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Asymptotic formulas for the coefficients
of certain automorphic functions
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1. Introduction. Let H denote the complex upper half-plane. Let k£ be
an even integer and M}, be the space of modular forms of weight k& on SLo(Z).
The Eisenstein series of weight k£ > 4 for SLy(Z) is defined by

2k
Ein(r)=1- B, Z or—1(n)q",

where ¢ = *™" with 7 € H, op_1(n) = > din d*tand A5 =300 Bk%.
It is well known that Ej, € M, for all k > 4. The Ramanujan delta function

is given by
o
—alla-a"

The function A € M5 is the unique normalized cusp form of the smallest
weight for SLy(Z). For any integer k € 27Z, a weakly holomorphic modular
form of weight k on SL2(Z) is a meromorphic modular form whose poles (if
any) are at ico. The function

3 [o¢]
i(r) = 124((:)) =q '+ 7444 c(n)g"

n=1

is a fundamental weakly holomorphic modular form of weight 0. In 1918,
the “circle method” was invented by G. H. Hardy and S. Ramanujan [7] to
derive the well known asymptotic formula for the partition function p(n):
671'\/2”/3

(1) p(n) ~ ——— asn — <.

4v/3n
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Using the circle method, H. Petersson [§] and later H. Rademacher [9] inde-
pendently derived the asymptotic formula for the Fourier coefficients ¢(n)
of the j-function:

e47r\/ﬁ
(2) c(n) ~ NI as n — oo.
H. Rademacher and H. S. Zuckerman [0} 11, 12] subsequently obtained
exact formulas for the coefficients of generic weakly holomorphic modular
forms of negative weight.

In a recent article [4], M. Dewar and M. R. Murty gave a new proof
of without using the circle method. Subsequently in [5], they derived
an asymptotic formula for the Fourier coefficients of any weakly holomor-
phic modular form of integral weight for SLy(Z) by using the asymptotic
formula derived in [4] and without using the circle method.

Inspired by the method of Dewar and Murty, in this article we first de-
rive an asymptotic formula for the Fourier coefficients of a certain class of
weakly holomorphic Jacobi forms. Using this asymptotic formula we esti-
mate the growth of the Fourier coefficients of two important weak Jacobi
forms of index 1. Secondly, we derive an asymptotic formula for the Fourier
coefficients of a certain class of weakly holomorphic modular forms which
includes the functions 6% /n! for all integers k,l > 1, where @ is the weight
1/2 modular form and 7 is the Dedekind eta function. Since we apply the
method of Dewar and Murty, our proof does not use the circle method.

We now describe our results more precisely. Let £ > 4 be an even integer
and m be any positive integer. We define the Jacobi-Eisenstein series of
weight k£ and index m as

2a7'+
Ek‘m T, Z Z E CcT + d —k Qﬂlm()\ d+2/\6‘r+d C‘r+d)

c,d€EZ AEL
(c,d):l

where a,b € Z are chosen so that (¢ Z) € SLy(Z). Let

Y

ne”L

be the usual theta function, which is a modular form of weight 1/2 for I(4).
We prove the following theorem.

=Y ap(n)q"

n>0

THEOREM 1.1. Let

be any q-series with non-negative real coefficients ay(n) such that
CfeA\/ﬁ

na

af(n) ~
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for positive real numbers cy, A and o. For any positive integers k and m with
k > 4 even, define the complex numbers bekﬁm(N, r) by the Fourier series

. r2 .
fEem(T,2) = f(T) Bk (7, 2) = S bym,, (N r)em T
N>0,r€Z
N=—7r2 (mod 4m)

Also, for any positive integer k define the real numbers a ygr (n) by the Fourier
series

fOR(T) = f(1)0%(7) = Zafek(n)q”, ——
n>0
Then

A

‘ . Ar k—1/2 B o e2vm
(1) bekym(N,T) ~ szk <A> (2m) 1/2(4m) k/2+1/4m

for any sequence {(N,r) € Z x Z : N = —r? (mod 4m)} as N — oo, and

(i e ()
11 afgk n Cf A nafk/4 as n .

