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Explicit upper bounds for |L(1, x)| for
primitive even Dirichlet characters
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STEPHANE LOUBOUTIN (Marseille)

1. Introduction. Let py,...,p, ber > 0 given positive distinct rational
primes and let x range over the primitive (even or odd) Dirichlet characters
of conductors f, > 1. In [Loul] we explained how to compute a reasonable
constant K,T, depending on the p;’s only, such that

Hl )]<1<£[1<1—1%>>10gfx+/17«

More expllcltly, a careful analysis of our proof shows that we may take

F';T':RT'(]~>+RT' X)+ m

where R, (1) and R,(x) are computed inductively from the formulae
Ro(1) = Ro(x) =0,

ey + logp, 1
Rraa(1) = 2082 (1 L)),

)|5x + log pri1 X(pr+1) Ro(x),
DPr+1 Pr+1

where e, = (x(1) — x(—1))/2 € {0,1}. In particular, R,(x) = 0 if x(p;) =0
for all the r primes p;. Moreover, R,(1) < YI_,(ey + logp,)/pr. For a given
set of r primes p;, one needs a little time to determine which ordering of
the p;’s will yield the least values for R,(1) and R,(x). For example, if we
let x range over the primitive even Dirichlet characters such that x(2) =0
and x(3) = —1, then the choice p; = 2 and py = 3 yields Ry(1) = ¢ log(36)
and Ra(x) = %log 3, whereas the choice p; = 3 and p2 = 2 yields Ra(1) =
+log(24) and Rg( ) = 3 log 3. Therefore, we obtain

Rey1(x) = Ix(Pra1 + |1 -

(1) |L(1L,y)| < = (log fy+r)  with k = log(216) + 8 = 13.375278.. ..
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2 S. Louboutin

for any primitive even Dirichlet character of conductor f, satisfying x(2) =0
and x(3) = —1. This is the bound quoted in [Le, Lemma 3].

The aim of this paper is to provide the reader with better values for these
constants x, for even characters. It must be pointed out that neither of the
two methods we develop here for improving upon these constants k,’s apply
to odd characters (see [Lou3] and [Ram] for explicit bounds for |L(1, x)| for
odd primitive characters).

2. Statement of the results. We let v = 0.5772156649... denote
FEuler’s constant.

2.1. Bounds in the case that x(p;) =0 for all i’s

THEOREM 1. Set kg = 2+~ —log(4m) = 0.046... Fiz k=][,_, pi > 1,
a square-free integer, and let x range over the primitive even Dirichlet char-
acters x whose conductors fy, > 1 are divisible by k. We have

r

@ 12001 5{T1 (1= 5 ) p(rom e ro 230 25 ) ot

i=1

where o(1) is an explicit error term which tends rapidly to zero when f,
goes to infinity. Moreover,

1. For any primitive even Dirichlet character of conductor f, > 1 we
have

(3) [L(1,0)] < 5(log fy + o).

2. For any given prime p > 2 and for any primitive even Dirichlet char-
acter of conductor fy > fp = %]P divisible by p we have

1
(4) LMLXHS%(l—%><bg&+ﬁm+2;%ﬁ>

3. For any given primes p > q > 2 and for any primitive even Dirichlet

character of conductor fy > fpq = 1%4])2(]2 divisible by p and q we have

1 1 1 logp log q
L <=(1-=)(1-=)(1 2 2 .
® 1oal<g(1-1)(1-1) (st ro+ 280 4 205

COROLLARY 2. Let x be a primitive even Dirichlet character of conduc-
tor f, > 1. We have

(6) IL(1,x)| < Ay (log fy + rx)

where Ay and k, which depend only on the value of f, modulo 6 are given
i the following table:
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2|1 /x7 31T Ax Fx
No No 1/2 2+~ —log(4m) =0.046191...
No  Yes 1/3 2+~ —log(4r/3)=1.144803...
Yes No 1/4 24~ —logm=1.432485...
Yes Yes 1/6 24~ —log(w/3) =2.531098...

Proof. fo=0.6..., f3=136...and fo3=1529... =

REMARK 3. Let us point out that lately Ramaré has been able to im-
prove slightly upon two of these bounds (see [Ram]):

2 ‘ fX? AX Kx KRamaré
No 1/2 2+~ —log(4r)=0.046191... 0
Yes 1/4 24+~ —logm =1.432485... log4 = 1.38629...

