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1. Introduction. Let f(x) be a non-constant polynomial. Ayad’s pa-
per [I] and Beardon’s paper [2] deal with the possibility of expressing f(x)
as the composition of two polynomials g(z) and h(z) with degrees at least 2.
In this case f(x) is said to be composite, otherwise it is said to be prime. We
extend this concept to rational functions as follows. Let C[z] be the ring of
complex polynomials and let C(z) be its field of fractions. When we refer to
the complex rational function f(x), we mean the unique ratio fi(x)/fa(x)
of complex polynomials fi(z) and fa(x) where fa(x) is monic and no linear
factor divides both fi(x) and fa(x). We then define the degree of f(x) by

deg f(x) = max{deg fi(z), deg fo(x)}.

Let f(x) be a non-constant complex rational function. We call f(z) com-
posite if there exist complex rational functions g(z) and h(x), both with
degrees at least 2, such that f(z) = g(h(x)). Otherwise, we call f(x) prime.
In Section 2, we motivate these definitions of prime and composite rational
functions, and we make use of the set of units under function composition to
provide conditions on the multiplicities of the zeros and poles of a rational
function f(z) which are sufficient to conclude that f(z) is prime.

Beardon [2] proved that if a polynomial f(x) of degree n has more than
n/2 critical values, then f(x) is prime. Ayad [I] defined the multiplicity of a
critical value and proved that if a polynomial f(z) of degree n has more than
d simple critical values where d is the greatest proper divisor of n, then f(x)
is prime. Ayad also provided examples of prime polynomials by considering
the valencies of their critical points. In Section 3, we define the resultant of
two rational functions. Motivated by Ayad’s results in [1], we present con-
ditions on the critical values of a rational function f(z) under which f(x) is
prime and use these results to provide examples of prime rational functions.
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2. Units and composite rational functions. Let f(z) be a complex
rational function. Then f(z) can be expressed as the ratio of two complex
polynomials such that no linear factor divides both of the polynomials in
its numerator and its denominator, and we say that f(z) is in its most
reduced form. Since such a reduced form is useful when trying to determine
the degree of a rational function, we provide an expression for the reduced
form of a composition of two rational functions. The validity of the lemma
is easily verified.

LEMMA 2.1. Let g(x) and h(zx) be rational functions in their most re-
duced forms with

" _b[[S (=) an " :M
U e R NEk
Then the expression for g(h(z)) given by
oy = Pha(@)E ™™ [T (ha(2) — asha())
90N = 5 ) owa—ma T2, (i () — o))

s 1n its most reduced form.

We prove a proposition which will be essential for the rest of this paper.

PROPOSITION 2.2. Let K be a field and let f(x) = fi(z)/f2(x) be a
rational function over K in its most reduced form. Then

deg f = [K(z) : K(f)].
Proof. We have K(f) C K(z) = K(f,z) where x is a primitive element
of K(x) over K(f). Then z is a root of the polynomial

F(y) = fily) = f- f2(y) € K(f)[y]

and deg F' = max{deg f1,deg f2}. Since F' is a linear polynomial in f, any
factorization of F'in K|f,y] must be of the form

F(y) = u(y)(vi(y) + f - v2(y))

where u(y),v1(y),v2(y) € K[f,y]. If u(y) has degree at least 1, this contra-
dicts the assumption that f(z) is a rational function in its most reduced
form since u(y) must divide both fi(y) and fa(y). Therefore F is irre-
ducible in K[f,y] and also in K(f)[y]. Then [K(z) : K(f)] = degF =

max{deg f1,deg fo} =deg f. m
PROPOSITION 2.3. Let K be a field and let f(x) = g(h(x)) where f(x),
g(x), and h(x) are rational functions over K. Then
deg f = degg - degh.

Proof. We have K(f) C K(h) C K(z) with [K(x) : K(f)] = degf,
[K(x): K(h)] = degh, [K(h) : K(f)] = degg. The desired result follows. m
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COROLLARY 2.4. Let f(x) be a complex rational function of degree p
where p is a prime number. Then f(x) is prime.

We recall that a rational function pu(z) is a unit under function composi-
tion if there exists another rational function p~!(z) such that pu(p~'(z)) =
pY(u(z)) = x. Then deg () - deg p=(x) = degz = 1, and it follows that
both p(x) and x~!(z) must have degree 1. We claim that the complex ratio-
nal functions of degree 1 form the group of units under function composition,
which is the motivation for the requirement that the composition factors of
a composite function have degree at least 2. One can verify that the function

w(x) = ?;”ig has degree 1 if and only if ad — bc # 0, and in this case it has
an inverse given by u~!(x) = fng’a. When we refer to a unit u(z), we mean

that p(z) is a unit under function composition.
This group of units will be very useful in the study of whether a function
is prime, due to the following result.

LEMMA 2.5. Let f be a complex rational function and let p be a unit. If
either f ou or po f is composite, then f is composite. Conversely, if f is
composite, then both fou and po f are composite.

Proof. If po f is composite, then o f = goh for some complex rational
functions g and h with degrees at least 2, so that f = (u=!og)oh is
composite. Similarly, if f o u is composite, then f o u = g o h for complex
rational functions g and h with degrees at least 2, so that f = go (hopu™1)
is composite.

