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Block additive functions on the Gaussian integers
by

MicHAEL DRMOTA (Wien), PETER J. GRABNER (Graz) and
PIERRE LIARDET (Marseille)

1. Introduction. Let ¢ = —a + ¢ € Z[i] for a positive integer a and
N =1{0,1,...,d%}.

Then every Gaussian integer z € Z[i] can be uniquely represented as

2= &i(2)¢
Jj=0
with €;(z) € N. Formally we set €;(z) = 0 for all negative integers j < 0. It
will be convenient sometimes to use infinite or even doubly infinite sequences
(filled with zeros) for the representation of Gaussian integers. We denote the
length of the expansion by

length,(2) = max{j € No : g;(2) # 0} +1

and length,(0) = 0. (We denote the positive integers by N and use No =
NU{0} for the non-negative integers.) Throughout the paper we will use the
notation log, for the logarithm to base b. The following lemma was proved
in [13].

LEMMA 1. There exists a positive constant ¢ such that for all z € Z][i],

| length, (z) — log|q |2|| < c.
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The fundamental domain of the base g representation on Z[i] is defined

by
fq:{ :516NVZ}.

This subset of C plays the same role for g-adic numeration as the unit
interval does for classical number systems on the integers (cf. [8, 9, 13]).
More generally, radix representations of elements of the ring of integers Zx
of a number field K can be considered. A base a € Zg together with the
digit set D = {0,1,...,|Ngg(a)| — 1} is called a canonical number system
(cf. [17, 18]) if every ¢ € Zk has a representation of the form

n
¢= e
1=0

with g, € D for 0 <1 < n. The point 0 is an inner point of F,. This follows
from the general fact that («, D) is a canonical number system if and only if
the corresponding fundamental domain contains 0 as an inner point (cf. [1]).

Let F : N1 — R be any given function (for some L > 0) with

F(0,...,0) = 0. Furthermore, set

(o9}
sp(2) = Y Fle(2),6j41(2), - €54L(2))-
j=—L

This means that we consider a weighted sum over all subsequent digital
patterns of length L 4+ 1 of the digital expansion of z. The function sg
is called a block additive function of rank L + 1. This generalises the block
additive digital functions studied in [4] for digital expansions on the rational
integers. This definition readily extends to functions taking values in an
arbitrary abelian group A. We will use this in the general considerations in
Section 5.

For example, for L = 0 we obtain completely additive functions such as
those studied in [16, Section 5], for instance for F'(¢) = ¢ we just have the
sum-of-digits function studied in [10, 13, 14], orif L = 1 and F(e,n) = 1—0.,,
(0z,y denoting the Kronecker symbol) then sg(n) just counts the number of
times that a digit is different from the preceding one etc.

2. Overview of the results. Our main objective is to get information
on sums

(2.1) Sy(z) = Z 257 ()
|2|2<N

where z is a complex variable. It is clear that Sy (z) encodes the distribution
of sp(z). For example, if we assume that sp(z) has only non-negative integer
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values then
Sn(z) = Z#{z € Z[i] : |2|* < N, sp(z) = k}z".
k>0
More generally, let Y denote the random variable induced by the distribu-

tion of sp(z) for |z|? < N, that is, the distribution function of Yy is given
by

(2.2) P{Yy <y} = lem |22 < N+ sp(z) < ).
Then

N = L 25F (%) = 1 x
(23) Ee = oD gN S SV

In particular, the moment generating function E e*Y~ and the characteristic
function E e~ of Yy can be expressed with the help of Sy(x). (Note that
Sn(1) = N + O(N'/3))

In what follows we will present three different methods to obtain asymp-
totic information for Sy (z). In Section 3 we use a measure-theoretic ap-
proach to show that for real numbers x sufficiently close to 1 we have

(2.4) S (z) = D(x, log,p N) N8 X (1 4 O(N7*)),
where @(z,t) is a function that is analytic in = and periodic (with period 1)
and Holder continuous in ¢, and A(x) is the dominant eigenvalue of a certain

matrix A(z) defined in (3.1). This representation directly implies that the

random variable
B YN — ,ulog‘(ﬂz N

XN
A /0'2 10g|q|2 N

)\I 1 " !/ / 2
LX) e M) NN
A(L) AL A@) @)
satisfies a central limit theorem and we have convergence of all moments.
More precisely, we get (uniformly in y)

1
— #{|z\2 < N :sp(z) < plogyge N +yy/o?loge N}

1 Y
= \/T S 6_%U2 du+0(1),
ﬂ- —

oo

with

and (for every L > 0)

(e}

1 1 1y
— Z (sp(2) — plogyp N)L:E S ule s 2du—l—o(l).

|z[2<N 00
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The drawback of the method given in Section 3 is that it only works for
real numbers x. In Section 4 we present a method that is based on Dirichlet
series that extends (2.4) to a complex neighbourhood of x = 1. Further-
more, we provide upper bounds for Sy (z) for complex z with modulus close
to 1. With the help of this extension we are able to provide more precise
distributional results. Besides the central limit theorem we also get a local
limit theorem, that is, asymptotic expansions for the numbers

#{z € Z[i]: 2> < N, sp(z) = k}
if k is close to the mean p1logg2 N and if sp(z) is integer-valued. Further-
more, we obtain very precise asymptotic expansions of the moments.

Next we consider the sequence sp(z) taking values in a compact abelian
group A. Then the closure of the set {sp(z) : z € Z[i]} is a subgroup of A
denoted by A(F'). The results on exponential sums obtained in Section 4
are used to prove uniform distribution of (sp(2)).ezp;) in the groups R/Z
and Z/MZ. with respect to the Haar measure A4 under natural conditions.
The method gives results on uniform distribution of the values of sg in large
circles, i.e. .

Jim — #{z € Z[i] : |2]* < N, sp(z) € B} = A\a(B)
for all B C A with A4(0B) = 0.

In Section 5 we use an approach based on ergodic Z[i]-actions and skew
products to extend the distribution results for group-valued sg to well uni-
form distribution with respect to Fglner sequences (Qp)nen, i.e.

lim —— #{z € O : sp(2 +y) € B} = \a(B)

n—oo #Qy,
uniformly in y € Z[i]. This generalises the results on uniform distribution
of (sp(2)).ez)) obtained in Section 4. On the other hand, methods from
ergodic theory do not allow one to obtain error terms, which come as a
natural by-product of the method used in Section 4.

3. A measure-theoretic method. In the following we use ideas de-
veloped in [11, 12]. The measure-theoretic approach to asymptotic questions
about digital functions gives a smooth proof for a real version of the asymp-
totic representation (2.4) for Sy (x).

In order to formulate our results we have to introduce some notation.

For every block B = (n9,n1,...,1m1) € NFH we set B = (ny,...,11) €
N that is, the block without the first digit, and n(B) = 1o, the first digit

of B. Furthermore, set
L

gF(B) = Z(F(Ov"wo’noanl,'"7772') 7F(07'"aOaOanl,"'vni))'
=0
Note that gr(B) = 0 if 79 = 0.
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By the definition of block additive function we directly get the following
property.

LEMMA 2. For z € Z[i] let B = B(z) = (eo(2),...,eL(2)) be the block
of the first L + 1 digits of the q-ary digital expansion of z. Then
sr(2) = gr(B) + sp(v),

where z = go(2) + qu.

Now define a matrix A(z) = (Ap,c())g,cenr+r by

(3.1) Apolz) = {w9F<B> it ¢ = (B',1) for some I €

0 otherwise.

Finally, let A(z) be the dominant eigenvalue of the matrix A(x) that surely
exists if z is close to the positive real axis, in particular, if = is close to 1
(cf. Lemma 4). Note that (1) = |q|?.

THEOREM 1. The following asymptotic relation holds uniformly for x in
some interval I containing 1:

(3.2) 37 257 = @z, logy,p N)N'Ha A (1 4 O(N—F))
[2]2<N

with some k > 0, where ®(x,t) is 1-periodic and Holder continuous in t and
continuous in x.

Before we present the proof of Theorem 1 we derive some direct corol-
laries.