See also [Loub] for slightly worse improvements.
2.2. Bounds in the case that x(p;) # 0 for some i

THEOREM 4. Set k(j = 2y —1 = 0.154... Fiz h = [[7_ypi > 1 and
k= H::S_H pi > 1, two coprime square-free integers. Set

S T
1 log p;
Kk =slog2— E log (1—;) + E pég_pzl,
i=1 1"

i=1 ¢

and let x range over the primitive even Dirichlet characters of conductors
fx > 1 such that k divides f,. Then

f[ (1 >'\L X)| <= L { f[ (1—%) }(log fx+ro+26)+0(1)

i=1 i=1

(7)

where o(1) is an error term which approaches zero as f, goes to infinity.

Since k() = 2y —1 = 0.154... > 0.046... = Ko = 2 + v — log(4m),
Theorem 1 provides us with slightly better bounds than Theorem 4 for
s =0, r > 0. Moreover, the error term o(1) in (2) is much smaller and easier
to handle than the one in (7). The error term o(1) in Theorem 4 is explicit
and depends on the p;’s. For example, we will prove:

THEOREM 5. 1. Set k' =2y +6log2 —1=4.313314... and let x range
over the primitive even Dirichlet characters of conductors fy, > 1. Then

(12 )za, x>} < Hlog £y + #) + o)

and

0 (1- 2200 < oz £, +5)
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In particular, if x(2) = —1 then
(9) |L(L, x)| < (log fx +5)/6.

2. Set k" = 1og(108) + 2y — 1 = 4.836656 ... and let x range over the
primitive even Dirichlet characters of even conductors f, > 1. Then

(1= 20200 < ftog o) +o)

and

(10) '(1 - @) L, X)' < S(o8 [, +6).
In particular, if x(2) =0 and x(3) = —1 then

(11) [L(1,x)| < (log fx +6)/8.

Notice that (11) is better than (1) used in [Le, Lemma 3]. We also refer
the reader to [Pin] and [Toy| for asymptotic bounds for |L(1,x)|. These
bounds are asymptotically better than our bounds (2), (3) and (7), but
they are not explicit and are of no practical use when applying bounds for
|L(1,x)| to class number problems for CM-fields, as in the last section of
the present paper.

COROLLARY 6. Let N be a real abelian number field of degree n > 1.
Let
Ex(p) = [[ - NP~

Plp
denote the Euler factor of the Dedekind zeta function (N of N related to
the rational prime p > 2. Then

n—1
(12) Ress_1((n) < %EN(Q) <ﬁ log dn + 2.5> .

Proof. Let XN be the group of order n of primitive even characters
associated with N. Then

Ress:l(CN) = H L(LX)? dN = H fX
xE€EXn\{1} XEXn\{1}
and
Exp= [J] O=xwpH'=2/ J[ Q-xtp)
XEXN xXEeXnN\{1}

Since the geometric mean is less than or equal to the arithmetic mean, using
(8) we obtain the desired result. =
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Since En(2) < 2", (12) improves upon the bound

n—1
(13) Ress—1(¢n) < (ﬁ log dn + %/@0)

we would obtain by using (2 ) (instead of (8)). For example, if 2 is inert in
N then EnN(2) = (1 —27")7! and (12) is then a (2" — 1)-fold improvement
n (13).

3. Proof of Theorem 1. Our proof is based on the method introduced
in [Lou2]. Let > 0. We set
(14) gla) = e
n>1
which satisfies the functional equation

(15) 9(1/x) =Vag(x) + (V- 1)/2,

from which we obtain the integral representation

W—s/2]ﬁ<§><(s)2080:63/29(:6)(1_1‘:080 3/2 d$+0§9< ) _S/2d_l‘
1

xT xT
0 1

and
< dx

(16) WS/2F<§>C(3):1— ! + [ @ 4+ 20792 g(2) =

s s—1 z
1

In the same way, set f = f, and

X) =3 x(m)e ™ (x> 0),

n>1

which satisfies the functional equation g(1/x, x) = Wy/z g(z,X) where

-1
1 ,
Wy = —= E x(a)e?ami/t,

We obtain
1 (DY r (e = /2 4 Wyg(e, X)a=/2) 2
an (= 5 ) E(s.0 = [ (gl ) + Wyg(a, R)a /%) =

1
Noticing that |W, | = 1, the choice s =1 yields
d:c
(18) VL1, )| < S 90| 22 f X gz, %) —

Since x(n) = 0 whenever gcd(n, f)>1, we have

(19) gz ) =gzl < D> e =37 w(dyg(d/f),
n>1 d|k
ged(n,k)=1
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where p denotes the Mobius function. Set

(20) 1) = [ (V& + Dgle/x) 2

1
Using (18) and (19), we obtain

(21) VLX) <Y p(d)I(f/d?)

dlk
(compare with [Lou2, (5)]).