Conversely, if f is composite, then f = goh for complex rational functions
g and h with degrees at least 2, so that po f = (uog)oh and fou = go(hop)
are both composite.

The following two lemmas will be frequently used. The first provides a
particular pair of composition factors for composite rational functions, and
the second relates the numerator and denominator degrees of a composite
rational function with those of its composition factors.

LEMMA 2.6. Let f(x) be a complex composite rational function. There
exist complex rational functions g(x) and h(x) of degrees at least 2 such
that f(x) = g(h(x)) where the numerator degree of h(x) is larger than its
denominator degree.

Proof. Since f(z) is composite, there exist complex rational functions
G(z) and H(z) of degrees at least 2 such that f(z) = G(H(z)). We let
p(x) be a complex rational function of degree 1. We consider the expres-
sion p(H (x)) explicitly, and we will choose p(z) so that pu(H(z)) has larger
numerator degree than denominator degree. Let H(x) = Hy(z)/H2(x) and
consider two cases.
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(i) If deg Hy > deg Ha, we let pu(z) = x.
(i) If deg Hy < deg Hy, we write Hi(x) = aHz(x) + r(x) where a € C
and degr < deg Ho. Then H(z) = a+r(x)/Ha(x) and we let p(z) =
1/(z —a).
In both cases, u(H (z)) has numerator degree greater than its denominator
degree. Since u(z) has degree 1, there exists u~*(z) such that u=*(u(z)) = z.
We define g(x) = G(p~(z)) and h(z) = p(H(z)). Then
f=GoH=GoplopoH =(Gop™")o(poH)=goh
is a decomposition of f such that f(z) = g(h(z)) where the numerator
degree of h(z) is larger than its denominator degree. m

LEMMA 2.7. Let f(x) be a composite complex rational function with
f(x) = g(h(zx)). Let n1, m1, and ki be the numerator degrees of f(x), g(z),
and h(x) respectively and let na, ma, and ko be the denominator degrees of
f(z), g(x), and h(x) respectively. If k1 > ko, then

ny —ng = (m1 — ma) (k1 — ko).
Proof. Let h(xz) = hy(x)/h2(x) and let
bI[2 (z — i)

S VAR

have degree m. Then
fa) = L&) _ by [[i2y (M (2) = aiha ()
fa(@) — ho(z)m=m2 [152) (hi(2) — Biha(x))

Since k1 > ko by assumption, the numerator and denominator degrees of

f(x) satisfy ny + (m — ma)ks + moky = no + (m — mq )k + maky. It follows
that ny —ng = (m1 — ma) (k1 — k2) as desired. =

The following property extends the relationship between the degree of a
polynomial and that of its derivative to the case of a rational function.

LEMMA 2.8. Let f(x) be a complex rational function with numerator
degree ny and denominator degree na, and let f'(x) have numerator degree n
and denominator degree nfy. If ny —ng # 0, then n} —nh =ny; —ng — 1.

Proof. Let
az™ + fi(z
fa) = S
where a # 0, deg f1(z) < n1, and deg fa(x) < ny. Then the reduced form of
f'(x) can be obtained by simplifying the expression

(anz™ ! + fi(2))(a" + fo(@)) — (az™ + f1(2))(ngz™ " + fi(x))

("2 + fo(z))? '
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We first expand the numerator and denominator to write it in the form

a(ny — ng)m"1+”2_1 + g1(x)
x2n2 4 go(x)

where deggi(x) < n1 + ng — 1 and deggs < 2ng. The numerator and de-
nominator degrees of f’(x) then satisfy n} + 2ny = nb +n; +n2 — 1, and it
follows that n) —nb=n; —na—1. =

THEOREM 2.9. Let f(x) be a complex rational function with numerator
degree n1 and denominator degree no. Let d be the greatest proper divisor
of n = deg f. If |n1 — na| > 0 is divisible by a prime number p > d, then
f(z) is prime. If |n1 — ng| > 0 is divisible by a prime number p = d and
f(x) = g(h(x)) is composite, then either g(x) or h(x) is a polynomial.

Proof. Suppose that f(z) is composite. There exist complex rational
functions g(x) and h(x) of degrees m,k > 2 respectively such that f(z) =
g(h(x)) and h(z) has larger numerator degree than denominator degree. Let
mq and k; be the numerator degrees of g(x) and h(z) respectively, and let
mg and kg be the denominator degrees of g(x) and h(z) respectively. Assume
without loss of generality that ny > ng. Then n; —ng = (my —ma) (k1 — k2),
and it follows that mq > mao.

To prove the first claim, we assume that p > d. Since p | (n; —ng) where
ny —ng = (m—ma)(k — ka), we have either p| (m —mg) or p| (k— ke2). Then
either p <m—-—mog <m<d<porp<k—ky<k<d< p, both cases
yielding a contradiction. Therefore f(z) is prime.

To prove the second claim, we assume that p = d. Since p | (n1 — ng), we
have either p | (m—mg) or p| (k—k2). Then either d = p < m—mg < d—mg
so that mg = 0 and g(x) is a polynomial, or d = p < k — ks < d — ks so that
k2 = 0 and h(z) is a polynomial. =

COROLLARY 2.10. Let f(x) be a complex rational function of degree n
and let d be the greatest proper divisor of n. If f(x) has a zero or a pole
whose multiplicity is divisible by a prime number p > d, then f(x) is prime.