COROLLARY 1. Set
2 XN'(1) 2

() B
=30 T T

If 0% > 0 then uniformly for real v,

1
(3.3) TN#{\ZF < N :sp(2) < plogpz N + y /02 log),2 N}
1 H 1,2
= 7= ) e duto(D),
T

and for every L > 0,
(3.4) 1 Z (sp(z) — plog,2 N)E = L OSO ule= 3% dy + o(1).
mN PN la V2m



304 M. Drmota et al.

Furthermore, we have exponential tail estimates of the form

1
(35)  — #{I2 < N: |sr(2) - plogyye N| = n, logye N |

< min(e” 6—cn2+0(n3/¢m))
for some constant ¢ > 0.

REMARK 1. The above result suggests that the distribution of sp(z) for
|z]> < N can be approximated by a sum of (weakly dependent) random
variables. This is in fact a possible approach to this problem. Observe that
the constant i can be explicitly calculated from

N(1) 1
K=Y = 011 Z sr(B).
AL gt
ENL+1
Of course, this mean value corresponds to the contribution of one block of
length L + 1 in the digital expansion of z that has approximately logy2 N
digits. It is also possible to represent ¢? similarly, but this is much more

involved.

Proof of Corollary 1. Let Yy denote the random variable that is induced
by the distribution of sp(z) for |z|? < N given by (2.2). Then (by (2.3)) the
moment generating function of Yy is given by

1
EetYy =
Sn(1)

Hence, by using the local expansion (recall that A(1) = |q|?)

Sn(et) = ! (e, logjy2 N)N'Ea2 AL  o(N—)).

™

2
log A(e!) = log|q|? + it + % £2 4+ O(t%)

we directly see that the moment generating function of the normalised ran-

dom variable
- Yy — plogpge N

A /0'2 10g|q|2 N
is given by

2
EotZn — o—tu/o) /g2 N (/0% logjg2 NIYN _ 24240(t3/v/log N)

ZN

Of course, this directly translates to (3.3).

Furthermore, convergence of the moment generating function also implies
convergence of all moments, that is, we get (3.4). Finally, the tail estimates
(3.5) are a direct consequence of Chernov type inequalities. =

The proof of Theorem 1 runs along the lines of [12, Sections 4 and 5]
and is organised in four steps.
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Step 1 defines a sequence of discrete measures, which are obtained by
suitably rescaling point masses z°F(¥). Let &, denote the Dirac measure
supported at {z}. Then we define a family of measures (depending on n
and x) by setting

ZzGBn $SF(Z) 52/(1"
>ep, vFE

(3.6) Pz =

where
B, = {z € Z][i] : length(z) < n}.
Using the matrix A(z) introduced in (3.1), we can write the denominator
n (3.6) as
(@97 D) - A(a)" - (bo.c)E

d0,c denoting the Kronecker symbol, and T the transposition.

Step 2 uses characteristic functions to show that the sequence p, , has
a weak limit. The fact that the values z°F(*) are formed from the digital

expansion of z can be used to express the Fourier transforms i, , of the
measures fip g,

> s, v Pe(R(t2/q"))
ZzGBn o (?) 7
2mi(+)

in terms of matrix products. Here t € C and as usual e(-) = e . We
define the matrix H(x,t) by setting

Hp c(z,t) = Ap c(x)e(R(tBo)).
This allows us to write

~ o vilmtg") Mz, t/q" ) - - H(z, t/q) Vo
(38) :U’n,z(t) - Vl(IL‘,O) K A(:E)n - Vo
with

(3.7) i, (t) =

( (?R(tBo)»B and V2:(500)T.

))H(z,t) satisfy the conditions of [12, Lemma 5] (mu-
therefore, the sequence of matrices

vi(z,t

)=
The matrices (1/\(x
tatis mutandis) and

P, (z

1) = Az) "H(z, t/¢" ") - H(, t/q)
converges to a limit P(z,t) and
|Pn(z,t) — Pp(z,0)|| < |t] for |t] <1,
(39) 1P (x,t) — Pz, )| < (14 [t)"@]g|~7"  for all ¢,
where
log A() — log |y ()]
log |q| + log A(z) — log [A1(z)|’

n(x) =
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with A\j(x) denoting the second largest eigenvalue of A(z). These relations
hold uniformly for z in compact subsets of (0, c0).
For [t| > 1, (3.9) together with (3.8) implies
(3.10) i (1) = o ()] < [t g7,
For |[t| <1 and L > K > [ we estimate using (3.8):
‘ﬁK,x (t) - ﬁL,x(t)’
= [A(@)® vi(z,tg ™) Pri(g ")Pi(t)va
vi(z,0) - A(x)K - vo

~A@)b vi(a,tg ") - Pr(g 't)Pi(t)va
vi(z,0) - A(x)l v
z,tq7 ) - Pr_1(0)Py(t)vo
vi(z,0) - A(x)K - vo
A@)F vi(z,tqg~") - Pr(0)Py(t)vy
vi(z,0) - A(z)l - vs
Kk V12, tg %) - P (0)(Py(t) — Py(0))va
vi(z,0) - A(x)K - va
£ Vil tg™") - Py (0)(Py(t) — Pi(0))vy
vi(z,0) - A(z)l v

<l ( (@Y g1 < g
Az) ’

where we have chosen [ = [nK'|. Letting L tend to infinity yields

(3.1) finalt) — i (8)] < [t~

for [t| < 1. In particular, (3.10) and (3.11) establish the existence of a (weak)
limiting measure .

< ‘)\(x)K Vi

+ g ™'t

- ’)\(x)

— Az) + gl ™It

REMARK 2. What we have proved up to now is enough to have the
asymptotic relation (3.2) without error term for all x > 0.

Step 3 establishes estimates for the measure dimension of i , which will
be needed in Step 4. We define the matrices 1. by setting
dp,c if the block B starts with the digit e,
(Ie)B,c =

0 otherwise.
Clearly Iy +I; + - -+ + I 2 is the identity matrix. Furthermore, we have

= lim Vi ('r’ 0) : IElA(x)IszA(l‘) T ngA(l‘)A(l‘)n—k © Vo
n—oo Vi (:L', ()) . A(:L‘)" Vo .
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The limit can be computed by the Perron—Frobenius theorem and equals
Az) Fvi(2,0) - I, A(2)L,A(z) - I, v (@),
where v(z) denotes the (Perron—Frobenius) eigenvector of A(z) associated
to the eigenvalue A(x) normalised so that
vi(z,0)-v(z) = 1.
Now we define
¢(x) = max max A@)Lv)s
e B (v(z)B
(this is always finite, since all coordinates of v(x) are strictly positive).

Clearly, £(z) < A(x) and £(1) = 1. By definition of £(x) we have the com-
ponentwise inequality

A(z)Lv(z) < {(z)v(2),
from which we conclude that
vi(z,0) - I, A(z)I,A(z) - I, v(z) < §(x)kV1(x,O) -v(x) = £($)k

and

k
€1 €2 £k g &(x)
3.12 =+ 24+ 4g F)<<( .
(312) g < ¢ ¢ g A(z)
Since (g,{0,...,a?}) is a canonical number system, every ball B(z,r)
can be covered by an absolutely bounded number of sets of the form
A hE
q q q
for k = [—log), r] and r < 1. This together with (3.12) implies
(3.13) pe(B(z,1)) < 7@
i loE\(x) ~ log€(z)
og A(x) —log&(x
Bla) = == e

log|q]
Notice that (1) = 2, which is no surprise, since p; is Lebesgue measure
restricted to F.

Furthermore, we need at most O(|q|*") times the area of the annulus
B(0,r + ¢+ [¢g|™) \ B(0,7 — |g|™™) copies of ¢-™F to cover the annulus
B(0,r+¢)\ B(0,r). This together with (3.12) implies

pa(B(0,r +€) \ B(0,7)) < |q| 7" |q*" (2r + €) (e + [q] ")

for all n. Setting n = —[log), €] gives

(3.14) pe(B(0, 7 + ) \ B(0,7)) < (r 4 ¢)e?®@~1,

This gives a reasonable estimate if f(x) > 1 or equivalently log&(z) <
log A\(x) —log |g|. Since this inequality is satisfied for x = 1 and ((x) depends
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continuously on z, there exists an interval I around xz = 1 such that 5(x) >
Bo > 1 for some Gy < 2.

