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The sum of digits of [n¢|
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1. Introduction. In this work ¢ denotes an integer > 2 and c is a non-
integer positive real number. We use the notation e(z) for the exponential
function e2™. If z is a real number then ||x|| denotes the distance from x
to the nearest integer and {z} is the fractional part of x.

Every integer n > 0 has a unique representation in base ¢ of the form

14
”:Z”jqj, nje{()’l?""q_l}’
=0

with 1, # 0. The sum-of-digits function sy(n) is defined by sy(n) = 37 n;.
Gelfond [I0] showed in 1968 that if g,m > 1 and r,¢,a are integers with
(m,q—1) =1, then

(1.1) #{n <z:n={¢modr, sq(n) =amodm} = %4—0(1:/\),

where A < 1is a positive constant depending only on ¢ and m. If one replaces
the arithmetic progression {n > 0: n = ¢ mod r} by another sequence, then
the corresponding question is in general much harder to answer. A first result
concerning almost primes (positive integers consisting of at most two prime
factors) was obtained by Fouvry and Mauduit [9]. In particular, they gave
a lower bound on the number of almost primes m such that s,(m) lies in a
fixed residue class. Recently, Mauduit and Rivat [I§] showed that (s,(p)),
where p ranges over all primes, is well distributed in arithmetic progressions.
(Drmota, Mauduit, and Rivat [7] also showed a local limit theorem.) The
treatment of the sequence (sq(P(n)))nen, where P(n) is a polynomial with
P(N) C N, seems to be even more complex. Dartyge and Tenenbaum showed
in [2] that if (m,q — 1) =1, then

#{n <z :54(P(n)) = amod m} > Cgin(1,2/d!)
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where d is the degree of the polynomial P and C is a positive constant
depending on P, ¢ and m. Mauduit and Rivat solved the problem in the
quadratic case for general g > 2:

THEOREM A. Let g and m be integers > 2. Set d = (¢ — 1,m) and
Qa,d) = #{0 < n < d : n> = amod d}. Then there exists a constant
og,m > 0 such that for all a € Z

#{n <@ :5,(n?) = amod m} = = Q(a,d) + Oy ~7m).

Furthermore, the sequence (« sq(nQ))neN s uniformly distributed modulo 1
if and only if a is irrational.

Recently, Drmota, Mauduit, and Rivat considered in [6] the sequence
(sq(P(n)))nen for sufficiently large prime bases ¢:

THEOREM B. Let d > 2 be an integer, ¢ > qo(d) a sufficiently large
prime number, P € Z[X]| of degree d such that P(N) C N for which the
leading coefficient aq is coprime to q, and m > 1 an integer. Then there
exists og4m > 0 such that for all integers a,

#{n <z :54(P(n)) = amod m} = % Q(a, D) + Oz~ 7am),

where D = (¢ — 1,m) and Q(a,D) = #{0 < n < D : P(n) = amod D}.
Furthermore, the sequence (asq(P(n)))nen s uniformly distributed modulo 1
if and only if « is irrational.

A related question is whether a Gelfond type result also holds true for the
sequence (sq([n°]))nen, where ¢ is a non-integer real number. This can be
understood as an intermediate case between polynomials of different degree.
Mauduit and Rivat gave a positive answer for ¢ € (1,4/3) in 1995 (see [15])
and for ¢ € (1,7/5) in 2005 (see [16]). They considered more generally g-
multiplicative functions and used, among other tools, the double large sieve
of Bombieri and Iwaniec to solve this problem. In particular, they showed
the following result:

THEOREM C. Let c € (1,7/5) and ¢ > 2. If (a,m) € N x N*, then

1 1
(1.2) lim —#{n <z :s4(|n°]) =amod m} = —.
r—00 I m
Furthermore, the sequence (asq(|n°|))nen is uniformly distributed modulo 1

if and only if o is irrational.
As pointed out by Mauduit (see [14, Section II.4]), one can deduce from
a result of Harman and Rivat [12] that (1.2]) holds for almost all ¢ € [1,2).

(") f = O.(g9) means that there exists a constant s (depending on r) such that
|f| < kg.
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Indeed, if A is an infinite set of positive integers such that #{n < z :
n € A} > z, then [I2, Theorem 3] implies that for almost all ¢ € (1,2),

(1.3) #{n<az:|nle Ay =7 n " to(x),

neA

where v = 1/c. Setting A = {n € N : s4(n) = a mod m}, a refined version of
Gelfond’s work (cf. (1.1)) implies that #{n < z : n € A} > z. Elementary
discrete Fourier analysis and partial summation (similar to Section be-
low) allow one to evaluate the sum occurring in and we finally deduce
that holds true for almost all ¢ € (1,2) and for every integer ¢ > 2 and
(a,m) € N x N*.

This leads to the following conjecture which can be found in [14, Con-
jecture 1]:

CONJECTURE 1 (Mauduit). For almost all ¢ > 1 we have, for every
integer ¢ and m greater than 1 and 0 < a < m,

1 1
(1.4) zlingo E#{n <z :84([n°]) =amod m} = g
Other interesting questions deal with the asymptotic behavior of the
sum-of-digits function of [n¢]. Using a method of Bassily and Katai [1], it is
relatively easy to show that s,(|n¢]) satisfies a central limit theorem. More
precisely, we have

(1.5) %#{n < :sg([nf]) < cpglog, =+ yy /agclogqa;} = d(y) + o(1),

where
q—1 2 q2 -1
= — ol =
Mq 2 9 q 12 9

and @(y) denotes the normal distribution function (see [3]).

2. Main results. The main objective of this paper is to enlarge the
range of possible real numbers ¢ in Theorem C for which we can show
uniform distribution results (Corollaries [1] and [2). We are able to deal with
all positive real numbers ¢ which are not integers but we restrict ourselves
to bases ¢ which are not too small. It turns out that the case ¢ € N is of
completely different nature. This makes it eventually impossible to treat
general numbers ¢ with the methods presented in this paper. In Section
we will provide a precise analysis of this problem and discuss the differences
of our method from the methods used in [6] (see Remark [7)).