Proof. Let f(x) have numerator degree ny, denominator degree ns, and

let
el (x = a;)™

R GEXER

We first consider when f(z) has a zero whose multiplicity is divisible by a
prime number p > d, and we assume without loss of generality that this
zero is ap which has multiplicity a;. We define the unit u(z) = (12 +1)/x
where a1 -0 —1-1=—1%# 0. Then
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cx™ ™M [T ((eqz + 1) — ay) ™
flu(z)) = JRE— rlgﬁgll((((alx + 1)) _ 5;1.))bj
cx ™M [ (g — o)z + 1)%
a2 [T72 (a1 = Bj)w + 1)%
has numerator degree N and denominator degree Ny satisfying
Ni+ (n—n2)+ny=No+ (n—n1)+ (n1 — ay).

Then Ny — Ny = ay is divisible by p > d, so that f(u(z)) satisfies the
conditions of Theorem and is prime. Therefore f(z) is also prime.

If f(x) has a pole with multiplicity divisible by p > d, we consider the
unit v(x) = 1/z. Then v(f(x)) will have a zero with multiplicity divisible
by p > d, so that v(f(z)) and f(x) are prime. m

The remainder of this section is primarily dedicated to providing ex-
amples of prime rational functions. We compose these prime rational func-
tions with units to obtain examples of prime polynomials.

THEOREM 2.11. Let f(x) be a complex rational function with numerator
degree ny and denominator degree no, where ni and ny are relatively prime
integers such thatny > ng. If the denominator of f(x) is of the form (x—~)™?
for some v € C, then f(x) is prime.

Proof. Suppose for contradiction that f(x) is composite. There exist
complex rational functions g(z) and h(z) such that f(z) = g(h(z)), where
g(x) is prime and h(xz) = hy(x)/he(x) satisfies deghq(z) > deg ha(x). We
assume without loss of generality that hg(x) is monic. Let k; = deg hy and
ko = deg ho, and let

_ e[z — o)

9(x) = Fmz 7
Hj:QI(x - Bj)
Since ny > ng and k1 > ko, it follows from Lemma [2.7] that mq > mo. Then
f(z) is given by the expression
f(.il?) _ anill(hl(x) —Oéihz(l‘)) )

ho(x)mi=m2 [T (ha (z) — Biha(z))
Since the denominator of f(z) is (x —~)"2, there exists a non-zero constant
¢ such that

ma
(& =)™ = Cha(2)™ "2 [ [ (ha(2) — Bjha(x)).
j=1
Consequently, the linear factor x — v must divide either ho(z)"™ ™2 or
¢ [172,(hi(x) — Bjha(x)), but this factor cannot divide both as this implies
that x — ~ will also divide hq(z) where h(z) has no linear factor divid-
ing both its numerator and its denominator. Thus we obtain two cases:
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(x =)™ = ha(x)™ ™™ and ¢ [[}2 (h1(z) — Bjha(z)) is a non-zero con-
stant, or (z—7)"2 = ¢ [ [} (h1(z) — Bjha(z)) and ho(z)™ ~™2 is a non-zero
constant.

(1) If ho(z)™ ~™2 is constant, then ho(z) is constant since m; > mg, and
h(zx) is a polynomial. Then f(x) = g(h(z)) has numerator degree ny = mik;
and denominator degree ny = moki, contradicting n; and ng being relatively
prime.

(ii) If ¢ JI72 (hi(x) — Bjha(z)) is constant, then mo = 0 or hi(z) —
Bjha(xz) = ¢j € C* for j = 1,...,ma. We reject my = 0, as this would
imply that f(x) has numerator degree n; = mik; and denominator degree
ng = mqks, contradicting n, and ng being relatively prime. We now consider
the remaining possibility by choosing any two values 3; and f;, where
1 < j1,j2 < ma. We solve the expressions hi(z) — (B, he(z) = ¢, and
hi(x) — Bj,ha(x) = ¢j, for hi(z) to obtain

¢y + Birha(z) = ¢jy + Bjsha().
It follows that ¢j, — ¢j, = (Bj, — Bj,)he(z). Since ha(x) is not constant, we
have c¢;, = ¢j, and 3;, = B}, for every pair j; and jo. We set 3; = 3 and
cj=cforall j =1,...,ma. Now hi(z) = c+ Bha(z), and we let
v(z) Gi(x)
va) = e+ o, p@) =" and Gl) = G = glut@)

so that hi(xz) = v(he(x)) and f(z) = G(ha(z)). We note that p(z) is a unit
since f-0—c-1=—c#0.

If ko > 1, then f(z) has numerator degree ny; = deg G - k2 and denomi-
nator degree no = deg G2 - ko, contradicting n; and ng being relatively prime
integers. If ko = 1, then ho(z) is a unit. Since g(z) is prime, it follows that
G(x) and f(z) are prime.

All possible cases have been considered, and we conclude that f(z) is
prime. m

COROLLARY 2.12. Let f(z) = (x — a1) (v — a2)®® be a complex polyno-
mial such that ey,ea > 1 and oy # . Then f(x) is prime if and only if e;
and eg are relatively prime.