LEMMA 7. We have

(22) I(X)= (VX ~1)log VX + 2 (VX +1) - J(X)

where

@) ) = [V V) S = VE |1+ V)
X 1

decreases in the range X > 1/(27) and satisfies

[e.9]

2 2 2
Tfig(x)dm‘mfznz S REE D)

Proof. To get (22) and (23), use (15) (see [Lou2]). For > 0 the deriva-
tive of X +— v Xg(xX) which is equal to ﬁ D11 = 2rn2z X )e T X
is less than 0 for X > 1/(27x). Hence, for any = > 1 the function X +—
VX g(zX) decreases in the range X > 1/(2n). Thus, X — J(X) decreases
in the range X > 1/(27). m

(24) J(X) <

Using (21) and (22), we obtain

s (o) 307 (5)

dlk

which, upon using

S ()Y = —(1_1 (1 - i)) ;;fg_p}

(25) |L(1,y)| < %{1:[ (1—%>}<1ng+,€0+22 1ogpz> . %R(f)

)
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with
R(f) = A+ (o —log f)/2 = Y u(d)J(f/d?)
d|k
(and J as in Lemma 7),
=01 51

—lo ifr=1,
A:Z“(d)logd:{o . ifr £ 1
dlk '

Now, using (25), we are in a position to complete the proof of Theorem 1.

1. If r =0 then R(f) = (ko —log f)/2 — J(f) <0, and (25) yields (3).

2. If r =1 and p = p1, then R(f) = —logp—J(f)+J(f/p?) < —logp+
J(f/p?), and f > f, := 3p*/(27?) implies

3 2v/2
R(f) < —log2+J(—2> < —log2+—f <0
2 \/g(eﬁ»/_z_ 1)

(by Lemma 7), and (25) yields (4).

3. Assume that r = 2 and k = pg with p > ¢ > 2. Set X = f/(p?*¢?) and
assume that f > f,,, i.e. X > (log4)/(37). Then

R(f)=—J(f)+I(f/p*) + I(f/a®) = I(f/(P*a"))

< JP*X) + J(@*X) = J(X) = VX [ (1 + V&) gpq()
1

dx
x
with gp.4(z) = pg(zp*X) + qg(2¢*X) — g(2X) and g as in (14). We want to

prove R(f) < 0, for (25) would yield (5). It suffices to prove g, 4 < 0 for
x>1.Now, forp>2¢>2 n>1,z>1and X > (log4)/(3r) we have

pexp(—mn®z(p® — 1)X) + gexp(—mn’z(q* — 1)X)

21 21
gpexp<—p 3 log4> —i—qexp(—q 3 10g4>

< 2exp(—log4) + 2exp(—log4) =1

and
pexp(—mnlzp®X) + qexp(—mn’z¢®X) — exp(—mn’zX) < 0.

Hence, g, q(z) <0 for > 1.
4. Assume that r > 2 and f > k%/(27). Since there are 2"~! divi-
sors d of k for which u(d) < 0 and since f/d?> > f/k* > 1/(2r) implies
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0<J(f/d?*) < J(f/k?) (use Lemma 7), we obtain
==Y wd)J(f/d*) <27 I(f/R) <

dlk
by (24), and (25) yields (2).

2"k
I (VIR 1)

= o(1),

4. Proof of Theorems 4 and 5

4.1. Notation. Recall that h = []°_; p; and k = [];_,, ; p; are two given
coprime square-free integers, that r = s + ¢t and that x ranges over the

primitive even Dirichlet characters of conductors f = f, > 1 such that k
divides f. We set

® 1 - 1 ! 1
Wh=H<1—f>, T = H (1——), thZWhWkZH(l——>
i=1 pi i=s+1 p i=1 pi

We also set 7, = Hf:l (1 + p%) and

(26) S’hk(n) = Z Z 1.

ged(b,hk)=1

Finally, we let ¢ be the non-primitive Dirichlet character modulo F' = hf
induced by x. Notice that hk divides F' and

