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1. Introduction. Let P(z) = Z?:U a;xt = ap H‘Z:O(x — «;) be a poly-
nomial in C[z]. Its length is defined by L(P) = E?:o la|, its height by
H(P) = max{|a;| : 0 < i <d}, and (for ag # 0) its Mahler’s measure by

d 1
M(P) = |ay| Hmax{l, lai|} = exp(Slog |P(e(0)] dG),
=0 0
where e() = 2™, The last equality follows from the well known Jensen for-

mula. For a polynomial P € Cl[zy,...,x,] in several variables the length and
height are defined in the same way, while its Mahler’s measure is defined by

(1.1) M(P) = exp( [ log|P(e(r),.. . e(6.))] d6).
[0,1]"
Several authors, e.g., [Dl [Sch08, [Sch07al, [Sch07b|, studied the so called
reduced length of a polynomial. For a polynomial P it is defined by
I(P) = inf L(PG),
where G runs through all monic polynomials in C[z]. In [Sch08], A. Schinzel

stated one of the unresolved questions relating to reduced length as:

Does the inequality L(P) > 2M(P) hold for every polynomial P € C[z]
that has a zero on the unit circle?

In the cited paper Schinzel proved this inequality for several particular
cases and showed that in the general case L(P) > v/2 M(P). The purpose of
this paper is to prove that in the general case we have indeed L(P) > 2M (P).
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2. Statement of the results. It is deceptively easy to establish the
inequality for polynomials up to fourth degree; not much more is required
than a skillful use of the triangle inequality. However, degree five appears to
be a stumbling block. Our main theorem is

THEOREM 2.1. L(P) > 2M(P) for every P € C[z] that has a zero on
the unit circle.

D. Boyd conjectured [B] and W. Lawton proved [L] that Mahler’s mea-
sure of a polynomial in several variables is a limit of Mahler’s measures
of polynomials in one variable. Thus our theorem automatically generalizes
to polynomials in several variables. The only requirement is that a poly-

nomial in z = (21,...,2,) has a zero on the n-dimensional torus T" =
{(z1,..,2n) €C": |25 =1, 0i=1,...,n}.
COROLLARY 2.2. Suppose that P € Clz], where z = (21,...,2y), has a

zero on T". Then L(P) > 2M(P).

In particular, our result is valid for linear forms L,(z) = a121+- - -+anzp.
Such forms have been extensively studied. For n = 3 an explicit formula
for Mahler’s measure of £, was established by Maillot and Cassaigne [M].
In the general case the authors of [RTV] give an estimate of M(L,) in
terms of the Euclidean norm of a. However these results do not seem to
be helpful in establishing our inequality. Corollary immediately gives
L(La) > 2M(L,) if L, has a zero on T™. For n = 3 the last condition
means that the lengths |a; |, |a2| and |as|, in the formula for £,(z), can form
a triangle. For such forms Maillot and Cassaigne expressed M (L,) in terms
of the Bloch—-Wigner dilogarithm. Corollary thus provides an interesting
bound on the dilogarithm. However, we will not investigate this point in this

paper.

3. Lemmas and proofs

LeEMMA 3.1. Let P € Clz] with deg(P) = d, and set P*(x) = ex?P(z™1)
or P*(z) = ex?P(x™1), |e| = 1. Then

L(P) >2M(P) & L(P*)>2M(P").

Proof. This is obvious, since L(P) = L(P*) and M(P) = M(P*). =

LEMMA 3.2 (Schinzel, [Sch08, Lemma 1]). If P € C[z] has a zero on the
unit circle then L(P) > 2H (P).

The next lemma is crucial to the proof of the theorem.

LEMMA 3.3. Let P(2) =3 _,c; a;j2477 € Clz], where |.J| = k, be a polyno-
mial with exactly k > 3 nonzero terms, such that P(0) # 0, P(1) =0 and P

has no other zeros on the unit circle, P has at least one zero outside and at
least one zero inside the unit circle. Then either there exists a polynomial Q
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of degree d for which L(Q)/M(Q) < L(P)/M(P), or there is an open inter-
val I containing 0 and a continuous trajectory I >t — Py = ZjEJ aj(t)zd_j
such that P = P, M(Py) = M(P), L(Py) = L(P) for allt € I, a;(t) # 0
for all j € J and t € I, and the modulus of the leading coefficient of Py,
lag(t)|, is strictly decreasing on I.