Proof. Suppose that e; and e; are not relatively prime. There exists an
integer b > 2 such that e; = a1b and ey = aob for some positive integers
a1 and az. We can then write g(z) = 2 and h(z) = (z — a1)™ (z — ag)®,
where both g(x) and h(x) have degrees at least 2. Then f(z) = g(h(z)) is
composite.

Conversely, suppose that e; and ey are relatively prime. Then es and
e1 + ey are relatively prime as well. We define the units v(z) = 1/x and
w(x) = (aqx + 1)/x where ag -0 —1-1= —1# 0. The function
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v(f(u(z))) = V(((Oélx +1) - 061333)::5-(8(:1;3 +1) — a2$)e2>

g +e2

(a1 —ag)a 4 1)
is prime by Theorem [2.11]since es and e] + e are relatively prime. Therefore
f(x) is prime. u

THEOREM 2.13. Let f(z) = (x — 1) (z — a2)?(z — a3)®® be a complex
polynomial of degree n such that a1, ag and ag are distinct complex numbers
and e1,ea,e3 > 1. If e, e, and e are pairwise relatively prime integers all
relatively prime to n, then f(x) is prime.

Proof. Suppose for contradiction that f(z) is composite. Then there
exist rational functions g(z) and h(x) with degrees at least 2 such that

f(x) = g(h(z)), where
[T (2 — oy
o) = Alalr =0
Hj:l(x — )
and h(z) = hi(z)/he(z) satisfies k; = deg hy > deg hg = ka. We consider the
polynomial f(z) as a rational function whose denominator is the constant

polynomial 1. Since n > 0 and k1 > ko, it follows that my > mso. Then f(x)
is given by the expression
f) - @) —aale)

ha (@)™ =m2 [T72) (ha (2) — yjha(2))
Since the denominator of f(z) is the constant 1, there exists a non-zero
constant ¢’ such that

m2
1= chy(x)™ ™ [[(ha(z) — vjha(2)).
j=1
It follows that ho(z) is a non-zero constant. Thus h(z) is a polynomial. Since
h(z) is not a constant polynomial, we must have my = 0. Therefore g(x) is
also a polynomial.
We now assume without loss of generality that f(x) is the composition
of the polynomials g(x) and h(x) where h(z) is monic, and we write g(z) in

the form -

g(x)=a H(x — B;)bi
i=1
where 1, ..., B are all of the roots of g(x). Then

f(z) = @H(h(l") — Bi).
=1

Since f(x) and h(x) are monic, we obtain a = 1. Since h(x)—f; and h(x)—5;
do not have any roots in common when ¢ # j, it follows that 1 < m < 3.
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If m = 1, then f(x) = (h(x) — B1)", and hence we obtain h(z) — f; =
(x—aq)™ (z—ae)"?(z—as)" for some integers 11, ro, and r3. Then e; = r1by,
eo = 1rob1, and e3 = rsb; so that b; divides the pairwise relatively prime
integers ej, ez, and e3. Thus b; = 1 and degg = 1, yielding a contradiction.

If m = 2, then f(x) = (h(z) —B1)" (h(z) — B2)?2. We assume without loss
of generality that h(z)— 51 = (r—a;)™ and h(z) — B2 = (x —a2)?(x —ag)"™
for some integers rq, ro, and r3. Then ri = degh = ro + r3, e = riby,
ez = 12b2, and e3 = r3by so that by divides the relatively prime integers es
and e3. Thus by = 1 and ry = r9+71r3 = ea+e3. It follows that 1y = degh > 1
divides both e; and n = e; + eg + e3, yielding a contradiction.

If m = 3, then f(x) = (h(x) —B1)" (h(z) — B2)?2 (h(x) — B3)’. We assume
without loss of generality that h(x) — 1 = (x —aq1)™, h(z)— P2 = (z—a2)"?,
and h(z) — B3 = (z — a3)™ where r; = r9 = r3 = degh. Then e; = b1,
eo = robo, and ez = r3bs, so that degh > 1 divides the pairwise relatively
prime integers e, ea, and es, yielding a contradiction.

All of the possible values of m have been rejected. Therefore f(x) is
prime. =

THEOREM 2.14. Let f(x) be a complex rational function with numerator
degree n1 and denominator degree no. Let d be the greatest proper divisor of
n=deg f. If no —n1 > d and ny —ny is relatively prime to ny as well as to
the multiplicities of all zeros of f(x), then f(x) is prime.

Proof. Suppose for a contradiction that f(z) is composite. There exist
complex rational functions g(z) and h(z) such that f(z) = g(h(z)). Let

oIl (= — ai)” _bII (r — o) _ Iu(a)
fa(2) [[72 (= 8;) ha ()
where k1 = deg hy, > deg hy = ko. Since ny — ny > d > 0, we conclude from

Lemma that ng —n; = (mg — my)(k1 — k2) so that mg > my, and we
obtain

fz) =

9(z) h(z)

][y (@ — ai) _ bho(z)™ ™ T (n () — aiha(x)
fa() 172 (@) = Bjha(e))

If mo — mq1 =1, then ny — nqy = k1 — ko < k1 < d yields a contradiction to
ng —ny1 > d, so we have mo — m1 > 2. Since n1 and ng — ny are relatively
prime, so are n; and ng. It follows that hg(x) cannot be constant, since if
h(x) is a polynomial, its degree must divide both n; and ng. Then ho(z) has
degree at least 1 and ha(x)™27™ divides aHfil(af — a;)%, where mg —my
must then divide e; for some ¢ = 1,..., N. The integer ms —m; also divides
ng —n1, which contradicts ng —ny being relatively prime to the multiplicities
of all of the zeros of f(x). Therefore f(x) is prime. m
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The following example shows that the condition of no — n; being relati-
vely prime to the multiplicities of all of the zeros of f(z) is necessary.