Furthermore, we show a local limit theorem (Corollary [3]) which gener-
alizes .

In our main theorem we study the exponential sum ) e(asq([n°])):
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THEOREM 1. Let ¢ > 0 be a non-integer real number and let o € R.
Then there exists a constant qo(c) such that for all ¢ > qo(c) we have @

(2.1) 3 elasy([nf))) <egq (loga)a-oedl@el,

1<n<zx
where 0.4 > 0 1s a computable positive constant. In the case 0 < ¢ < 1
we have qo(c) = 2 and the exponent on the right hand side of can be
replaced by 1 — ocq||?.

REMARK 1. It follows from our proof that an admissible value of go(c) is
explicitly computable and that this value is bounded by K cc4, where K is an
absolute constant. We use different methods to show the result for different
values of ¢ in order to optimize go(c) (see Sections 4| and [5| and the end of
Section [6]). If 1 < ¢ < 7/5, then [16, Theorem 1] and partial summation
ensure that we can choose gp(c) = 2. The case 0 < ¢ < 1 can be regarded
trivial but for completeness we give a short proof in Section [6]

COROLLARY 1. Let ¢ > 0 be a non-integer real number. There exists
a constant qo(c) > 2 such that for all ¢ > qo(c) the following holds: If
(a,m) € N x N*, then there exists a constant cqm > 0 such that

#{n <@ :s([n°)) = amod m} = = 4 O g (a~70m).

REMARK 2. Corollary [I] does not solve Conjecture [I] entirely, but it
leads us to conjecture that is valid for every ¢ > 1 (¢ ¢ N). If ¢ > 1
is an integer, then elementary arithmetic calculations may yield a different
asymptotic formula which depends on a, m and ¢ (cf. [6] and Theorem A).

COROLLARY 2. Let ¢ > 0 be a non-integer real number. There exists a
constant qo(c) such that for all ¢ > qo(c) the sequence (asq(|n¢]))nen is
uniformly distributed modulo 1 if and only if « is irrational.

COROLLARY 3. Let ¢ > 0 be a non-integer real number. There exists a
constant qo(c) > 2 such that for all ¢ > qo(c) the following holds: Uniformly
for all integers k > 0 we have

L <2y (Ln]) = K = — e (3802 OC@(W»’

\/2mo2clog, x

k — pgclog, x

/52
ogclog,x

The main idea of showing Theorem [I| is to divide the proof up into a
Fourier theory part and an exponential sums part (where no sum-of-digits
function occurs). In Section |3| we state some known results on the discrete

where Ay, =

(?) The symbol f <, g means that f = O,(g).
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Fourier transform of the sum-of-digits function. In the two subsequent sec-
tions we discuss the sum ), e(3[n°|) (we present a method which works for
1 < ¢ < 2 in Section |4 and a general method in Section . In Section |§| we
finally prove Theorem [I] Section [7]is devoted to the proofs of Corollaries
and [2l In the last section, we give a proof of Corollary

3. Fourier transform of asy(-). Let ¢ > 2, @« € R and A € N. The

discrete Fourier transform Fy (-, «) of the function u +— e(asy(+)) is defined
for all h € Z by

Fx(h,a) = i}\ Z e(asy(u) — hug™).

0<u<g?

This function is periodic with period ¢* in the first component and can be
represented by a trigonometric product. Indeed, we have

|Ex(h, o)l =q* [] @qle—hg),
172

where ¢, is defined by

(3.1) oalt) = {

Next, we state upper bounds of the L' and L>® norm of Fy which are
of particular importance for the proof of our main theorem. For a thorough
analysis of ¢, and F) see [18] [17].

|singt|/|sinnt| ift € R\ Z,
q ift e Z.

LEMMA 1. Letq>2, a e R, he€Z, A > 1 and
72 2
og=——7—|1——=].
12logq qg+1

|Ex(h, )] < 6”2/48q_%H(q_1)oc||2>\.

Proof. This is Lemma 9 of [17]. =

Then

LEMMA 2. Forq>3, a € R and A > 1 we have
> Fa(h )] < g,
0<h<g?
where 14 1s defined by
1 r
¢" = max ( Z g0q<t—|— >>
teR \q (o~ q

Proof. This is (a part of) Lemma 16 of [18]. =
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REMARK 3. The Cauchy—Schwarz inequality (together with [18, Lemma
13]) implies that n, < 1/2. Mauduit and Rivat showed in [I8, Lemma 14]
that

q—1
PR W . S S
9= sm%(Q—i—r) gsing, T

This implies for example that 1, < (loglogq)/(log q) for ¢ > 15 and hence
nq is arbitrarily small if ¢ is large enough. Finally, we want to remark that
the case ¢ = 2 is treated in [I8, Lemma 18].

4. Exponential sums for 1 < ¢ < 2. In this section we treat the
exponential sum ) e(f|n¢]) for 1 < e < 2.

PROPOSITION 1. Let 1 < ¢ < 2 and z,v € N with ¢*~! < z < ¢".
Furthermore, let 3 € R\ Z. Then

vil—(4—cC 1 vil—c
Z e(B|nc]) <eqvg"—C )/3) 4 mq (1—c),

The method of proving this proposition is based on work of Mauduit and
Rivat [16] and uses the fact that an integer m has the form m = |n¢] if and
only if

qv~l<n<z

[=m| = [=(m+1)7] =1,
where 7 = 1/c. If we set ¥(u) = u — |u| — 1/2, then we obtain

(1) 3 e(sln))
= Y eBm)(-m) — [ ~(m+ 1))

q(u—l)c<mgxc

= > eBm(m+1) —m)

q(ufl)c<m§xc
+ Y e(Bm)((=(m+ 1)) =¥ (—m)).
q(u—l)c<m§xc

The first sum on the right hand side of (4.1)) can be estimated by partial
summation (see Lemma [3). To treat the second sum we follow the proof
of |16, Lemma 3]. This leads us to consider the double sum

(4.2) S(E,Mu)= Y ] S fim)e(k(m +u))|,
K<|k|<2K  M<m<M

where f(m) = e(fm). The main difference from the cited lemma of Mauduit
and Rivat is that they have to deal with g-multiplicative functions f(m)
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instead of e(fm). Using van der Corput’s method of estimating exponential
sums finally enables us to obtain the desired result (see Lemma [4)).