S

(27) L(1,%) = (H (1 — L@))L(Lx).

i=1 '
4.2. Sketch of proofs. So, let 1 be a non-trivial (but not necessarily
primitive) even Dirichlet character modulo F' > 1, assume that hk divides

F and set -
=> > ()

a=1 b=1
Since 9 is even and non-trivial, n — S(n,1) is F-periodic, hence bounded,
and we have the following expression for L(1, ) as an absolutely convergent

(25) L) =Y o 25(n, )

“—n(n+ (n+2)
Now, since 1(b) = 0 whenever ged(b, hk) > 1 (for hk divides F'), we have
|S(n, )| < Spip(n) and we will prove in Lemmas 8 and 11 that
Shi(n) = %n%rhk + O(n) forn>1,
(29)  |S(n, )] << n257Im/f+O(n) + O(/f) for1<n< f/k,
n2s~1/f + O(n) for n > 1.




Bounds for |L(1,x)| 9

Since the first bound is better than the second for n < 2%\/f /7, and the
second is better than the third for n < f/k, it is natural to split (28) and
write that for any integers B > A > 1 (in fact, we will also be allowed to
choose B = o0) we have

(30) IL(L,¥)| < Z1(A, hk) + XZ2(A, B, ¥) + X3(B,¢)
where
. Al QShk(n)
(31) Z1(4, hk) = — nn+1)(n+2)’
x2S, )|
(32) 22(4, B, ¢) = — n(n+1)(n+2)’
_ 2[S(n,¥)|
(33) Z5(B.y) = S+ D(n+2)’

Now, using (29), we will obtain explicit bounds on these X; in Proposi-
tions 9 and 12. Then we will choose A = [2°71\/f /7] and B = [f/k] to get
Theorem 4. To prove Theorem 5 we will prove in Lemma 11 that the second
bound |S(n, )| < n25~1m/f + O(n) + O(V/f) is valid for all n > 1 in the
special cases that ¢ < 1 and we will choose A = [2%\/f /7] and B = occ.

4.3. Bounds on the sum X1 (A, hk)

LEMMA 8. Let {z} € [0,1] denote the fractional part of a real number x

and set
o =Ero(E )
d|hk a=1
Then
nn+1
(31) Sha(m) = mu Y By,
2Fpi(n) logd logp
L = = — —
(35) hk Z nn+1)(n+2) Z ) d Tk Z p—1’
n>1 d|hk plhk

and if hk > 1, then n — Gpp(n) := Fpp(n) + mpen/2 is hk-periodic.

Proof. Since }_;,,, p(d) = 0 or 1 according as m = 1 or m > 1, we obtain

Shr(n ; Z 1—22 Z N(d):ZM(d)iil

a=1 b=1 d|ged(b,hk) d|hk a=1 b=1
gcd(b hk): d|b

=S Y (§-{5}) =t - mat

d|hk a=1
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To prove (35), notice that

_dy~|—w+1)
ithl <z <dandy>0)

I
‘li
S
S—
&
\
L
8
S /\
Q.
<
+)—‘
)
—_

(write a = dy +
d—1

:ZM lim in( LI 1 )
d N—oo = dy+z dy+x+1

d|hk z=1
d N N
(S a) S a)

=D T dm (X2 -

v N—oo e s dy +x - dy+d

d(N+1) N+1

) 1 W o)
_Z d ]\;Enoo< Z z z _Z d log d.

d|hk z=1 z=1 d|hk

Finally, assume that m > n > 1 satisfy m = n (mod hk). Then

m—-n

Ghi(m) — Gp(n) = Fpr(m) — Frr(n) + 5 Thk
Sy (e s {2,
S 3 i)

Now, d divides hk, hence divides m —n, and a — {a/d} is d-periodic. Hence,

e )

a=n+1

and, for hk > 1, we obtain

Gh(m) = Ge(n) = == >~ u(d) = 0,
d|hk

and so n — Gpi(n) is indeed hk-periodic. =



Bounds for |L(1,x)| 11

PROPOSITION 9. For A > 1 a rational integer, we have

1 3 1
El(A,hk) < th(z Oézi +y—= —|—10gA—|— 2A> —l—th(z‘D
p\hkp
where
2Ghi(n)
A) = .
Ri(4) = n(n+1)(n+2)

n>A

Moreover, for hk > 1 we have Rp(A) = O(1/A?), and for hk € {2,3,6} we
have Gpi, < 0 and Rpi(A) <0.