ExaAMPLE 2.15. Let

fz) =

(x — 3)*(a® — 322 + 22+ 2)
(x —1)15 '

The zeros of z3 — 322 + 2z + 2 all have multiplicity 1, so no — n; = 8
is relatively prime to all of these multiplicities as well as to n; = 7. The
condition ny — ny > d = 5 is also satisfied. The integer ny — ny = 8 is not
relatively prime to 4, and this is sufficient for the above theorem to fail, for
f(x) = g(h(x)) where g(z) = (x — 1)/2° and h(z) = (z — 1)3/(z — 3).

COROLLARY 2.16. Let f(x) be a complex polynomial of degree n with at
least two distinct roots and let d be the greatest proper divisor of n. If there
exists a root of f(x) with multiplicity e > d such that e is relatively prime
to n as well as to the multiplicities of all other roots of f(x), then f(x) is
prime.

Proof. Let
N
f@)=a]](@—a)”
i=1

where N > 2, and assume without loss of generality that «; is the root
with multiplicity e; > d which is relatively prime to n and to all other
multiplicities. Define the unit p(z) = (ejz + 1)/ where g -0—1-1= -1
# 0. Then the function

il ;)% aTTV (o — o)z e;
Flu(z)) = all[lL,((caz +1) — ;) _ [Tio((1 — i)z + 1))

" "
has numerator degree n; = n — e; and denominator degree ny = n. Since e
and n are relatively prime, so are n; and ns. Then no —ny = e; > d and
ng — ny is relatively prime to ni as well as to e; for all ¢ = 2,..., N. Then
f(u(z)) satisfies the conditions of Theorem and is prime. Therefore
f(zx) is also prime. =

3. Critical values of composite rational functions. Let f(z) be a
non-constant complex rational function. Let z¢ € C lie in the domain of the
function f(z). The smallest integer i > 1 such that f(®)(zg) # 0 is called
the valency of f(x) at x¢ and is denoted by v¢(zo). If vy(xg) > 2, then xg
is called a critical point of f(x). A number ¢y € C is a critical value of f(x)
if there exists a critical point xg of f(z) such that f(zg) = to.

THEOREM 3.1. Let f(x) be a complex rational function of degree n and
let d be the greatest proper divisor of m. Suppose that f(z) has a critical
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point xg € C such that its valency vy(xo) is divisible by a prime number
p>d. Then f(x) is prime.

Proof. Let vy(xg) = e be the valency of some critical point xo of f(x)
such that e is divisible by a prime number p > d. It follows that f®)(z) =0
for all i = 1,...,e — 1 and f()(xp) # 0. Then f'(x) has a zero of or-
der e — 1 at zg, so there exists a rational function ¢(x) such that f'(z) =
(x — 20)° Lq(x) where q(xg) # 0. Then there exists a rational function y(x)
such that f(z) — f(xo) = (z — z0)y(z) where y(xg) # 0. We define the
unit p(z) = = — f(xo). Then x is a zero of u(f(x)) = (x — zo)°y(x) with
multiplicity e divisible by the prime number p > d. Thus p(f(z)) is prime
by Corollary and f(z) is prime as well. =

A useful tool in the study of a polynomial’s critical values is the dis-
criminant, which can be described through the resultant of two polynomi-
als. Let R be an integral domain and let K be its field of fractions. Let
u(x) = apz™ + -+ + a1z + ap and v(x) = bypx™ + -+ - 4+ byx + by be polyno-
mials over R. Let ay, ..., and B, ..., By be all of the roots of u(x) and
v(x) respectively in an algebraic closure of K. The resultant of u(z) and
v(z) is given by

Res, (u(z), v(x)) = ap'bl, [T [J (i — 8)).
i=1j=1
We then define the discriminant of the polynomial u(x) by

_1\n(n—1)/2
Dluw)) = =

We extend this concept to rational functions as follows. Let K be a field,
and let u(x) = ui(x)/uz(x) and v(z) = vi(z)/va(z) be rational functions
over K in their most reduced forms, where we assume without loss of gen-
erality that ug(z) and ve(x) are monic. We then define the resultant of u(x)

and v(x) by

Res, (u(z), v (z)).

Resz(u(x),v(z)) = Resz(ui(z),v1(x)).
From this definition, we may obtain information regarding the critical values
of rational functions similar to what can be obtained for polynomials from
the standard definition of the resultant. We require the following properties,
which are analogous to those for the resultant of two polynomials found
in [I]. The proof is omitted.

(1) Let u(z) and v(x) be rational functions as described above. Let
up(x) = apx™ + -+ -+ a1z + ap and vi(x) = bypa™ + - - + bix + by be
polynomials with roots aq,...,a, and B1,..., By respectively in an
algebraic closure of K. Then

Resz(v(z),u(z)) = (—1)"™ Resg (u(z), v(x)).
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(2) Under the same hypotheses as in (1),

Res, (u(x) =a Hm a;).

