM)

(ot ) o VM M) antyu(ann) +
We count these points in another way. The number of them in the triangle
1<z <aM,1 <y < fz/a, with weight 1/2 attached to those on the

upper edge, is
On 1
( B (M)

> el e(@))= 2 (5

2 2
(@M — (M) — 1/2)(aM — p(aM) +1/2)

1<n<aM
_B
2a
1
— 5 (@M —p(aM) —1/2) =¥ (q,5/(M)
B aBM? B 5 I5] alM
== — BMip(aM) + 25 ¥ (aM) - 30 2
YaM) 1
+ 5 +Z_!I’(a,,8)(M)~
Adding this to the corresponding expression with (a,3) interchanged, we
find that the right-hand side of (2.3) is equal to
g

QM — aMy(BM) = BMY(aM) + 5z P(aM) + o (M)
0 D (g pled) e

— ¥ (a,5(M) = W) (M).

The lemma follows at once.
For f : I = [a,b] — R with continuous nowhere vanishing second deriva-

tive, we write g = f if f” < 0, g = —f if f” > 0. Let ¢ be the inverse

function of g and write

G(u,v) = G(f;u,v) = vg(P(—u/v)) + ud(—u/v)

for (u,v) € E(f), where
B(f) = {(u0) : v > 0, ~vg/(a) < u < ~vg (B)}.
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We also write, for M > 1,
S(fLM) =) w(M[f(n/M)),

nM-1el
S LM) =) (M f(n/M)),
nM—-1el

and for integer h,

Su(fM)=" " e(hMf(n/M)).
nM—lel
As usual, e(f) denotes >,
For a compact set D satisfying (H1)-(H3), we write

Np(z)= ) 1, Nplx)= > 1.

(m,n)€xl/2D (m,n)exzl/2(D\C)
For x > 1, let
Pp(z) = Np(vz) = m(D)z,  Pp(x) = Np(vz) — m(D)z.
LEMMA 2. Let D be a compact set satisfying (H1)-(H3). We may write
Pp(x), Ph(z) in the form
J

:ZejS(fj,\/E)—i—O(l), Zej fj7 (1)7
j=1

where J = O(1), ej € {—1,1} and f; : I; = [aj,bj] — R, bj > a; >0,
1 _

has fj'/ nowhere vam’shz’ng and f @ continuous. For each j, one of Cj

{(Z‘,f](fﬂ)) Q?EI}OT’C _{(f]( ) ) yEIj} ’iSCj.
Proof. This is given by Nowak [I5], proof of Corollary 1]. The formula

(2.1)) is used there to interchange the role of the variables in counting lattice
points of D within a sector

x>0, y>0, p[i/ar<y/x<f2fas.

The reader may verify that in this part of the argument, (2.1 should be
replaced by (12.2]).

LEMMA 3 (Reciprocation). Let Cy be an arc in R? given in polar coor-
dinates by

r=p0), a<0<b,|a,b]C]|0,2r],

where p is positive and p(4) is continuous. Suppose that the curvature of Cy
is nowhere 0, and no tangent to Cy passes through 0. Let («(0), 3(0)) be the

point such that the tangent to Cy at the point P(0) with polar coordinates
0, p(0) has equation

a(@)z + B0y = 1.
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We write
R(P(9)) = (a(0), B(9)).

Then R(Co) = {(a(0),3(0)) : a < 6 < b} is a curve of nowhere zero cur-
vature which can be written in polar coordinates (R, ¢) as
(2.4) R=pi(¢) (c<¢<d).
No tangent to R(Co) passes through the origin.

Proof. This is a variant of Lemma 4 of Huxley [§], where a = 0, b = 27.
Most of the proof needs no change. We have
sin(f + \) 8(0) = _cos(f+ )
p(0)sin A\’ p(0)sin X\’
where X is the angle between the radius vector from 0 to P(f) and the

tangent at ; by hypothesis, A # 0. The radii of curvature o1(6) of Cyp and
o2(0) of R(Cp) are related by

o1(0)oo(0) sin® A(A) = 1,

(2.5) () =

and this shows that the curvature of R(Cp) is nowhere 0. The “self-recipro-
cal” property is that the tangent to R(Cp) at («(f), 3(0)) has equation
Az + By = 1, where (A, B) = P(0). This tangent does not pass through 0.

The representation simply requires that a half-line with initial point
at 0 never intersects R(Cp) more than once. If there is such a double inter-
section, it is an easy exercise in the intermediate value theorem to show that
another such half-line is tangent to R(Cp), which is absurd.

LEMMA 4. Define G(u,v) = G(f;u,v) as above and let
Co = {(z,9(x)) 10 < & < B}.

Suppose that Cy satisfies the hypotheses of Lemma . Then G(u,v) is homo-
geneous of order 1 on E(f) with constant sign, say e*. There are positive
constants ¢y, ¢y such that

(2.6) avu?+0v2 <|G(u,v)| < coVu?+0v2  on E(f).
The set of (u,v) in E(f) satisfying |G(u,v)| =1 is the curve e*R(Co).

Proof. This is a variant of material in Nowak [I5]. It is clear that G is
homogeneous of degree 1 on E(f). For (u,v) € E(f), there is a unique ¢
with

a < C < ba g/(C) = —U/’U,
so that
¢(—u/v) = ¢.
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Conversely, each ¢ in I corresponds to a half-line of (u,v) in E(f) with

g’ (¢) = —u/v. The equation of the tangent to Cy at (¢, g(¢)) is
v 902 =00) - g0 = a(-2) + Lo (-1).

v
that is,

(2.7) uz + vy = G(u,v).
Since this tangent does not pass through 0, we obtain (2.6]) for u? +v? =1
by continuity of G, and the general case by homogeneity. By continuity,
G takes only one sign e* on E(f).

Suppose first that e* = 1. Let ¢ € [a,b]. The point (u,v) in E(f) with
—u/v = g(C) and
(2.8) G(u,v) =1
is clearly R((, g(€)), and as ¢ varies over I, R((, g(¢)) varies over the curve

Glu,w) =1, ©>0, —vg'(a) <u < —vg(b),

as claimed.
Now suppose that e* = —1. The above argument goes through with
slight changes; we have |G(u,v)| =1 at the point —R(¢, g(¢))-

The relevance of G(f;u, v) to Theorem 2 will be seen below when the van
der Corput B-process is applied to exponential sums arising from Lemma 2]

LEMMA 5. Let Cy be as in Lemmaldl There is a compact set D satisfying
(H1)—(H4) such that Cy is one of the arcs Cy,...,Cy of C = 9D.