We leave the proof of this lemma to the last section.

3.1. Proof of Theorem 2.1. For a nonzero polynomial P define \(P)
= L(P)/M(P). Observe that the definitions of the length and Mahler’s mea-
sure of P immediately imply that A\(cP) = A(P) for any nonzero constant c.
Thus, without loss of generality, we can assume that P is monic; later we
will relax that assumption when convenient. Further, A(P(ux)) = A(P(x))
for any complex u on the unit circle, hence we can also assume without loss
of generality that P(1) = 0, i.e., the zero of P on the unit circle is z = 1.
Let

PBqg={P €Clz] :deg P =d, P(1) =0, P is monic},
and P = J; | Pa. Further, let
Ad = Plél(‘éd A(P) and Mg = ];Iéfm)\(P).

Jensen’s formula for M(P) implies that L(P) > M(P) for any nonzero
polynomial. Hence A(P) > 1. On the other hand A(z% — 1) = 2, 50 \g € [1, 2]
for all d € N; the same holds for \g. Clearly, \g = inf{\; : d > 1}, hence the
conclusion of the theorem is equivalent to

(3.1) Ag=2 foralldeN.

In order to prove this equality we proceed by induction on d. For d = 1,
B4 consists of a single polynomial z — 1, so Ay = 2 trivially. Fix d > 1 and
suppose that A\, = 2 for all n < d. A priori two cases are possible:

CASE 1: The value of A4 is not attained at any P € By.
CASE 2: The value of )4 is attained at some P € ;.

Proof of in Case 1. For a polynomial P(x) = 2?20 a;z477, let
v(P) = (ap,...,aq) denote the vector of its coefficients; conversely, for a
vector v let p(v) denote the corresponding polynomial, so that p(v(P)) = P.
By definition of A4, there is a sequence {P,,} of polynomials in B, such
that limy, 00 A(Py) = Ag. Further, M(P) is a continuous function of the
coefficients of P (see [L]), and so is L(P) and A(P). Since \; is not attained
and the set v(B4) is closed in C?*!, the sequence {P,,} cannot contain any
bounded subsequence. Hence

lim H(P,) = co.

m— 00
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Let P, = P,,/H(P,,). We have
S APn) = Jim A(Pa) =

The definition of P,, implies that v({P,,}) lies in the compact set
{(205---,24) | |2l < 1,5 =0,...,d} C CI¥L Therefore {P,,} contains a
convergent subsequence. Let Py be the limit of that subsequence. Then, by
continuity, H(Py) = 1 and Py(1) = 0. However, since P,, is monic, the
leading coefficient of P, is 1/H(Py,), and limy, oo H(P,,) = oo; hence the
coefficient of 2% in Py must be 0. Hence deg(Py) < d and, by induction
hypothesis, Ay = A(Py) = 2.

Proof of in Case 2. Suppose that Ay = A(P) for some P € Bg.
Write P as P(z) = Zf:o ¢;z™ where ¢;, ¢ = 0,...,k, are not zero, and
ng > -+ > ng = 0. Let ged(no, ... ,nk) = m. If m # 1 then the conclusion
holds by induction hypothesis, since then P(z) = P;(2™) for a polynomial
Py of degree d/m with A(P) = A(P;). Consequently, in what follows we
assume that m = 1.

CrLaM 3.1.1. P has no other zeros on the unit circle besides z = 1,
which is a zero of order 1.

