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On the class group of a cyclotomic Zp × Z`-extension

by

Humio Ichimura (Mito)

1. Introduction. Let p be an odd prime number, and ` a prime number
with p 6= `. For a number field F , let F∞/F be the cyclotomic Zp-extension,
and Fn its nth layer with F0 = F . It is a well known theorem of Washington
[18] that when F is an abelian field, the `-part of the class number hFn of
Fn is stable for sufficiently large n. For an abelian field F , we denote by
fF the conductor of F . In what follows, let F be a real abelian field. For
simplicity, we always assume that p2 - fF . For 0 ≤ n ≤ ∞, denote by F

(`)
n

the cyclotomic Z`-extension over Fn. In particular, F (`)
∞ is the cyclotomic

Zp×Z`-extension over F . For an integer n <∞, let Mn/F
(`)
n be the maximal

pro-` abelian extension unramified outside `, and M∞ =
⋃
n≥0Mn. Using

the above theorem of Washington, Friedman [2] proved the following:

Proposition. For a real abelian field F , we have M∞ = MnF
(`)
∞ for a

sufficiently large n.

When F is a real abelian field with ` - fF and ` - [F : Q], an explicit
version of Washington’s theorem was obtained by Horie [9, 10, 11]. Namely,
he gave an explicit constant m = mF,p,` depending on F , p and ` such that
the ratio hFn/hFn−1 is not divisible by ` for all n > m. The purpose of this
paper is to obtain an explicit version of Friedman’s result (under the same
assumption on F ).

Before giving our results, let us introduce some notation. We put n0 =
ordp(`p−1 − 1), where ordp(∗) is the normalized p-adic additive valuation.
When ` = 2, let Ap be the number of pth roots ζ of unity such that Tr(ζ) ≡
0 mod 2, and let Bp = p − Ap. Here, Tr is the trace map from Q2(ζp) to
Q2, Q2 being the field of 2-adic rationals. Further, for an integer k ≥ 2,
ζk denotes a primitive kth root of unity. We define an integer $p,` ≥ 1 as
follows. We set $p,` = 1 when ` is a primitive root modulo p2. Otherwise,
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we put

$p,` =

{
(p− 1− [p/`]) · pn0−1 if ` > 2 or n0 > 1,
min(Ap, Bp) if ` = 2 and n0 = 1.

Here, [x] denotes the largest integer ≤ x. For a real abelian field F , let
m = mF be the non-p-part of the conductor fF . We put

NF,p,` = (`φ(m)(p− 1)$p,`)φ(p−1)

where φ(∗) is the Euler function.

Theorem 1. Let F be a real abelian field with ` - fF , p2 - fF and
` - [F : Q]. We have M∞ = MnF

(`)
∞ when pn+1−n0 > NF,p,`.

The following is an immediate consequence of Theorem 1.

Corollary. Under the setting of Theorem 1, the ratio hFn/hFn−1 is
not divisible by ` when pn+1−n0 > NF,p,`.

When m = 1, the assertion of the Corollary was given in [13, Theo-
rem 1(I)]. It was used to show with the help of computer that when p is
an odd prime number with p ≤ 509, the ratio hpn/hp is odd for any n ≥ 1
where hpn is the class number of Q(ζpn+1) ([13, Theorem 2]).

The Corollary is quite similar to an assertion obtained directly from [11,
Proposition 3] which is given in a more general setting. (A correction to this
proposition is given in [12, p. 823].) Actually, applying [11, Proposition 3]
to the setting of the Corollary, we see that hFn/hFn−1 is not divisible by ` if

pn+1−n0 > (`(p− 1)3φ(m)pn0−1)φ(p−1).

We see that the Corollary is a little sharper than this result. Horie proved
[11, Proposition 3] by using (a) some tools in Leopoldt [15], in particular,
Leopoldt’s algebraic intepretation of the analytic class number formula for
a real abelian field and (b) his new idea and technique for a very subtle
treatment on cyclotomic units. We show Theorem 1 using Horie’s idea and
technique and some tools in modern theory of cyclotomic fields, in partic-
ular, the structure theorem of local units modulo cyclotomic units and the
Iwasawa main conjecture.

Remark 1. When p = 3, Friedman and Sands [3] gave an explicit ver-
sion of the theorems of Washington and Friedman. Their method depends
on the fact that the roots of unity in Z3, the ring of 3-adic integers, are ±1.
A reason that we excluded the case p = 2 is that their method can apply also
to this case. The method of Horie [9, 10, 11] and this paper is completely
different from theirs.

This paper is organized as follows. In Section 2, we give (1) a “∆-
decomposed version” (Theorem 2) of Theorem 1 in terms of the lambda
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invariant associated to an `-adic L-function, and (2) another version (Theo-
rem 3) of Theorem 1 in terms of minus class groups. In Section 3, we prove
Theorem 2 postponing the proof of a key lemma (Lemma 3). In Section 5,
we prove Lemma 3 after preparing several lemmas in Section 4.

2. Theorems

2.1. ∆-decomposed version of Theorem 1. We denote by Z` and Q`

the ring of `-adic integers and the field of `-adic rationals, respectively, and
by Q̄` a fixed algebraic closure of Q`. Let G be a finite abelian group and χ
a Q̄`-valued character of G. Let X be a module over Z`[G]. When ` - |G|, let
X(χ) be the χ-component of X. Then we have a canonical decomposition

X =
⊕
χ

X(χ)

where χ runs over a complete set of representatives of the Q`-conjugacy
classes of the Q̄`-valued characters of G. Letting X̃ = X ⊗ Q`, we denote
by X̃(χ) the χ-component of the Q`[G]-module X̃. For the definition of the
χ-component and some of its properties, see Tsuji [17, Section 2].

Let F be a real abelian field (with p2 - fF ). For a while, we do not
assume that ` - fF and ` - [F : Q]. Let ∆ = Gal(F/Q), and let ∆` and ∆0

be the `-part and the non-`-part of ∆, respectively. Let Γn = Gal(Fn/F ) =
Gal(F (`)

n /F `0). We put

Gn = Gal(Mn/F
(`)
n ) and G̃n = Gn ⊗Q`.

It is known that Gn is a free Z`-module of finite rank. This follows from
Iwasawa [14, Theorem 18] and Ferrero and Washington [1, Theorem]. We
naturally regard the groups Gn and G̃n as modules over the groups defined
above. To prove Theorem 1, it suffices to show that Gn(ψn) = {0} for each
Q̄`-valued character of Γn of order pn (when pn+1−n0 > NF,p,`). This is
equivalent to the condition dim G̃n(ψn) = 0 as Gn is free over Z`. Here,
dim(∗) denotes the dimension over Q`.