Proof. We can extend ¢ to an interval [a — n, b+ 7], with n > 0, so that
is continuous and ¢g” # 0 on [a — 1, b + 7], and no tangent to the curve

QO = {([B,g(.’ﬂ)) HEUS [CL - 7775‘1‘ 77]}
passes through 0. We can arrange that ¢'(a — ), ¢'(b+ n) are rational by

g

reducing 7.
We can now readily construct four circular arcs @y, ..., Q4 such that
(i) Qo,Q1,-..,Q4 are nonoverlapping and together form a simple closed

curve C that encloses 0;
(ii) the tangents at the endpoints of Q1, ..., Q4 have rational slope.

The compact set D whose boundary is C has the required properties.
LEMMA 6. Let &, & be finite sets in Z> and F;:& — R. Let
Sile) = Y e(Fj(h,D)a).
(hl)EE;
Let § > 0. The number of solutions N'= N (Fy, F», ) of
(2.9) |Fi(h1,l1) — Fa(ho, l2)| <0,  (hj,1;) €&,
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satisfies
1/26
N<d | 181(a)S(e)| da.
—1/26
Ifgl = 52, F1 = FQ, then
1/26
N> | [Si(a)f do
—1/26

The implied constants are absolute.

Proof. This is a variant of Lemma 2.1 of Watt [19]. Let

. sinmTa
sinca =

(a€R,a#0), sincO0=1,
A(a) = max(0,1 — |a]).

Then
sinc?a = | A(be(ab)db, A(b) = | sinc®be(ab)db.

Now sinc?a > 0 and, for |a| < 1/2, sinc® a > 4/7%. Hence

NS Z Z jsincz<215 (Fl(hl,ll)—FQ(h2,l2))>

(h1,l1)€€r (ho,l2)€E2

_ ”22 5_500 A(260)S1 () Sa() da

(after an interchange of summation and integration, and a change of vari-
able). Clearly,

a2 Y2
N<8 | 151(0)S2(e)] dov.
—1/26

Suppose now that & = &, F} = F5. Then

N > Z Z A((ls (F1<h1,l1)—F1(h27l2))>

(h1,l1)€&1 (ho,l2)EE

o 1/26
4
= S sinc?(6a)|S1(a) > da > = ) S 151 (c)|? dov.
“% —1/26

LEMMA 7. In the notation of Lemmal6], for any K > 0,
N(F1, cFy,0) < N(Fy, F1,0) >N (Fy, Fy, 5/ |c|)"/?
if K71 <|c| < K.
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Proof. By Lemma [6] and the Cauchy—Schwarz inequality,

1/26
N(Fi,cFy,0) <6 | |Si(e)Sa(ca)| da
—1/26
1/26 L |c| /26
/2 1/2
<K (5 { \Sl(a)\Qda> (5 { ]SQ(a)]2da>
—-1/26 —lcl/26

< N(Fy, Fy,0) Y2 N (Fy, Fy, |6]/c)'/2.
LEMMA 8. Let T > 1 and suppose that the number of solutions Np(X, A)
of (1.3)) satisfies
(2.10) Np(X,A) <1+ XT + AX?

whenever D is a compact set satisfying (H1)—(H4). Then the number of
solutions of

(2.11) Q(m) =p X, 0<Q(n)— Q(m) < AX
18
<p, 1+ X+ AX?
whenever X >0, A >0 and D is a compact set satisfying (H1)-(H3).

In the following proof, implied constants may have the same dependen-
cies as those in the conclusion of the lemma. We use this convention in
subsequent proofs also.

Proof. Let D be given satisfying (H1)-(H3). Choose fi,...,f; as in
Lemma [2| and fix j. As a consequence of Lemma there is a compact
set D* satisfying (H1)-(H4) such that C; is an arc of C* = 0D*. Let L1, Lo
be line segments joining 0 to the endpoints of C; and let £; be the part of D
bounded by L1, La, C;. Since £ C D*, the number of solutions of (|1.3]) with

m e X228, XoP7l < Q(m) < X2P,

ne XV2r2g, X7l < Q(n) < X2P
is < 1+ X7 + AX? for any integer p < 1. By Lemma [7, the number of
solutions Nj 4 of (L.3)) with

m e XY2r2¢, X2P7l < Q(m) < X2P,

ne XY221%g, X217 < Q(n) < X29
is also < 1+ X" + AX? when p < 1, ¢ < 1.

We may evidently suppose that A < 1. The number of solutions of
(2.11)) is
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it

with summation extending over a bounded set of (p, q). Lemma follows at
once.

LEMMA 9. Let K > 0. Let 7 > 1 and suppose that the number of solu-
tions of (L.3) is <pr 1+ X" + AX? whenever X >0, A >0, and D is a
compact set satisfying (H1)—(H4). Let D be given satisfying (H1)-(H3) and
let f1,...,fs be as in Lemma[2. Let H > 1. Then the number of solutions
of

’G(fj; l1, h1) + CG(fk, lo, h2)| < AH

with
(i, ) € E(f;)NZ%  hi=y, H,
(I2,he) € E(fx) NZ? — ha=y H
is <prx H* + AH*, provided that K—! < |c| < K.

Proof. By Lemma [7] we need only prove this in the case j =k, |c¢| = 1.
To avoid trivialities we need only bound the number of solutions of

(212)  ||G(fj; 1, )| = |G(fjil2 ho)|| < AH,  hy=<H, hy=

By Lemmal(7]again, we can restrict (I, hy) and (I2, ho) in (2.12) to a section S
in such a way that the curve Cg given by

(2.13) G(fj;u,0)| =1, (u,0) €5,
can be written {(x,h(z)) : ¢ < x < d} or {(h(z),z) : ¢ < x < d}. Now
Lemma 5| (in conjunction with Lemmas provides a compact set D*
satisfying (H1)-(H4) such that Cg is an arc of 0D*.
For (u,v) € S, we have

G (fr,0)] = QD (u, ) 2.