(3) u(z) and v(x) have a zero in common if and only if

Resg(u(z),v(z)) = 0.
(4) For an additional rational function w(z) = wy(z)/wa(z) over K,

Res; (u(x), v(z)w(w)) = Resz(ui(2), p(x)) Resg (u1 (), ¢()),
where p(z) is the quotient obtained from dividing v, (z) by the monic
greatest common divisor of v;(x) and we(x), and ¢g(x) is the quotient

obtained from dividing w;(x) by the monic greatest common divisor
of wi(x) and ve(x).

Let f(z) be a complex rational function and let f’'(z) be the derivative
of f(z). We write f(z) = fi(x)/fa(x) and f'(z) = ¢1(x)/ipa(x), where we
assume without loss of generality that o(x) is monic. This expression for
f'(x) is the most reduced expression of

Fla) = fi@)fo(z) — fl(m)fé(il?),
fa()?

and it follows that o(z) divides fo(x)?. Since the reduced expression for
f'(x) is obtained by simplifying linear factors from the numerator and de-
nominator of F(z), where fi(x) and fa(x) share no common linear factors,
the only such linear factors which can be simplified must divide both fa(x)
and f5(x). We conclude that fo(z) divides po(z). Thus f(z) and f’(x) have
the same domain.

Let B1,...,Bm be all of the zeros of f’(x). Then §; is in the domain of
f'(z), and also in the domain of f(x), for i = 1,...,m. Let t be a variable,
let b be the leading coefficient of ;(z), and let n = deg f(x). Consider the
function R(t) = Res,(f(z) —t, f/(x)). Using the properties of the resultant,
we have

R(t) = Res, (fl(x?ﬁ—(mt)fz(fv)’ 223) Res, (fl —tfo(x bH x—5;) )

= (=" TJ(A1(B) = tfo(B) = (=1)""b" Hfz(ﬂz') H(f(ﬁz') — ).
i=1 i=1 i=1

We remark that since §; is a zero of f/(z), it is a critical point of f(x)

and f(3;) is a critical value of f(x) for ¢ = 1,..., m. It immediately follows

that R(tp) = 0 if and only if ¢y is a critical value of f(z). Similarly to the

definition of the multiplicity of a critical value of a polynomial found in [1],

we define the multiplicity of the critical value ty as the multiplicity of ¢y as
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a root of R(t), and we call a critical value with multiplicity equal to one a
stmple critical value.

LEMMA 3.2. Let f(x) be a composite complex rational function of de-
gree n and let d be the greatest proper divisor of n. Let f(x) = g(h(z)) where
h(z) = hi(x)/ha(z) satisfies k = deghyi(z) > degha(x), and let ny and ngy
be the numerator and denominator degrees of f(x) respectively. Let R(t) be
the resultant of f(x) —t and f'(x). Then there exists ¢ € C*, a non-negative
integer £, and a polynomial p(x) dividing the numerator of h'(x) such that

k
R(t) = ct’ (Resy (g(z) — t,¢'(2)))" Resy(f(z) — t,p(x)),
where £ > 0 if n1 and ng are relatively prime integers satisfying ng —ni > d.

Proof. We will write u(t) ~ v(t) to denote that the functions u(t) and
v(t) are equal up to multiplication by a constant. Let

o b —a) M@k - @) o)
90 =T gy "W ha(@)? () aa(2)

where ¢ (z) and g2(x) share no common factor, and let m = deg ¢’(z). Then

) = bha ()™ ™ g1 (x) [T;2) (M () — aiha())
ha(x)m=m2+ gy () TT52, (b (w) = Biha(x))’

The only linear factors which can be simplified in this expression for f/(x) are
shared factors between ha(z)™ ™t and hg(x)™ 2% 1ge(x) or shared factors
between qi1(z) and [[}2) (h1(z) — Bjhe(z)). We let H(x) be the quotient
obtained from dividing hg(x)™~"™! by the monic greatest common divisor of
ha(x)™~ ™ and ho(x)™ ™2 1gy(x), and we let p(z) be the quotient obtained
from dividing ¢;(x) by the monic greatest common divisor of ¢;(z) and
172, (h1(z) — Bjha(x)). Letting R(t) be the resultant of f(x) —t and f'(z),
we then have

mi
R(t) = Res, ( f1(2) — tfo(x), bH (@)p(x) [[ (0 () — aiha()).
i=1
We consider the above expression as a product of three factors.
The first factor is

mi

Ry = Res, <f1 () — tfa(x), H(hl(:z;) — aihg(:c))).
i=1
For each ¢ = 1,...,m1, the equation hi(x) — a;ho(x) = 0 has k solutions
Si1,...,5 k. For any index r, the solution s;, satisfies hi(s;,) — a;ha(si,)
=0, so that h(s;,) = ;. Since «; is a zero of ¢'(z) for i = 1,...,my, each

of these zeros must also be in the domain of g(x) and g(o) = g(h(sir))
= f(siy) fori=1,...,m; and r =1,..., k. We then have
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RINHH fl Szr _thS’LT HH Szr _t

i=1r=1 i=1r=1
m1 k mi

~TI Tt~ ~ (TLtates) ~ 1) ~ Resalgla) — 1.g'(x))".
i=1r=1 =1

The second factor is

Ry = Res, (fi(w) — to(x), H(x)).