LEMMA 3. Let ¢ > 1 and v = 1/c. Furthermore, let z,v € N with
¢ '<x<q and B E€R\Z. Then

(4.3) > e(Bm)((m+1) —m?)

q(u—l)c<m§xc

Y D¢ (g _ +3 L D 41,
< nag 207+ ] Cea [0

Proof. Let S be the sum in question. First we recall a result of [16
Lemma 2]. If 6 € [0, 1], then

Z\(m—i—l)g—me omo~1| < i

m2>1

Using this fact, we obtain

1
|S|§‘ 3 ’ym'y_le(ﬂm)‘-i-z.
q(u—l)c<mgzc

Partial summation yields

ST amle(Bm) =20 ST e(Bm)

q(u—l)c<m§xc q(u—l)c<m§xc

—v(v—-1) S Z e(Bm)u’ 2 du.

q(u—l)c q(ufl)c<m§u
Since 8 ¢ Z, for all ¢*=V¢ < 4 < ¢ we have

’ Z e(/@m)‘ = ]sinlﬂm )

qgv—Deam<u
We get (note that z < ¢")

x€

<q(v—1)6(v—1) _ S (v — Du) 2 du) +

q(ufl)c

~ |sin7fg|
< T =g _ gleey 1
|sin 73| 4
and the result follows. m
LEMMA 4. Letc € (1,2) and 8 € R. Furthermore, let x and v be integers
with ¢*~' < o < ¢”. Then

S e(Bm)@(—(m+ 1)) — (=) g w1,

q(u—l)c<m§xc
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Proof. We can write

Yo eBm)((~(m+1)7) ¥ (=m?))

q(ufl)c<n§xc

= > > e(Bm) (¥ (—(m +1)7) — ¥(-m"))
0<j<clog q/log2 ¢(r=1)egi «p<q(v—1)egi+1
q(u—l)c<ngm
<,  max max > e(Bm)(T(—(m+1)7) = (—mD)).

(v—1)c ve M<M'<2M
q <M<q =2 v en< M

In order to prove Lemma 4} it suffices to show that for M > ¢*~1¢ we have
(44 Su=| Y eBm@(—(m+ 1)) —w(-m")
M<m<M!
< (log M)MYI=2=)/3),
The next steps are very similar to the proof of [16, Lemma 3|. Thus, we
give only a rough outline. We begin by approximating ¥ by trigonometric
polynomials. Let K > 1 be an integer. Then it follows from a theorem of

Vaaler [22], Theorem 18] that there exist coefficients ax (k) with 0 < ax (k)
< 1 such that the trigonometric polynomials

ety = o= S W

s
1<[k|<K
and
(4.5) k()= Y (1- R e(kt)
' K+1
|k|<EK

satisfy

v(t)—w < .

(0) — Wiclt)| < 5o el
Note that ki (t) is the periodic and positive Fejér kernel and that

1
4 6 KM+ K2 0002 4 g—1/2 ) 1—0/2
(46) s 2 rx(m) < + +
M<m<2M

for every 0 < 6 < 1 and for every M > 1 (this is |16l Lemma 5] and can be
shown by using [IT, Theorem 2.2]). We set Ko := [M'=71=9 | where § > 0
will be chosen later on, and obtain

Su<| DT e(Bm)(,(~(m + 1)) — P (~m"))|
M<m<M’
by O Ak(-mE D)+ Y g (om),

2K + 2
M<m<M' M<m<M'
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The last two sums can be handled by (4.6)). This yields
Su| D0 elBm) Wi~ + 1)7) — T (~m))
M<m<M'
+ KM + KPP0 4 kP2,
For our special choice of Ky we have
Ké/QMV/z — MY/ > pr1/2=6/2 K0*1/2M1—’y/2'
Thus
47) Sy < ‘ ST e(Bm) iy (—(m +1)7) — Wy (=m"))
M<m<M'
+ M“{(l*é) + M1/2+’y5/2'

Next we treat the sum that arises in (4.7). Replacing Yk, by its expression
and following exactly the same steps as in [16, Section 2.3], we obtain

(4.8) Y e(Bm) Ty (—(m +1)7) = U, (—m7))

M<m<M'

< (log Kg) max max max min(M'77, K~ YS(K, M, u),
0<K<Koue{0,1} Me[M,2M)]

where S(K, M, u) is defined by (&.2). In the interval [M, 2M] considered we
have the estimate

d(By + k(y + u)")
dy?
It follows from [I1, Theorem 2.2] that
S(K7M,u) < Z (k1/2M7/2 + k—1/2M1_7/g)
K<k<2K
< K32\ 4 K202,

k| M2 <« ‘ ' < k| M2

If K < MY we have
MY7YS(K, M, u) < K32 M2 KV2M2 <« M2,

whereas

K7YS(K,M,u) < KY2MY? 4 K=V20 12 « KV2 0072 4 02
if K > M'=7. With (#.8) and the definition of Ky we get

D elBm) Ty (—(m +1)7) = Wi, (—m?))
M<m<M'
< (log Ko)(K3/*M/2 4+ M) < (log M)M"/2+79/2,
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Finally (see (4.7))),
Sy < (log M)(M7(1—5) + M1/2+75/2)_

Now we choose & > 0 such that the upper bound is as small as possible.
This is apparently the case if § = (2 — ¢)/3 and we are done. =

Proof of Proposition [l The proposition follows immediately from equa-
tion (4.1)) and the previous two lemmas. m

5. Exponential sums for ¢ > 1, ¢ ¢ N. In this section we give a
non-trivial upper bound of the sum ) e(3|n¢|) for all real numbers ¢ > 1
which are different from an integer. If 1 < ¢ < 19/11, then it turns out that
the method based on Mauduit and Rivat’s work gives a better result (see
Remark .