To see this, define 7 > 0 by 77(u,v) € Cg, so that
QD% (u,v)) =72, |G(f;u/T,v/T)| =
Then
|G(f;u,0) = T|G(f3u/7,0/7)] = T = Q(D*; (u,v))"/*.

Now implies
QD% (h,h)) =< H?,  Q(D"; (Ia, h2)) = Q(D"; (i, 1)) < H(AH) = AH?.
There are < 1+ (H?)"+A(H?)? < H* + AH* such quadruples Iy, hy, l2, ha.
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LEMMA 10. Let L > 1. There are trigonometric polynomaials

P(y) = Z ahe(hy)v ap K |h|_1a

0<|h|<L
Qy) = > bue(hy), by, < L7,
|hl<L
such that
(2.14) [v(y) — Py)] < Qy),
(2.15) [V (y) — P(y)| < Qy).

Proof. See Vaaler [I§] (also the appendix to Graham and Kolesnik [5])
for (2.14)); inequality (2.15|) follows by a limit argument.

Lemma [10] reduces the study of S(f, M), S*(f, M) to that of S,(f, M).
We quote the result of applying the B-process to Sp(f, M) from Kiihleitner
and Nowak [11].

LEMMA 11. Suppose that h > 0, f® : T — R, f® is continuous on I
and f" is never 0. In the notation introduced above,

(2.16)

M1/2 " 1
W= 2 Ve M)
+ O(rp(a) + rp(b) + log2M)
for M > 1. Here Y. indicates that values m = hg'(b), m = —hg'(a) corre-
spond to terms with weight 1/2, and
0 if hg'(c) € Z,

rp(c) = . 1 M2 _
min <th’(c)H’ iz otherwise.

In particular, the error term in (2.16) is O(log2M) when f’(a) and f'(b)

are rational.

The theory of the Riemann—Stieltjes integral used in the following lemma
(and subsequently) is the version expounded in Apostol [I, Chapter 9]. In
particular, the integral

Iy = | g(u) dh(u)

exists if h : [v,w] — C is the sum of a continuous function and a step func-
tion continuous from the right, while g : [v,w] — C is a function of bounded
variation continuous from the left. When [y exists for given bounded func-
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tions g, h on [v,w], so too does
Ir = | h(u) dg(u),

and
w

I+ I = h(u)g(u)|, -

v

279

LEMMA 12. Let D be as in Theorem [3] Let X > 1. Let g, k be left-

continuous functions of bounded variation on [X,2X]. Then:

2X

@ | g(w)dPp(w) < [lg]eX.
X

(ii) If |g(w)| < k(w), then

2X 2X

2X
| g(w) dPp(w) < | k(w) dw+‘ | k(w) dPD(w)‘.
X

X X
(iii) If g is continuously differentiable, then

2X

X

The sup norm is taken over [X,2X].

Proof. (i) This follows at once from

2X 2X 2X
(2.17) | 9(w)dPp(w) = -m(D) | g(w)dw+ | g(w)dNp(w),
X X X
sice oy
|| 9(w) dNp(w)] < llglloe (N (2X) = Np (X)),
X
(ii) From (2.17),
2X 2X 2X
|| g(w) dPo(w)| < m(D) § k(w)dw+ | k(w) dNp(w)
X X X
2X 2X

=2m(D) | k(w)dw+ | k(w)dPp(w).

X X

2X
[ gw) dPp(w) < glocX ' + | | g'(w)Pp(w) du]|
X

(iif) The estimate ||Pp|ls < X'/3 is due to van der Corput [4]. (Note
that it implies || P}/ < X'/3.) We shall not need later refinements (the
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most recent is in Huxley [9]). Now

2X - 2X
| 9(w) dPp(w) = g(w)Pp(w)[y — | ¢'(w)Pp(w)dw
X X

2X
< Nglloe X 4| | g/(w) Po(w) du.
X

The following lemma can be found in Titchmarsh [I7] and Graham and
Kolesnik [5].

LEMMA 13. Let F be a real differentiable function on [a,b] and G a real
continuous function on [a,b]. Suppose that F'(w)/G(w) is monotonic and

F'(w)/G(w) >m >0 or F(w)/Gw)<-m<0
on [a,b]. Then

b 4
(g G(w)e(F(w)) du| < —.

We now state a proposition that can be used twice to obtain Theorem
PROPOSITION. Suppose that
Np(X,A) <p, 1+ X7 + AX?

for some T > 6/5+ € and all compact sets D with the properties (H1)-(H3).
Then for 0 <n <1/11, 7 —n > 6/5+ €, we have

(2.18) Np(X,A) <pre 1+ X714 AX?
for all compact sets D with the properties (H1)—(H3).

To deduce Theorem [3] we observe that the hypothesis of the Proposition
holds for 7 = 4/3, since for fixed m, the number of solutions of ([1.3)) is

< Np(Q(m) + AX) — Np(Q(m) — AX) <p X'/* + AX

by the result of [4]. We apply the Proposition to show that the hypothesis
of the Proposition holds for 7 = 4/3 —1/11. Applying the Proposition again
with n =4/3 —1/11 — (6/5 + €), we obtain

Np(X,A) <p,. 1+ X054 Ax?
whenever D is a compact set with the properties (H1)-(H3).

Proof of the Proposition. In view of Lemma [8] we need only prove ([2.18)
for a compact set D with the properties (H1)-(H4). Write Q(m) = Q(D; m).
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The number of solutions of ([1.3) can be written in the form
Y. ANH(Q(m) + AX) - Np(Q(m))}

X<Q(m)<2X
2X
= | {Np(w+ AX) — Np(w)} dNp(w)
X
2X 2X
= | m(D)AX dNp(w) + | (Ph(w + AX) — Pp(w)) dNp(w).
X X
Thus it suffices to show that
2X
(2.19) | (Ph(w+ AX) - Pp(w)) dw < AX?
X
and
2X
(2.20) | Ph(w1)dPp(w) < X777+ AX?
X

where w1 =w + 7, v € {0, AX}.
The bound ([2.19) gives no trouble. We have

2X 2X+AX 2X
| (Phw+AX) - Ph(w)dw= | Pplw)dw— | Ph(w)dw
X X+AX X
2X+AX  X4AX
- ( i - )Pg(w) dw < XY3AX,
2X X
Turning to , we rewrite the result of Lemma [2| as
J
Pp(w) = 3 ¢;S%(fj, V) + F(w),
j=1

where F'(w) is a left-continuous function of bounded variation on [X,2X],
and F'(w) = O(1). Since

