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An analog of van der Corput’s A*process
for exponential sums

by

PATRICK SARGOS (Nancy)

1. Introduction. Let k > 2 be a fixed integer and M be a large integer
(say, once for all, M > 10). Let f : [I,M] — R be a C* function which
satisfies van der Corput’s hypothesis:

(1) A < |f® (@) < Ap forl << M,

where \j is a small positive number (say, once for all, Ay < 1/10).
In order to bound the exponential sum

M
(2) =" e(f(m))
m=1
with the notation e(x) = €2 van der Corput’s method consists in applying
the A*~2-process, that is, the A-process iterated k — 2 times, combined with
van der Corput’s inequality (that we shall denote by &), to get the following
well-known kth derivative test for exponential sums:

(3) S < MAY® 2 biovided that M > A2 /@D,

For all details concerning this bound, the reader should refer to [2, Chap-
ter 2]. To be brief, we shall say that the proof is obtained by the A*=2¢-
process.

The aim of this paper is to provide an alternative to the A*-process and
to give applications in the case k = 8 and k£ = 9. This new inequality, which
we shall denote by Ay, is the content of our Theorem 1 in Section 3. The
A* and A, inequalities are quite similar; the former yields a saving with
exponent 1/16 and the latter yields a worse saving, but with exponent 1/12.

For k > 6, we can compare the kth derivative test obtained by the
A4 AF=8¢ with the above bound (3). We have to point out that the applica-
tions of our A, inequality are not as straightforward as in the case of van
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der Corput’s A-process, because of the term u(m) in Theorem 1. However,
we easily obtain the following results.

In the case k = 6, the As&-process provides a worse bound than A*¢
does. In the case k = 7, A4 A¢ yields a barely better result than A%¢ does.
But for k& = 8 and mainly for & > 9, A;A*=5¢ is noticeably stronger than
AF=2¢ In the case k = 8, we get

(4) S < MMEAYPC for M o> AgY?,

instead of van der Corput’s bound (3): S < M)\é/254 for M > A§64/127.
Similarly, in the case k = 9, the process A4A3¢ yields

(5) S <o MUTEAYA20 for M o> A 110

while van der Corput’s A7¢ gives: S < M)\é/mo for M > A\

The scheme of our paper is as follows. In Section 2, we recall two lemmas
which are essential in the proof of Theorem 1. In Section 3, we state and
prove Theorem 1. The proof of Lemma 3 is somewhat similar to that of
formula (35) on page 79 of [4]. A more precise version of the A, inequality,
extended to exponential sums with a parameter, is stated in Theorem 2,
although we shall not use it in this paper.

In Section 4, we study the eighth derivative test deduced from the A&,
inequality (where &, denotes the fourth derivative test of [6]). This may be
written as

(6) S <o MNP for Mo AT

128/255

and this bound improves on (4).
In Section 5, we study similarly A4&5 (where &5 denotes the fifth deriva-
tive test of [7]), which yields

(7) S <o MUTENT/Z0 g Ap s Ag PP

with 7/2640 = 1/377.1...; the condition in (7), on the relative size of M

and A, shows that this bound is valid for “very short exponential sums”.
Finally, in Section 6, we show that the A4-process may be used as a

transformation of exponent pairs in the sense of [2, Chapter 3.

Application to the order of (o + it). Let o € [1/2,1]. The order of
growth of the Riemann zeta function in the critical strip is characterized by
the function

plo) =inf{a > 0| ((o +it) <50 t*}.
Our exponent pair (1/204,1 — 7/204 + ¢) (for each € > 0) implies at once
that
(1 — 8/204) < 1/204
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while our exponent pair (1/370,1 — 8/370), given in Section 6, implies that
w(1—9/370) < 1/370.

For these deductions, the reader should refer to [3, Chapter 21.2]. These
bounds are not covered by Huxley’s formula (21.2.5) of [3]. To see this, we
set v = 0.026958... ., so that formula (21.2.5) of [3] in the case R = 5 may
be written as

(1 =) < 0.00373...

Using the convexity of the function p(o) and our two bounds above, we get
the slightly better bound

(1 =) < 0.00309. ..