If ||B|| is relatively small, then the estimation of ) e(3|n¢]) can be
reduced to a similar problem where e(3|n¢]) is replaced by e(8n¢). This
leads to a simple application of the Kusmin-Landau Theorem. In the other
case, we enhance a method used by Deshouillers to obtain a non-trivial
upper bound.

PROPOSITION 2. Let ¢ be a real number > 1 and x and v be integers
such that ¢*~' < x < ¢¥. Furthermore, let 3 € R with 0 < ||| < %cq”(l_c).
Then

1
(5.1) > e(Blnt)) <eg mq”“*) + ¢v29).
gv1<n<z
Proof. Let S be the sum in (5.1)). Without loss of generality, we can
assume that 0 < 8 < iq”(l_c). Since
e(B[n]) = e(Bn)e(=B{n}) = e(Bn)(1 + O(3)),
we obtain

Sl=| > eBre(-snh| < | D e@n)

g~ 1<n<z g~ l<n<z

1
= v(2—¢)
+ 2¢7 '

Thus, it suffices to consider the last sum. If we set f(y) = [y, then we have
for y € [¢"71, ¢"] the estimate

Cﬂq(ufl)(cfl) < !f'(y)\ < Cﬂqu(cfl) < 1/2

Furthermore, f”(y) # 0 on the interval considered. Hence, we can use [11]
Theorem 2.1] (the Kusmin-Landau Theorem) to get

1
Z e(fnf) K¢ q Bq”(l_c).
g~ l<n<z

This proves the desired result. =
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In order to state the next proposition, we define the constant p = p(c)
by
(5.2) p := max(p1, p2, P3, P4),

where

Clef+1-c 3 301 | 301 [\
pl—m, p3 = 3 C"‘ﬁ lOg 125 C+% 3
=gl M= (Ctesa)

See Figure [1] for the terms considered in the definition of p in the interval
[1,4] and Figure [2] in the interval [9,12]. If ¢ < 12 — 1365/(12110og 1375) ~

10.4388, then p; and po contribute to the size of p. If otherwise ¢ > 12 —
1365/(121log 1375) then p = p3 until py is significant.

Fig. 1. p in the interval [1,4]

10

9 9.5 10 10.5 11 11.5 12

Fig. 2. p in the interval [9, 12]
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PROPOSITION 3. Let ¢ > 1 be a real number. Furthermore, let x and v
be integers with ¢~ < x < ¢” and B € R be such that ||3| > %Cq”(l_c).
Then

(5.3) ST e(Blnt)) Koq va" P/,

g’ l<n<z

where p is defined by (5.2)).

REMARK 4. If 1 < ¢ < 19/11, then Proposition [1| implies Proposition
Indeed, 2(2—c¢)/3 is greater than p in this case (see Figure(l)) and the method
of Mauduit and Rivat gives a better upper bound.

REMARK 5. Let ¢ > 1 be a non-integer real number and =z and v be
integers with ¢*~! < x < ¢”. If we set p := max(2(2 — ¢)/3, p), then Propo-
sition [I] together with Propositions [2] and [3] implies

> e(Bnf)) Keqrg’ TP 4 H;Hqu(lc)

gv—1<n<z
for every f € R\ Z.

REMARK 6. As already pointed out, the method of this section goes
back to Deshouillers [3]. He showed that if ¢ > 12 (¢ € N) and ||3]] is not too
small, then the sum is of order O(z'~"), where p = (6¢*(log c+14))~L.
We improve this result by enhancing two main tools of his method. On the
one hand, we use van der Corput’s method for exponential sums with small
c and a refined version of Vinogradov’s method for exponential sums with
large ¢ (see Lemma . On the other hand, we employ Vaaler’s method of
approximate functions with bounded variation.

REMARK 7. The method presented in this section cannot be applied for
¢ € N. Note that Lemma [5| is false for integer exponents (take for example
¢ = 1). The main difference for ¢ € N is that the mth derivative of € is zero
if m > c+1 (cf. (5.5)). This makes it impossible to use van der Corput’s
and Vinogradov’s method for exponential sums (even for £ < 1). To prove
Theorem B, Drmota et al. (see [6]) use a van der Corput-type inequality,
which leads them to study sums of the form

S e(asy(P(n+7)) — asy(P(n))),
n
where P is a polynomial of degree d. If 7 is small (compared to n), then in
“most” of the cases the higher placed digits of P(n+r) are the same as those
of P(n). Using this fact, the authors of [6] are able to apply Fourier-analytic
tools in order to succeed. However, in doing so, they have to deal with
congruence conditions that seem to be difficult to handle if one replaces
P(n) by |n¢] for a non-integer valued positive real number c.
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LEMMA 5. Let ¢ > 1 be a non-integer real number and define p by (5.2)).
Furthermore, let x and v be integers satisfying ¢ ' < x < ¢” and let £ € R
be such that iq”(lfc) < €| < ¢VP. Then

> e(énf) Koq U0
g~ t<n<z

Proof. We can write

doen) = > > e(én)

¢~ <n<az 0<j<JeBL ¢ 127 <n<gv 127!
—_ O,
N ¢" " t<n<z
<y max max E e(én°).

v—1< M<qv M<M'<2M
e = M<n<m

Since for any ¢! < M < ¢” we have

iqlfchfc < iqy(lfc) < ’5‘ < q(ufl)p < Mp’
2c 2c

it suffices to show that for M > 1, M < M’ < 2M and £q¢'~*M'~¢ < [¢|
< MP we have

(5.4) > e(én®) Ko M

M<n<M’

We set f(y) = &y®. Then we derive, for every m > 1,

Y™ m) | — c
f (y)‘ = [¢] (m)
A short calculation shows that

m!
el _[(e\| < m
2m0+1— m — :

Hence, there exists a constant A = A(c,q) > 1 such that

ye.