Let ˜̀ = ` or 4 according as ` ≥ 3 or ` = 2, and let ω˜̀ : (Z/˜̀)× → Z×`
be the Teichmüller character of conductor ˜̀. For a Dirichlet character χ,
we denote by fχ the conductor of χ. Let χ be a nontrivial Q̄`-valued even
Dirichlet character such that `2 - fχ (resp. 8 - fχ) when ` ≥ 3 (resp. ` = 2).
Namely, χ is of the first kind. We denote by Oχ = Z`[χ] the subring of Q̄`

generated by the values of χ over Z`, and by Ωχ the field of fractions of Oχ.
Iwasawa constructed a power series gχ(T ) ∈ Oχ[[T ]] associated to the `-adic
L-function L`(s, χ) by

(1) gχ((1 + cχ)s − 1) =
1
2
L`(s, χ),



266 H. Ichimura

where cχ is the least common multiple of ˜̀ and the conductor of χ. By [1],
gχ(T ) is not divisible by `. Let λχ be the λ-invariant of the power series gχ.
We have λχ = 0 if and only if

(2) gχ(0) =
1
2
L`(0, χ) = −(1− (χω−1

˜̀ )(`)) · 1
2
B1,χω−1

˜̀

is an `-adic unit. Here, B1,χω−1
˜̀

is the generalized Bernoulli number.

Let F be again a real abelian field (with p2 - fF ). For Q̄`-valued char-
acters $ and ϕ of ∆` and ∆0, we regard the character χ = $ϕψn of
Gal(Fn/Q) = ∆ × Γn as a primitive Dirichlet character and use the above
notation. Then it is known that the Iwasawa main conjecture for the minus
class groups (= Mazur and Wiles [16, Theorem] and Wiles [20, Theorem
6.2]) implies

dim G̃n(ψn) =
∑
$,ϕ

[Ω$ϕψn : Q`] · λ$ϕψn ,

where $ (resp. ϕ) runs over a complete set of representatives of the Q`-
conjugacy classes of the Q̄`-valued characters of ∆` (resp. ∆0). For this, see
Greenberg [6, 7]; [6, Proposition 1] for the case ` ≥ 3; and [6, Proposition 2]
and some arguments in pp. 42–43 of [7] for the case ` = 2.

Proof of Proposition. It follows from [2] that λ$ϕψn = 0 for sufficiently
large n. Hence, we obtain the assertion.

In what follows, unless otherwise stated, we always assume that ` - fF ,
p2 - fF and ` - [F : Q]. Then the above formula for dim G̃(ψn) becomes

dim G̃n(ψn) =
∑
ϕ

[Ωϕψn : Q`] · λϕψn

where ϕ runs over a complete set of representatives of the Q`-conjugacy
classes of the Q̄`-valued characters of ∆ = Gal(F/Q). As the invariant λϕψn
depends only on the characters ϕ and ψn, we may and will replace the base
field F with the real abelian field corresponding to ϕ.

Now, let ϕ be a Q̄`-valued even Dirichlet character of order d = dϕ,
F = Fϕ the real abelian field corresponding to ϕ, and ∆ = Gal(F/Q). We
can regard ϕ as an injective homomorphism ∆ → Q̄×` . Let m = mϕ be the
non-p-part of the conductor of ϕ. We put

Nϕ = (`φ(m)(p− 1)$p,`)φ(p−1).

From what we have remarked above, Theorem 1 is an immediate conse-
quence of the following

Theorem 2. Under the above setting, assume that ` - m, ` - d and
p2 - fϕ. Then λϕψn = 0 for any ψn when pn+1−n0 > Nϕ.
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In some cases, the assertion of Theorem 2 holds for a wider class of
Dirichlet characters because of the following lemma.

Lemma 1. Let ϕ and ψn be as in Theorem 2. Let $ be a Q̄`-valued even
Dirichlet character with ` - f$ and p2 - f$ whose order is a power of `.
Assume that the sets of prime numbers dividing the conductors fϕψn and
f$ϕψn coincide. Then the condition λϕψn = 0 implies λ$ϕψn = 0.

Proof. We put χ = ϕψn, m1 = f$χ and m2 = fχ for brevity. We see
that m2 divides m1 since the order of $ is a power of ` and that of χ is not
divisible by `. As m1 (resp. m2) is relatively prime to `, the conductor of
$χω−1

˜̀ (resp. χω−1
˜̀ ) is m1

˜̀ (resp. m2
˜̀). We have

1
2
B1,$χω−1

˜̀
=

1
2m1

˜̀

m1
˜̀∑

a=1

a ·$χω−1
˜̀ (a),

1
2
B1,χω−1

˜̀
=

1
2m1

˜̀

m1
˜̀∑

a=1

a · χω−1
˜̀ (a)

where a runs over the integers with 1 ≤ a ≤ m1
˜̀ and (a,m1`) = 1. The first

equality is just the definition, and the second one holds because of m2 |m1

and the assumption on m1 and m2. Since $χω−1
˜̀ (`) = χω−1

˜̀ (`) = 0, we see
from (2) that it suffices to show

1
2
B1,$χω−1

˜̀
≡ 1

2
B1,χω−1

˜̀
mod L

where L is the prime ideal of the `-adic field Ω$χω−1
˜̀

. We prove this congru-
ence when ` = 2. For the case ` ≥ 3, it is shown similarly. As the characters
$χω−1

4 and χω−1
4 are odd, we see that

1
2
B1,$χω−1

4
=

1
8m1

{ 2m1∑
a=1

a ·$χω−1
4 (a)−

2m1∑
a=1

(4m1 − a) ·$χω−1
4 (a)

}
(3)

=
1

4m1

2m1∑
a=1

a ·$χω−1
4 (a)− 1

2

2m1∑
a=1

$χω−1
4 (a)

and that

(4)
1
2
B1,χω−1

4
=

1
4m1

2m1∑
a=1

a · χω−1
4 (a)− 1

2

2m1∑
a=1

χω−1
4 (a).

Let X (resp. Y ) be the difference of the first (resp. second) terms of the
right hand sides of (3) and (4). It suffices to show that X ≡ Y ≡ 0 mod L.
Since the order of $ is a power of ` = 2, the prime ideal L divides $(a)−1.
As aω−1

4 (a) ≡ 1 mod 4, it follows that

a ·$ω−1
4 (a)− a · ω−1

4 (a) ≡ $(a)− 1 mod 4L.
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Now, we see that

X ≡
2m1∑
a=1

($χ(a)− χ(a)) ≡
2m1∑
a=1

($(a)− 1)χ(a) ≡ 0 mod L.