Step 4 uses the estimates for the measure dimension of y, and a suitable
version of the Berry-Esseen inequality to provide bounds for |py, . (B(0,7))—
pz(B(0,7))|. Since pip »(B(0,7)) can be easily related to the sum occurring
in (3.2), this gives the error term in (3.2).

We recall the following result obtained in [12]. The statement uses the
notation c(¢) = (cos ¢, sin ¢)7.

PRrOPOSITION 1 ([12, Proposition 1]). Let vy and v be two probability
measures in R? with their Fourier transforms defined by

Dr(t) = | e((x,t)) dug(x).

R?

Suppose that
(3.15) va(B(0,7 +¢) \ B(0,7)) < &’
for some 0 < 0 <1 and all > 0. Then for all™ >0 and T > 0,

(3.16) | (B(0,7)) —v2(B(0,7))|

T 27
< | | Ko(t, T)[P1(te(9)) — Dalte(9)) |t d dt + T—20/F2),
00

where the kernel function K,(t,T) satisfies

1 . 9 rl/2
K, (t,T) < T2 + mln(r ’153/2)'

The implied constant in (3.16) depends only on the implied constant in
(3.15).

Inserting (3.10) and (3.11) into (3.16) with 6 = (z) — 1 yields

B17)  |pn.a(B(0,7) = pa(B(0, 7))
1

|
r B(xz)—1
< K (¢, T)tlg| "t dt + | K (8, 7)) |g| 1 dt 4+ T~ 25657
0 1

Using the bounds for K, (¢,T) and setting

logT = 71](x) O nlog |q|
(@) + 3 + 2505

yields
‘,U'n,x(B(Ov T)) — /ng(B(O, 7’))’ < ’q‘_2”($)”
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uniformly in r with
n(x)(B(z) —1)

k(x) = )
)= @) + 1/2)(3(a) + 1) +28(2) —2
Choosing £ to be the minimum attained by k(z) on a compact interval I,
where 3(z) > [y > 1 for some [y < 2, gives

(3.18) |tz (B(0,7)) = o (B(0,7))| < |g| 72
for all x € I.
Now, by definition of s ,, we have

Z 27 = vy (2,0) - A(@)" - va - ko (B0, |g| *VN))
|z|2<N

for k = [logjy2 N| + M and some integer constant M > 0, which is cho-
sen so that B(0,|q|'~™) c F. Inserting (3.18) and vi(z,0) - A(z)¥ - vo =
C(z)Mz)F + O\ (2)F) yields

> @ = C(@)A@) e (B(0, |a]*VN)) + O\ (2)*) + O(A(x) || 7>)

|z[2<N
= N8 DO @A) e My (B(0, 1B VM) 1+ O(V ).
We observe that the measure p, satisfies the self-similarity relation
p2(B(0, lq|r)) = A(2)pe(B(0, 7))
for r sufficiently small. Setting
&(x,t) = Cz)\ )My (B0,¢"™M)) fort <1

and noting that (3.13) implies the Holder continuity of @ as a function of ¢

completes the proof of Theorem 1. =

REMARK 3. For complex values of  this method breaks down, because
the weak limits u, have infinite total variation and are therefore not complex
measures.

4. A Dirichlet series method. The goal of this section is to generalise
Theorem 1 to complex x. The proof relies on Dirichlet series and Mellin—
Perron techniques.

THEOREM 2. There exists a complex neighbourhood of x = 1 (that is,
|z — 1| < 6 for some § > 0) such that uniformly
(4.1) S 25 = @z, logy,p N)N'8e2 A (1 4 O(NF))
|z|2<N
with some k > 0, where @(x,t) is analytic in x and 1-periodic and Hélder
continuous in t.
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Furthermore, if F' is integer-valued with the property that

(4.2) d=ged{gr(B): Be NtT1} =1,

then uniformly for |x — 1| > ¢ and |R(z) — 1| < d2,

(4.3) Z 25F(2)  Nlogjg2 el -
|z|2<N

with some k > 0 and some 09 with 0 < d9 < 4.

REMARK 4. We will also show that @(z,t) has an explicit representation
(see (4.21)). For example for the sum-of-digits function s,(z) we have

2l xlt—log 1?]
D(x,t) = I_XIZX a1

(2) Xl.t 1Og‘q|2 |qz+l| ] X\_t_IOg\q\Q |qz\2j
e Z DL )
1 X =1 270

where X abbreviates

zlad® —1

r—1

The asymptotic representations (4.1) and (4.3) can be used in various
ways (cf. also [5] and [6]). We directly derive asymptotic expansions for mo-
ments (Corollary 2) and a refinement of the central limit theorem stated
in Corollary 1, further a local limit theorem (Corollary 3), uniform distri-
bution in residue classes (Corollary 4) and uniform distribution modulo 1
(Corollary 5).

COROLLARY 2. For every integer r > 1 we have

(4.4) — Z sp(2)" = p' (logjg2 N)"

r—1
+ Z Gr,l(10g|q|2 N)(10g|q|2 N)l + O(Nin),
=0

where the functions G,;(t) (0 <1 <) are continuous and 1-periodic.

Proof. Since (4.1) is uniform in a neighbourhood of 1 and ®(x,t) is
analytic in x one can take derivatives at x = 1 of arbitrary order by using
the formula

i
|lz—1|=6/2

Furthermore, note that @¢(1,t) = w. Hence, the asymptotic leading term is
given by (XN'(1)/A(1))"(logj42 N)" and has no periodic fluctuations. m
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Note that if we combine Corollaries 1 and 2 then we also get error terms

for the central moments of the form
(e e}

v 3 (orle) —nlogye N = oo | b dut o)
|z|2<N -
for every integer L > 0. Furthermore, if we use the characteristic function
E e = Sy (e)/Sn(1) instead of the moment generating function E eV,
that is, if we set = e in Theorem 2, combined with Berry-Esseen tech-
niques we also get a central limit theorem with error terms:

1
- #{|z\2 < N :sp(2) < plogge N +yy/o?loge N}

y
S e 2% du + O((log N)~1/?).
COROLLARY 3. Suppose that F is integer-valued and that (4.2) holds.
Set

5~
)

z N (x)
Az)
Furthermore, for k € K(N) = Z0 [u(1 — 62) logjg2 N, u(1 + d2) logjg2 N we

define xp N by p(xk,N) = k/logjge N, where 6 and 2 are from Theorem 2.
Then uniformly for k € K(N),

(4.5)  #{z€Z[i]:|2)> <N, sp(z) =k}

:E2 e
and o*(z) = )\)\(a:() ) + u(z) — p(x)?.

p(x) =

_ @(JJQ,N, 10g|q|2 N) N10g|q‘2 )\(Ik,N) xk—;ljfv <1 + O< ]- >>
\/27T0'2(213k,N) log|2 N 7 eV

Furthermore, if |k — plogg2 N| < C, /logig2 N (for some C > 0) then also

(4.6)  #{z€Z[i]:|2|* < N, sp(z) = k}

k—plo N)?
=g (1o i ) ).
/2102 log 2 N 207 logjg2 N Viog N

Note that = u(1) and o2 = o2(1).
Proof. We apply (4.1) and (4.3) and use Cauchy’s formula:

1

. 2 _ _ - (2) —k—1
#{z € Z[i] : |2|° < N, sp(z) =k} = o S < Z x*F >x dz,
|lz|=zk,n  |2]2<N

where z;, y is the saddle point of the asymptotic leading term of the inte-
grand:
NlOg\Q\Q A(I)x_k — elOgA(I).IOglfI\Q N—klogx.
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We do not work out the details of standard saddle point techniques. We just
refer to [6], where problems of almost the same kind have been discussed. m

COROLLARY 4. Suppose that F is integer-valued and that (4.2) holds.
Then for every integer M > 1 and allm € {0,1,..., M — 1} we have

1 , _ B 1 .
WTV#{\Z\ <N.sF(z):mmodM}_M+(')(N )

for some n > 0.

REMARK 5. Alternatively to condition (4.2) we can assume that sp at-
tains a value that is relatively prime to M. Then the same assertion holds

(cf. Corollary 8).