Proof. We have

X1(A, hk
- A-1 251a(m)
N n=1 n(n + 1)(” + 2)
A1
_ maen(n + 1) — 2F(n)
- e by e
g = 2Fm(n)
— 7Thk<n1 n—|—2> - ;:1 n(n+1)(n +2)
B g A1y _—
— 7rhk<_§ +n§:1 g) _Lhk+nz>;4n(n+ DT

A+1
. 3 1 logp 7Thk Zth(n)
_7Thk:< 2-1— >+ hkz +nz>;4n(n+1)(n+2)

n=1 p\hk
(by (35))
logp 3 A
:whk(%p_l 3t )
P n=

and the first result follows. The last assertion is easily proved by using the
hk-periodicity of Gpi. =

4.4. Bounds on |S(n, )|

4.4.1. On some previous mistakes in the literature. We point out a loop-
hole in the proof of [Hual, Lemma 4] which asserts that [S(n, )| < invd
for certain (not necessarily primitive) Dirichlet quadratic characters modulo
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d > 1. Indeed, lines 9 and 10 page 733 of the proof of [Hual, Lemma 4] are

EE0-1EEL0)

a=1n=1 rlm ' a= 1 n=1
1 [A/r] b
<2 r e (7))

First, we point out that the factor % should be omitted. Second, the only
obvious way to warrant the second inequality is to say that for any r we

have
A [a/r] [A/r] b
0 NG PO

1
which is false. Indeed, choose f such that (g (g) = —1 (e.g., f =29),
assume that [A/r] = 3 and write A = 3r + R4 with 0 < R4 < r. Then

ZZ/:< > [ﬁlAﬂ—m)(i):i(A+1—nr)<£>:r—RA—1

a=1 n=1 n=1

and
[A/r] b 3 b f
Sy (D=2 (f)-
b=1 n=1 b=1 n=1

and if R4 # r— 1 then (36) is false. For example, (36) is false for (f, A,r) =
(29,9, 3).

It seems that Hua himself realised that there was a problem with his
proof, for in [Hua2, Th. 12.13.2] he gives a correct proof of a similar but
slightly worse result according to which |S(n, )| < nv/d for the same kind
of characters. Unfortunaly, Hua's wrong bound [S(n,®)| < $nVd is, for
example, used in [SSW, Section 3] (see formulae (3.1)—(3.3) of [SSW]). If
one uses the correct bound |S(n,1))| < nv/d then one gets an extra 3 log2
factor in [SSW, bound (3.7)] and an extra #log2 factor in [SSW, bound
(3.11)]. The problem is that the bound [SSW, bound (3.11)] is quoted in
[Le, Lemma 2] and used to prove the main result of [Le]. However, as the
proof of (8) is correct, the main results of [SSW] and [Le] are correct, even
though their proofs stem from a wrong proof of [SSW, bound (3.11)]. Lemma
11 below corrects the statement and proof of [Hual, Lemma 4] and improves
upon [Hua2, Th. 12.13.2].

4.4.2. Bounds on |S(n,)| for primitive even characters. Let us stick
to the notation we set in Subsection 4.1. In particular, ¢ denotes the number
of prime factors of k.
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LEMMA 10. Let x be a primitive even Dirichlet character modulo f > 1.
Then
(37) 21S(n, x)| < n\/f  forn>1.
Moreover, if k divides f, then

n>1 if t=1,

@) Aol <mir VT o {120 HETT

Proof. Recall that since x is even and non-trivial, n — S(n,x) is
f-periodic and S(f, x) = 0. Hence, we may assume that 1 <n < f. Accord-

ing to the proofs of [Hual, Lemma 3] and [Hua2, Theorems 7.9.2 and 12.13.1]
(see also the proofs of [Nar, Lemma 8.4] or [MP, Lemme 3.1]), we have

n a f n a
2V/F18(, )1 = VI 32 30 x| <3 @) D0 DT e,
a=0 b=—a =1 a=0 b=—a
First, since x(f) = 0 and |x(z)] < 1 for 1 <z < f —1 and since for
0 < |b] < f we have

f-1 .
" ezibelf -1 ifb#0,
> =1 ifb=0,

we obtain 2¢/f |S(n, x)| < f(n+1)—(n+1)2. Now, f(n+1)—(n+1)? < nf
if and only if n > [\/f], whereas for 0 < n < [\/f] —1 we also have the trivial
bound 27 |S(n, )| < n(n + DVF < n[VFIVF < nf.