Similarly, we can show Y ≡ 0 mod L.

Remark 2. The assumption in Lemma 1 is satisfied when the conductor
of $ equals p. Therefore, the assertions of Theorems 1 and 2 hold for the
real abelian field F = Q(ζp)+ even if ` divides [F : Q].

2.2. Another version of Theorem 1. In this subsection, we give
another formulation of Theorem 1. Let F be, as before, a real abelian field
with p2 - fF and ` - fF . We use the same notation as in Subsection 2.1.
We put L = F (ζ˜̀) and Ln = Fn(ζ˜̀) for 0 ≤ n ≤ ∞, so that L∞/L is
the cyclotomic Zp-extension. For an integer j ≥ 0, denote by Ln, j the jth
layer of the cyclotomic Z`-extension L

(`)
n /Ln. Let h−n,j be the relative class

number of Ln,j . Let An, j be the `-part of the ideal class group of Ln, j ,
and let Xn = lim←−An, j be the projective limit of An, j with respect to the
relative norms Ln, j+1 → Ln, j for j ≥ 0. The class group An−1, j is naturally
regarded as a subgroup of An, j . Actually, it is a direct summand of An, j (cf.
[19, Lemma 16.15]). Hence, Xn−1 is also a direct summand of Xn. We put

Bn, j = An, j/An−1, j and Yn = Xn/Xn−1 = lim←−Bn, j .
For a while, assume that ` ≥ 3. Let ω` be, as before, the Teichmüller char-
acter of conductor `. We identify G = Gal(L/F ) = Gal(Ln/Fn) with the
multiplicative group (Z/`)× through the Galois action on ζ`, and regard ω`
as a character of G. We denote by Yn(ω`) the ω`-component of the Z`[G]-
module Yn. We obtain the following assertion from Theorems 1 and 2.

Theorem 3. Let F be a real abelian field with ` - fF , p2 - fF and
` - [F : Q]. When pn+1−n0 > NF,p,`, the following assertions hold.

(I) For ` ≥ 3, the class group Yn(ω`) is trivial, and hence Bn,j(ω`) is
trivial for all j ≥ 0.

(II) For ` = 2, the ratio h−n,j/h
−
n−1,j is odd for all j ≥ 0.

Proof. First, let ` ≥ 3. As in Subsection 2.1, let χ = ϕψn be a Q̄`-
valued character of Gal(Fn/Q) = ∆ × Γn. Regarding ω`χ−1 as a character
of Gal(Ln/Q), we denote by Xn(ω`χ−1) (resp. Yn(ω`χ−1)) the ω`χ−1-com-
ponent of the Gal(Ln/Q)-module Xn (resp. Yn). We easily see that

Yn(ω`) =
∑
ϕ,ψn

Yn(ω`(ϕψn)−1) =
∑
ϕ,ψn

Xn(ω`(ϕψn)−1)

where ϕ (resp. ψn) runs over a complete set of representatives of the Q`-
conjugacy classes of the Q̄`-valued characters of∆ (resp. of Γn of order pn). It
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is known that Xn(ω`χ−1) is a finitely generated free module over Oχ (cf. [19,
Corollary 13.29]). Let λ∗χ be the free rank of the Oχ-module Xn(ω`χ−1). By
the Iwasawa main conjecture, the lambda invariant λ∗χ equals the invariant
λχ associated to the power series gχ(T ). Therefore, we immediately obtain
the assertion from Theorems 1 and 2.

Let us deal with the case ` = 2. We see that the unit index of Ln,j equals 1
by Hasse [8, Satz 22]. Hence, it follows from the class number formula [19,
Theorem 4.17] that

h−n,j/h
−
n−1,j =

∏
ϕ,ψn,θ

(
−1

2
B1,ϕψnθω

)
where ϕ (resp. ψn) runs over the Q̄2-valued characters of ∆ (resp. of Γn
of order pn), and θ runs over the Q̄2-valued even Dirichlet characters of
conductor dividing 2j+2. Further, ω = ω4 is the Teichmüller character of
conductor 4. Let χ = ϕψn and let gχ ∈ Oχ[[T ]] be the power series defined
by (1). By [19, Theorem 7.10], it also satisfies

gχ(ζθ(1 + cχ)s − 1) =
1
2
L2(s, χθ)

where ζθ is a 2-power root of unity associated to θ. By Theorem 2, gχ is a
unit of Oχ[[T ]] and hence

gχ(ζθ − 1) =
1
2
L2(0, χθ) = −1

2
B1,ϕψnθω

is a 2-adic unit. Therefore, we obtain the assertion.

Remark 3. (I) Because of Remark 2 or Lemma 1, the assertion of The-
orem 3 holds for F = Q(ζp)+ even if ` divides [F : Q].

(II) When F = Q(ζp)+, a weaker version of Theorem 3 was given in [13,
Theorem 3].

3. Proof of Theorem 2. In what follows, we fix characters ϕ and ψn
in Theorem 2, and use the same notation as in Theorem 2. For brevity, we
write

χ = ϕψn.

Let eϕ and eψn be the idempotents of Z`[∆] and Z`[Γn] corresponding to ϕ
and ψn, respectively:

eϕ =
1
d

∑
δ∈∆

TrQ`(ζd)/Q`(ϕ(δ)−1)δ,

eψn =
1
pn

∑
γ∈Γn

TrQ`(ζpn )/Q`(ψn(γ)−1)γ.
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Choose ẽϕ ∈ Z[∆] and ẽψn ∈ Z[Γn] congruent to eϕ and eψn modulo `,
respectively. For n ≥ 0, let Kn = Q(ζm, ζpn+1), and K+

n its maximal real
subfield. We have Fn ⊆ K+

n because the conductor of Fn is mpn+1 when
n ≥ 1 and it is m or mp when n = 0. We put t = 1 + pn and

cn = ζ
(t−1)/2
pn+1

ζmζpn+1 − 1
ζmζtpn+1 − 1

.

The element cn is a cyclotomic unit of K+
n . We define a cyclotomic unit εn

of Fn by
εn = NK+

n /Fn
(cn).