Proof of Claim 3.1.1. Suppose first to the contrary that P has another
zero zp # 1 on the unit circle. The condition ged(ng,...,n;) = 1 implies
that for some j # k, the binomial h(z) = 2" —1 does not vanish at zg. Let 6
be the argument of zy and consider z = €?, # € R. Since h is continuous we
can choose ¢ > 0 and an open interval 5 containing 6y such that |h(z)| > &
for 6 in Is. Let p > 0 be a small real number to be determined later, and
let s = €. Define Pys(z) = P(z) + psh(z). Let Ay = L(Pps)/M(P,s) and
Aave = exp(% Sgﬂ log [As| di). We have log Aave = 1,(P) — m,(P), where

27 27
1 1
mp(P) = o=\ log[M(P,o)l dy and 1,(P) = o | log|L(Fyo)| dv.
0

Let P(2) = (2 — 20)P1(2), £ = sup|;= | P1(2)|, and I, = {0 : |6 — 0| <
k~1pd}. On I, we have
|P(e?)] = (e — ™) Pi(e”)| < 10 — bolw < pé,
while for sufficiently small p, I, C I, so |ph(e)| > pd. Hence

27 27
| | log|P(2) + psh(z)| do dy
00

mp(P):m

2
1
= 5 | max{log|P(2)],log|ph(2)]} do
0
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27
> L tog P2 a0+ 21”15 (log [oh(2)| — log | P(2)]) df
> m(P) + — | (log|pb] — log (6 — o)) d8 = m(P) + —p.

T on p
Ip
On the other hand
L(Pps) = L(P) + |cj + ps| — |cj| + [ex — ps| — [exl.
For I € {j,k}, let ¢; = |¢]e’®. Then

e + ps| — lej| = /lesI2 + 02 + 20R(ejs) — les| = peos(is — 8;) + O(p?).
Similarly

ek — ps| — lex] = —peos(sh — 04) + O(p2).
Hence
|L(Pps)| = |L(P)| + peos(sh — 0;) — peos(v — ) + O(p?).

Consequently,

1 27

Lp(P) = o= | 1og |L(Pys)| dv> = log [L(P)| + O(p?).
0

Thus, for sufficiently small p, log Aave = I,(P)—m,(P) < log A(P). Therefore
for some p > 0 and s on the unit circle, A(P,s) < A(P) = Aq4, contrary to
the choice of P.

Now suppose that P has a multiple zero at z = 1. In the notation
of the previous case consider again P,s(z) = P(z) + psh(z). Then again
1,(P) = log|L(P)| + O(p*). However, in order to obtain a lower bound
for m,(P,s), we apply the previous argument to P(z) = P(z)/(z — 1) and
h(z) = h(z)/(z — 1) (both quotients are polynomials in C[z]), instead of P
and h. Then P(1) = 0, M(P + psh) = M(P,s) and (1) # 0. Thus the same
argument can be applied in the case of zg = 1, and we get the same estimate
mp(Pys) > m(P)+ %p, with £ = max,|— [P(2)/(z — 1)?| and § determined
by h. Again, this contradicts the choice of P. =

Consequently, in what follows, we assume that P has exactly one zero,
z = 1, on the unit circle. Further, we can also assume that P has at least
one zero outside as well as at least one zero inside the unit circle. For if P
has no zeros inside the unit circle then by Lemma 3.2,

(3.2) L(P)>2H(P) > 2|P(0)| = 2M(P),
provided P(0) # 0. If P has no zeros outside the unit circle then P* has

no zeros inside it and by Lemma 3.1 we are reduced to the previous case.
Finally, if P(0) = 0 the induction hypothesis applies to P(z)/z, so we also
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assume that P(0) # 0. The assumptions about P imply that it has at least
three nonzero terms. Thus P satisfies all the hypotheses of Lemma [3.3
Suppose that deg(P) = d. Let ‘i?d be the set of all polynomials of degree
d satisfying all hypotheses of that lemma. Further, let ‘i?d(P) be the set
of all polynomials in ‘i?d that have the same length and Mahler’s measure
as P. Let 20y be the set of the absolute values of the leading coefficients of all
polynomials in PB4(P). By Lemma for every polynomial in PB4(P) we can
always find another one in this set with a smaller leading coefficient. Hence
inf Ay ¢ Ap. Since the length of each polynomial in Py(P) equals L(P),
this set is bounded and v(B4(P)) is contained in a compact subset of C41.,

Therefore inf 2 is attained at some point Q of the closure v(PB4(P)). Clearly

Q € v(Fa(P)) \ v(Ba(P)).