If my > mg, then H(x) is constant and this factor is constant. If mg > my,
H(z) will not be constant if ha(x) is not constant and mg —m; > 2. In this
case, we let £ = deg H and let sy,...,s; be all of the roots of H(x). Since
H(z) divides ho(x)™2~" every such root s of H(x) satisfies ho(s) = 0, and
so |h(s)| is infinite. Since ma > my, the function f(x) = g(h(x)) has a value

of zero at x = s, for r =1,...,£. Then we have
¢ ¢
Ry ~ [T (f1(sr) = thalse)) ~ [T (f(s0) = 1) ~ (=1)".
r=1 r=1

In particular, if ng — n; > d where ny and ng are relatively prime integers,
from Lemmawe have d < ng —n; = (deg g2 — deg g1)(deg hy —deg ha) <
(deg go — deg g1)d, so that deggs — degg; > 1. From Lemma we then
have my — m; = —(deggr — degga — 1) = degga — deggi + 1 > 2. The
polynomial ho(x) cannot be constant, as this would imply that & = deghy
would divide both n; and ng, yielding a contradiction. It follows that H(x)
will not be constant in this case, and by our definition of the function H(x)
we have
{ =degH > (mg —my — 1)k — deg g2
2 (mg —mi — Q)k‘g = (deggg — deg91 — 1)]€2.
The final factor is

Ry = Resy (f(x) — 1,0 p(x)),

and we conclude that for some non-zero complex number ¢ we have

k
R(t) = ct’(Res, (g(x) — t,¢'(2)))" Resy(f () — t,p(x))
where f is a non-negative integer such that ¢ > 0 when ni and ng are
relatively prime integers satisfying no —n; > d. =

COROLLARY 3.3. Let f(x) be a composite complex rational function of
degree n which has a right composition factor of degree k. Let R(t) be the
resultant of f(x)—t and f'(x). Then there exists a non-negative integer ¢ and
polynomials A(t) and B(t) such that R(t) = t‘[A(t)]*B(t) and deg B(t) <
2k —1. Moreover, if d is the greatest proper divisor of n, if n1 and ng are the
numerator and denominator degrees of f(x) respectively, and if ny and ns
are relatively prime integers such that ng —ny > d, then £ > 0.
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Proof. Recall that we write u(f) ~ v(t) to denote that the functions
u(t) and v(t) are equal up to multiplication by a constant. Since f(x) is
composite with a right composition factor of degree k, there exist complex
rational functions g(z) and h(x) = hi(x)/ho(x) such that f(z) = g(h(x))
and k = deghi(z) > degha(z). Then there exists ¢ € C*, a non-negative
integer ¢, and a polynomial p(x) which divides the numerator of h/(z), such
that

R(t) = et (Res. (g(x) — ./ (2))) " Reso(f(x) — t.p(x)),
and where ¢ > 0 if n; and ng are relatively prime integers satisfying
no —ny > d.

Setting A(t) = Res;(g9(x) — t,¢'(z)) and B(t) = cRes;(f(z) — t,p(z))
yields the desired expression for R(t), so it only remains to show that
deg B(t) < 2k — 1. We let p(z) = b[[;_;(z — ;). Since p(x) divides the
numerator of h'(x), it follows that p(x) must divide the numerator of

hi (@) ha(x) — ha (@) k()
ha(z)? ’
so that r < deg hi(x) + degha(z) — 1 < 2k — 1. Writing B(t) explicitly, we
obtain

B(t) = cResx<

r

2(0)) ~ Res, (i) = o). T (o - )

i=1

fi(x) —tfa(z)
fa()

~ [T (fulew) = tfa(n))

i=1
so that deg B(t) <r <2k —1. m

The following two results show that the polynomial R(t) obtained by
taking the resultant of a complex rational function f(x)—t and its derivative
can be useful in determining whether f(z) is prime. The first result concerns
the non-zero critical values of f(x), and its proof follows a similar method
to [I, proof of Theorem 1]. The second result concerns only the critical value
Zero.

THEOREM 3.4. Let f(x) be a complex rational function of degree n and
let d be the greatest proper divisor of n. Suppose that f(x) has at least 2d
non-zero simple critical values. Then f(x) is prime.

Proof. Suppose for contradiction that f(x) is composite. There exist
complex rational functions g(x) and h(z) of degrees m,k > 2 respectively
such that f(z) = g(h(z)). We let R(t) be the resultant of f(x)—t and f'(x),
and we write R(t) = t[A(t)]*B(t) where ¢ is a non-negative integer and
deg B(t) < 2k — 1. Let ¢ be the number of non-zero simple critical values
of f(x). Since these critical values must be roots of the polynomial B(t), we
obtain
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2k —1>degB(t) > 6 > 2d > 2k,
which is a contradiction. Therefore f(z) is prime. =

THEOREM 3.5. Let f(x) be a complex rational function of degree n, let d
be the greatest proper divisor of n, and let n1 and ny be the numerator and
denominator degrees of f(x) respectively. If ni and ny are relatively prime
integers such that ng — ny > d, and if zero is a critical value of f(x) with
multiplicity e < (ng —ny —d)/d, then f(x) is prime. In particular, if zero
is not a critical value of f(x), then f(x) is prime.