2X
| F(w)dPp(w) < X
X
from Lemma [12]i), we need only prove that
2X
(2.21) | S*(f, Vo) dPp(w) < X777+ XA
X

whenever f = fp : [a,b] — R with f® continuous, f” is nowhere 0, and
f'(a), f'(b) are rational.
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We apply Lemma [10] with

L = X3/2—T+77.
Writing
gl(w) :S*(fv \/‘*71)7 92((")): Z ahSh(fv\/‘*Tl)
0<|h|<L
and
= D uS(f, Vo)
IhI<L
so that

91(w) — g2 (w)| < k(w),
Lemma [12[(ii) gives

2X 2X
222) | g1(w)dPp(w) - | g2(w) dPp(w)
X X
2X 2X
<<Sk( dw—i—‘ w) dPp(w)|.
X

The contribution to the right-hand side of (2.22) from boSo(f,/wr) is
< X32L71 < X777 from Lemma (1)
We now apply Lemma We see that it suffices to show that
2X
| B(w)dINw) < X777+ AX?,
X
where dF( ) denotes either of dw, dPp(w) and
=/ 3" h2 N k(B De(wy PG (1L h)) + O((log X)?).
0<h<L —hg’(a)<I<—hg'(b)
Here G(I,h) = G(f;1,h) and |k(h,1)] < 1.
The integrals arising from the O((log X)?) term in the expression for
E(w) are O(X (log X)?) by Lemma(i), which is satisfactory. By a splitting-
up argument, we need only show that, for either choice of dI'(w),

(2.23) H¥2 Y ‘ g YAe(w}?G(1, h)) dl(w)| < X777 + X2~ A,
(hleg X

Here we may suppose that € is sufficiently small, and we have

(2.24) 1/2 < H < X327+,

we define € =E(f, H) b

(2.25) E={(h1)€Z? : h~H, —hg'(a) <1< —hg'(b)}.
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The case dI'(w) = dw of (2.23)) is immediate from Lemma (13| The left-
hand side of ([2.23) is
< HYP2XYHXTV2E) T < X3
For dI'(w) = dPp(w), we appeal to Lemma [12{(iii):

2X
(2.26) | w/e(w’?G(1 1)) dPp(w)
X

< X1/4+1/3+’ L e(wy?G (1, b)) Pp(w) dw‘

2X
+H G he(w 1/2G(l,h))PD(w)dw’_
X

The second term on the right-hand side of ([2.26) is also O(X/4+1/3), so that
together with the first term the corresponding contribution to the left-hand

side of (2.23)) is

O(H1/2X7/12) _ O(X3/4+7/12—T/2+n/2) — O(X™17)

since 7 —n > ﬁ > 2(3 + l). Thus we must show that

1/2 Z ’ S _1/4 I/QG(l,h))P'D(LU) dw‘ <<X7‘—77—6+X2_6A.
(hheg X

We apply Lemma [2| again, noting that

gy ‘ “g( WG(Z,h))O(l)dw‘
(hleg X
< H3/2X3/4 < X3—37'/2+37]/2 < XT—T]—E’

since 57/2 — 51/2 > 3 + e. Thus we must show that, with f; : [a1,b;] — R
a function (depending on D) having the properties ascribed to f,

(21) HV? Y H (@l G (R, D) S(f1, V) dw
(h)eg X
< XTnE +X2_6A.

We apply Lemma [10| again, with
Ll — H3/2X5/4—T+77+6
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in place of L. We obtain

2X
(2:28) | § wi el 260 )S (1, Vi) d
X
2X

<[Jwrte@PGum) Y awSw(h, Vi) de

X 0<|h/|<Ly

2X
ST S (1, V) dw

X |W/|<Ly

The contribution to the right-hand side of (2.28) from bg is O(X*/4L ).
In bounding the left-hand side of (2.27)), this gives rise to a contribution
< H3/2X5/4L1_1 — XT M€
After a further splitting-up argument, it suffices to show that

(2200 H Y2 Y ) g C (B 2GU ) S oS (1, V) dw
(hl)eg X h' <K
< X77n726 +X2726A
whenever K € [1/2,L], ¢y < K~! and 8 € {0,1}.
We apply Lemma [11| once more. The error O(log 2M) yields a contribu-
tion to the left-hand side of (2.29) that is
2X
<B? | w ST K llogrdw < HY2 X3 10g X < X771%
X B =<K
since 57/2 — 5n/2 > 3 + 5e/2.
It remains to show that

(2.30)

H-1/2—3/2 Z Z H ;1/4w1/4e(ﬁwi/2G(l,h)+w1/2G1(l’,h’))dw
(hl)eE (W 1eE X

< X712 4 X272 A
for g € {0,1,—1}. Here, with g1 = £ 1 having ¢{ <0,
E={W,I) e N ~ K, =hgi(ar) <U < =Hgi(b1)},
and G1(u,v) = G(f1;u,v), while 1/2 < K < Ly. Now in (2.30)),

%( WG, k) + W 2GL (U, B)) > XK
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unless
(2.31) B=+1, Hx=K.
If does not hold, the left-hand side of is
< H3/2K1/2(X—1/2K)—1 < H3/2X1/2,

which we have already seen is acceptable.
Suppose now that 3 = +1 and H < K. The contribution to the left-hand
side of (2.30]) from quadruples with

(2.32) G(l,h) -G (') < AH
is estimated via Lemma [9] using a trivial bound for the integral, as
(2.33) H Y2K32X(H* + H*A)

< H> 72X 4+ H2X A < XB/2=m4n)(2r=2)41 | x4-27421 A
Now

4—-27+2n<4-12/5 <2 — 2e.
Moreover,
(3/2—74+n)(2r —2)+1=57—27 + (21 —2) =2 < 7 — 1 — 2¢,
since T > 6/5 + n,
(2.34) 47— 272 —2 < 4(6/5+ 1) — 2(6/5 +n)? — 2
< —4n/5—2/25 < —5n/3 —3e < —n(21 — 1) — 2e.

This shows that the bound in is satisfactory.

If « = 41, H < K and (2.32)) does not hold, say |G(l,h) — G1(I', )|
> CAH, C =C(D) > 0, then
d

(@, hwi? — Gy (U, W w2

= ‘; (G(l,h) — G1(I',)w™ 2| + O(AHX1/?)