Second, if k > 1 divides f then y(z) = 0 if ged(z, k) > 1. Hence, using
>djm 1(d) =1 or 0 according as m = 1 or m > 1, we obtain

2V/F18(n,x)| < Z ZZeQ’”bx/f

= a=0 b=—a
gcd(az h)

f a

_ Zﬂ(d) Z Z Z eQwibx/f

dlh z=1 a=0 b=—a
d|z

fld n a
< Z'L‘(d) Z Z p2miba/(f/d)
dlk z=1 a=0 b=—a

N S D

dlk a=0 b=—a
b=0mod f/d

me(n+ 1) f+2fZ“ Zn:[cﬂ

dlk a=1
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which is equal to mx(n 4+ 1)f for 1 < n < f/k (for we have 0 < ad/f <
nk/f <1)andis < m(n+1)f for 1 <n < fift =1 (for in that case k = p
is prime, d = 1 or d = p, and if d = 1 then 0 < ad/f < nd/f =n/f < 1,
whereas if d = p we have u(d) = -1 <0).

Notice that if £ =6, f = 12 and n = 2 then

fzfz%d)i[%l] =4>0.

dlk a=1

Hence, our proof does not make it possible to get rid of the restriction
1<n< f/kfort>2 u

4.4.3. Bounds on |S(n,v)| for non-primitive even characters. Let us
stick to the notation we set in Subsection 4.1. In particular, s denotes the
number of prime factors of A and ¢ denotes the number of prime factors of k.

LEMMA 11. Let x be a primitive Dirichlet character of conductor f and
let ¢ be the non-trivial even Dirichlet character modulo F' = hf induced
by x. Then

(39) |S(n,9)| < n(2 'V F +2° =),
which yields
(40) 1S(n. )] = O(n/7).

Moreover, if t =1 and n > 1, orif t > 2 and 1 <n < f/k, then we have
the better bound

(41) 1S(n, )| < n(2  me/f +2° — 7)) + Ao/,
which yields
(42) [S(n, )| < n2° '/ f + O(n) + O(V/F).
Proof. Since 9 (b) = x(b) if ged(b, h) = 1, and ¢(b) = 0 if ged(b,h) > 1,
and since ., pu(d) = 1 or 0 according as m = 1 or m > 1, we have

¥ (b) = x(0) X gjged(s,n) #(d) and

33 Y @

a=1 b=1 d|gcd(b,h)

n_[a/d]

= uld)) D> x(db) =) u(d)x x(b

d|h a=1 b=1 dlh a:l

N

s
~
&

T
X
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Now, writing n = d[n/d] + R with 0 < R < d and a = dx + y, we obtain

n [a/d] [n/d] d—1 d—1 [n/d]
)IDIRUED DD DI DD SRt
a=0 b=0 2=0 y=0 b=0 y=R+1 b=0

[n/d] = [n/d]

=d( YD) - (@-R-1) Y ()

z=0 b=0 b=0
[n/d]

=dS([n/d],x) = (d—R—1) > x(b)
b=1

and

V)l <D u@|(dlS(fn/d], x)| + (d = 1)[n/d])

dlh
<3S h@l(vi+ ) e )
dlh

= (2N f +2° — 7).
Moreover if we use (38) instead of (37), then for 1 < n < f/k we have
[n/d] <n/d<n< f/kand

S(in/d), )| < T DVT

2d ’
and we obtain

n1/1|<Z! <7rkn+d)\/7+nd—1>

d
d|h

- 1
= n(25_17rk\/?+ 2% — 7Th) + Eﬂkﬂ'hh\/?' [
4.5. Bounds on the sums Xo(A, B,) and X3(B, 1))

PROPOSITION 12. Let x be a primitive Dirichlet character of conductor
f divisible by the given k and let 1 be the non-trivial even Dirichlet character
modulo F' = hf induced by x. Then for 1 < A< B < f/k we have

B-1

sinns St = o) o)

n(n+1)(n+2) A+1 A?
and
o 21S(n,v)| (VT
Z3(B.y) = ; nn+1)(n+2) O(?)