Proof of Corollary 4. We use (4.3) for all Mth roots of unity x = e2mim/M
and apply simple discrete Fourier techniques. =

COROLLARY 5. Let sp be a block-additive function which attains one ir-
rational value. Then the sequence (sp(2)).ezpy s uniformly distributed mod-
ulo 1.

REMARK 6. Note that Corollary 5 in particular applies to sequences of
the kind (asp(2)).ezp if sF is integer-valued and « is irrational.

Proof of Corollary 5. We only have to prove that there exists a block
B of length L + 1 such that gp(B) is irrational. For this purpose we find a
2o € Z[i] with sp(z0) irrational and with base ¢ representation of minimal
length. Then by Lemma 2 we write zg = eg+qv and gp(B) = sp(z0) —sr(v).
Since the base ¢ representation of v has one digit less than the representation
of zp, sp(v) is rational, and therefore gp(B) is irrational.

Choosing 297(B) = e(hgp(B)) for h € 7\ {0} gives a matrix A(z)
with eigenvalues strictly less than |q|?. By Weyl’s criterion this implies the
assertion. m

We now turn to the proof of Theorem 2. For this purpose we will consider
the Dirichlet series

Gp(z,s) = Z

z€Z[i]\{0}, (e0(2),....er(2))=B

for B € N'Et1 Tt is easy to see that these series are well defined in a certain
range. Set Ay = maxpgcpr+1 F(B) and Ay = mingcpr+1 F'(B). Then we
have Az logg2 2] — O(1) < sp(z) < Azlogjgz 2| + O(1). Hence, if [z] > 1
then Gp(z,s) is surely absolutely convergent for R(s) > 1+ $A4; loggp2 |zl
Similarly, if || < 1 then Gp(z,s) is absolutely convergent for R(s) > 1 —
%AQ log|q‘2(1/|3:|)

Next we provide a representation for Gp(z, s) that can be used for ana-
lytic continuation.

xsF (Z)

’2‘25
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LEMMA 3. Define the vectors G(z,s) = (Gp(z,s))genr+1 and H(z,s)
= (Hp(z,s)) genr+1, where

0 if n(B) =0,
sp(10) (B)
T ZZ + ngQs Z x”’(”)( . 25 12s>
PP < ot mo/a® Tl
(eo(v),--er—1(v))=(0,...,0)
Hp(z,s)= if no=n(B) #0 and B = (0,...,0),
gr(B) 1 1
- 2s Z J:SF(U)( 2s 2s>
la® T [v+m/ql** vl
(e0(v)yeeser—1(v))=B’
if no =n(B) #0 and B' # (0,...,0).

Then Hp(z,s) is absolutely convergent for R(s) > 3 + 343 log|q2 || if
2| > 1 and for R(s) > 3 — 14, log,2(1/]z|) if |z| < 1. More precisely,
i that range
2(1—0)+A1 log, 2 |z| . >
(4.7) H(z,0 +it) < (1+ |t|)2 R a 1 if x| > 1,
(L )77 B O o <1,
and a meromorphic continuation of G(z,s) = (Gp(x, s)) genr+1 is given by
1 -1
(4.8) G(z,s) = (I T A(a:)) H(z,s),
q
where A(x) is defined in (3.1).

Proof. We use the substitution z = ny + qu. If e9(z) = n9 = 0 we have
sp(z) = sp(q) and consequently

GB(x,S):L Z

lal> . -
UEZ[’L]\{O}’ (50(17)1""511(@))73

Similarly, if 79 > 0 and B’ = (0,...,0) we get

a2

z5F () 1

B = P ZG(B’J)(%S)'

=0

xSF(WO) ng(B) xSF (v)

GB(:U’ S) = 2s 2s Z 2s
ol 4l VEZENO}, (20(0),s 1,1 ())=(0,...,0) [v+mo/dl
ng(B) ;L‘SF(v)
T 2 CEE
VEZHIN{O}, (20 (0),mer 1 (1))=(0,..-0)
Lor(B) &
= W Z G(o,...,o,l)(ﬁﬂa s) + Hp(x,s).
1=0

Finally, if 79 > 0 and B’ # (0,...,0) then the case v = 0 cannot appear and
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we also get
ng(B) xSF (v)

Gp(x,8) = 5 Z [
g VSN, (o) 10 =P [v+1m0/d]

ng
= o ZGB' (x,s)+ Hp(z,s).

Now with A(z) = (AB}C(LU))B,CENLﬁ—l this directly translates to
1

G(zx,s) = |q|23

A(2)G(z,s) + H(zx, s),

which implies (4.8).

Set s = o + it. Since

14+t
|lv+1/10]* — |[v*|] < |v|* min(l, ‘—i_" ‘)
v

it easily follows that Hp(xz,s) is absolutely convergent for R(s) >
$A; log|g2 2] if |z[ > 1 and for R(s) > 3 - %Aglog‘q‘g(l/ml) if |x|
and that H(z,s) is bounded by (4.7). =

If we set an = 32,12, 2°7(2) then G(s,x) = > n>1ann” % and Mellin-
Perron’s formula gives (for non-integral V)

+
1

)

1
2
<

1 c+iT NS
- (z) — = -
(49 Y an= ) aW=gnhm | Glrs) -ds
n<N 0#|2|2<N c—iT

for any sufficiently large ¢ such that the line R(s) = ¢ is contained in the
half-plane of convergence of G(z, s).

We will first use this representation to get upper bounds for the sum
Z(];é|z|2<N 2%4(2)_ For this purpose we have to know something on the dom-

inant eigenvalue A(z) of A(z).

LEMMA 4. If x is sufficiently close to the positive real azis then A\(x) is
a simple eigenvalue of A(x) and all other eigenvalues have smaller modulus.
Furthermore, if F is integer-valued such that (4.2) holds and if x # 0 is not
a positive real number then all eigenvalues B of A(x) satisfy

(4.10) 18] < A(|x)-

Proof. Suppose first that x is a positive real number. Then it easily
follows that A(x) is a primitive irreducible non-negative matrix. We just
have to observe that for every pair of blocks B,C € Np.; there exists
a Gaussian integer z such that both B and C' occur in the g-ary digital
expansion of z. Hence, all elements of A(a:)L+1 are positive and consequently
by [22, Theorem 2.1, p. 49], A(x) is primitive and irreducible. Thus, A(z) > 0
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is simple and all other eigenvalues have smaller modulus. By continuity, this
property remains true if x is sufficiently close to the positive real axis.

Next, suppose that 2 = |z]e? with 0 < ¢ < 27. Since |97 (B)| = |z|97(B)
[22, Theorem 2.1, p. 36] implies that all eigenvalues [ of A(z) satisfy
18] < A(|z]). Furthermore, the equality |3| = A(|x|) holds if and only
if there exists a complex number p with |u| = 1 and a diagonal matrix
D = diag(uB)Ben,,, With complex numbers pp of modulus |up| = 1 such
that

A(z) = ADA(|z|)D~".
Without loss of generality we may assume that pg...o = 1.

We now show that in this case p =1 and ug = 1 for all B € N1, resp.
A(z) = A(Jz|). First observe that Ag..0,0..0(z) =1 (for all ). Thus, p = 1.
Furthermore, observe that Apc(z) = Apc(|z|) # 0 implies pp = pc-.
Obviously, we have Ag o(z) = Ap c(|z]) #0if C = (B’,1) (for some [) and
ng = 0. Thus, if B = (n1,...,ny) is any block in N7 11 then we can consider
the sequence of blocks

By =(0,...,0), By =(0,...,0,m1), Bo=(0,...,0,m,m2), ..., Bp =B
and conclude inductively that
l=pp,=pp, == UB.