The Galois group Gal(Kn/Kn−1) = Gal(K+
n /K

+
n−1) is generated by the

automorphism sending ζpn+1 to ζtpn+1 . Hence, we see that

(5) Nn,n−1(εn) = 1

where Nn,n−1 is the norm map from Fn to Fn−1. We put

ηn = ε
ẽϕẽψn
n .

We denote by F the Frobenius automorphism of Fn at `.

Lemma 2. Assume that n≥ n0+ordp(d). If λχ > 0, then ηFn ≡ η`n mod `2.

Proof. Let Un be the group of semi-local units of Fn at `. Let Cn be the
group of cyclotomic units of Fn defined in Gillard [4, §2.3], and let Cn be
the topological closure of Cn ∩ Un in Un. Let

η′n = ε
eϕeψn
n ∈ Cn(χ).

For a Q̄`-valued character θ of Gal(Fn/Q), the structure of the θ-component
Cn(θ) is slightly complicated when θ(`) = 1 or θω−1

˜̀ (`) = 1. However, χ(`) =
ϕ(`)ψn(`) 6= 1 because ψn(`) is a primitive pn+1−n0th root of unity and
n + 1 − n0 > ordp(d) by assumption. Further, χω−1

˜̀ (`) = 0 as ` - fχ. The
χ-part Un(χ) is a free Oχ-module of rank 1. By the theorem of Gillard
[5, Theorem 2] on semi-local units modulo cyclotomic units, we see that
(Un/Cn)(χ) is isomorphic toOχ/gχ(cχ) asOχ-modules, where gχ is the power
series defined by (1). Since the order dpn+1 of χ = ϕψn is relatively prime
to `, the extension Ωχ/Q` is unramified. It follows that the ideal gχ(cχ)Oχ
equals `eOχ for some nonnegative integer e. Assume that λχ > 0. Then,
as gχ is not a unit, it follows that gχ(cχ)Oχ ⊆ `Oχ. Therefore, η′n is an
`th power in Un, and hence ηn ≡ v` mod `2 for some v ∈ Fn. As Fn/Q is
unramified at `, vF ≡ v` mod `. Therefore, we see that

ηFn ≡ (vF )` ≡ v`2 ≡ η`n mod `2.

The following key lemma is shown in Section 5.

Lemma 3. If pn+1−n0 > Nϕ, then ηFn 6≡ η`n mod `2.
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Proof of Theorem 2. As d is a divisor of φ(mp), the condition pn+1−n0

> Nϕ implies n ≥ n0 + ordp(d). Hence, we obtain Theorem 2 immediately
from Lemmas 2 and 3.

4. Lemmas

4.1. Lemmas. In this section, we prepare several lemmas which are
necessary to prove Lemma 3.

Lemma 4. Let qi (1 ≤ i ≤ s) be distinct prime numbers with qi 6= `.
Let k =

∏
i q
ei
i and k0 =

∏
i q
fi
i with ei > fi ≥ 1. Let N be a number field

unramified at each qi. Let A be a finite subset of Z, and for u ∈ Z, let
Au consist of integers a ∈ A with a ≡ u mod k0. Let κ : A → ON be an
arbitrary map where ON is the ring of integers of N . Then the condition∑

a∈A κ(a)ζak ≡ 0 mod ` implies
∑

a∈Au κ(a)ζak ≡ 0 mod `.

Proof. Let L = N(ζk) and L0 = N(ζk/k0). As N is unramified at each qi,
the degree [L : L0] equals k0, and hence it is not divisible by `. Further, for
a kth root ζ of unity, TrL/L0

(ζ) = [L : L0]ζ or 0 according as ζk/k0 = 1 or
not. Assume that X =

∑
a∈A κ(a)ζak ≡ 0 mod `. Then, taking the trace of

ζ−uk X to L0, we see from the above remark that

[L : L0] ·
∑
a∈Au

κ(a)ζa−uk ≡ 0 mod `.

The assertion follows since ` - [L : L0].

As in Horie [9, 10], we choose a complete set V of representatives of the
quotient µp−1/{±1} as follows, where µp−1 is the group of (p− 1)st roots of
unity in the complex number field C. Write (p− 1)/2 = m1 · · ·ms where mi

is a power of a prime number with (mi, mj) = 1 for i 6= j. We put

V =
{

exp
((

c1
m1

+ · · ·+ cs
ms

)
π
√
−1
) ∣∣∣∣ 0 ≤ ci ≤ mi − 1 (1 ≤ i ≤ s)

}
.

The following assertion was shown in [9, Lemma 7].

Lemma 5. Let z : V → Z be a map such that z(ν) ≥ 0 for all ν ∈ V\{1}.
If
∑

ν∈V z(ν)ν = 0, then z(ν) = 0 for all ν ∈ V.

We fix an integer n ≥ 2n0−1 and a prime ideal ℘ of Q(µp−1) over p. Let I
be the set of integers u with 1 ≤ u ≤ pn+1−1 satisfying up−1 ≡ 1 mod pn+1

and u ≡ ν mod ℘n+1 for some ν ∈ V. Then we have a bijection

ω℘ : I → V
sending u ∈ I to ν ∈ V with ν ≡ u mod ℘n+1.

In the following, we rewrite the expression ηn = ε
ẽϕẽψn
n into a more

convenient form and show some lemmas which are necessary to prove the
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key lemma. We abbreviate

ζ0 = ζm and ζ = ζpn+1

in this subsection (and Section 5).We naturally identify Γn with Gal(Kn/K0)
= Gal(K+

n /K
+
0 ).

By (5), we can replace ẽψn with ẽ′ψn = ẽψn −αNn,n−1 for any α ∈ Z[Γn].
The integer n0 = ordp(`p−1 − 1) is the largest integer such that Q`(ζp) =
Q`(ζpn0 ). For γ ∈ Γn, the trace of ψn(γ)−1 to Q`(ζp) equals pn−n0ψn(γ)−1

or 0 according as γp
n0 = 1 or not. For a ∈ Z with a ≡ 1 mod p, let γa be the

automorphism in Γn such that ζγa = ζa (and ζγa0 = ζ0). For an integer j, we
put

sj = 1 + jpn+1−n0 .

From the definition of eψn and the above remark, we can write

eψn =
1
pn0

pn0−1∑
j=0

TrQ`(ζp)/Q`(ψn(sj)−1)γsj ∈ Z`[Γ p
n−n0

n ].