(5.5) AMF < ’i{n' Fm) (y)' < AME

for every y € [M,2M] and m > 1, where F = [¢|M°. In order to get a
manageable notation, we set ¢ = (log |¢])/(log M). Then we have

M < %ql_ch_CMC S |£|Mc — F = M£+c é MP"FC‘
C

We can apply [11, Theorem 2.9] (a van der Corput estimate) and deduce
that for every r > 0,
r42 1_r+2féfc

1 —
(5.6) Z e(én®) Lear F2T+2*2M1 7 ¥22 — N[ 222
M<n<M’
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Let us fix ¢. Then we find that p is equal to one of the four possible
choices p1, p2, ps or ps (see ) Recall that p can be equal to ps or py
only if ¢ > 12 — 1365/(1211og 1375).

First, we assume that p = p; = ([¢] +1—¢)/(2l9+? — 1). Using inequal-
ity with r = |¢] — 1, we obtain

lej+1—t—c

1Ll —r=c
Z e(én’) Keqg M- 292 < Ml—r,
M<n<M'’

The last inequality follows from the fact that

LcJ+1—€—c>LcJ+1—p1—c_
olef+1 _9 = ol+i_o Pt

(5.7)

Next we consider the case p = pa = (|c] + 2 — ¢)/(2l4+2 — 1). We apply
inequality with r = |¢| and obtain
1 lej+2—e—c
Y eldn) Keg M AT g M2
M<n<M’

The same calculation as above (see ([5.7))) verifies the last inequality. Note
that we cannot improve these estimates by employing (5.6)) with other values
of r. Indeed, it is easy to show that for ¢ > 1,

r+2—-c\ le]+1—c |c¢]+2-¢c
S\ 2tz —1 ) T ol — 1 gl — 1 )
If ¢ is large (and p is small), then we use van der Corput’s method in
combination with Vinogradov’s method. Let us assume that p = p3. As

already noticed, ¢ must be larger than 10 in this case. For £ < 10 — ¢ we
use (5.6) with » = |c¢ + ¢ and obtain

N S
Z e(ﬁnc) Leg ‘]\41 aletl]+2_5

M<n<M’
Note that [¢+ ¢| < 9 and that we have, for ¢ > 10,
1
ST > 0.000488 > 0.000382 > o1 12 301 > ps3.
- 3[10 + 29 |"log(125[10 + 321 |)

Hence, we get
Z e(én®) Keq M3
M<n<M’
If10 —c < ¢ < p, then
M < M7€70+L£+C+1j+1 — F*lMLf+C+1J+1 < M2

and | /4 c+1] > 11. This allows us to use a well-known result of Vinogradov
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[23, Theorem 2a, p. 109]. We get

Z e(fnc) Leg M1*3Lz+c+1j21og1(125u+c+1j) <Leq Mi-p3
M<n<M’
in this case too.
It remains to consider the case p = py = 2718(c + 1/(2'8¢?)) 2. Again,
this is only possible if ¢ > 10 > 4 and we employ if £ < 4 — ¢ with
r = |{+c|]. We get

121 __1
Z e(&n®) Leqg M olete]+2_5 Leq Ml P2 Ly Ml—Pa
M<n<M’

On the contrary, if 4 — ¢ < ¢ < py, then we can write
M4 — M4fcMc < M@+C —F< Mp4+c'

Using this fact and (5.5)), we can employ [13, Theorem 8.25] (again a Vino-
gradov-type estimate) and obtain

1 _ 1
Z e(€n) Keyq M2 Leg M TG0 Log MI7PA,
M<n<M'
This finally shows (/5.4]) and finishes the proof of Lemma [5| m

Proof of Proposition @ We can assume that %cq”(l_c) <[ <1/2. Let k
be a positive integer (which we choose later) and set

¢ (+1
Iy:=|-, — £=0,....,k—1.
g [k ) k’ > ) ) 9
We start with the following correlation:

Yo Bl = D> el

gv—1<n<z 0<U<k g~ l<n<z
{nc}el,

If {n°} € I, then there exists a real number 0 < # < 1 such that

o(B[n)) —e<ﬂnc—5£ —ﬂZ) —e<ﬁnc—ﬁ]i> <1+o<;>>.

Thus, we obtain

(5.8) ‘ > e(ﬂLnCJ)‘<< > ‘ Y. e +%'
¢*—l<n<z 0<t<k v~ l<n<z
{n°}el,

If we set fy(z) :==1;,({z}), where 14 denotes the characteristic function of
the set A, then inequality (5.8)) reads as follows:

(5.9 | > e« S| Y elBn)uln)

v
q
+ L
k
@'~ l<n<z 0<l<k qv—l<n<z
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Next, we approximate the function f, by trigonometric polynomials. Let
H > 1 be an integer. Then there exist coefficients ag(h) with |ag(h)| < 2,
such that the trigonometric polynomial

Gt =1+ S e

verifies

510 1il0) ~ fia o) < gy (v (= ) +on (0= 550 )

where k7 is the periodic Fejér kernel already defined by . Indeed, this
can be deduced by another theorem of Vaaler [22, Theorem 19] (since the
functions f;y and kp(t) are continuous, follows from the cited the-
orem and a simple continuity argument even though f, does not satisfy
Vaaler’s normalizing condition). We obtain (the integer H will be chosen in
the last step of the proof)

Ga) | e )| < | S e(8n)fin ()| + ROH),
q¢"~1<n<z q"~t<n<z
where
R(H) := 2H1—i—2 Z (HH<77,C— Ii) —i—/ﬂH(n - H};))
¢ 1<n<z

The error term R(H) can be estimated by

s 5 () (o) (e

q*~l<n<z 0<|h|<H
2
Sami 2 ‘ 2 elhn)].