Notations. The symbol u < v means that u is a complex number and v a
positive real number and that there exists an absolute constant C' > 0 which
depends at most on previous absolute constants, such that |u| < Cv. The
symbol < s means that the constant may also depend on the parameter s.
The symbol <. means furthermore that the bound holds for each fixed
€ > 0. Finally, v < v means that both © < v and v <« u.

2. Two preliminary lemmas. The starting point of this paper is a
kind of Weyl-van der Corput’s inequality, which is Lemma 1 of [7] and which
we recall now.

LEMMA 1. Let @ : Z — C be zero outside the set {1,..., M}, where
M > 10 is an integer. Let N be an integer with 1 < N < M. Then

’Zdj ‘ <<NO<N1,N2<sz:(‘ Z @(m—i—n)@(m—n)‘

\n|<2N1
+‘ Z (m +2n) (m—2n)D
[n|<N:

For the proof, the reader should refer to [7]. m

Our second lemma deals with a Diophantine system which is treated in
[5] with the method of [1]. To recall it, we introduce some notations.

Let N be a positive integer. For n = (ny,n2,n3) € {1,..., N}3, and for
any positive integer p, we set
(9) sp(n) = ny +nj +nj.
Let ¢ be any real number. We denote by ¥ = Y (N, ¢) the number of pairs
(n,n’) € {1,..., N}° such that

(10) so(n) = s5(n’), ¢ < s4(n) —s4(n') < c+ N3
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LEMMA 2. With the above notations,
Y <. N3te,

Proof. When ¢ = 0, this is Theorem 1’ of [5]. For ¢ # 0, the proof reduces
to the case ¢ = 0 by Lemma 1 of [5]. =

3. The A, inequality

3.1. Statement of the result. As in the introduction, let f : [1, M] — R
be a C* function. Here we suppose k > 6.

THEOREM 1. Let N < M be a positive integer. Then there exists an
integer M’ (1 < M’ < M), a real number 7 with N3 <7 < N* and a C*=6
function u : [1, M] — R such that

(11)  |u9(2)] < NSO sup [fUF9D(2)| forl<z <M and 0<j<k—6
1<z<M

and

(12) S <. Me (% + ﬁ‘ Af_: e(rf® (m) + u(m)>(> 1/12.

3.2. A lemma. The first part of the proof can be stated as a lemma, that
involves only Lemma 1. For this we introduce some notations.

Let @ : Z — C be an arithmetic function which is zero outside the finite
set {1,..., M}. Let N be a positive integer, N < M. For n = (ny,ny,n3)

and n’ = (n},nh,n%) both in {1,..., N}3, we set
Uaw (m) = [ @(m+ni)®(m —ni)@(m + nf)d(m — nj).
1<i<3

LEMMA 3. With the above notations, let S:Z%zl d(m)=>_,,cz P(m)
=>.,P(m). Then

(13) S<<M{ﬁ 3 ]an,n/<m)\}l/12

s2(n)=s2(n’) ™

M , 1/2
+( Semp)
m
In the above formula, the sum > . _ s runs over all n,n’ €
{1,..., N}3 which satisfy s3(n) = sa(n’) in the sense of (9).
Proof of Lemma 3. We apply Lemma 1 to the sum S to get

S? < % Z‘ Z @(m—i—n)@(m—n)’—i—% Z ‘ Z &(m+2n)P(m—2n)

m |ny|<Ny m |nz|<N2
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for some N; < N and some Ny < N/2. Thus

M M M
S2<<NZ|@(7TL)|2+N51+NSQ

with
Sy = Z‘Z@(m—i—n)@(m—n) .S :Z]Zqﬁ(mmn)@(m—m .

These two sums are quite similar, so that we may restrict our proof to the
bound of S;. By Hélder’s inequality, we have

S%§M2Z‘i@(m+n)@(m—n)
< MQZ‘Z [1 ®(m+n)d(m —n,)

m n 1<:<3

‘ 3

where the inner sum runs over all n € {1,..., N1}3. We introduce the pa-

rameter a = sy(n):
3N?
SP < M? Z H D(m + n;)P(m —n;)|.

m a=3 52(1'1):0, 1Sl§3

By Cauchy’s inequality, we have
STSMINER D DL D
a sp(n)=asz(n’)=a

X ( H D(m + n;)P(m — n;)P(m + n})P(m — n;)),

1<i<3

from which we deduce Lemma 3 at once. m

3.3. Proof of Theorem 1. In Lemma 3, we have to take ®(m) =
x(m)e(f(m)), where x is the characteristic function of the interval [1, M].