We give two interesting applications of Theorem [1.1] The first one esti-
mates the growth of the Fourier coefficients of the weak Jacobi forms

_ E3E4; — EsEg, E¢Eyy — EyEg
L= 1444 1444
These are weak Jacobi forms of index 1 and non-positive weight. They gen-

erate the ring of weak Jacobi forms of even weight freely over the ring of
modular forms on SLy(Z) [3, §4.3].

and Y—21 =

COROLLARY 1.2. For k=0,-2, let

-N+T2 .
Spk,l(T? Z) — § : bk(N,T‘)€2T” i TGQTMTZ.
N>—1,r7€Z
N=—r? (mod4), N+r2>0

Then
e2mVN )

bi(N, 1) = O(]\flk/?
for any sequence {(N,r) € Z x Z : N = —r? (mod 4)} as N — oc.

REMARK 1.3. Note that the Fourier coefficients of any weak Jacobi form
which is not a Jacobi form have exponential growth, and hence the above
corollary is not obvious.

Let (1) = ¢"/**],,>,(1—¢") denote the Dedekind eta function. Another
consequence of our theorem is the following corollary.
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COROLLARY 1.4. Let k and | be positive integers. Assume that

o* _
W(T) = api(n)g"

n>0

Then the coefficients ay (n) satisfy the asymptotic formula

awiln) ~ 5\ a1 7)) e

This article is organized as follows. In the next section, we define Ja-
cobi forms, weak Jacobi forms and weakly holomorphic Jacobi forms and
recall the theta decomposition at infinity of a Jacobi form. Then we recall
the Fourier expansion of the Jacobi-Eisenstien series and establish some
estimates for the coefficients, which is crucial in proving Theorem .
We divide Section 3 into two subsections. In Subsection 3.1 we obtain the
asymptotic formula for the coefficients by, ,, (N, r), whereas the asymptotic
formula for the coefficients a ygx(n) is established in the second subsection.
In Section 4, we obtain our applications by proving Corollaries [I.2] and

2. Preliminaries. For any z € C and any real number ¢ we denote
e?™2/¢ by e, (z). If ¢ = 1, we simply write e(z) instead of e;(z). Let k be any
integer and m be any positive integer. Following [3, §4.1], we define Jacobi
forms, weak Jacobi forms and weakly holomorphic Jacobi forms.

DEFINITION 2.1. A holomorphic function ¢ from H x C to C is said to
be a weakly holomorphic Jacobi form of weight k and index m if it satisfies
the following conditions:

(i) For any (¢ Z) € SLa(Z) we have
atr+b =z B w [ mz?
¢<T+d7'+d> = (er+d) e(cr—kd)d)(T’Z)'
(ii) For any (A, ) € Z x Z we have
O(T, 2 + A7+ p) = e(—m(N*T + 2X2)) ¢(T, 2).

(iii) The function ¢ has a Fourier expansion of the form

N 2
o(t,2) = Z by (N, r)e< 4:; T+ rz>
N,reZ
N>Np, N=—r2 (mod 4m)
for some Ny € Z.

If ¢ also satisfies the condition bs(N,r) = 0 unless N +7? > 0 then it is
called a weak Jacobi form of weight k and index m. Further, if ¢ satisfies
the even stronger condition that bg(N,r) = 0 unless N > 0 then it is called
a Jacobi form of weight k£ and index m.
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Let m be any positive integer. For any p (mod 2m) we have the following
Jacobi theta functions:

3) bp() = 3 <4m +>

reZ
r=p (mod 2m)

As an application of the Poisson summation formula we obtain

Ompu(T+1,2) = e4m(u2)0m#(7, z),

D (22) = o e("E) T cantmn(r)

v (mod 2m)

Property (ii) in the above definition of Jacobi form implies that bg(N,r) =
by(N,7") whenever r = ' (mod 2m). In particular any Jacobi form ¢ has
the following theta decomposition [0 §5]:

2m—1

(5> E h mp 7’, )a
where
h, (1) = g by (N u)e(NT).
K ’ 4m
N>0, N=—p? (mod 4m)

Since any Jacobi form has property (i) and 6,,, satisfies {]), h, (0 =
0,1,...,2m — 1) has the following transformation properties:

hu(t+1) = €4m(—,u2)hu(7')v

(6) h, <_7-1> m szl eam () hy (7).