0<|h|<H ¢~ l<n<z

We distinguish the cases h = 0 and h # 0 and apply Lemma [5 This is
admissible as long as H < ¢“=Yr where p is defined by (5.2). We ob-

tain

R(H) Leyg E +q (17,0).

Next, we use the definition of f7; to deal with the first expression on the
right hand side of - We can write
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> B fin ()

| Y (e B )
qv—l<n<z 1<|h|<H
<o S e+ X o] X @)

g~ l<n<z 1<|h|<H g’ l<n<z
Applying Lemma [5| again (if H < q(”_l)p), we see that this is bounded
by
ql/(l_p)

k + ¢" P log H.

We obtain

D e(Bn)faln) <eq Jp + 0" log H.

q"~l<n<z

Together with inequality (5.9) this yields
. kq” (1-p) q’
Z e(8[n°]) <<c,qf+qu P log H + —-.

k
q*l<n<z

If we set k = |¢"?)/2] and H = |¢"~1?| (which actually shows that we
were allowed to use Lemma |5)), we finally obtain

Z e(Bn]) <eyq vg"(1=r?) o

¢~ 1<n<z

6. Proof of Theorem In this section we prove Theorem [l First
we briefly treat the (trivial) case 0 < ¢ < 1. The second part of the proof
deals with the case ¢ > 1 (¢ ¢ N) and it is based on methods coming from
harmonic analysis (Sections|3) and on exponential sum estimates (Sections

and .

6.1. Case 0 < c< 1. Weset vy =1/cand a,, := #{n < z:[n°] =m}.
Then we can write

D elasg([nc)) = D e(asy(m))am.
1<n<lz 1<m<z°
For m = |x¢] we observe that a,, = = — (|2¢]|)? + O(1) = O(x'7¢), and for
m < |2¢] that ap, = (m+1)Y —m? +O0(1) = ym?~ 1 + O(m?~2 + 1). Since

Z (M2 +1) < 217 4 2°,
1<m<zc
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we obtain
Z e(arsy([n])) <e Z e(asy(m))ym?t + x17¢ 4 z°.
1<n<z 1<m<ze

By partial summation we can write the last sum as

> elasy(m))m!

1<m<z°
x(;
=zl Z e(asqg(m)) —(y—1) S Z e(asy(m))u? 2 du.
1<m<ze° 1 1<m<u

Thus, we get

c 1—c 1—c c
(6.1) Z e(asqy(|n))) <z Dnax e(asq(m))‘ +ao 42

1<n<z - = 1<m<N

Since s4(a + bg?) = s,(a) + s4(b) for a < ¢’, a simple calculation shows that
(6.2) ‘ 3 e(asq(m))‘ <4 N8 #al@),
0<m<N
where ¢, is defined by (3.1) (see for example [I5, Section 3]). By local
expansion we have
p(t) < g7l

where O'; is a positive computable constant only depending on ¢ (see for
example [I7, Lemmas 3 and 5]). Together with (6.1) and (6.2) this implies
Theorem [1] for 0 < ¢ < 1.

6.2. Case ¢ > 1. For the following part we assume that = and v are
integers such that ¢"~' < x < ¢”. We set

Si= Y elasy([n])),
and use the abbreviation i
(6.3) A= |ve] + 1.
Then we can write
1 h(|nf| —u
S= > > elasgw) = Y e<(LJ)\)>

0<u<g? q”_1<n<m q 0<h<g* q

- Y 5 Y clas@-tut) Y e(h“ﬁ”)

0<h<g* 0<u<q g l<n<z q
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Using the notation of the Fourier transform, we have

(6.4 si< ¥ nmal| S oM

0<h<g? g~ l<n<z

It follows from Lemma [I] that the contribution of the term where h = 0 is
bounded above by

IF\(0,a)|q” < g7~ oallaDel?X,
If 0 < h < q)\7 Remark lmphes
h|n°| v(1—-5/2) ¢
Z e( q)\ ) <<c,q vq + min(h’ q)\ — h)’

g~ l<n<z
where p := max(2(2 — ¢)/3, p). We obtain (using Lemmas 1| and

v(1-5/2) ¢
S B (v )

0<h<g?

< vg? =P/ 4 log(q/\)qyfaqII(qfl)aHQ)\_
Thus, we can bound the sum S by
S ey ,/(ql/(l—oqll(q—l)a\l%) + qV(l—ﬁ/2+cnq)).

If ¢ is large enough (larger than some constant go(c)), then it follows from
Remark [3] that

(6.5) p/2—cng > 0.

Setting 0., = min(oyc, p/2 — n4c), we have, for every ¢ > go(c),

Z e(a S‘I(\.nCJ)) <<c,q qu(l_UCYqH(Q—l)aHQ)'

g~ l<n<z

Theorem [1]is a direct consequence of this fact. Let vy be the integer such
that ¢*0~! < 2 < ¢*°. Then we can write

S clasy(n°)))
T =YY e+ Y elas(n))

0sv<vo ¢¥~'<n<g” g0~ l<n<a
1— —1 2 1— -1 2
e § : vg’(1=oeallla=1al?) Leyq Vg o(1=oeall(@=Dal?)
0<v<yg

Since vy < [logz/logq + 1|, we obtain
> elas([n°))) <eq (loga)a!~realla=Dol?,

1<n<zx
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Finally, note that we can see from that the constant p determines
the size of an admissible (and computable) value go(c). Inequality is
satisfied if loglogg/logq < p/(2¢). This implies for example that such an
admissible value is given by K cc4, where K is an absolute constant. m

7. Proof of Corollaries [1] and In order to show Corollary [1] we
need information on the distribution of |n¢| in arithmetic progressions. For
1 < ¢ < 2 this has been studied for example in [4] (see also |21, 24]), and for
¢ > 12 (not an integer) in [4]. For the convenience of the reader we state and
prove the following lemma which holds true for all non-integral reals ¢ > 1.
It confirms the already known result for 1 < ¢ < 2 and slightly improves the
known results in the other cases. Note that a shorter proof can be obtained
by using Proposition |3| directly. However, the exponent 1 — p in has
then to be replaced by 1 — p/2.