As in [13], we fix α ∈ Z[Γ p
n−n0

n ] so that the number of non-zero terms of
eψn − αNn,n−1 mod ` is minimal. Let Jψn be the set of integers j with
0 ≤ j ≤ pn0 − 1 such that the coefficient aj of γsj in eψn − αNn,n−1 mod `
is non-zero. Then

(6) eψn − αNn,n−1 ≡
∑
j∈Jψn

ajγsj mod `

and we obtain the following

Lemma 6. Under the above notation, we have

ε
ẽψn
n = ε`

∏
j∈Jψn

ε
ajγsj
n

for some unit ε of Kn.

For the cardinality |Jψn |, we showed in [13, Lemma 8] that

(7) |Jψn | ≤ $p,`.

Let ζpn0 = ψn(1 + pn+1−n0) be a primitive pn0th root of unity in Q̄`. Using
the congruence (6), we showed the following in [13, Lemma 9].

Lemma 7. Under the above notation, we have∑
j∈Jψn

ajζ
j
pn0 ∈ Z`[ζpn0 ]×

when n ≥ 2n0 − 1.

Denote by Bn the subfield of Q(ζ) = Q(ζpn+1) with [Bn : Q] = pn.
In other words, Bn is the real abelian field associated to ψn. Let D =
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Gal(K+
n /Bn), D1 = Gal(K+

n /Bn(ζ)+) and D̃ = Gal(Kn/Bn). We can natu-
rally regard ∆ = Gal(F/Q) = Gal(Fn/Bn) as a quotient of D, and hence ϕ
as a character of D. The operator eϕNK+

n /Fn
in Z`[D] can be written in the

form
eϕNK+

n /Fn
≡
∑
δ∈D

bδδ mod `

for some integers bδ ∈ Z satisfying

bδ ≡
1
d

TrQ`(ζd)/Q`(ϕ(δ)−1) mod `.

For each δ ∈ D, there exists a unique δ̃ ∈ D̃ such that δ̃|K+
n

= δ and

ζ δ̃ = ζu
′
δ for some u′δ ∈ I. Let u′′δ be an integer (defined modulo m) such

that ζ δ̃0 = ζ
u′′δ
0 . We denote by uδ the unique integer with 1 ≤ uδ < mpn+1

satisfying uδ ≡ u′δ mod pn+1 and uδ ≡ u′′δ mod m. We put

I = Iϕ = {uδ | δ ∈ D} and I1 = {u ∈ I | u ≡ 1 mod pn+1}.
There is a natural bijection between I (resp. I1) and D (resp. D1). For an
integer v with (v,mp) = 1 and vp−1 ≡ 1 mod pn+1, there exists a unique
u = uδ ∈ I such that v ≡ ±u mod mpn+1. We put bv = bδ. Let δ0 be an
arbitrary element of D, and u0 = uδ0 . We easily see that

δ−1
0 eϕNK+

n /Fn
≡
∑
δ∈D

bδδ0δ mod `.

Hence, under the above notation, we see from Lemma 6 that

η
δ−1
0
n = ε1ε

`
2 · ξn,u0

with

ξn,u0 =
∏
j∈Jψn

∏
δ∈D

(
ζ δ̃0ζ

δ̃sj − 1

ζ δ̃0ζ
δ̃tsj − 1

)ajbδ0δ
=
∏
j∈Jψn

∏
u∈Iϕ

(
ζu0 ζ

usj − 1
ζu0 ζ

tusj − 1

)ajbu0u

.

Here, ε1 is a pth root of unity and ε2 is a unit of Kn. For brevity, we put

ξn = ξn,1.

Then we see that Lemma 3 (the key lemma) is equivalent to the following
assertion because εF1 = ε`1 and (ε`2)F ≡ ε`22 mod `2 where F is the Frobenius
automorphism of Kn over `.

Lemma 8. Under the above notation, ξFn 6≡ ξ`n mod `2 when pn+1−n0>Nϕ.

Remark 4. The condition ξFn 6≡ ξ`n mod `2 in Lemma 8 is invariant
under the Galois action. Hence, it is equivalent to ξFn,u0

6≡ ξ`n,u0
mod `2 for

any u0 ∈ I.

Lemma 7 and the following lemma play an important role in the proof
of Lemma 8.
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Lemma 9. For some integer u0 ∈ I, we have∑
u∈I1

bu0uζ
u
0 6≡ 0 mod `

in Q(ζ0).

The assertion of Lemma 9 is equivalent to saying that the conclusion in
Lemma 9 holds for some u0 and some primitive mth root ζ0 of unity in the
`-adic field Q`(ζ0). So, in what follows, we mainly work `-adically.

For integers k ≥ 1 and u, we denote by [u] = [u]k the class in Z/k =
Z/kZ containing u. We can naturally identify the Galois group D with
(Z/mp)×/〈J〉 where J = [−1]. Under this identification, we have

D1 = {[u]mp | u ≡ 1 mod p}〈J〉/〈J〉.
Though the sets I and I1 defined above depend on n, we see that the maps

I → D = (Z/mp)×/〈J〉 and I1 → D1

sending an integer u to the class ū = [u]mp mod 〈J〉 are bijective. Since
the value bu depends only on the class ū, Lemma 9 can be rewritten in the
following form:

Lemma 10. Let m be an integer with (m, p`) = 1. Let ϕ be an even
Dirichlet character defined modulo mp. Assume that the non-p-part of the
conductor of ϕ equals m, and the order d of ϕ is relatively prime to `. Then∑

u∈D1

TrQ`(ζd)/Q`(ϕ(u0u)−1)ζum 6≡ 0 mod `

for some integer u0 with (u0,mp) = 1 and some primitive mth root ζm of
unity. Here, u runs over the integers with 1 ≤ u ≤ mp−1 and u ≡ 1 mod p.

4.2. Proof of Lemma 10. We begin with the following simple lemma.
For an integer k ≥ 2, let µk be the group of kth roots of unity in Q̄`.

Lemma 11. Let m be an integer and X a subset of Z/m. Let d1 and d2

be integers with ` - d2, and d the least common multiple of d1 and d2. Let
X → µd1, [x] 7→ εx, be an arbitrary map. Let ζm be a fixed primitive mth
root of unity in Q̄`. Assume that for every ε ∈ µd2,∑

x∈X
TrQ`(ζd)/Q`(εεx)ζxm ≡ 0 mod `

where x runs over the integers with 0 ≤ x ≤ m− 1 and [x] ∈ X. Then∑
x∈X

TrQ`(ζd1 )/Q`(εx)ζxm ≡ 0 mod `.