Let p(Q) be the corresponding polynomial. Since length and Mahler’s mea-
sure are continuous functions of the coefficients of a polynomial, we have
L(p(Q)) = L(P) and M(p(Q)) = M(P). Consequently, A(p(Q)) = Aq. Also,
by continuity, p(Q)(1) = 0. However, p(Q) ¢ ‘ﬁd(P), hence it must violate
some of the properties of this set. Therefore, either degp(Q) = d and p(Q)
has more than one zero on the unit circle or has no zeros outside or no zeros
inside the unit circle or P(0) = 0, or else deg p(Q) < d. Since A(p(Q)) = A\g
is minimal, the first possibility is ruled out by Claim 3.1.1. By , the next
two possibilities of the case deg(p(Q)) = d give A(p(Q)) = Ag = 2. Finally,
if p(Q)(0) = 0 then we can lower its degree by taking p(Q)(z)/z. Thus we
are reduced to the case deg(p(@Q)) < d, and \; = 2 follows by induction
hypothesis. =

Proof of Corollary . Suppose that z = (21,...,2,) € T" is a zero
of P. Then P(z) = P(z™ 21, ...,2™2,) has a zero at 2 = 1. The conclusion
follows immediately from Theorem 2.1 and [L], with an appropriate choice
of varying exponents mq,...,my,. =

3.2. Proof of Lemma Under the conditions of the lemma, P

factors as
P = iDinP OP outs
where
o Py(z)=2—-1,
e P, is monic and has all zeros inside the unit circle, and deg(P,) =
ni 2 17

e P,y has all zeros outside the unit circle and is not necessarily monic,
and deg(Poyt) = ng > 1.
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Further, we have
(3.3) M(P) = M(Pout) = |Pout(0)].
We emphasize that this equality also holds when Py, is not monic.
 Let g be any polynomial of degree no greater than ny — 1. Consider
Pout(2) = Pout(2) + €zg(z). For sufficiently small complex e, deg Poy =
deg Py, and since P,y does not vanish on the unit circle, we have

| Pout(2)| > |ezg(z)|  for |z| = 1.

By the Rouché theorem Zsout has no zeros inside the unit circle, and since it
has the same degree as Py, all its zeros are outside the unit circle. Similarly,
for any polynomial h of degree not greater than n; — 1, and any sufficiently
small ¢, Py,(z) = Pin(2) + €h(2) is monic, has all its zeros inside the unit
circle, and does not vanish at 0. Let
Q(z) = (Pn(z) + €h(2)) Po(2) (Pout (2) + €29(2)).

The zeros of Q outside the unit circle coincide with the zeros of f’out. Hence
MQ)=M (Pout) The definition of Py guarantees that Pout (0) = Pout(0).

Hence, by -,
M(Q) = M(pout) = |pout(0)| = |Pout(0)| = M (P).
The construction of @ allows us to slightly modify P while preserving
its Mahler’s measure. We have

(3.4) Q = P + €(2gP + hPyy) Py + €22ghPy.

We initially ignore the term of smaller magnitude, e2zghP,, and examine
what kind of modification of P can be obtained from the term

(3.5) €(zgPn + hPout) Po.
CrAamm 3.2.1. With suitable h and g, (3.5)) is a nonzero polynomial with
(ngin + hPout)P(] = Z szd_j.
JjeJ
Note. Recall that P(z) = Z e 45 4=j. Claim 3.2.1 asserts that we can

construct the polynomial (3.5) in a way that modifies only the nonzero
coefficients of P and does not create new terms.

Proof of Claim 3.2.1. Recall that deg(g) < n2 — 1 and deg(h) < n; — 1.
Let

n2
(3.6) zg(z) =Y 227 and  h(z meﬂ m-i
=1

n2

(3.7) Py (2) = Z ;2™ and Py (z Z bz

=0
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Then
(3.8) v(2gPy + hPoyt) = M X,
where X = [21,. .., Zn,1n,]? and M is an (n1+nz+1)x (n1+n2) = dx (d—1)
matrix whose columns consist of ‘shifted” vectors v(Py,) and v(Puyt) and
zeros. More precisely, the first no columns are

[bo - buy O . 0], [0bg ... by O . 0]T,...0[0 ... 0by ... by, 0],
while the remaining n; are

[0co . ey 0 ... 0T, [00¢co ... oy 0 ... 0T,[0 ... 0cp ... cnylt.