1) First, we want to detail the expression Pyn = |>_,, Ynn (m)| for
n,n’ € {1,..., N} such that sy(n) = sz(n’). By Taylor’s formula up to the
sixth order, we can write

f(m+n)+ f(m —n) =2f(m) + f"'(m)n?® + % F@ (m)n* + v, (m)
with

vn(m) = o (FO(m+1) + FO (m = 1)) (n — 1)° dt.

o:|~
O e I
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On the other hand, the function m — x(m-+n)x(m—n) is the characteristic
function of the interval [n + 1, M — n], so that

1) P =| 32 e m)(sa(m) - safa)

mel,
35 O s40) = 51(0) + () )
with
3 3
Un,n’ (m) = Z Un,; (m) - Z Un/ (m)7
=1 i=1

where I, v C [1, M] is an interval. Furthermore

]u(j)

n,n’

1 4
< _ NS (6+7) )
()] < o5 N° e |49 (a)
2) We set V = 12N? and we split up the sum over (n,n’) according to
the value of 0 := s4(n) — s4(n’):

L
(15) Z Pn7n/ = Z Pn,n’ + Z Z Pn,n’,

s2(n)=sz(n’) (n,n’)eX =0 (n,n")€X;

where we have set X = {(n,n’) € {1,...,N}5: s3(n) = s3(n’) and |o| <V}
and X; = {(n,n’) € {1,...,N}5: s3(n) = so(n’) and 2'V < |o| < 21V},
We have L < log M; the number of elements of X is card X <. N3*t¢,
according to Lemma 2, and similarly card X; <. 2! N3+e.

The first term on the right hand side of (15) is trivially <. M N3*¢. Now,
among the O(log M) terms 3, .\ cx, Pnn, there is at least one which
dominates and which corresponds to some [ that we fix. Similarly, there
exists some (n,n’) € X; such that the second term on the right hand side
of (15) is <« (card X;)Pn n log M <. M¢|0| Py n . But, according to (14),

of®(m)
nn/ - - a4 nn/ .
Py, ‘m;] le( B + Un,n’ (M)

We insert the above equality and inequalities into (15) and then into Lem-
ma 3. This yields a result that, with some obvious modifications, is precisely
(12). The proof of Theorem 1 is complete. m

3.4. The Ay inequality for exponential sums with a parameter

THEOREM 2. Let H > 1 and M > 10 be integers. Let k > 6 be a fized
integer. For each h = 1,...,H, let M (1 < My < M) be an integer and
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fn:[1,M] — R be a C* function. Set

Let N (1 < N < M) be an integer. Then there exist an integer M’ (1 <
M' < M) and a sextuplet (ny,ng, nz,n},nh,ns) € {1,..., N}5 such that

g 14e) 1 T L& (4) /12
S<<5M {N—FW‘ZZE(T}C}L (m)+uh(m))‘} s
h=1m=1

— 1 4 4 4 14 14
where we have set T = 75(n} 4+ n3 4+ ng — nf* —ny' —n4) and

g

s
up(m) =Y | %( O m 1)+ £9m —t))dt
0

=1

.

T
TP O 1) 40 (m 1)
} 7

i=1
Proof. We write

My, 1/2 M My,

Soelim) = | (X elhntm)—om) (S e(0)) db,

m=1 —1/2 m=1 j=1

so that

1/2 H M

S’<<— S (Z‘Zefh 9m)‘min(M,|9*1|))d0
—1/2 h=1 m=1

H M
1
<g max (hz_:l ‘ z:le(fh(m) - Gm)D log M.
The rest of the proof can be obtained by adjusting the proof of Theorem 1. m

4. An eighth derivative test for exponential sums

4.1. Statement of the result. As in the introduction, let f : [1, M] — R
be a C® function whose eighth derivative satisfies

(16) As < fO(2) < s
THEOREM 3. With the above hypothesis,
M
(17) > elf(m)) < ME(MA?™ 42720,
m=1

We notice that this formulation is equivalent to (6), the proof of this
assertion being similar to step 0 in §4 of [6].
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4.2. A fourth derivative test. The fourth derivative test for exponential
sums of [6] does not apply directly here because of the term u(m) in Theo-
rem 1. However, some slight modifications yield the following statement.