Let £ > 4 be an even integer and m > 1 be any integer. As in the
theory of modular forms, we obtain our first examples of Jacobi forms by
constructing Eisenstein series. The Jacobi-Eisenstein series Ej (7, %) of
weight k& and index m is defined before the statement of Theorem and
it has the following Fourier series expansion:

N +r?
Epm(7,2) = Z ek,m (IV, r)e( a7 + rz)

N,reZz
N>0, N=—r2 (mod 4m)

where ey, (N, 7) for N = 0 equals 1 if 7 = 0 (mod 2m) and 0 otherwise,
while for N > 1 we have

k—1/2
- k/2 ™ k: 3/2 QNr
ek.m(NaT) - (_1) / 2k_2p<k . 1/2)<( 1 mk— 1 / Z ak—1
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where

N 2
No(Qny) = #{)\ (mod a) : mA2 + 7\ + tr

=0 (mod o).

Note that for any pair (N,r) € N x Z such that N = —r? (mod 4m),
(—=1)*/2¢}, (N, 1) is always positive and e, (0,7) is either 1 or 0 (for more
details of the definition and Fourier expansion of Ej (7, z) see [6], §2]).

The restriction of any Jacobi form ¢(7, z) to z = 0 gives a modular form
of the same weight. Since Ej,,(7,0) is a modular form of weight k£ and
ekm (N, 1) = e m(N,7’) for r =1’ (mod 2m), there exist positive constants
C’,’am and Cj ,, depending on k, m such that

(7) Chom < (=1)"e (N, 1) < Cpopn N¥!
for any pair (N,r) € N x Z with N = —r? (mod 4m).

3. Proof of Theorem [1.1]

3.1. Proof of Theorem . To derive the asymptotic formula (i)
for the coefficients of the function fEj (7, 2), we extend the method of
Dewar and Murty [5] to the case of Jacobi forms, which presents techni-
cal difficulties due to the nature of Jacobi forms. We construct a function
®k,m (T, 2) with positive Fourier coefficients by removing some terms from
the Fourier expansion of Ej,(7,2) and derive an asymptotic formula for
the coefficients of f¢y ,(7,2) by considering the limsup and the liminf
cases separately. We obtain the asymptotic formula for the coefficients of the
function fEj, ,,, (7, z) by handling suitably the combination of f ¢y, (7, 2) and
fOm,0(T, 2), where 6, ¢ is one of the Jacobi theta series occurring in (3)). The
proof of [5, Theorem 3] relies on the asymptotic for Fx(q) as ¢ — 1 which
Dewar and Murty deduce by using the transformation properties of Fj(7),
whereas to prove our theorem we use the transformation properties of the 2m
functions h,(7) which appear in the theta decomposition of Ej (T, 2)
and hence deal with a certain combination of the functions h, (7).

Let us set

r2

(8) Gl (T,2) = (—1)k/2 <Ek,m(7—7 z) — Z e<4mT + rz> )

re2mi

Then

N + 12
Gl (T,2) = Z bespo (V5 r)e< i T + rz),
N,reZ
N>1, N=—72 (mod 4m)
where

b¢k,m (Nv ’I“) = (_1)k/2€k,m(Na 7“),



Coefficients of certain automorphic functions 65

and therefore by, (N,r) is always positive. Suppose we have the following
lemma.

LEMMA 3.1. For

f(z)k,m(T? Z) = f(T)(ZSk,m(Tv Z)

N + 12
= Z bf¢km(N,T)6< T+TZ>7
N,rez Am
N>1, N=—72 (mod 4m)
we have
A

A\ F—1/2 - - eﬁ‘/ﬁ

(9) bf¢k,m(N’ r) ~cy <A> (2m) 1/2(4m) /2+1/4W

for any sequence {(N,r) € Z x Z: N = —r? (mod 4m)} as N — oo.