> |G(l,h) — Gy (I, W) X~V2.
Consider the contribution to the left-hand side of (2.30]) from quadruples
with
SH < G(I,h) — G1(I',h) < 26H,
where § = CA2F1, k=1,2,..., and § < 1. This contribution is
< H2(H? + H*)min(X, (HX Y™ <« H¥ 72X + HX'/?,
Summing over O(log X) values of 0, the quadruples for which (2.32)) fails

contribute
< HY2Xlog X + HX'?log X.
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The second term was shown earlier to be satisfactory, and the calculation
leading to (2.34)) gives the same outcome for the first term. This completes
the proof of the Proposition.

Proof of Theorem [{} By a splitting-up argument and Minkowski’s in-
equality, it suffices to show that

2T
12
(2.35) H 3 Qm) T dt < TV,
T Q(m)~X

The left-hand side of ([2.35|) is

2T

(2.36) YY) (Qm)QmM) T | (Qm)/Q(n))" dt
Qmy~X Q)X .

—20 min ! :
<4X ; ; (T’ log(Q(n)/Q(m)))

QRQIM)~X Q(m)<Q(n)<X

<log %) - <4

Those m,n with

contribute
2
<<X*2"{ Z 1} < X272
Qm)<2X

to the left-hand side of ([2.36).
For 4 <U LT, let

M(U) = [{(m,n) : X < Q(m) < Q(n) < 2X, (logQ(n)/Q(m))"! > U},

where | ...| denotes cardinality and we agree that (log1)~! > U. If (m,n)
is counted in M (U), then
2X 4
U _om 0<Q(n) - Q(m) <

2 7 Q(n) - Q(m) ~ Q(n) — Q(m)’ U’
By Theorem [3]

M(U) <« X053 L y=1x2,

A splitting-up argument now yields the following bound for the left-hand

side of (2.36]):

< T+ Z X*QUUM(U) < T+ (X6/5+E/3720'T+X2720') IOgT
U=2-1T>4
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since [ = 0,1,2,... runs over O(logT) values. The last upper bound is
<« Tt since X220 < T and X6/5+¢/3-20 < x¢/3 « T2¢/3 This completes
the proof of Theorem [@

3. Proof of Theorem 2, The following simple result is Lemma 5 of [3].

LEMMA 14. Let A >0, A< B<2A,C>2, C<D<2C. Let f be a
bounded measurable function on [A, B]. Then

D B A 9 B
m f(x):z:’tdx‘ dt < Alog C | | () da.
C A A

LEMMA 15. Let F': [e,d] — R. Suppose F is continuously differentiable
and |F'(u)| > klu| (¢ <u <d) for some k> 0. Then, for v >0,

E={uele,d: |F(u)] <7}
is the union of at most two intervals of length Ok(v'/?).

Proof. Suppose first that ¢ > 0. After changing the sign of F' if necessary,
F'(u) > ku>0 on (cd).
Clearly, {u € [¢,d] : —y < F(u) < «} is empty or is a single interval with
endpoints C, D say. Moreover,

D
2y > F(D)-F(C) = | F(u)du>Fk | udu
C

(D*-C?) >

k
2(D— ()2
2 ( C) ?
so that D — C < 2v1/2=1/2,

If ¢ < 0, we treat the interval [¢, min(d, 0)] in the same way by replacing
F(u) by F(—u). This completes the proof.

LEMMA 16. LetY > 1 and L > Y3. Let f : [a,b] — R and suppose that
1" is continuous and never 0. Let

SL(w)z%m > > ! (hw1/2f< 1/2))

nw=1/2¢€la,b] 0<|h|<L

2Y

(3.1) | 1S(f, VW) = Sp(w)]?dw < Y-

Y
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Proof. The left-hand side of (3.1]) is at most

(3.2) 22§/ P 2r0) - Y e 2FO) [,
Y 0<|h|<L 2mih
2Y

+2 S ‘ Z Gr(w)gn(w)| dw

Y nelaYl/25(2Y)1/2)
n>0

(where the first summand may be omitted if a > 0). Here

e(hw'/2f(n/w'/? T a
Gaw) = 3 (h 2J;(ih/ ))7 (@) :{1 f w12 € [a,1],

B> L 0 otherwise.

The first summand in (3.2) is O(Y) by the bounded convergence of the
Fourier series of 1. Applying Minkowski’s inequality, it suffices to show that,
writing I(n) = {w € [Y,2Y] : n/w!/? € [a,b]},

(3.3) > | Gn(w)? dw < Y2,
n€(aY1/2,b(2Y)1/2]) I(n)

We begin the proof of (3.3) by noting that, by Parseval’s equality on any

interval of length 1, we have

Zs 2
e(hz Zo—Z1+1
(34) S E (h) dz < % <Z2 > Zl)
Z1 ' |h|>L

Now fix n € (aY''/2,b(2Y)"/?] and write I = I(n). Let I; be the set of w
in I for which

o [Een()

the positive number 8 will be chosen below. We shall see that I; is the
union of at most three intervals, on each of which the derivative in (3.5 has
constant sign. It follows from (3.4 that

> Bwl/?;

d n y1/2
2 1/2
IS |G (w)] dw<“ / f(wl/2>)‘dw <z
1
so that ;
y'1/2 Y
2 -
S |G (w)]” dw < Lv13) ~ 13
Iy
Now

d / n . n n { n
ia(1(Gm)) =2 0 (Gm) - aim s ()
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We observe that
@) — uf @)} = [-uf" (@) = Kl on [a,8]
where k = k(f) > 0. By Lemmal[l5] I\ I; may be written

INI ={wel:n/w'? e E},

where E is the union of at most two intervals of length O(5'/?) with end-
points between n/(2Y)'/2 and n/Y /2. It may readily be verified that I\ I;
is the union of at most two intervals of length O(Y?/23Y/2/|n|). Again using
bounded convergence,
3/231/2
| 1Gn(w)P dw < s
I~ |

Choosing 3 = Y ~Y3L=2/3|n|?/3 we see that
y4/3

2 e —
VG () dw < ETEER

I
Thus the left-hand side of (3.3)) is

Z Y4/3 Y3/2

1/2
RETEE <77 < Y2,

<

1<|n|<b(2Y)1/2
This completes the proof of the lemma.