Proof. Suppose for contradiction that f(x) is composite. There exist
complex rational functions g(z) and h(z) such that f(x) = g(h(z)) and that
h(z) has larger numerator degree than denominator degree. Let m; and k;
be the numerator degrees of g(x) and h(x) respectively, and let ma and ko
be the denominator degrees of g(x) and h(x) respectively. Since we assume
that k1 > ko and ng > ny, we have ng —ny = (mg —mq) (k1 — ko). It follows
that mo > mq and
no — N1 _12 ng — Ny _12 no — Ny _1:n27n17d

k1 — ko ky d d

Since n; and ng are relatively prime, we know that h(z) cannot be a polyno-
mial as this would imply deg h divides both n; and ny. Then k3 > 1 and we
obtain (mg —mj — 1)ka > mg—mq —1 > (ng —ny; — d)/d. We now let R(t)
be the resultant of f(x) —t and f’(x), and we write R(t) = t'[A(t)]* B(t).
From the arguments presented in the proof of Lemma [3.2] we have ¢ >
(mg —my — 1)ko. It follows that zero is a critical value of f(x) of multiplic-
ity at least (mg — mj — 1)ko; but by assumption the multiplicity e of this
critical value satisfies e < (ng —n; —d)/d < (ma —my — 1)ko, yielding a
contradiction. m

Tng—ml—lz

The following result provides some examples of prime functions.

PROPOSITION 3.6. Let f(x) = (2™ + a)/(z™ + b) where a,b € C are not
both zero, let d be the greatest proper divisor of deg f, and let n and m be
relatively prime positive integers such that |n — m| > d. Then f(x) is prime.

Proof. We assume without loss of generality that n < m, and we consider
two cases.

Assume first that a # 0. Suppose for contradiction that f(x) is compos-
ite. Since m and n are relatively prime integers, it follows that n # m thus
n < m. Then zero must be a critical value of f(z) by Lemma We show
that no critical point of f(z) yields zero as a critical value.

If b # 0, then
f(x) = 2" ((n — m)x™ + (—am)z™ " + (bn))

(z™ + b)?




Prime rational functions 45

Let &1,...,&m+n—1 be all of the zeros of f/(z). Then &, ..., &{n4n1 are the
critical points of f(z), and for each i = 1,...,m+n— 1 we have either 527‘_1
=0or (n—m)&M+ (—am)&* "+ (bn) = 0. A critical point & with "1 =0
satisfies £ = 0 and f(§) = a/b # 0. For the second case we assume towards
a contradiction that a critical point £ satisfies (n — m){™ + (—am)&™ ™"
+ (bn) = 0. From f(§) = 0 we have " + a = 0, so that " = —a # 0 and
(n—m)&™ + (m)EM"E" + (bn) = n(™ +b) = 0. Then £™ + b = 0 yields
a contradiction, since f(x) has no linear factor dividing both its numerator
and its denominator.

If b =0, then
(n —m)a™ + (—am)
f’(l‘) = ot
Let &1,...,&, be all of the zeros of f’(x). Then &,...,&, are the critical
points of f(z), and for each j = 1,...,n we have { = —am/(m —n). If

f(&) =0, then —a = —am/(m — n) yields m —n = m, contradicting n > 0.
Therefore zero cannot be a critical value of the function f(x), and we
conclude that f(z) is prime.
Assume now that a = 0. Then by assumption we have b # 0, and f(x) =
2" /(2™ 4+ b) is prime if and only if F(x) = (2™ +b)/2™ is prime. Since
m and n are relatively prime integers such that m > n, we conclude by

Theorem that F'(z) is prime. Therefore f(x) is prime. m

We conclude this section by providing some examples which show that,
in general, knowing whether the numerator and denominator polynomials of
a rational function f(z) are prime or composite is not sufficient to conclude
whether f(z) itself is prime or composite.

EXAMPLE 3.7. Let
_ fi(z) 4P+ 627 + 4+ 1
f) = folz)  xt— 223 — 22
Then fi(x) is prime, fo(z) is prime by [I, Theorem 1] since all of its critical
values are simple, and f(z) is composite since it is the composition of g(x) =
—‘f_}l and h(x) = %

ExaMPLE 3.8. Let

fl(a:) _ .565 +1

f(flf) = f2 (.’L‘) x3
Then fi(z) and fa(x) are both prime, and f(z) is prime.

ExaMPLE 3.9. Let
fl (.73) _ 562 + 1

f(x) = fz(ﬂf) v

Then fi(z) is prime, fa(z) is composite, and f(z) is composite.
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ExaMPLE 3.10. Let
fi(x) B 0+ 1

f(l’) = f2($) !

Then fi(z) is prime, fa(z) is composite, and f(z) is prime.

ExaMPLE 3.11. Let
fi(x) 29+ 1

f(x) = fQ(x) = 26
Then fi(x), fa(x), and f(x) are all composite.

ExaMPLE 3.12. Let

f1($) _ 1139 +1

€Tr) =
f( ) f2 ($) .’E4
Then fi(z) and fo(z) are composite, and f(z) is prime by Theorem [2.11]

4. Concluding remark. It would be of interest to find other results
similar to Proposition and Lemma In particular, another mapping
¢ : C(x) — Z for which ¥ (g o h) = 1¥(g) - (h) is satisfied for rational
functions g and A could potentially provide many more examples of prime
functions.
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