Then we derive the asymptotic formula for the coefficients byg, . (N, r)
of the function fEj ., (7,2). Using (8], we have

(10) f(T)Ek,m(T’ Z) = (_1)k/2f(7—)¢k,m(7—’ Z) + f(T)em,O(T7 Z)7

where )
-
Omo(T,2) = Z e <4mT + rz>

re2mi
is one of the Jacobi theta functions defined by . We have

2
f(T)0mo(T,2) = Z b£,.0(IN, r)e(N + T)@(Tz),

4m
NedmZ, re2mi

where
bfem,o(N7 7’) = af(N/4m).
Therefore
ez VN exmVN
(11) b$0,m0 (N, 1) ~ cp(4m)® Na O<Na—k/2+1/4>

for any sequence {(N,r) € 4mZ x 2mZ} as N — oc.
From , we have

bek,m (N7 T) ~ ikbfd’k,m (Na T‘) + bme,o (Nv T)'
Using @ and in the above equation, we get

_A /N

. 47 k=1/2 _ a— e2vm
bek!m (]\f7 T) ~ szk (A> (zm) 1/2(4m> k/2+1/4m

for any sequence {(N,r) € Z x Z : N = —r? (mod 4m)} as N — oo.
Now we prove Lemma [3.1] The key step is to approximate a certain ex-
ponential term by using the following real valued functions F'(z), G(z), and
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then use the modularity of the 2m functions h,(7): Consider the following
functions:

(12) F(z) = vI—a:(0,1) - Rey,
(13) Glz) = (1_193)a £ (0,1) = R,

where « is any positive real number. For 0 < x < é < 1, Taylor’s theorem
gives

8
(%)
&

x
1-f Y cpm<1-Z
2 s—epr =FW=1-5%
(1) .
1< <1
< G(x) < +a(1_5)a+1
Proof of Lemma We have
N
N — N’
bf¢k,m(N7r): Z af( Am )b¢k,m(N/7r)'

N’>1, N'=—72 (mod 4m)

In order to derive the asymptotic formula for the coefficients b, . (N,r) of
the function foy (7, 2) we prove

1
W bron (N.7)
im sup v =1
=—r? T\ k— _ _ vm
(N’T)EZXZ’KLOOT (mod 4m) Cf(%)k 1/2(2m)~1/2(4m)e k/2+1/4Nea2—k/2+1/4
and
16
(16) L Ofgtm (N5 7)
lim inf o 2 L
(N,r)EZXZ, N=—7r* (mod 4m) k—1/2 _ _ Jm
N o7 (5) " (2m) 12 (am)e k2
For the proof of , choose any 0 < § < 1 and write
[6N] ,
N-N
S TC S D SIRTY Coem ) AR
N’=1, N'=—72 (mod 4m)
N
N-—-N'
+ > (N o (V)
N'=|6N|+1, N'=—7r2 (mod 4m)
Consider the sum
[6N] ,
N-N
Ss(N,r) = Z af( i )bm,m(N',r).

N’=1, N'=—r2 (mod 4m)

Using the given asymptotic formula for the coefficients of f(7), for any € > 0
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we have
A N-—N'
(Yo
afp €)Cf NN -
4m ( 4m )
Therefore,

Ss(N, ) < (1+¢) T

(NJdm)e
A 1 54 +/N4/1-N'/N
" 2 a—vm" b (N',7).

N’=1, N'=—r2 (mod 4m)

A
Since eQWmm is an increasing function of x, using the right hand inequality
of (14) for the function F(x) (defined by (12])), we have

() VIR 3R 230

Since the function G(x) defined in is continuous, for any € > 0 we can
fix 0 < § < 1 such that for 0 < x < ¢ we have G(x) < 1+ €. Using
together with this observation, we have

A
e?ﬂ

Sé(N’ T)
cy A_ /N [6N ] AN
<(+e°—L _cmm 2. b (N, r)e 2V 277
(N/4m) N'=1, N'=—r2 (mod 4m)
A . b
<1+ e2—T _crmVN > Do (V') 2/ AVEY.

(N/4m)0! ]\[/:17 N/'=—p2 (mOd 4m)

Choose p, € {0,1,...,2m — 1} such that p, =r (mod 2m). Let
Nl
hy, (1) = Z ek’m(N’,,uT)e<4mT>
N’>0, N'=—p2 (mod 4m)

be the p,th component in the theta decomposition of the Eisenstein series
Ej . Then

(19)  Ss(N,r) < (1—{—6)2(]\[/2;”)(162% N(—1)k/2 <hur G;‘T\/ﬁ) —c,h),

where C),, is either 1 or 0 depending on p,. Using @ we have

A m -1
2\ N 2-2% /%

ik fom [N\ P22l or [N
Alavm) e (SE)

v=0

AVm
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We also have
) 27 |N . 27 |N
]&L“éoh0<%4 m>—1v J&L”;ohv(u m>—0’ v#0.