Proof of Theorem[2 Let o > 1. We have, for X > 0,

(3.6) Zn(s Z Qm)~ + | o)
X
= > Qm)*+m(D) | w tdw +S
Qm)<X X X
m(D)X'™* Pp(X Pp(w) dw
Q(Z<XQ (s>—1 - gﬁs)ﬂx Disfl '

Using Pp(w) < w!/3, this formula provides the analytic continuation of
Zp(s) to the half-plane o > 1/3; we note the simple pole at 1 with residue
m(D).
Let T' > 2. In proving Theorem [2, we may suppose that 3/5 < o < 3/4.
Define X by
X0'+1/4 -7
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Note that X272¢ < Xt1/4 = T From the last expression in ,
2T 2T
[ 12000 +it)2dt < T+ | ‘ S Qm)
T T Q(m)<X
2T
+17 |
T

2
dt

T Pp(w)
S ot
X

2
dw‘ dt.

In view of Theorem [4, we need only show that

2T 100 P (w) 2
(3.7) Nt dw‘ dt < T~
rix %
Let
X27
Pp(w) .
Fj(t) = S i dw (5 >1).
X2i-1
It suffices to show that
oT
(3.8) VIF@Pd<T 0 (>0,
T

for then (3.7)) follows from Cauchy’s inequality:
2T oo 00
HZ@(MHW(ZJ)QJWWWMt
T j=1 j=1
<<Z § FEE;(6))? dt < T,
Arguments of the following kind W111 be used implicitly. Suppose that

K
Fj=> Fjx, K=0((logT)")
j=1

for an absolute constant C. Then
oT oT K

S\F( Wdt <K | > |Fn)dt.

T k=1
Thus to prove (3.8) it suffices to show that

2T
V IEs P dt < T2 1<k < K).

(It is harmless to split F; into O((log 7)) parts.)
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We begin by noting that if G(w) is a bounded measurable function on
J(j) = X271, X27],

then
2T G( )
20 2
(3.9) :; J(S)wmm dw dt<<logT(X2J) IGI1%

from Lemma In particular, if G(w) = O(T</9), the last quantity is
<« T~1*¢/2j=4 Recalling Lemma [2, we need only show that
27

(3.10) |

T

wotit+1
J(3)
where fp = f:1=a,b] - R, f(4) is continuous, f” is never 0, and f(a),
f'(b) are rational.
In the notation of Lemma |16, with L = (X27)3, we have

2
S S(f’\/(;)dw‘ dt < T—1+Ej—4

27 27 2
S(/, \f) S(f, Vw) = Si(w)
S S ot @ dt<2§ S o Hit1 dw) di
TJ3) TJ3)
27 2
S1(w)
+2§] | ottt dw‘ dt.
)

The first summand on the right is < (X2/)727logT < T~1T€272/7 by
Lemma [[4] in tandem with Lemma [[6 It remains to show that
2T

S

T

wo+zt+1
J(5)

We apply a splitting-up argument to the variable h in Sy (w), followed by
Lemma [T1] The integral corresponding to the term

> O(lh| M og T) = O((log T)?)
\h|~H

that arises from (2.16]) can be bounded satisfactorily via the estimate (3.9).
Thus it remains to show that

2
| SL(w) dw‘ dt < T1ej—4,

2T
2
(3.11) H | ‘ | w3t ST pnne(a h)w1/2)dw( dt
T J@5) (h1)eE
< T2

with £ as in (2.25)), |b(h,1)| <1, and a € {—1,1}. Here 1 < H < (X27)%.
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Now
at

= ‘— + %G(l, h)w™1/2

dw 2 2w

S H(X2) /2

unless a = e* (the sign of G) and T(X27)~! = H(X27)~1/2, that is,
(3.12) H=T(Xx2)72

Suppose for a moment that either o # e* or (3.12)) does not hold.
Lemma [13] yields

| wrrmet S e(G 1 h)w!?) dw < (X 27) VAT
J ()

Since |2 < H*, the left-hand side of ([3.11)) is < H'T(X27)"1/2720 «
T~ from the definition of X.

Now suppose that o = e* and that (3.12) holds. The left-hand side
of (3.11]) is estimated via Lemma (14| as

(3.13) < H3X2logT | w_2”_3/2‘ 3 @l h)w'?)
J(5) (h1)eE
< H3X21ogT
x> > WP (G, ) - Gha, ) dw.
(hl,ll)eg (hg,lg)eg J(])

Consider first the contribution to the right-hand side of (3.13)) from
quadruples hq, Iy, ho, lo with

|G(l1, hy) — G(la, h)| < H3/5.

There are O(H 12/5+4¢/ 4) such quadruples, by Theorem [3{ and Lemma @ Es-
timating the integral trivially, these quadruples contribute

< H3/5+elAx9i log T(X2j)—20—1/2 < (X2j)_20+1/2H_3/5T5/2
& (X2j)—20'+4/5T—3/5+6/2 < T_1+€/2j_4

2
‘dw

since
(X2j)2cr—4/5 > (X2j)(2/5)(0+1/4) > T2/5j4.

Now consider the contribution to the right-hand side of (3.11) from
quadruples with
oH < ‘G(ll,hl) — G(lg,hg)’ < 2(5H,

where § = H8/52k=1 L = 1,2,..., and § < 1. There are O(§H*) such
quadruples, again by Theorem [3] and Lemma [9] Estimating the integral via
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Lemma these quadruples contribute
< 0H X2 log T(X29)"2032(6H) 1 (X2)'/? < (X2)) % log T < T~ 1574
Thus quadruples with

G(l1, 7)) — G(la, ho)| > H3/

contribute O(T —1te/2 774 to the right-hand side of (3.13). This completes
the proof of Theorem

4. Proof of Theorem For the convenience of the reader, we repeat
some arguments from Huxley and Nowak [10] without much change. Let
y = y(x) be a large positive number, y(z) < z'/2, to be chosen below. We

have
(41) Ap(x)= Y > > u(d)

O<Q(m1,m2) 0<Q(m1,m2)<z dlm1,d|lmsa
ged (m1,ma)=

—;u N< )
-5 uld PD< >+Z#(d)PD<\f>+m(D)x§:/@

d<y d>y d=1

—
I

ﬁ

~[5

— Bu(2) + Ea(x) + % m(D)a,

say.
We now quote a formula of Perron type from [10]:

34ix® s
(4.2) Zu(d)NDGQ) = QLM | Zp(s)f,(2s) %ds + O3+,
>y 3—4xd

Here

1
fy(8) = 7= Z
) &
Since we assume R.H., we have

(4.3) folo +it) = gjf)t

n>y

< y1/270+e(’t|e + 1)

for 0 > 1/2 4 €. This is obtained by a slight variant of the proof of [I7
Theorem 14.25(A)].