Proof. The bound on X3(B, ) is easy and follows from (40) and from
Yn>p 1/((n+1)(n+2)) =1/(B+1). In the same way, to obtain the bound
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for $5(A, B, 1) we use (42), S0 1/(n+1)(n+2)) = 1/(A+1)=1/(B+1)

<1/(A+1)and 201 2/(n(n+1)(n+2)) = 1/(A(A+1)) = 1/(B(B+1))
<1/(A(A+1)). =

4.6. Proof of Theorem 4. According to Proposition 9 and to Proposi-
tion 12 with B = [f/k], we have

‘L(law)’ < 21(14, hk) + EQ(AaBaw) + 23(Baw)

logp 3
S?Thk(Zp_l +’7—§+10g/1)

plhk
2°mp/f Vi1
AT +O<A+F+ﬁ>’

which for the almost optimal choice A = [25\/f /] yields

1;[1<1 - %)‘!L(l,x)l = |L(1,9)] < %th(logf+,ihk) +0<%)

with

Khk —slog4+22—1+2 —1—-2logm, =2k
plhk
(use (27)).

4.7. Proof of Theorem 5. To prove item 1 of Theorem 5, we choose h = 2
and k = 1. Hence, 7, = 1/2, 7, = 3/2, mpp, = 1/2 and 3, l;’gf = log 2.
According to (39) of Lemma 11 we have 2|S(n, )| < n(2v/f + 1) for any
n > 1. Now, we may choose B = oo to obtain X3(B, ) = 0 and

21S(n, )| 2V/f+1 2/ f+1
Zn(n+1)(n+2)SZ;(nH)(mz)_ Ar1

ZQ(Aa 00, 1/}) -

n>A
Hence, using (27), (30) and Proposition 9 we obtain

which for the almost optimal choice A = [4\/7] yields log A + 1/(24) <
log(4v/f) +1/8VF), @VF+1)/(A+1) < 2VF+1)/(4V]),

()

and the desired results (notice that f > 5).
To prove item 2 of Theorem 5, we choose h = 3 and k = 2. Hence,

s=t=1,m,=2/3,Fp=4/3, 7 = 1/2, mpp = 1/3 and 3 ?gf =log2+

3 log 3. According to (41) of Lemma 11 we have 2|S(n, )| < (n+2)y/f+4n/3

1
4<logf+610g2+2fy—1+

)
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for any n > 1. Now, we may choose B = oo to obtain X3(B,) = 0 and

(n+2)Vf+4n/3  f  4/3
22(4,00,9) S; n(n+1)(n+2) :7+A—+1'

Hence, using (27), (30) and Proposition 9 we obtain

(557

1 1 3 1
= |L(1 < —| log2+ =1 — —+logc A+ —
\(,w)!_3<og +5log3 4+ — 5 +log +2A>+

which for the almost optimal choice A = [3+/f] yields
x(3) 1 3 2
1—=—=)L(1, < -—(1 log(108) +2v - 14+ — 4+ ———
( 3> ( x)_6<ogf+og( ) +2y +\/7+3\/7_1>

and the desired result for f > 12. Finally, if f < 12 then y must be the only
primitive even quadratic character of conductor 8 for which we also have

<1 _ @)L(LX)’ - (1 + %)M < (log8 + 6)/6.

5. Applications. Using such explicit bounds on |L(1, x)|, we can de-
duce explicit upper bounds on class numbers of real abelian number fields
or on the lengths of the periods of the continued fractional expansions of
real quadratic irrational numbers (see [Le|, [MP]) and [SSW]), and lower
bounds on relative class numbers of imaginary abelian number fields (see
[LYK] where the use of Theorem 5 is of paramount importance to make it
possible to solve the exponent two class groups problem for some CM-fields
of 2-power degrees).

Let us only give here the following illustration of the use of our results
to get (in a special case) a 3-fold improvement on the lower bound given in
[Lou4, Theorem 5]:

PROPOSITION 13. Let K be an imaginary cyclic quartic field of conduc-
tor fik. Let k denote the real quadratic subfield of K. Assume that the
relative class number hy of K is odd and that fx # 16. Then fx =p=5
(mod8) is prime, k = Q(,/p), 2 is inert in k and

_ 2p
he >
K = 6pe7r2(logp—|— 5)logp’
where ep = 1— (4mel/? /p3/%) . In particular, if hg =1 then p = fg < 1300.

Proof. Adapt the proof of [Lou4, Theorem 5|, but instead of using
[Lou4, (9)] which gives Ress=1(Cx) = L(1, xx) < (logp + 0.05)/2, use (9)

of our present Theorem 5 to obtain Ress—1((x) = L(1, xx) < (logp+5)/6. =
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