However, if (4.2) holds then for every 0 < ¢ < 27 there exists B € Np41
with e97(B) £ 1 and thus z97(B) £ |2]97(B) Consequently, all eigenvalues
B of A(|z|e’?) are strictly bounded by |8] < A(Jz]). =

Next note that the inverse matrix (I — uA(z))~! can be written as

(I—uA(x))™! = det(T —1uA(a:)) (Ppo(u, @) g oenr

with polynomials Ppc(u, z) having degree in u smaller than D := N1+ | =
|q|>272. As above let A(x) be the dominating eigenvalue of A(z) and Ao(x),

., Ap(z) the remaining ones (where we assume that x is sufficiently close
to the real axis and that all roots are simple). Then by the partial fraction
decomposition we have

Ppc(u,r)  Cpe(r) <~ Chso(@)
(4.11) dot(T— uA(z)) 1 — uA(a) Z_; T g @)

for certain (analytic) functions Cpc(x) and Cj pc(x). This also shows that
G(z, s) can be represented as

(4.12) G(z,s) =

Mw

Iq\123>‘ ]( )7
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where K (x,s) and K(z, s) are linear combinations of the functions Hg(z, s)
with coefficients that are analytic in z (cf. also (4.20)).

This shows that (4.8) provides an analytic continuation of G(s, ) to the
range R(s) > log,2 [A(z)| if = is sufficiently close to 1, say |z — 1| < 4.
Furthermore, if |z — 1| > 6 and |R(z) — 1| < d2 then Lemma 4 shows that
all eigenvalues 3 of A(x) satisfy |3] < A(|z]) —n for some 7. Consequently,
for all x in that range the function G(z,s) is analytic in the half-plane
R(s) > logyp (M) ~ 7).

With this knowledge we are now ready to prove the second part of The-
orem 2. The argument is close to that of [14].

LEMMA 5. Suppose that F is integer-valued and that (4.2) holds. Then
there exist 6,k > 0 such that
(4.13) Z 25F(2) « N1ogg2 Mzl =k
|z|2<N
uniformly for |x — 1| > 6 and |R(z) — 1| < Js.
Proof. Our starting point is formula (4.9). Observe that the integral

there is not absolutely convergent. However, a slight variation of the Mellin—
Perron formula gives

c+ioco s
414) ST @)= Y au® PG | G - g
" 0#£]2|2<N N 2mi (st

c—100
with an integral that will be absolutely convergent in the range of interest.
Suppose now that |z —1| > ¢ and |R(x) — 1| < d2. Then we already know
that G(z, s) is analytic for R(s) > logjy2 (A(|z|) — 7') and that
|Gz, )| < (14 [t
if 0 =R(s) > logjgp(A(|z]) —n'/2) > logg2 A(|z[) —n™. It follows that
SV (x) < N8z Aleh=r",
It is now easy to derive proper upper bounds for
Sn(z) = Z z%a(®),
0#|z]2<N
Observe that for every factor o > 1 we have

oS - SP@) 1

2
se(a) (1 _ 1210
o—1 o1 2, @ (1 N>'

N<|z|2<oN

Sn(z)

Set ¢ = log|,2 A(|z|) —n"". By adjusting 02 we can assume that ¢ < 1. Finally,
with
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it follows that
SN (.T) < N(1+c)/2Nmax(A1 logmg (1492),A2 IOg\q|2 (1762))‘
Since do can be chosen arbitrarily small it finally follows that
Sy(z) < o812 Allz)) =7
for some 1 > 0. =

In order to prove the asymptotic expansion (4.1) for complex z (close
to 1) we will use the following properties (see also [2, p. 243]).

LEMMA 6. Suppose that a and c are positive real numbers. Then

1 ds a‘
4.1 — S 1< — 1
(4.15) i C_SiTa s ~— nTloga (¢>1),

c+iT
1 ds a‘

4.1 — S < - 1
(4.16) 270 _SiTa s |~ wTlog(1/a) (0<a<l),

1 ds 1| c
4.17 — S < = =1
(4.17) m’c_STa s 2|°T (a=1)

Proof. Suppose first that a > 1. By considering the contour integral of
the function F(s) = a®/s around the rectangle with vertices —A — iT, ¢ —
iT,c+iT,—A+iT and passing A to infinity one directly gets the represen-
tation

1 c+iT ds
- S a® — = Res(a®/s; s = 0)
21 o S
1 c a:c+iT 1 c a:v—iT
— d — dx.
i ) PR e e \ s e
— o0 —00

Since

aC

d
omi )z il "
— 00

1 ¢ ax:tiT ‘

R —
~ nTloga

we directly obtain the bound in the case a > 1.
The case 0 < a < 1 can be handled in the same way. Finally, in the case
a =1 the integral can be explicitly calculated (and estimated). m

For the formulation of the next lemma we use Iverson’s notation [p]
which is 1 if p is a true proposition and 0 otherwise.

LEMMA 7. Suppose thatl is a positive real number, A a non-zero complex
number, ¢ a real number with ¢ > logy2 IAl. Then for all real N > [,



318 M. Drmota et al.

c+iT 1 NS
(4.18)  —— lim | B ds
miT—o0 O 1 |q‘25)\ s
)\Lloglq‘z(N/F)jJrl _1 . 2)
= . ~5 )\L 8q/2 (N/1%) [[logw(N/l ) €Z].

Furthermore, if ¢ > max{1,log 2 [A|} and z is sufficiently close to 1 then
for every set of S of Gaussian integers with 0 € S and all irrational numbers
N >1,

c+iT sp(z) 1 _ 1
2izes T (\qz+u25 @) N°

4.19 — lim ds
( ) Tt T—o0 C_SiT Iq‘gg A S
_ 1 ] ALloglqp(N/\quP)J _ Alogy2(N/la=P))
1-A z€S
1 2
-3 3 gerE o Nt 0 g L (N/|gz +12) € Z]
z€S
1 O, z
+35 Y asr@plese VBl g L (N/|g2?) € Z] + O(1).
z€S

Proof. By assumption we have |\/|q|**| < 1. Thus, by using a geometric
series expansion and Lemma 6, for all N > 1 such that logy2(N/ 12) is not
an integer we get

1 c+iT l2i i 1 c+iT N SdS
2mi S 1— ==X s d B Z)\ 273 S q[2k12 ) s
c—iT lg IQS E>0 c—iT
)\

1
kélogm?(N/lQ) k>0 } og( \q|2kz2

B )\UOg‘qQ(N/l )+ 1 O<1 (N/l2)c )
- A—1 T1- 5[

If log),2(N/I?) is an integer, we can proceed similarly. Of course, this implies
(4.18).

Next assume that neither log,2(N/|gz 4 1) nor logy,2(N/|gz|*) are
integers for all z € S. Hence, if N > |gz + [|? then

c+iT 1
1 S |qz+l|2$ N* 2 s
21 S
i L g

o2 (N/lgz+2)|+1 _ 4 ( 1 |>“k(q|2k];[z+l|2)c>
- - o

k>0 ‘log(|q|2k|](;[z+l|2)‘
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and if N < |gz + | then we just have

1 c+1iT

1 C
. S lgz+1]2s N Z \QI2’“|qz+ll2)
2mi L)\ s '

c—iT lq[? k>0 ’log(|q\2k|qz+l\2) ‘

Furthermore, for given N there are only finitely many pairs (k, z) with

N 1

A )
q|?*|qz + 1|2 ‘ 2

Hence, the series

AL Iqlg’“lqurll2 )’

2€8 k>0 |log( \q|2k|qz+l|2) |

is convergent if x is sufficiently close to 1. Consequently, we get

c+1 sp(z 1 1
1 i +ST Poes o )(lqz+ll2s ~ @) N° d
27 T iy s &
c—iT RS
_ 1 3 xSF(Z)()\Llog‘qp(N/ItJZJrlI?)J — Alloggp(V/1as)y | (1)
1 — \-1 .

2€8,|z|2<N

Finally, since |gz + [|* = |¢z|?(1 + O(1/|2])) it follows that for = sufficiently
close to 1 we have
Z xsF(z)(AUOg\q|2(N/|qz+l|2)J _ )\Uogm‘z(]\’/\fIZIQ)J) = 0(1).