By a slight adaptation of the application of the residue theorem in §4
of [10], we find that
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| Bia® .
(44) o S_Sm Zp(s)1,(25) - ds
1 3/5+izd .
~2ni 3/5§i:c5 Zp(5)1y(25) - ds +m(D)z,(2) + O(1).

We may combine (4.2]) and (4.4) to obtain

_ ZMND(;;) — m(D)af,(2)

>y
3/5+ix® 8
=— | Zp(s)fy(29) —ds+ O(x/3+¢).
3/5—ix®
After a splitting-up argument and an application of (4.3)),
2T
Ey(x) < yt/376/543/5+</2 (T—l | 1Zp(o +it)| dt + 1) + gl/3te
T
for some T with 2 < T < 2°. By Theorem [2| and Cauchy’s inequality,
EQ(LL‘) < y_7/10x3/5+6 +x1/3+e'

We choose y so that y~7/1023/5 = 25/13 that is,
y = 2413
It remains to show that
Ey(z) < a3+,

With the notation of Lemma [2] we have an expression of the form

ZN Ze] (fj,z 1/2/d)+0()

d<y 7=1
Accordingly, it suffices to show that, for D € [1/2,y],
(4.5) > nld)S(f, 22/ d) < 2Bt/
d~D

whenever fp = f : I = [a,b] — R, f® is continuous, f” is never 0, and
f'(a), f'(b) are rational.
We apply Lemma with L = g1/2-5/13 — 2,3/26.

(4.6) D> ud)S(fa /)= Y u(d)anSp(f.'?/d)

d~D d~D 0<|h|<L

+o(> > thh(f,asl/Q/d)>.

d~D |h|<L
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By the choice of L, the contribution to the right-hand side of (4.6} . ) from by
is O(z°/13). We now show that

(47) Z Z ahSh f, 1/2/d) < :1:5/13-&—5/2
d~D 0<|h|<L
It will be clear from the discussion that the proof of
Z Z thh(f,x1/2/d) < x5/13+e/2
d~D 0<|h|<L

is simpler. So once we prove (4.7)), the proof of Theorem [1| will be complete.
By a splitting-up argument, it suffices to show that

(48) Z ap Z Sh fa 1/2/d) <<J)5/13+6/3
h~H d~D
whenever
(4.9) an < H™' 1/2<H<2%%  1/2<D <8,

We apply the B-process (Lemma . The contribution from the term
O(log2M) to the left-hand side of (4.8) is

< Z ht Z logz < z*3log z.
h~H d~D
We have thus reduced the proof to showing that
(4.10) H2 37 ehil) Y (/) p(d)e(GL a2 /d) < 2P0,
(h,)EE d~D

with & as in (2.25) and |c(h, )| < 1.

We first treat the case
(4.11) H > D%/35=35/78
of by a method similar to that of Zhai [21]. Let
S= > 1) fae(GU )" ?/d),
(h)eE d~D

where f; = p(d)DY/?/d'/? < 1. Let Q be a natural number; we partition
[-CH,CH] (C >0, C = C(D)) into subintervals I, ..., I of equal length.
Thus

\5!<ZZ) > b (G nata)).
q=1d~D G(l,h)el,

(Summation conditions (h,l) € £ are implicit here and below.) Cauchy’s
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inequality gives

(4.12) \S\2<QDZ >

q=1 G(l,h)el,
G(l’ h/)e[

<QD >

|G —-G,n)|<2CH/Q

5 e(G(l, h) —dG(l’, h) x1/2) ‘

d~D
> e(G(l, h) —dc;(z', h') x1/2) |

d~D

For quadruples with
G(1,h) = G, 1) < H/,

S 1) =3 e(G(l’ h = G x1/2>

d~D

we estimate

trivially. There are O(H'%/5¢) such quadruples by Theorem and Lemma@
giving
(4.13) > S(h,1, 0,1y < H?/5HD

h,Lh/

for these quadruples.
Now consider quadruples with

(4.14) §H < |G(l,h) — G(I',h")| < 26H,
where § = H—8/52F-1 | =0,1,..., and § < 2C/Q. For these quadruples,
the exponent pair (1/2,1/2) gives the estimate

S(h, 1,0,y < (§H2'/?/D)'/? 4 (§H2'/?D~%)~1

(See [5] for the theory of exponent pairs.) Again by Theorem 3|and Lemma 9]
there are O(§H*) quadruples satisfying (#.14). For these quadruples,

(415) > S(h,1,N, 1) < SH*(6Hx'?/D)'/? + sH*(6Ha'/*D~2) 7!
hR
< Q_3/2H9/2x1/4D_1/2 + H32-12p2,
Note that
H3:-1/2D? « H12/5D,

since HD < 23/26+4/13 < 21/2_ Hence we can combine ([#.12), {.13) and
(4.15) (summed over O(log x) values of §) to obtain

1S|> < QD(H'?/5+D + Q~3/2H24Y/* D=2 10g 2),
S < xe/S(Ql/QDH6/5 + Q—1/4H9/4x1/8D1/4)‘
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Minimizing this expression over ) € [1,00) in the usual way, we obtain
S < DH6/5376/3 + (DH6/5)1/3(H9/4$1/8D1/4)2/3ZL‘6/3
< xe/3(DH6/5 n D1/2H19/10:c1/12).
Accordingly, the left-hand side of (4.10]) is
< H—3/2D—1/2$1/4+6/3(DH6/5 4 D1/2H19/10x1/12).
By the lower bound (4.11)) imposed on H,
I3/ p1/2, 1/4e/3 o\ 5/13+¢/3.