We notice that M7 is a submatrix of a d x d Sylvester matrix S.p_p,.,-

in>

Recall that det(S.p,, p...) = Res(zPn, Pout). Since 2P, and Py have no
common zero, rankS,p. p . = d; consequently, rank M =d — 1.

ins

The required conditions on the polynomial (3.5)) mean that it is a nonzero
polynomial with no nonzero terms of the form vjzd_J for j ¢ J. In order to
verify that this can be achieved by suitable choice of h and g we let

Vo ={(yo,...,yq) € C! :Vjgr v =0}

U, = {ngin +hPyt g €Pp,—1, h € ]P)nl—l} C Py_q,

Uy = PU; = {PQ:Q € Uy} C Py,
where P, denotes the space of all complex polynomials of degree at most n.
Since |J| = k we have dim Vy = k, and by (3.6),

dimU; =dimU; =rank M =d — 1.
Put Vi = v(U;) and Vo = v(Uz). We have
dim(VanVp) >d—1+k—(d+1)=k—2.

Put V,,, = Vo N V4. Since k > 3, dim V;,, > 1. By and there are ¢

and h such that v((2gPin+hPout) Py) € Vin. Let viy, = v((29Pin+hPout) Po) =
(vo,--.,vq). Then v; =0 for j ¢ J, and

p(v((29Pn + hPoyt)Po)) = Z vz
Jj€J
which proves the claim. =
Now fix h and g satisfying Claim 3.2.1. By (3.4) we have

(3.9) 1@ =13 (a5 + 6vj)zd_j> +O(e).
JjeJ
Write € = tu, where t is a positive real number and |u| = 1. Suppose

that %L(Q)h:o # 0 for some u on the unit circle. Then by choosing an
appropriate sufficiently small ¢ we can make L(Q) < L(P), while still having
M(Q) = M(P) and deg@Q = deg P. Then L(Q)/M(Q) < L(P)/M(P) and
the first case of the conclusion of the lemma occurs. Otherwise, we have
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%L(Q)hzo = 0 for any u on the unit circle and all v,,, € V,,. This is
equivalent to

(3.10) Y ot =0
= lagl
for every vy, € Vp,.

Cramm 3.2.2. If holds for a given P, then there are distinct non-
zero indices 1,5 € J and unique polynomials h and g such that v, =
v((29Pin + hPout)Po) € Vin has all components other than v, v;,v; equal
to 0. Further, vg = —ag, where aqg s the leading coefficient of P.

Proof of Claim 3.2.2. Let &; = a;/|aj|, or equivalently a; = €;|a;|, for
j € J. Define a vector € € C?*! by letting its jth component be gjifjeJ,
and 0 otherwise. Similarly let 1 have components 1 for j € J and zero
outside J. Then and the definition of V;,, imply that V,, is orthogonal
to both € and 1. Further, the vectors € and 1 are linearly independent, since
by definition of € and the fact that P(1) = 0, we have (v(P),e) = L(P) # 0,
while (v(P),1) = 0, where the inner product is the usual hermitian product
on C41, Recall that dim V,,, >k — 2, so in fact we must have dim V},, = k—2,

and
Vo = Vi, @ span{l,¢e}.

Since 1 and € are linearly independent, there is a pair of indices (7, 7) € J xJ
for which the vectors (g4,¢;) and (1,1) are linearly independent. Further,
there is such a pair for which neither ¢ or j is 0. Indeed, otherwise we would
have e; = ¢; for all nonzero i and j. Hence P(1) = golao| +€i 32 jc j20 ;]
=0, so |ao| = X_;c j0lajl- The last equality however implies that P has
no zeros outside the unit circle, contrary to our assumption. Therefore we
can fix a pair (4, j) such that (g4, ¢;) and (1,1) are linearly independent, and
1,7 # 0. The system

Eiv; + €5V = Epapv; + v; = ag

has a unique solution (v;,v;). Define a vector v,,, = (vo,...,vq) by letting
vg = —ap, v; and v; be the solutions of the above system, and all other
components be 0. Thus v, € V,;, and this vector is uniquely determined by
P for the fixed pair (7, j). Hence, there are polynomials g and h as in
such that v((2gPn + hPout)Po) = V. By we have

(3.11) P(Vin) = (29 P + hPou) Po = p(M X) P.