LEMMA 6. Letc > 1 be a non-integer real number and let (a,d) € NxN*.
Then

(7.1) #{n<z:|n°| =amodd} = + Oc,d((logz)x 1= ),

where p is defined by (5.2 .

Proof. We begin with the following observation: The integer n satisfies
|n¢| = amod dif and only if a/d < {n°/d} < (a+1)/d. In order to prove the
lemma, it suffices to show that the discrepancy D of (n¢/d), where n ranges
from 1 to x, can be bounded by D < 4 (log z)z~". We use the Erdés—Turdn
inequality (see for example [19, Lemma 1] or [8, Theorem 1.21]) saying that

_H+1+Z Z (ch)

T 1<n<e
where the integer H > 0 can be chosen arbitrarily. Let 1 be the smallest
positive integer such that 1/d > i?’o(lfc) and let \ be defined by 27! <
r < 2*. Lemma [5| implies

h C)
el =n
1<;<x <d

)

<oty M > e<2n0)

vo<v<A 2v—lap<ov
n<x

A
< d Z ov(1-p) ¢ d xl_p,
v=ug

where p is defined by (5.2). If we set H := [23~D?|, then the Erd6s-Turan
inequality yields
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P h
D < 90=Xp . = 2 e
< + - > p d e n
h=1 1<n<z

Led 2(1=Np 4 log(2()‘_1)p)x_p L¢q (logz)x™”
As indicated above, this shows the desired result. m
Proof of Corollary[l We can write

#{ngx:sq(mq)zamodm}:z:% 3 e<esq(WWJL)“>.

n<x 0<t<m

Let us first consider the case 0 < ¢ < 1. The main term comes from ¢ = 0

and equals x/m. Due to Theorem I there exists a constant o/, for every
c,q,t/m

1 < ¢ < m such that

1 »
Ze(m SQ(UfJ)) <Leyq (log x)xl cal/m

n<x
The result follows by setting ocgm = min1§g<m(a£7q7€/m). If ¢ > 1, then
we put d = (m,q— 1), m' = m/d, J = {km/ : 0 < k < d} and J =
{0,...om =13\ J={km'+r:0<k<d, 1 <r<m}.Forl =km' €J

we have e<7f;Sq(L”CJ)> :e<qu(LnCJ)> =e<ZLnCJ>.

Hence, applying Lemma [0] yields

(72) Z§:<%Wﬂ:i S

ledJ nlz n<x
[n¢]=amodd

_ £ 1-p
= L 1 Oy ul(log) ).
If J/ = (), Lemma |§| already implies Corollary [I| (we can choose o¢gm =
(9/10)p). If J' # 0, we set ¢ = (¢ — 1)/d. Since (¢',m’) = 1, we obtain, for
L=km' +relJ,
(-1t _dg'(km'+r) _

/
- = =qk + ¢ Z.
Theorem |1 I implies that there exists a constant o/, al/m for every ¢ € J’ such
that
Z e (ri sq(|n°] )) Le,q,m (log a;)a:l_aéﬁq,l/m.
n<x
Put

9
Tgme =15 mm(?n}}( qu/m) p) > 0.

Together with (7.2)) this proves Corollary || ! u
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Proof of Corollary[3. If o € Q, then the sequence (asy(|n€]))nen takes
modulo 1 only a finite number of values and is therefore not uniformly
distributed modulo 1. If & € R\ Q, then Theorem [I| and Weyl’s criterion
(see e.g. [8, Theorem 1.19]) imply the result. =

8. Proof of Corollary [3] In this section we show Corollary [3] The
proof is very similar to that of [7, Theorem 1.1], where a local limit theorem
for the sum-of-digits function of primes is shown. A similar method is used
in [20, Section 6] for the proof of a local limit theorem in the Gaussian
integers. Thus, we only give a rough outline and refer at appropriate places
to [7].

The starting point of our considerations is the equality

1
#{n <z :s4(|n°)) =k} = SS(a)e(—ak) doy,
0
where S(a) := >, ., e(asy([n])). Set I(z,k,c) :={0<n<zx:|n° =k
mod ¢—1}. With Si(a) := nel(a k) €(asq([n€])), we have (see [7, Section

5.1])
1 1/(2(q—1))
|S(a)e(—ak)da=(q—1) |  Sk(e)e(—ak)da.
0 —-1/(2(¢-1))
The last integral is split up into two different domains:
1/(2(¢—1))

(8.1) | = | + \
—1/(2(¢=1))  |a|<(loglogz)(logz)~1/2  (loglogz)(logz)~1/2<|al<1/(2(g—1))

The second integral (where « is large) can be bounded above using Theo-
rem 1| (combined with discrete Fourier analysis). We obtain

Ssk(a)e(_ak) do Leq (lOg x)xlfagq(q—l)Q(loglog1)2(10gm)—1 Cea li

og

Here we used the fact that the estimate in Theorem [ is uniform in a. To
calculate the first integral in (8.1)), we set R(z, k,c) = #I(x, k,c). Note that
Lemma |§| implies R(x,k,c) = x/(q — 1) + O, 4((log z)z'~*). Because of this
fact, the following proposition implies Corollary |3| (see [7, Section 5.1]).

PROPOSITION 4. Let q > 2. Then for every non-negative integer k we
have

(8.2) Z e(asq([n°])) = R(z, k, c)e(apqclog, x)
nel(x,k,c) s 9 o
X (e7T 18 1 O g (|af (loglog 2)°))

uniformly for real o with |a| < (loglog x)(log )~1/2.
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Proposition [ can be translated into a probabilistic language. If we as-
sume that every number in the set I(z, k, ¢) is equally likely, then the func-
tion which assigns to each number its jth digit is a random variable. Hence,
the sum-of-digits function S;(n) := s4(|n¢]) for n < x can also be inter-
preted as a random variable. Set L = log x¢. Using this model, formula
is equivalent to the relation (set o = t/(27wo,L'/?))