Moreover,
H2/5,1/3+€/3 o 148/390+¢/3 - 5/13

from . This gives the desired bound in the case .
For the smaller values of H we need a lemma.
LEMMA 17. Let H > 1, N > 1/2, A > 0. The number of solutions of
G(l, h G, KW Ah
(4.16) (n ) — (n’ ) < a
with (h,1) € &, (W,I'Ye &, n~N,n' ~ N is
O(H'/5*<Nlog 2N + AH?N*Y).
Proof. Let 1 < d < N. We estimate the number of solutions of
in

with (n,n') = d, say N(d). Fix such a pair n, n’. We apply Theorem
conjunction with Lemma |§|, with ¢ = —n/n’. The number of quadruples
h, 1, I, l' satisfying is

<<H12/5+E+AH4.

Summing over n, n’, we get

(4.17) N(d) < (N/d)?(H?/%+¢ + AHY).
On the other hand, we may fix h, [, h’, I’ and observe that (4.16]) implies
G(l,h) n
4.1 - — A.
( 8) G(l/’ h/) n/ <<
Since the n/n’ are spaced apart at least (N/d)~2, the number of solutions
of is A
—— + 1.
ST

Summing over h, I, b/, I,
N(d) < H*+ AH*N?d~2,
This can be combined with to obtain
N(d) < H5 NG~ + AH*N?d 2.

Summing over d gives the bound claimed in the lemma.
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Completion of the proof of Theorem To prove (4.10) when

(4.19) H < D¥/35735/78,
we use a standard decomposition of sums
> ud)F(d)
d~D

(where F' is any complex function on [D,2D]); see [12] or [2]. The sum can
be decomposed into O(D/%) sums of the forms

(1) > amF(mn),
m~M, n~N
mn~D
with
N> D3 |an| <1,
and
(IT) Z ambp F(mn),
m~M,n~N
mn~D
with

D' < N< D2 am|<1, [|ba] <1

In (4.10)), we have
1/2
d-1/? (L, h)z
S el e FEG),

(hl)eE
so that sums of type I take the form

1/22 (h.1) Z“mz _1/2< 17221/2>

(h,)e& m~M n~N
mn~D

with |a,m,| < 1, and sums of type II take the form

DY ) Y o 3 e S,

(h1)eE m~M n~N
mn~D

with |am| <1, |by| < 1. We have to show that

(4.20) Sy < H3/245/13=1/4+e/6 _ [y3/2,.7/52+¢/6
for N > D?/3 and
(4.21) Si < FI3/2,7/52+¢/6

for DV/3 < N <« D/2. The case that determines the exponent in Theorem
will turn out to be (4.21) with D = 2413 [ = D¥/35735/78 and any N such
that D'/3 < N < D
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We begin with (4.20). By a partial summation argument it suffices to
show that, for fixed (h,l) € &,

_ G(l, h)z'/? _
1/2 ) 1/2,.7/52+€/6
(4.22) D E am, g e( - < H T

mn~M N§n<Du

for u € [N, 2N]. We apply Theorem 4 of [2] with o = 8 = —1, X =< Hz'/?/D,
k = A = 1/2. The left-hand side of (4.22)) is

(423) < (log x)QD_1/2(DN—1/2 + DX—l + (D6X2N_2)1/8),

We observe that X > D2 > N, since 21/2 > D3/2. Since N > D?/3, the

bound in (4.23]) is
< (logz)2(DYS 4 HY421/8 D=1/6),

Recalling (4.19), we get

D1/6(H71/2$7/52)71 < Dg35/156-7/52 o ,4/13-35/156-7/52 |

Moreover,
H1/4x1/8D71/6(H71/2x7/52)71 < D13/12,-36/104 o 1

Thus (4.23)) is a satisfactory bound and we pass on to (4.21]).

By a standard device (see for example pp. 49-50 of Harman [6]) it suffices
to show that

2172
(4.24) Si = Z c(h, 1) Z dm Z b”6<G(l’mh7)1)

(hl)eg m~M n~N
< D1/2H3/2$7/52+6/7.
Let
NM?2

1/24€/8
R= max(l, Hx) )

We partition [-C'H/N,C'H/N| (where C' = C'(D) > 0) into R subinter-
vals Ji,...,Jg of equal length. We have

R £1/2
ETED D SN ST CE ey

m~M =1 G(1,h) /ne ],

9

suppressing summation conditions (h,l) € £, n ~ N here and below. By



300 R. C. Baker

Cauchy’s inequality,

R
(4.25) 1Sul> < MR > S(v)
r=1G(h,l)/n, G(W ') /n/ €I,
< MR > S(v).

|G(h,l) /n—G(W I')/n/|<2C"H/NR
Here v = (h,l, W, l',n,n’),

Sw)=Y" e(<G(;,h) B G(i;,/hf)y;ia)

m~ M

By Lemma (17| there are O(H'/5t¢N log 4N) vectors v for which

GUh) _GUM)| _ posyes
n n'
Estimating S(v) trivially, we find that
(4.26) > Sw) <z HSINM

for these v.
Now consider those v with

§H _|G(,h) G, 1) 26H
. — < —
(4.27) N = ‘ " o <N
where
§=HYN"2k1 k=12 ..  §<20/R.

Again by Lemma there are O(5H4N2x6/8) of these v. We can apply the
Kusmin-Landau estimate [5, Theorem 2.1] to obtain

OH /2 -1
S(v) < <NM?> )

since

dm n n m Nz SN €F

d((G(Z,h) - G(z',h')>x1/2) SHe!? _ Ha'l?
Thus those v with (4.27)) satisfy
425H951/2_18 3, —1/24+€¢/8 A3 7,72
(4.28) ) S(v) < SH'N <W> 2% <« H3z7 V248 N3\
v
< HYPNM

since
N2M < D¥? < g1/2=¢/8,
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We conclude from (4.25)), (4.26)), (4.28) that
/12 16/5 2 €/8 /A 1716/5 2 21/5,1/2
|St1l© < RHPPNM=x° < x*(H®"°"NM* + H*/°z/7).

Since N > D'/3, we have
(4.29) Sy < x/3(HS/P D6 4 g2 /10514,
Now
H8/5D5/6(D1/2H3/2x7/52)_1 — pl/10p1/3,,~7/52
< DV/2g=T/156-7/52 - pl/2,-2/13
while
H21/10x1/4(D1/2H3/2x7/52)_1 — H3/5D=1/2,3/26 < p1/2,-2/13 < 1

Thus (4.29)) is a satisfactory estimate for S{;, and the proof of Theorem [1fis
complete.
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