Proof. Let Ω′ = Q`(ζd) and Ω = Q`(ζd1). As d is the least common
multiple, we see that Ω′ = Ω(ζd2). Let Ω′0 = Q`(ζd2) and Ω0 = Ω′0 ∩Ω. As
` - d2, the extension Ω′0/Ω0 is tame and hence TrΩ′0/Ω0

(OΩ′0) = OΩ0 where
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OΩ′0 and OΩ0 are the rings of integers of Ω′0 and Ω0, respectively. Then,
since OΩ′0 = Z`[ζd2 ], there exists an element

α =
∑
ε∈µd2

aεε ∈ OΩ′0

with aε ∈ Z` such that TrΩ′0/Ω0
(α) = TrΩ′/Ω(α) = 1. Therefore, we see that

TrΩ/Q`(εx) = TrΩ/Q`(εx TrΩ′/Ω(α)) =
∑
ε∈µd2

aε TrΩ′/Q`(εεx).

From this, we obtain the assertion.

Let m, ϕ and d be as in Lemma 10. Choose an integer p∗ such that
pp∗ ≡ 1 mod m. For an integer v with (v,m) = 1, we put v′ = 1+pp∗(v−1).
Then we have an isomorphism ι : (Z/mZ)× → D1 by sending the class [v]m
to [v′]mp mod 〈J〉 ∈ D1. Let ϕ1 = ϕ ◦ ι. We easily see that the conductor of
the Dirichlet character ϕ1 equals m from the assumption on the conductor
of ϕ. Clearly, the order d1 of ϕ1 divides d.

To show Lemma 10, assume to the contrary that∑
u∈D1

bu0uζ
u
m =

∑
v

bu0v′ζ
v′
m ≡ 0 mod `

for all u0 and all ζm. Here, in the second sum, v runs over the integers with
1 ≤ v ≤ m− 1 and (v,m) = 1. For each [v] ∈ (Z/mZ)×, we have

bu0v′ = TrQ`(ζd)/Q`(ϕ1(v)−1ϕ(u0)−1),

and
ζv
′
m = ζ1+pp∗(v−1)

m = ζvm

as pp∗ ≡ 1 mod m. As u0 varies, the value ϕ(u0)−1 runs over all dth roots
of unity. Hence, we see by Lemma 11 (with d2 = d) that∑

v

bvζ
v
m ≡ 0 mod ` with bv = TrQ`(ζd1 )/Q`(ϕ1(v)−1)

where v runs over the integers with 1 ≤ v ≤ m− 1 and (v,m) = 1.
From the above observation, we see that to show Lemma 10, it suffices

to prove the following lemma. In the rest of this subsection, we change the
notation a little. Let m be an integer with (m, p`) = 1, and let ϕ be a
Dirichlet character of conductor m and order d with (d, `) = 1.

Lemma 12. Under the above setting, we have∑
u

TrQ`(ζd)/Q`(ϕ(u)−1)ζum 6≡ 0 mod `

for some primitive mth root ζm of unity in Q̄`, where u runs over the integers
with 1 ≤ u ≤ m− 1 and (u,m) = 1.
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Proof. First, let m = qe11 · · · qerr where q1, . . . , qr are distinct prime num-
bers and ei ≥ 2 (1 ≤ i ≤ r). Let m0 = q1 · · · qr and m′ = m/m0. As the
conductor of ϕ is m, we have m0 | d. Assume that the following congruence
holds for all ζm:

(8) X =
∑
u

TrQ`(ζd)/Q`(ϕ(u)−1)ζum ≡ 0 mod `.

Let a be an integer with (a,m) = 1. By Lemma 4, we have∑
u≡a

TrQ`(ζd)/Q`(ϕ(u)−1)ζum ≡ 0 mod `

where u runs over the integers with 1 ≤ u ≤ m− 1 and u ≡ a mod m′. For
an integer u with u ≡ a mod m′, we can write u ≡ a(1 + bm′) mod m for
some b with 0 ≤ b ≤ m0 − 1. Therefore,

m0−1∑
b=0

TrQ`(ζd)/Q`(ϕ(a)−1ϕ(1 + bm′)−1)ζbm0
≡ 0 mod `.

Here, ζm0 = ζam
′

m . We see that ϕ(1 + m′) is a primitive m0th root of unity
and ϕ(1+bm′) = ϕ(1+m′)b since ϕ is of conductor m and ei ≥ 2 (1 ≤ i ≤ r).
As ϕ(a) runs over all dth roots of unity, we obtain from Lemma 11 (with
d1 = m0 and d2 = d)

Y =
m0−1∑
b=0

TrQ`(ζm0 )/Q`(ϕ(1 + bm′)−1)ζbm0
≡ 0 mod `.

This congruence holds for any primitive m0th root ζm0 of unity because
(8) holds for all ζm. We choose ζm0 = ϕ(1 + m′). Then, since the mapping
[b]m 7→ ϕ(1 + bm′) is a character of the additive group Z/m0, we see that
Y = m0 by orthogonality of characters. As ` - m, this is impossible.

Next, write m = m1m2 with (m1,m2) = 1 and assume that m2 is square
free and that m1 = 1 or m1 = qe11 · · · qerr where q1, . . . , qr are distinct prime
numbers and ei ≥ 2 (1 ≤ i ≤ r). Let m∗2 (resp. m∗1) be an integer satisfying
m2m

∗
2 ≡ 1 mod m1 (resp. m1m

∗
1 ≡ 1 mod m2). For integers x and y, we put

x′ = 1 +m2m
∗
2(x− 1) and y′′ = 1 +m1m

∗
1(y − 1).

Then the mappings

ι1 : (Z/m1)× → (Z/m)×, [x]m1 7→ [x′]m,

and
ι2 : (Z/m2)× → (Z/m)×, [y]m2 7→ [y′′]m,

are injective, and (Z/m)× is the direct product of the images of ι1 and ι2.
Let ϕi = ϕ ◦ ιi and di be the order of ϕi with i = 1, 2. Then the order d
of ϕ equals the least common multiple of d1 and d2. Writing ζm = ζm1ζm2

for some primitive mith root ζmi of unity (i = 1, 2), we easily see that



Class group of a cyclotomic Zp × Z`-extension 277

ζx
′y′′

m = ζxm1
ζym2 . Now assume that the congruence (8) holds for all ζm under

this setting. Then, since the elements of (Z/m)× are written in the form
[x′y′′]m, we obtain the following congruence for all ζm1 and ζm2 :∑

y

(∑
x

TrQ`(ζd)/Q`(ϕ1(x)−1ϕ2(y)−1)ζxm1

)
ζym2
≡ 0 mod `.