(S — 52)1/2 42 log L)?
(83)  pi(t) =Rt Lna)/ (Lot — ¢ ”2+0c7q(!t!(]:1/z)>’

which is uniform for |¢t| < 2mo,L'/?(loglog x)(logz)~'/2. Note that () is
the characteristic function of (S; — Lu,)/ (Lag)l/ 2 and that is a refined
version of the central limit theorem .

In order to prove this, we approximate the sum-of-digits function with
a sum of uniformly and independently distributed random variables (at the
level of moments). The next lemma is the key to doing so. If 0 > 1 (and z
is large enough), we set

L'=#{j€Z:(logL)’ <j<L-(logL)’}=L-2(logL)? +0O(1).

LEMMA 7. Let 1 < d < L' and o > 1. Furthermore, let j1,...,jq and
l1,...,lg be integers with

(logL)? <ji1<ja<---<jas<L—(logL)°
and ly,...,lg €{0,1,...,q—1}. Then uniformlyl@
#{n € l(z,k,c): e, ([n°]) =l1,...,&5,([n]) = la}

= ¢+ O g0 (L(4(log L)7) e~ Ios L)")

_
R(z,k,c)

where ¢ = min(1,1/c).

For proving Lemma [7] we need the Erdés-Turdn inequality, which leads
to exponential sums of the form ) e((A/Q)[n]):

LEMMA 8. Let ¢ > 0 be a non-integer real number. Furthermore, let
A,Q € Z*T with (A,Q) = 1 and let 0 € ZT be such that 1 < Q <
zce~(loglogz)? Tpep

Z e(A Lnﬂ) <o (log z)we ¢ (loglog )"

1<n<zx Q

where ¢ = min(1,1/c).

(%) The notation ¢;(m) means the jth digit of m.



390 J. F. Morgenbesser

Proof. Let S be the sum considered. We start the proof with the follow-
ing estimate:

w

If 0 < ¢ < 1, then we deduce (using the same calculations as in Section

that
Z e<gm> ) + a7 4 1©

1<m<N

C)Cf )

-1
< Q < xce—(loglogm

S <, ¢ max
1<N<ze

1
<, ajl—c ' M + LEI_C + €.
‘Sll’l 71'@|

By (8.4)), this leads to the desired result. Next, we treat the case ¢ > 1. Let
v be the integer defined by 271 < 2 < 2¥. If x is sufficiently large, then

1
v =v— Llog2(log log :L'C)UJ

is positive. Remark [5] implies

5g2"0—1+§y: > e@m)

K=V 2:{71 <n§2l€
n<zx

- . 1
<o oro—l 4 <HQH(1—0/2) + 25(1—c)>‘
2 1A4/Q|

K=V
We finally obtain
S <<C,o‘ 2”071 + un(lfﬁ/Q) + chef(log log:pC)‘72y0(1,C)
Lo we~loB1BT)" /ey (log x)xe_(loglogﬂcc)"/q "

Proof of Lemma @ The proof of this lemma goes exactly as in [7), Section
4.2]. We just give a short outline. We have

#{n e l(x,k,c):e;(In°])=1l,...,g5,([n]) =la}

d C
= 1 16
N Z H /a0 /) \ | gaitt [ )

nel(x,k,c) =1
where 14 denotes the characteristic function of the set A. First, we approx-
imate 1;/q,(1+1)/q)({7}) with the function
A/2
1 /

fia(z) =% V1010 + 23 dz,
_Aj2
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where A = ¢~ (108L)? This approximation yields an error term that can be
bounded above by using the Erdés—Turdn inequality and Lemma (8 (cf. [7,
Lemma 4.4]). With the help of the Fourier expansion of f; o(x), Lemma
finally implies the desired result (cf. |7, Lemma 4.5]). m

Proof of Proposition[f First, we truncate the sum-of-digits function and
approximate it appropriately. Let o be a real number greater than 1 (which
we choose at the end of the proof). Furthermore, let Z; be a sequence of
independent random variables with range {0, 1,...,¢—1} and uniform prob-
ability distribution, and set

T, = > gi(ln°]), Tu:= > Z;.
(log L) <j<L—(log L)° (log L)7 <j<L—(log L)°
Define the random variables X and Y by X := (T, — L’/@)/(L’aé)l/2 and
Y = (T, — L’MQ)/(L’UQQ)UQ, and let @o(t) be the characteristic function
of X and ¢3(t) the characteristic function of Y. Then (see [7, Lemma 4.1])
[p1(t) = p2(t)] = Og(|tl(log L) /L'/?).
Furthermore, ¢3(t) can be approximated by (see [7, Lemma 4.2])

p3(t) = e 2(1+ O(t1/L))

whenever |t| < LY%. In what follows, we will show that T, is a good approx-
imation of the (truncated) sum-of-digits function. In order to prove (8.3), it
suffices to show that uniformly for real ¢ with |t| <., log L,

|pa(t) — @3(t)] = Ocq(|t]/L)-

Using Taylor’s theorem we see that, for every even integer D > 0,

. . it)?
EeZtX _ Eelty — Z (Zd') (E Xd o Eyd)
d<D
t”

tD
+O<H E|X|P - E|Y|D\+2 E|Y|D>

< [t max(|[E XY —EY9eltl + ¢ ’ IEYD
d<D

We have (cf. [7, Section 4.3])
D!
DD/2e—D/21/2
whenever D = o((logx)'/?). Recall that |t| <, log L. If we choose D =
|(log L)3| (and assume without loss of generality that D is even), then
t|”

D!

EYP «

ToEBYP <.y |t/L
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In order to complete the proof of Proposition [ it remains to compare the
moments of X and Y. Lemma [7] implies

4 2 d / o
EX?—EYY <0 (:) L' (log L) 4 los )7,
q

If we choose o = 5, we finally obtain

max [E X —EYY| <, e 081,
d<D

which shows the desired result. m
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