Therefore for large enough N, we have

0 (12 = ) < @ em) 2 (2 Jnf)k_” .

Using the above equation in , we get

3 m\ 1/2 k/2+1/4 €ﬁm
Since by, . (N,r) = O(N*~1), we have
N
N - N’ [A=5N
Z af< yree )b(bk’m(N',r) = O<eA ET Nk>
N'=|§N|+1
'=—r2 (mod 4m
N'= (mod 4m) e%\/ﬁ
=0 W as N — oo.

Using the above bound and in , we get .

Now we prove . Since all the coefficients of f¢y, ,,, are non-negative,
for any 0 < § < 1 we have

(21)  brop (N, 7)
16N

> S5(N,r) = > af<N_N/>b¢k,m(N’,r)

dm
N’>1, N'=—r2 (mod 4m)

16N
Cf 1 SR |
> (=€) —a > —naeV" N b (N7, 1)
(T 4y 05 iy 0 )

A
Using the fact that the function em\/ﬁx is increasing together with the
left hand inequality of for the function F'(x), we have

4N (- )

Cf 2¢/m _5)3/2
22 N 1—€)—L 2 8(1-5)
( ) S(S( 7r>>( 6)(N/4 )ae
16N .
X E b¢k’m(N',r)e_4va :

N’=1, N'=—r2 (mod 4m)
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Clearly
16N .
(23) Do ba . (Nr)e Wnm
N’'=1
N’=-r? (mod 4m)
o0 A N 0 A N’
= > b Ve E 3T by, (Ve e
N'=1 N'=|6N|+1
N'=—r2 (mod 4m) N’'=—r2 (mod 4m)

In order to handle the second sum on the right hand side of we use the
following lemma, which we prove at the end of this subsection.

LEMMA 3.2. For 6 = N~Y3, we have

A ’
o0 / ——==N
lim ZN’=L<SNJ+1,N’E—7~2 (mod 4m) by, (N, 7)E 4VmN
A ’
N,r)eZxZ, N=—r? (mod 4m o0 / _7,/,”71\7
(o) N—oo ( ) ZN/:I,N/E—TQ (mod 4m) bd’k,m(N’T)e WmN
= 0.

Using Lemma in , for N large enough and § = N—1/3, gives
us

4V (- )

c —
Ss(N 1 —¢)2 f 2ym 8(1—4)3/2
S(N.r) > (1= e
e A /
X Z b¢>k,m (N,ar)e_‘“mNN .

N’=1, N'=—r2 (mod 4m)

Now using the argument similar to the lim sup case for the series

o0

’ __ A N/
Z bgpom (N T)E 4VmN
N’=1, N'=—r2 (mod 4m)
we get
c A l(l—i) _ dr [N \F1/2
Ss(N 1—epP—1 am -3 (o) T2 [ T [ )
(5( 7T)>( 6) (N/4m)a€ ( m) A 4m

For § = N~1/3 we have
i YN
N—o0 (1 — 5)3/2 N

Using this together with , we get the liminf inequality . Next we
use the limits in and (|16) in order to get Lemma
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Proof of Lemma[3.2 Let us set

EN/>L6NJ+1 N'=—r2? (mod 4m) b¢k n(N 7’)6 4\/7
ZN’ZLN’;—TZ (mod 4m) b¢k,m(N,=T)e 4W

Since by, . (N,r) = (=1)¥/2ej, (N, 1), using (7)), we obtain

F(N,r):=

A /
ko~ AN
Ck ZN’>L6NJ+LN/E_ 2 (mod 4 )NI e 4v/mN
(24) F(N ’r) C”m Z r2 (mod 4m —
DoN'S1, N'=—r2 (moddm) € N

For all integers j > 1 and all real 0 < 8 < 1, one has

k
it < (’“) B
B
Therefore for any 0 < 8 < 1, we have
k
3 Nk wvmm Y < <k> 3 BN
p

N'>[3N |41 NS |ON 41
N'=—7r2 (mod 4m) N'=—r2 (mod 4m)