2€8,[212>2N

This proves (4.19) if neither log|,2(N/|gz + 1) nor log,2(N/|qz|?) are in-
tegers. It is, however, easy to adapt the above calculation in the general
case. m

We now come back to the representation (4.12) for G(s,z). We already
mentioned that K (s, z) and Kj(s, z) are linear combinations of the functions
Hp(z,y) with coefficients that are analytic in . We make this explicit for
K(s,z) in the following form:

2
L d(x
(420)  K(s,z)= ) llgs)
=1
S et ¥ (e )
I=1 Brest 2€Z[i]\{0} 2z +1] 2]

(e0(2),-ser—1(2))=B’

Hence, for N > 1 we obtain
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c+iT a?
1 . K(xz,s) N°* 1 / lo ]
— 1 ’ —ds = A Bla? 12
271 TL»oo _SZT 1 | |12$ )\("L') S 1_ )\(.’E) 1 ; Cl (x) ( ) ql“ 1

N
— %Z Z CEI,B’('%') ZmSF(Z))\(x)Uog\qF pe=iA [[loglq2 m;;]—\;l\? € Zﬂ
_N_
4= Z Z Cl i ZwSF(Z))\(x)UOg\qP faer? ] |:|:10gq|2 \N|2 € Zﬂ +O(1),
qz

l 1 Brect 2#£0
where the O(1)-term is uniform for N > 1 and for z in a complex neighbour-
hood of x = 1. Note that the correction terms vanish if N is, for example,
irrational. Actually, we will prove in Lemma 8 that these correction terms
can always be neglected since they sum up to zero in all cases.

Furthermore, note that the right hand side of this representation is of or-
der O(N log)qp2 gR()‘(m))). Thus, if we do corresponding calculations for Kj(z, s)
and Aj(z) we also get
c+iT

1_ S Kjga: ,S) —Sds _ O(Nloglq‘gg?()\j(x))).
271 T—o0 C_iT Iq\%)\ (x) s
Hence, setting
- .7} lo, 2
(4.21)  B(z,t) = ToaE T Z g)ltlogjq2

—t ./

CZB/(x> sm(2 t—|lo lgz+1]2] [t—lo lg=]
3P i () o)y~ 954 ) (a4 )

=1 B'eLl 27#0
and
Az)t &
(4.22)  B(,t) = — (‘”2) ¢j(@)A(@) B0 L [t~ logy2 12 € Z]
=1
A(z) ™ < ' sp(z) [t—log,, 2 |gz+I|?] 2
-5 SN @) at N (@) B [t—log,q lgz+1|* € Z]
I=1B'erL 20
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we end up with the representation
(4.23) Sn(z) = (B(z,log),2 N) + B(x, logy,2 N))

x N'8a2 A (1 4 O(N7)),
where £ > 0 is just the minimal difference between R(A(z)) and R(\;(z))
(j > 2) when z varies in a sufficiently small neighbourhood of z = 1. By
definition it is clear that @(z,t) = &(x,t + 1), &(x,t) = @(x,t + 1) and that
&(x,t) and &(x,t) represent analytic functions in z if ¢ is fixed. However,

E(x,logmz N) = 0 if N is irrational. Thus, it is natural to expect that

@(z,t) = 0 for all ¢ which is in fact true. The next lemma provides this fact
and also the continuity of @(z,t), thus completing the proof of Theorem 2.

LEMMA 8. The function ®(z,t) is Holder continuous in t and analytic
for x in a complex neighbourhood of x = 1. Furthermore, ®(x,t) = 0 for allt.

_ REMARK 7. In particular this shows that @(x,t) from Theorem 1 equals
&(z,t) for real x.

Proof of Lemma 8. First assume that = is real. By considering N =
g[8 for n = 0,1,2, ... it follows from Theorem 1 and (4.23) that &(z,t) =
&(x,t) +D(x,t). Furthermore, we have @(z,t) = 0 if ¢ is not of the form t =
logmz m — k for some positive integers m and k. (This occurs, for example,
if ¢ = log|y2 T' for some irrational number T.) Since the numbers ¢ with this
property are dense in [0,1) it follows that @(x,t) is continuous in ¢ if and

only if @(z,t) = 0 for all t. This observation can also be deduced from the
inequality (4.24) below which is also true for complex x. Hence, continuity
of the mapping t — &(z,t) follows from &(x,t) = 0 even if x is a complex
number.

We now suppose that ¢ € [0,1) is of the form ¢ = logjg2 m — k for some
positive integers m and k where we assume that k is chosen to be minimal.
If s # ¢ is also of that form, that is, s = log,2n —j € [0,1) for positive
integers n and j, then (for a properly chosen constant ¢ > 0) we have

. > 287 2t > .
9112 el ~ 101 2 ey

1
C—m— -
|q[**]s — 1]

Observe that only terms of the form A(z)~7 contribute to E(x, s); notice
that for these values of t we have n = |gz + [|> for some z € Z[i] and
1 €10,...,a%}. Thus, if we fix some £ > 0 there exists § > 0 such that

]5(3:,3)\ < e forall s with |s —¢] <.

In particular,
la* >
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Next observe that if ¢ = logjy2 m — k then for 0 <6 <1,
)\(l‘) L(t+9)_10g‘q|2 2] _ )\(IE) L(t_e)_IOg‘q‘Q 12 )\—k _ )\—k—l
1—1/X\(z) T 1-1/M2)
= AF = A(z) B2 P

Thus, by a similar reasoning we also get

(4.24) &(z,t+0) —P(x,t —0) + 3 O(z,t)| <e

if 0 < # < 0. Furthermore, by continuity of ®(x,t) = &(x,t) + @(x, 1),
|P(z,t +0) — D(x,t —0)|

= Bz, t+0)+ B, t+0) — D(x,t — 0) + D(x,t — 0)| < &
in that range. Consequently,

B2, 1) < 2B (2t + 6) — Ba,t — 0)] + 2
<2|P(x,t+0) — P(x,t — )| + 6 < Te.

Since € > 0 can be chosen arbitrarily small it follows that E(x, t) =0.
Thus, we have shown that &(x,t) =0 for all ¢ if x is a real number close

to 1. Since @(x,t) is an analytic function in = we also obtain &(x,t) = 0
for complex z close to 1. As mentioned above, this implies that ®(z,t) is
continuous in ¢ even if x is a complex number close to 1.

Similarly we show that @(x,t) is Holder continuous in t. Here we just
have to use a quantified version of (4.24). We leave the details to the reader. m

5. A method based on ergodic Z[i]-actions and skew products.
In this section we will consider block additive functions sg taking values
in an abelian group A, hence F : A¥*! — A. The neutral element will be
denoted by 04. We assume that A is compact metrisable, equipped with
its Haar measure A4, and we introduce the metrisable compact space 2 :=
A”0). The shift Z[i]-action X : ¢ = X on (2 is defined by setting, for all
w:z+— w, and all ¢ € Z[i],

(ZC(C‘)))Z =Wtz

For any w € {2, consider its orbit closure K, which is the topological closure
of its orbit

Ou = {2 (w) : ¢ € Zli]}

under the shift. Clearly K, is a compact subspace of {2 and Y¢(K,,) = K,
for all ¢ € Z[i]. The restriction of X on K., still denoted by Y, is a
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homeomorphism of K, defining the shift Z[i]-action X' : { — X¢ on K,,. By
definition, the couple K, := (X, K,,) is the flow associated to w.

The function sp can be viewed as an element of the compact space
2 := A”l1. For short we write K(F) (resp. K(F)) for K, (resp. Ks,) and
we set [(F) :={sp(2): 2z € Z[i]}.

LEMMA 9. Assume that A is a compact metrisable group. Then the clo-
sure A(F) of the set I(F') is a subgroup of A.

Proof. 1t is clear that the neutral element 04 of A belongs to I(F') so
that, due to compactness, it is enough to prove that a + a’ € A(F) for any
a and o' in A(F). Let U be any neighbourhood of 04 and let V' be another
neighbourhood of 04 such that V 4+ V C U. By assumption there exist
Gaussian integers z and 2’ such that sp(z) —a € V and sp(z') —d € V.
Setting 2" = z + ¢ one gets sp(2) — (a4 a') = sp(z) — a +
sp(2')—a’ € V+V. Hence sp(2")—(a+a’) € U, proving that a+a’ € A[F]. u

In the next theorem we make use of the following simple result:

LEMMA 10. For any neighbourhood V of 04 in A there exists a finite
set B= B(V) of Z[i] such that for all r € Z[i] there exists b € B such that
sp(r+b)eV.