Here, x (resp. y) runs over the integers with 1 ≤ x ≤ m1 − 1 (resp. 1 ≤
y ≤ m2 − 1) relatively prime to m1 (resp. m2). Choose ax,y ∈ Z congruent
to TrQ`(ζd)/Q`(ϕ1(x)−1ϕ2(y)−1) modulo `. Since the above congruence holds
for all ζm1 and ζm2 , we obtain a congruence∑

y

(∑
x

ax,yζ
x
m1

)
ζym2
≡ 0 mod `

in the global field Q(ζm). Let N = Q(ζm1) and N ′ = N(ζm2). Since m2 is
square free and (m1,m2) = 1, we see that the Galois extension N ′/N has
a normal integral basis (NIB) and that ζm2 is a generator of NIB. As ` is
unramified at N , it follows that∑

x

ax,yζ
x
m1
≡ 0 mod `

for all y. Hence, in the `-adic field Q`(ζm1), we obtain∑
x

TrQ`(ζd)/Q`(ϕ1(x)−1ϕ2(y)−1)ζxm1
≡ 0 mod `

for all y and all ζm1 . As ϕ2(y) runs over all d2th roots of unity, Lemma 11
yields ∑

x

TrQ`(ζd1 )/Q`(ϕ1(x)−1)ζxm1
≡ 0 mod `.

When m1 = 1, this is clearly impossible. When m1 > 1, we have already
shown that this congruence does not hold.

5. Proof of Lemma 8. We use the same notation as in the previous
sections. In particular, n ≥ 1 is a fixed integer, and ζ0 (resp. ζ) is a primitive
mth (resp. pn+1st) root of unity. We write I = Iϕ and J = Jψn for brevity.
Let Φ be the set of maps z from V to {0, 1, . . . , 2`φ(m)|J |}. We put

Mχ = max
z∈Φ

{∣∣∣N(∑
ν∈V

z(ν)ν − 1
)∣∣∣}

where N is the norm map from Q(ζp−1) to Q. We see from (7) that Mχ ≤ Nϕ

because ∣∣∣∑
ν∈V

z(ν)ν − 1
∣∣∣ ≤ 2`φ(m)|J | · |V| = `φ(m)(p− 1)|J |

for each embedding Q(ζp−1) ↪→ C.
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We easily see that Nϕ > pn0 . Hence, the condition n ≥ 2n0 − 1 in
Lemma 7 is satisfied when pn+1−n0 > Nϕ. Therefore, as Nϕ > Mχ, it suffices
to derive a contradiction assuming that pn+1−n0 > Mχ, n ≥ 2n0 − 1 and
ξFn ≡ ξ`n mod `2. We prove Lemma 8 using an argument in [10, 11, 13]. We fix
an arbitrary integer u0 ∈ I. By Remark 4, the assumption ξFn ≡ ξ`n mod `2

is equivalent to ξFn,u0
≡ ξ`n,u0

mod `2. For j ∈ J and u ∈ I, let cj,u be the
integer such that 0 ≤ cj,u ≤ `− 1 and cj,u ≡ ajbuu0 mod `. We put

G(T ) =
1
`

((T − 1)` − (T ` − 1)) ∈ Z[T ].

Then we easily see that

(T − 1)b` = ((T − 1)`)b = (T ` − 1 + `G(T ))b(9)
≡ (T ` − 1)b−1(T ` − 1 + `bG(T )) mod `2.

From the assumption ξFn,u0
≡ ξ`n,u0

mod `2, it follows that∏
j∈J

∏
u∈I

(
ζ`u0 ζ`sju − 1
ζ`u0 ζ`tsju − 1

)cj,u
≡
∏
j∈J

∏
u∈I

(
ζu0 ζ

sju − 1
ζu0 ζ

tsju − 1

)`cj,u
mod `2.

Using (9), we see that

(10)
∏
j

∏
u

(ζ`u0 ζ`sju − 1)(ζ`u0 ζ`tsju − 1 + `cj,uG(ζu0 ζ
tsju))

≡
∏
j

∏
u

(ζ`u0 ζ`tsju − 1)(ζ`u0 ζ`sju − 1 + `cj,uG(ζu0 ζ
sju))

modulo `2. For each r ∈ J and w ∈ I, we put

Πr,w =
∏

(j,u) 6=(r,w)

(ζ`u0 ζ`tsju − 1) and Π ′r,w =
∏

(j,u) 6=(r,w)

(ζ`u0 ζ`sju − 1)

where (j, u) runs over J × I with (j, u) 6= (r, w). Then we see from (10) that(∏
j

∏
u

(ζ`u0 ζ`sju − 1)
)
·
(∑

r

∑
w

cr,wG(ζw0 ζ
tsrw)Πr,w

)
(11)

≡
(∏

j

∏
u

(ζ`u0 ζ`tsju − 1)
)
·
(∑

r

∑
w

cr,wG(ζw0 ζ
srw)Π ′r,w

)
(12)

modulo `. We expand (11) and (12) as polynomials on ζ. Let Ψ be the set
of maps from J × I to {0, 1}, and Ψr,w the set of maps from J × I \ {(r, w)}
to {0, 1}. For maps κ ∈ Ψ and κ′ ∈ Ψr,w, we put

A(κ) =
∑
j,u

`sjuκ(j, u), A0(κ) =
∑
j,u

`uκ(j, u)
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and

B(κ′) =
∑

(j,u)6=(r,w)

`sjuκ
′(j, u), B0(κ′) =

∑
(j,u)6=(r,w)

`uκ′(j, u).

Further, we put

K(κ, κ′) = κ(r, w) +
∑

(j,u) 6=(r,w)

(κ(j, u) + κ′(j, u)).

Then we see that (11) and (12) equal

(13) −
∑
r

∑
w

∑
κ

∑
κ′

(−1)K(κ,κ′)cr,wG(ζw0 ζ
tsrw)ζA0(κ)+B0(κ′)

0 ζA(κ)+tB(κ′)

and

(14) −
∑
r

∑
w

∑
κ

∑
κ′

(−1)K(κ,κ′)cr,wG(ζw0 ζ
srw)ζA0(κ)+B0(κ′)

0 ζtA(κ)+B(κ′),

respectively. Let τ be an integer with 1 ≤ τ ≤ `− 1 (resp. 0 ≤ τ ≤ 1) when
` ≥ 3 (resp. ` = 2). Then the terms ζtsrwτ and ζsrwτ appear in (13) and
(14) from the factor G(ζw0 ζ

tsrw) and G(ζw0 ζ
srw), respectively.