Using the above inequality and then writing N’ = 4mn’ —r? in (24)), we get

CA g
C k ke_(ﬁ_4\//:W)T2 Zn,>w B i A
F(N,r) < —bm (2 > LoN L]
C/ ﬁ 64\/%7’2 anz# e—ﬁ@nn
4\/’;—]\[ < 0 then
[6N ] +14r2
Crm (k k=B mm)? AmB= ) i | _ oM
F(N,T)SC/ 2 A2 - TR o ——
k,m p ea/mN ' oyt Tk I B L vy
Cim [k keﬁ(L5NJ+1)e—ﬁLNJ 1_6—4mﬁ
< ’ _ .
- Cllc,m <5) 6*4””‘4\/% 1— 4m(ﬁ 4\/7)
Choosing 3 = W and § = N—l/g7 we get
F(N,r)
A
< Ol ((4y/mk ' N2 Ty (1+4m+1/N) 1—e*4mm
(& m
O\ A 2= N/ (1=1/N) AU

The right hand side above goes to 0 as N — oo.

3.2. Proof of Theorem [L.I|{il). The proof of Theorem [I.1|(ii) is quite
similar to that of [5, Theorem 3], and so we give only a sketch of the proof,
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highlighting the main points and steps which are different from the proof
of [B, Theorem 3]. Let us write

where
re(n) = #{(n1,...,nk) EZk:n%—i—‘-'-i-ni:n}.

Since #%¢(7) is a modular form of weight k, there exists a constant C}, such
that

(25) re(n) < rop(n) < Cpnf=t,  n>1.

For any n > 0, we have
n
aser(n) = Zaf(n — Jre(d)-
=0

In order to get the asymptotic formula for a sy (n) we prove

. Q fgk (n)

(26) lim sup Y
- v
oo cp (4 / na—H/d

and

o agor(n)
&) it v
Cf(j) no‘*k/4

First we prove . Using the asymptotic formula of af(n), the inequality

: A
eAVn—i < eV 35 and continuity of the function G(z) = 1/(1 — x)?, for
any € > 0 we can fix 0 < § < 1 such that

[on] [on] e
Ss(n) =" ap(n = j)re(s) < (1+ €LV Yy (j)e” 2
=0 j=0

<1+ G)Q%eA‘/ﬁZTk(j)e_ﬁj < (1+ 6)2%6A\/ﬁ9k <4772i1/ﬁ>

J=0

Using the transformation property of the 6 function, we get

o) = (5) ()

Since lim,, o0 0% (miy/n/A) = 1, for n large enough we have

(i) <o)
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Therefore for n large enough we have

2 k/2 eAvn
3 - -
(28) Ss(n,r) < (1+¢€) Cf< A> e

Using ([25)), we have
n Ayn
. . o e
g af(”—J)T’k(J):O(eA (1-6) nk) :O<na—k/4> as n — oo.

j=l6n)+1

Using the above bound together with , we get .
Now we prove . Choosing 0 < § < 1, we have

[on]
ager(n) > Ss(n Zaf”—J k(7))

Using the asymptotic formula for a f(n — j) and the inequality
AVATT 5 AV )

for any € > 0 we get
52 [on]

AVE a8 A
29 Ss(n) > (1 —¢€)c € e 8(1-0)%/2 re(j)e v,
(29)  S) > (- ey Xl
Now we write
[on] 0 0o e 00 A
B0) Yo n)e FE =S ome B - Y neie .
i=0 J=0 j=lon)+1

We use the following lemma to finish the proof; the lemma will be proved
afterwards.

LEMMA 3.3. For § =n"1/3,

__A
D232 (n) 1 TR e B

lim — =0.
n—00 Zjoi(] rk(j)e_m]
If we use Lemma in ( . then gives us
Af -A > __A
Sa(n) > (1 - €)% e )

7=0
Now we deduce ( . by using the transformation property of 6% as used in
the lim sup case, and the fact that for 6 = n~/3 we have
52
lim vn

n—o00 (1 — 5)3/2 =0
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Proof of Lemma Using and the fact that ry(j2) > 1 for any
J > 0, we have

00 . —%j 00 -k —ﬁj
Zj:ténwrl ri(j)e <C Zj:wnjﬂj €
S Gk

_ij _i]?
ditoTk(d)e 2V D€ VT
2

A
. —5 =X . . . . .
Since e 2v»" is a continuous decreasing positive function on [0, c0), com-
paring sum with integral we get

s _LJQ oo __A 2 1/4
2y/n 2y/n —
(32) Ze Vel > (S) e 2 dr = 2An

(31) R(n) :=

Using the inequality j*¥ < (k/B)*e¢” for any real number 0 < 3 < 1 such
that g — ﬁ < 0 and in , we have