Proof. We may assume that V' = —V otherwise replace V by V N (=V).
Since I(F') is dense in A(F) and A(F) is compact there exists an integer
N = N(V) such that

A(F) C U sp(z) + V.
z,length, (2)<N

Given any Gaussian integer 7, we use the g-adic expansion of r to write the
decomposition r = 7' + ¢V Lt with length, (') < N + L + 1 and choose
" with length, (") < N such that —sp(t) € V 4+ sp(r”). With b = —r" 47"
we get

SF(’I” + b) e SF(T‘// + qN+L+1t) = SF(’I”//) + SF(t) eV.
In addition, from Lemma 1,
log(|r'| + |r"]) <ot log2 +loglgl(c+ N+ L+1)

log q] - log ||
<d+N+L+1.

length(b) < ¢+

The proof ends by taking B := {z € Z[i] : length,(2) </ + N+ L +1}. =

We are ready to prove the main result on the topological structure of
K(F).
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THEOREM 3. The flow K(F) is minimal, that is, if M is a non-empty
compact subspace of K(F) such that X¢(M) C M for all € Z[i] then
M = K(F).

Proof. Since K(F') is the orbit closure of sp, it is enough to prove that
sp is uniformly recurrent (see [7, Section 4]). To this end we have to show
that for any neighbourhood W of Ogp, the neutral element of 2, the set
S(W) :={u € Z[i] : Xu(sr) — sp € W} is syndetic, that is, there is a finite
set E such that Z[i]| = S(W)+ E. We may restrict ourselves to fundamental
neighbourhoods of the form

WMU)= (] {weR:w. €U}
length, (2)<M

where U is any neighbourhood of 04. Choose a neighbourhood V of 04 such
that V 4+ V C U and a finite subset B = B(V) of Z[i] as in Lemma 10
and let h = max{length,(b) : b € B}. Fix any Gaussian integer z and
decompose it as z = 2/+¢M L1y with length, (2') < M+L+1. By Lemma 1,
length(—z") < 2c+M+L+1 and there exists 7’ € B such that sp(r+r') € V.
Now set ¢ = —z'4+¢M L+’ By construction z+¢ = ¢+ (r /), which
implies sp(z + ¢ +t) — sp(t) € V for all Gaussian integers ¢ of length at
most M. This means that z + ¢ € S(W) with

log(|='| + |r'] lg|*+5*1)

<+M+L+1+h
log |q|

length,(¢) < c+

where ¢’ is an absolute constant. Therefore ¢ belongs to a finite subset of
Z[i] and consequently S(W) is syndetic. =

Now we introduce tools from ergodic theory to prove rather general dis-
tribution results on block-additive functions. We will use ideas discussed in
more detail in [14] and refer to that paper for a detailed exposition of the
method.

The general idea of the approach motivated by ergodic theory is to build a
dynamical system (X, T, 1) from the underlying digital expansion. The space
X is then a suitably chosen compactification of Z[i], the action T : Z[i] —
Aut(X) is simply addition by elements of Z[i]. Since the compactification
X carries a natural group structure in our case, u is chosen as the Haar
measure on this group. Since no non-trivial block additive function can be
extended to a continuous or even measurable function on X (see Remark 9
below), we use a trick developed by T. Kamae [15], which overcomes this
problem by constructing a suitable cocycle (we will introduce this notion
below). The fact that the additive function has no extension to X is then
reflected by the non-triviality of the cocycle.
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Consider the infinite product space
K, =10,1,...,a*}N0
and embed Z[i] by g-adic digital expansion
L) — Ky, 2z (e0(2),e1(2),...,e0(2),0,0,...).

Then it was proved in [14] that addition in Z[i] can be extended continuously
to k4. By this construction K, inherits a group structure by

Ky = projlim Z[i] /q" 7Z][3].
n—oo
The corresponding Haar measure p is the infinite product measure of uni-
form distribution on the digits. The cylinder set of base (zo,...,2n) €
{0,...,a*}"*! is given by
[0y ] =20+ 21+ -+ + 20¢" + q"HICq
={zeK;:e0(2) =x0,...,en(2) =z}

The Haar measure of such sets is given by pu([zo,...,7,]) = g™ ! The
Gaussian integers Z[i] act on K, by addition

T:Z[i] — Aut(Ky), z— (x+—x+2).
This continuous action is uniquely ergodic.

DEFINITION 1. A sequence (Qn)nen of finite subsets of Z[i] is called a
Fyolner sequence if it has the following properties:

(1) Qn C Qny1 for all n;
(2) There exists a constant K such that #(Q, — Q) < K#Q,, for all n;

(3) 11151010 #(Qn ig;r @n)) =0 for all g € Z[i].

(A denotes symmetric difference.)

Classical examples of such sequences are the sequence of balls of radius
VvV, Qn = {z € Z[i] : |2|* < n}, or the squares Q,, = {z € Z[i] : |R(2)| < n,
|(2)| < n}. Another example more connected to digital expansions is the
“discrete g-adic dragons” Q, = {z € Z[i] : length,(2) < n}.

We recall that a point x € X is called (T, u)-generic (or simply generic,
if the underlying action is clear) if

(5.1) VfeC(X):  lim #2271

for a Fglner sequence (Qp)nen. By Tempel’'man’s ergodic theorem (cf. [19,
Chapter 6, Theorem 4.4]) p-almost all points are generic. Clearly, for a
uniquely ergodic continuous action every point is generic, and even more:
the convergence in (5.1) is uniform in x.

> foTu(x)=\ fdpu

2€EQn X
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For uniquely ergodic non-continuous actions we need additional condi-
tions, which will be developed below, to have the same conclusion. To this
end we introduce the following definition.

DEFINITION 2. Let X be a compact metrisable space and T': Z[i] x X
— X a Borel measurable Z[i]-action. A subset A C X is called uniformly
T-negligible if

Ve>0dgeC(X),g>14: limsup

n—oo

<e€

(e 9]

Y goT.

I
2€Qn

#Qn

for a Folner sequence (Qp,)nen.

DEFINITION 3. Let X be a compact metrisable space and T : Z[i] x X
— X a Borel measurable Z[i]-action. The action T is called uniformly quasi-
continuous if for every z € Z[i] the set of discontinuity points of T, is
uniformly T-negligible.

REMARK 8. If T is uniformly quasi-continuous and g is a T-invariant
Borel probability measure on X, then T' is u-continuous.

The following theorem is an adapted version of [21, Annexe, Théoreme].
The proof is slightly simplified by the fact that the action is invertible.

THEOREM 4. Let T be a uniformly quasi-continuous Z[i]-action on the
compact metric space X and assume that T is uniquely ergodic with invariant
measure A. Then for any \-continuous function f we have

Y folu(w)=1|fdr

2€Qn X

) 1
(5.2) nan;O 0.
uniformly in x.
Proof. Let Ry denote the Banach space of real-valued A-continuous func-
tions on X equipped with the uniform norm and let
E={g—goT.:g€ Ry z€Z[i]}).

Then A defines a linear form on Ry with ker(\) C E. We will show that we
have equality in fact.

Let L : Ry — R be a continuous linear form with £ C ker(L) and
L(1) = 1. For f > 0 define

[LI(f) = sup{L(g) : g € Ry, lg] < [}.

Then |L| can be extended to a continuous positive linear form on Ry. Thus
|L| determines a measure ¢ on X.

We will now prove that |L| and therefore ¢ is T-invariant. By definition
we have, for f > 0,
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|L|(f oT;) =sup{L(g) : g € R, |g| < foT.}
>sup{L(goT.):goT. € Ry, |goT:| < foT:} > |L|(f),

where we have used L(g) = L(g o T,) since E C ker(L). Applying the same
inequality to f o T, shows the T-invariance.

By unique ergodicity we have £ = X. On the other hand, |L| — L is also
a T-invariant positive linear form. Thus we have |L| — L = a\ with a > 0.
Hence L = (1 —a)A and as L(1) = 1 we get a = 0, and we have E = ker(L)
by the Hahn—Banach theorem.