We extract terms of the form ζ∗ with

∗ ≡
∑
j,u

2`u− 1 (= |J |
∑
u

2`u− 1)

modulo pn+1−n0 from (13) and (14), and apply Lemma 4. For this purpose,
we consider the following conditions for each r ∈ J :

tsrwτ +A(κ) + tB(κ′) ≡
∑
j,u

2`u− 1 mod pn+1−n0 ,(15)

srwτ + tA(κ) +B(κ′) ≡
∑
j,u

2`u− 1 mod pn+1−n0 .(16)

As t = 1 + pn, the two conditions are equivalent. Let us show the following:

Claim. For each r ∈ J , the conditions (15) and (16) are satisfied if and
only if w ≡ 1 mod pn+1, τ = ` − 1, κ(j, u) = 1 for all (j, u) ∈ J × I and
κ′(j, u) = 1 for all (j, u) ∈ J × I with (j, u) 6= (r, w).

Proof. We easily obtain the “if” part of the assertion from the definitions
of A(κ) and B(κ′). Let us show the “only if” part. Put

xu =


`
(∑

j

(2− κ(j, u)− κ′(j, u))
)

if u 6= w,

`
(

2− κ(r, w) +
∑
j 6=r

(2− κ(j, w)− κ′(j, w))
)
− τ if u = w.
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As sj ≡ 1 mod pn+1−n0 , we see that the conditions (15) and (16) are equiv-
alent to

(17)
∑
u∈I

xuu− 1 ≡ 0 mod pn+1−n0 .

Further, we see that
0 ≤ xu ≤ 2`|J |

and that

(18) xu ≡ 0 or −τ
modulo ` according as u 6= w or u = w. The reduction map (Z/mpn+1)× →
(Z/pn+1)× induces a surjection I → I (sending uδ to u′δ in the notation of
Subsection 4.1). We easily see that the map I → I is φ(m)-to-1. Let i0 be
the image of w under this map. For each i ∈ I, we put

yi =
∑
u≡i

xu

where u runs over the elements of I with u ≡ i mod pn+1. Then the condition
(17) is equivalent to

(19)
∑
i∈I

yii− 1 ≡ 0 mod pn+1−n0 .

Further, we have

(20) 0 ≤ yi ≤ 2`φ(m)|J |
and

(21) yi ≡ 0 or −τ
modulo ` according as i 6= i0 or i = i0. Let ν = ω℘(i) ∈ V and g(ν) = yi.
Then ν ≡ i mod ℘n+1. From (19), we obtain

X =
∑
ν∈V

g(ν)ν − 1 ≡ 0 mod ℘n+1−n0 .

It follows that
N(X) ≡ 0 mod pn+1−n0 ,

where N is the norm map from Q(ζp−1) to Q. Now, from (20) and the
assumption pn+1−n0 > Mχ, we obtain X = 0. Therefore, by Lemma 5, we
see that g(ν) = 0 or 1 according as ν 6= 1 or = 1. It follows from (21) that
i0 = 1 (i.e., w ≡ 1 mod pn+1) and τ = `− 1. Further, yi = 0 or 1 according
as i 6= i0 = 1 or i = 1. Hence, we obtain xu = 0 or 1 according as u 6= w
or u = w, considering the congruence (18) for u ≡ 1 mod pn+1. Now, we see
that κ(j, u) = 1 for all (j, u) ∈ J × I and κ′(j, u) = 1 for all (j, u) ∈ J × I
with (j, u) 6= (r, w).
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In view of the Claim, we put

A = A(κ) =
∑
j,u

`sju and A0 = A0(κ) =
∑
j,u

`u.

Further, for each r ∈ J and w ∈ I with w ≡ 1 mod pn+1, we put

B(r, w) = B(κ′) =
∑

(j,u)6=(r,w)

`sju = A− `srw,

B0(w) = B0(κ′) =
∑

(j,u)6=(r,w)

`u = A0 − `w.

From the congruence (11) ≡ (12) mod `, we see by the Claim and Lemma 4
(with k = pn+1 and k0 = pn+1−n0) that∑

r

∑
w

′
cr,wζ

w(`−1)
0 ζtsrw(`−1)ζ

A0+B0(w)
0 ζA+tB(r,w)

≡
∑
r

∑
w

′
cr,wζ

w(`−1)
0 ζsrw(`−1)ζ

A0+B0(w)
0 ζtA+B(r,w) mod `

where in
∑′

w, w runs over the subset I1 of I. Using ζw = ζ, we see that∑
r

∑
w

′
cr,wζ

−w
0 ζtsr(`−1)+(1+t)A−`srt

≡
∑
r

∑
w

′
cr,wζ

−w
0 ζsr(`−1)+(1+t)A−`sr mod `.

Taking the complex conjugation of both sides and multiplying by ζ(1+t)A,
we obtain ∑

r

∑
w

′
cr,wζ

w
0 ζ

tsr ≡
∑
r

∑
w

′
cr,wζ

w
0 ζ

sr mod `.

Letting ζpn0 = ζp
n+1−n0 and ζp = ζp

n
, we have ζsr = ζζrpn0 and ζtsr =

ζζpζ
r
pn0 . Now, noting that cr,w ≡ arbwu0 mod `, we see from the above con-

gruence that

ζ(ζp − 1) ·
∑
w

′
bwu0ζ

w
0 ·
∑
r

arζ
r
pn0 ≡ 0 mod `.

As ζ(ζp − 1) is relatively prime to `, it follows that∑
w

′
bwu0ζ

w
0 ·
∑
r

arζ
r
pn0 ≡ 0 mod `.

Taking the Galois conjugate over Q shows that this congruence holds for
any primitive mth (resp. pn0th) root ζ0 (resp. ζpn0 ) of unity. We fix an
arbitrary ζpn0 . We see from Lemma 7 that there exists some prime ideal L
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of Q(ζpn0 ) over ` such that
∑

r arζ
r
pn0 6≡ 0 mod L. Hence,∑

w

′
bwu0ζ

w
0 ≡ 0 mod L̃

for any prime ideal L̃ of Kn0−1 = Q(ζ0, ζpn0 ) over L. We see that this
congruence holds for any primitive mth root ζ0 of unity since Q(ζ0) and
Q(ζpn0 ) are linearly disjoint over Q. Therefore,∑

w

′
bwu0ζ

w
0 ≡ 0 mod `

for all u0 ∈ I, which contradicts Lemma 9. Now, we have completed the
proof of Lemma 8.
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