" (8- 52 ((5n)+1)
R(n) < C; <k> Mn_1/4<e A )
p g 1-é o

Choose 8 = 271%/2 and § = n~1/3; then we get

2%k 24 n3k/2+1/4 n-1/2
R( )<Ck:<A> 7T< Anl/6 )( 7i(171/ ))
Vo \ a8 1ym) )\ _ gmagm(1/m

2k:) 24 A

)
A T 2

as n — oo. Thus R(n) goes to 0 as n — oo.

—)Ck <

4. Proof of the corollaries
4.1. Proof of Corollary [T.2] Set

Zp” H(l—q) 7.

n=0

In [5], Dewar and Murty have the following asymptotic formula for p{@)(n):

(33) PV (n) ~ einieVr,
where
1 ] (j+1)/4 i 3 27
cj_\/§<24> ow= oy AT
Let us set
I = "
[(7) = =ad ) = 3 p* ()
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Using , we have the following asymptotic formula for the coefficients
pPY(n) of the function f(r):
1 efmvn

E2 Y L
pn) 144y/2 n?7/4"
Denote fi := (—1)*/2(E), — 1), k = 4,6,8. Set

ffelr Zaffk

In the proof of [5, Theorem 3], Dewar and Murty have shown that the Fourier
coeflicients agf, (n) of the function ff, satisfy the following asymptotic for-

mula: ) A

a’ff}c(n) ~ 144\/§ n27/47’€/2'
Since the Fourier coefficients of f and fj are non-negative, as, (n) > 0 for
all n > 1. Also 27/4 — k/2 > 0 for k = 4,6,8. Using Theorem we

get the following asymptotic formula for the coefficients by, i, , (N, 7) of the
functions ff,E;1, | = 4,6:

L 27/a— (k1) /2 ermvn
bty (N, 1) ~ 144\[ 4 N27/4—k/2—1/2+1/4

for any sequence {(N,r) € Z x Z: N = —r? (mod 4)} as N — co. Now
FEE, = f(=D)"2fi + DBy = (DM ffp B+ fE.
Therefore
bEkEl,l (N7 T) ~ ikbfkal,1 (N7 ’I") + bel,l (N7 T)

144 A

~ Likﬂ 427/4—(k-+1) /2 >N
144+/2 N27/4—k/2—1/2+1/4
1427/~ 1/22”—‘/N
144\f N27/4-1/2+1/4
~ #ik+l427/4—(k+0/2 e2mVN
144v/2 N27/4—k/2—1/2+1/4"
From the expressions for the weak Jacobi forms ¢g 1 and ¢_ 1 and the above

asymptotic formula, we get
be(N,7)

lim ——— =0
(N,r)EZXZ, 1\/'1777"2 (mod 4m) 627“/7/]\[1 k/2
N—oo

4.2. Proof of Corollary -. By ., the coefficients of the function
1
f) =20 = Spn

n>0
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satisfy the following asymptotic formula:
CleA\/ﬁ

nOé

_ L atEe i3
Cl—\/i 24 s =T 3, o = 4 .

Now applying Theorem in this situation we get the following asymp-
totic formula for the coefficients ay,;(n) of the function % /n':

1 (l>(l+l)/24<\/6>k/2 €7r\/2ln/3

ag(n) ~ /\2a / (—F+3)/4"

P (n) ~

9

where

5. Further remarks. In [I], Bringmann and Richter have provided ex-
act formulas for the Fourier coefficients of harmonic Maass—Jacobi Poincaré
series. In some cases the harmonic Maass—Jacobi Poincaré series are weak
Jacobi forms. For example the weak Jacobi form ¢_o; is such a Poincaré
series, which can be seen from Example 1 of [2]. In [2], the authors provide
explicit formulas for the Fourier coefficients of holomorphic parts of har-
monic Maass—Jacobi forms, and in particular, for the Fourier coefficients of
weakly holomorphic Jacobi forms. These explicit formulas might give a dif-
ferent approach to obtain the asymptotic behavior of the Fourier coefficients
of certain weak Jacobi forms and weakly holomorphic Jacobi forms.
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