Summing up, for every f € R, and every € > 0 there exist k € N,
g1y, 9k € Ry, and z1,..., 2z € Z[i] such that

k

[F =2 =Y gn—gmoT)

m=1

| <
o

Applying the ergodic means to this inequality and using (3) Definition 1
finishes the proof. =

We recall the definition of a cocycle:

DEFINITION 4. Let (X,T,u) be a Z[i]-action on X and A an abelian
group. A T-cocycle (or simply a cocycle, if the underlying action 7" is fixed)
is a Borel map a : Z[i] x X — A such that

(i) a(g + h,x) = a(g, Thz) + a(h,z) p-ae.,

(i) p(Ugezp ({2 - Tyz = 2} n{x - a(g, ) # 04})) = 0.
If we assume that T is aperiodic, i.e. p({x : 3g # 0, Tgx = x}) = 0, then
condition (ii) is always satisfied.

A cocycle a is called a coboundary if there exists a Borel map f: X — A
such that

Ve e X,g€Z[i] . a(g,x) = f(Tyx) — f(x).
The skew product (X x A,T% u® A4) corresponding to the cocycle a is
given by
(5.3)  T:Z}i] - Auwt(X x A), z+— ((z,b) — (z+2z,b+ a(z,x))).
DEFINITION 5. An element a € A is said to be an essential value of the

cocycle a if for every neighbourhood N(a) of @ in A and for every B € B(X)
(Borel sets) with u(B) > 0,

(5.4) M( U BNT,N(B) N {x: alg,x) € N(a)})) > 0.
gEZi)

Let
E(a) ={a € A: a is an essential value of a}.
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This definition does not require ergodicity of T. We have the following
proposition.

PROPOSITION 2 (cf. [23]). Let a : Z[i] x X — A be a cocycle. Then the
following properties hold:

(1) Ifb: Z[i] x X — A is a coboundary then E(a+b) = E(a).

(2) E(a) is a closed subgroup of A.

(3) a is a coboundary < E(a) = {04}.

Let 7 be the set of T-invariant elements in B ® B4 and put

I(a) ={fe€A: p®@ha(rgB A B) =0 for every B € T}

where 753 : X x A — X x A is given by

8(x, ) = (z,a + ).
The set of essential values is directly related to the ergodicity of the skew
product action T by the following theorem of K. Schmidst.

THEOREM 5 (23, Theorem 5.2]). Let T' be an ergodic action on (X, B, )
which is assumed to be non-atomic. Then for any cocycle a : G x X — A,

E(a) = I(a).
COROLLARY 6. If T is ergodic, then
T is ergodic < E(a) = A.
The cocycle suitable for our purposes is defined as
lim (sp(w + 2) — sp(w)) if the limit exists,
(5.5) ap(z,x) = wezfi
0 otherwise.
The limit exists if the carry propagation in the addition z + z terminates
after finitely many steps. It was proved in [14] that for almost all « € I, the
addition z + z produces only finitely many carries. Thus ap(z, ) is defined
for p-almost all z. Furthermore, since ap(z,-) is constant on cylinder sets
defined by the different possible carries in the addition = + z (cf. [14]),
ap is also p-continuous. Moreover, the set of discontinuity points of ar(z,-)
is closed, hence it is also uniformly T-negligible by the unique ergodicity
of the continuous action T'. Thus we have proved

LEMMA 11. The skew product action T°F given by (5.3) is uniformly
quasi-continuous.

We naturally define
Viar) ={ar(z, ) : x € Ky, z € Z][i]},

the closed subgroup consisting of the values of ap. Recalling the definition
of the group A(F) = {sp(z) : z € Z][i]}, we readily have
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PROPOSITION 3. The groups generated by the values of sp and ap are
equal:

Viap) = A(F) ={sp(z) : z € Z[i] } .

PROPOSITION 4. Let sp be a block additive function on Z[i] and ap be
the corresponding cocycle on ICq. Then the set of essential values of ar equals
the closed subgroup A(F') of A generated by the values of sp:

E(ar) = A(F).

Proof. We need the following lemma which is the analog of [3, Lemma 12]
but in the case of cocycles for a Z[i]-action.

LEMMA 12. Let o € A and assume that for any neighbourhood V=V («)
of a in A there exists a constant k > 0 such that for every mon-empty
cylinder set C of K4 there exists ¢ € Z[i] such that

w(CNT(C)N{z € Ky : ar((,x) € V}) > ku(C).
Then o € E(ar).

Proof of Lemma 12. Set for short W (V,() :={x € Ky : ap((,z) € V}.
If B is a Borel subset of Ky, then due to the regularity of the Haar measure,
for any ¢ > 0 (and € < 1), there exists a non-empty cylinder set C' such that
w(BNC) > (1—e)u(C), hence u(C'\ (BNC)) < eu(C), leading to

W(BOT(B) N W(V,0) = u((BNC) N Te(B A C) AW (V,0))
> u(C N T(C) N W(V,C)) — 22(C).
Choose (¢ such that u(CNT(C)NW(V,¢)) > ku(C) and € < £/2. Then we
get u(BNTe(B) NW(V,¢)) > 0. Hence ¢ € E(ar) as expected. =

Going back to the proof of Proposition 4, it is enough to prove that
ar(y,z0) € E(ar) for all y, zy € Z[i], where y = (yo,y1,...,yt)q. Let C be
any non-empty cylinder set, say

C= [60,61,...,6k].
Set ¢ = ¢**L+32y and consider

Co = [50751,---a5k70>---70790>y17--->yt303--->o]
——— ——
L+2 M
with M = 4 + max(0, length,(z0) — t). One has u(Co) = xku(C) with x =
1/|q|M+1+E+2 The M digits 0 at the end ensure that there is no carry

propagation beyond the k + L + ¢ + M + 4 fixed digits. This means that for
any x € Cy,

ar(¢,x) = ap(z0,y) and Cp C COTC_I(C).
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This implies that for any neighbourhood V' of ap(zg,y),
WO NI (C) AW VL) 2 m(C),
and Lemma 12 gives ar(20,y) € E(ar). =

REMARK 9. By considering both Proposition 3 and Proposition 2(3) one
sees that if sy can be extended to a measurable map on K, then the cocycle
ar is a coboundary, hence sp is trivial, i.e., sp(z) = 04 for all z € Z[i].

Putting together Proposition 4, Corollary 6, and Lemma 11 we obtain

PROPOSITION 5. Let sp be a block additive function taking its values in
the compact abelian metrisable group A, let ap be the corresponding cocycle
defined by (5.5), and assume that A(F) = A. Then the skew product T*F
is uniquely ergodic and more precisely, for all p & Aa-continuous maps f :
X xA—-C,

lim ——— Y foT"(z,9)= | fd(u®a)
zEQn XxA

uniformly in (z,g) € K.

COROLLARY 7. Let sp be a real-valued block additive function which
attains an irrational value. Then (sp(2)).ezp s well uniformly distributed
modulo 1 with respect to any Folner sequence (Qn)nen, i-e.

li Asp(z+y)t eI} =A(I)

for every interval I C [0,1] ({-} denotes the fractional part), uniformly in
y € 7Z[i].

Proof. The assumption that sp attains an irrational value clearly implies
that V(ap (mod 1)) = R/Z. By Weyl’s criterion (cf. [20]) the assertion is
equivalent to

Vk e Z\ {0} : hm

Z e(ksp(z+y)) =0

Z€Qn

#Qn

uniformly in y € Z[i]. The points (y,0) are uniformly generic for T%F by
Proposition 5. Now, by definition of T*F we have
2% (y,0) = (y + 2, ar(2,y))
=W +zsr(y+2) —sp(y)) (mod 1).
Genericity of (y,0) implies

} Z Xo ® e (T (y,0))| = lim. #2271

lim

n—oo #Qn

Z e(ksp(y +2))| =0,
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where xo denotes the trivial character of Ky and e (-) = e(k-). The conver-
gence is uniform in y € Z[i|. »

COROLLARY 8. Let sp be an integer-valued block additive function. Then
for any integer M > 2 for which there exists a value sp(z) that is coprime to
M the sequence (sp(2)).ezp) s well uniformly distributed in residue classes
modulo M with respect to any Folner sequence (Qn)nen, i-e.

nh_}rgo?%;@L#{z €EQn:sp(z+y)=m (mod M)} =

form € {0,1,..., M — 1}, uniformly in y € Z][i].

Proof. After observing that V(ap (mod M)) = Z/MZ, the proof runs
along the same lines as the proof of Corollary 7. m

1
M
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