The polynomials g and h are in one-to-one correspondence with the vector
X through formula (3.6]). Since a vector X satisfying (3.11)) exists, we have

an explicit formula

(3.12) X = (MTM) " o(p(vn)/ Po).
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Note that the matrix M7 M has size (d — 1) x (d — 1) and is invertible
because rank M = d — 1. Thus we have a uniquely determined sequence of
mappings

P—e—vy— X~ (hyg).n

Formula and the particular form of v, with sufficiently small real
positive € allow us to decrease the magnitude of the leading coefficient of
P while preserving its Mahler’s measure. Unfortunately, in the process, the
term €2zghPy can create new nonzero coefficients and slightly increase the
length of P. Fortunately, we shall see that this can be avoided if we change
dynamically P and v,, together in an appropriate way. We can achieve this
by creating a special system of differential equations whose solution gener-
ates a trajectory of polynomials Py satisfying the conclusion of the lemma.

For this consider the coefficients ¢; and b; in as functions of an in-
dependent real variable ¢, except for by = 1 and ¢,, which we will keep con-
stant. Form the vector function Y (¢) = [co(t) ... cny—1(t) b1(t) ... bp, (t)]F
and consider the initial value problem

(3.13) Y = (MTM)wp(vn)/P)), Y(0)=Ico ... cny1 b1 ... bp|".

The vector Y (t) determines the polynomials

no—1

n1
Pout[t](z) = Cpy + Z Ci(t)zn27i and -Pin[t] (Z) =2"+ Z bi(t)znlii
=0 =1

such that for Py = Py Pinjy Fo we have Pg) = P. The matrix M = M(Y)
is determined by Y via Py and Py, in the same way as the matrix M de-
scribed by the formulas following . Similarly, v,,, = v,,(t) is determined
by Py in the same way as vy, by P. Thus we have a sequence of mappings
Y(t) = Py e(Y(t)) = vin(Y(2)),
and also
Y= M(Y).

Let Y = R(Y) 4+ iX(Y). The system corresponds to a pair of

systems in real variables

RY') = R(MTM) o(p(vin/F)),  S(Y') = S(MTM) " 0(p(Vin/ Po))).

By examining the mappings listed above we conclude that the right-hand
side functions of these systems are rational functions of the components of
R(Y) and of I(Y'), and of the absolute values of the coefficients of P, which
in turn are polynomial functions of the components of Y. The coefficients
of Pg) = P correspond to Y (0) and are not zero. Therefore the coefficients
of P corresponding to Y are not zero for Y in some open ball containing
Y (0). Thus on a sufficiently small open ball containing (R(Yp), 3(Yp)) the
right-hand sides of the systems are continuously differentiable functions of
the vector (R(Y), 3(Y)). Consequently, the initial value problem has
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a unique solution in some open interval I containing 0. Further, by (3.6)),

(3.12), and the definition of Y (¢) we have

jtPoutH\ ) wmd Ry =)
Thus d
< nlt] 75 d Poutjt) + Pout[) 5; 7 1n[t]>P0
Hence
P[t} o = (Pnzg(2) + Pouth(2))

Notice that thls modification of P corresponds to (3.4), but we have
managed to eliminate the remainder term with €2. Further, the vectors v, (t)
and g(t) determined by Py are orthogonal for ¢ € I. Thus condition (3.10))

is satisfied and %L(P[t]) = 0. Hence
L(Py) = L(P), M(Py)=M(P), a;(t)#0forjecJ

for sufficiently small t. Moreover v( %P[t]) = v, (t) and the first component

of v, (t) is vo = —ap(t), where ag(t) is the leading coefficient of P,;. Hence
Lag(t) = —ao(t), so that |ag(t)| = agle™" is decreasing. m
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