LEMMA 4. Let g,u: [1, M] — R be respectively C* and C? with

M<gW@) < and u'(x )<<)\9/ > forl1<ax<M.
Then
M
Z e(g(m) +u(m)) <. ME(M)\l/li% + )\;7/13).
m=1

Proof. In the proof of Theorem 1 of [6], set f(m) = g(m) + u(m). The
first change occurs in step 1 of that proof, where we have to ensure that, for
h < Hy, the hypotheses of Lemma 3 of [6] are satisfied. But, for this point,
the above rough condition v (z) < AZ/ ' is widely sufficient.

The main change occurs in formula (4.16) of [6], where we have to remove
the term z = Apu(m+n+q) — Apyru(m). As we are in a triple exponential
sum with variables h, ¢, n, a summation by parts according to Lemma 2
of [6] should involve higher derivatives for w.

Thus, we proceed as follows. We write

2= Apu(m +n+q) — Apu(m) + Apu(m) — Apyru(m)
= ApyqgApu(m) — Ayu(m + h) = 21 — z2(h),
say. Now, in the triple exponential sum of formula (4.12) of [6] we remove
the term e(—z2(h)) by a summation on the variable i (this only requires
u'(x) < )\3/13), while for the term e(z1), we write roughly e(z;) = 1 +
O(|z1]). The term O(|z1]) yields the desired saving when v (x )<</\9/13.

4.3. Proof of Theorem 3. Let S = Zﬂm/le e(f(m)). According to Theo-

rem 1, we have

(1 W 1/12
S <. M N+MN4(Z (rf @ (m) + u(m))

with N3 <7 < N* and where u is a C? function such that |u”(z)| < N6\g
for 1 <z < M’. We want to bound the sum

S(r)i= % + MN41Z (rf 9 (m) + u(m)

with the use of Lemma 3. This will be possible if u”(z) < (TAg)*/? and in
particular if N\g < (7Xg)?/'3. Thus, the restrictions on N are

N <P/ N < M.
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We deduce that
,6/13

4 8 7/18°
N N MN4NY

provided that the above restrictions on N hold. For fixed 7, we could opti-
mize the parameter N as in Srinivasan’s Lemma (cf. [2, Lemma 2.4]), but this
would involve intricate calculations which are not necessary for the simpli-
fied bound (6). We only introduce the inequality N3 <7< N%, which yields

1

1 1/13
S(T) << AT + N4/13)\8 + —713,
N MN28/13/\8/

provided that N < )\8_4/51 and N < M.
To prove Theorem 3, we may assume that

(%) M= 27
Indeed, we set My = [Ags/”]. If M > My, we divide the sum Sj; into
O(MMg 8/ 17) shorter sums and the problem reduces to (x). We may also

choose N = >\8—1/17, so that the three terms on the right hand side of the
above inequality are =< )\é/ " This yields the desired result (6). m

5. A ninth derivative test for exponential sums
5.1. A fifth derivative test
LEMMA 5. Let g,u: [1, M] — R be respectively C° and C® with

As < g (@) < A5 and W (x) < ANE/IM for 1 <@ < M.
Then

M
Z elg )) <. ME(M)\7/192 +)\ 77/192)
m=1

Proof. The only change to be done in the proof of [7, Theorem 1] occurs
n [7, (3.3)]. Set f(z) = g(x) + u(x). Then, by Taylor’s formula,

flm+mn)+ f(m —n) = 2g(m) + ¢" (m)n’ +—g(4)( yn*

+ %S (gD (m+1t) — g (m —t))dt
+ 2u(m) +u” (m)n?

1 t /// ///
+§§Jn—t (m+1t) —u"(m—1))dt

= (u"(1) + ¢"(m))n? +Eg(4)( m)n® + v (n)
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with
+ 2u(m) + (v (m) — u"(1))n?

)
T §(n =)' (g (m +1) — g®(m — 1)) dt
0

+%X(n—t)2( '”(m—i—t) "’(m—t))dt.
0

In the situation of Theorem 1 of [7], the hypothesis on the size of u” is
precisely what is needed to ensure that v/, (n) < N~1. In the exponential
sum |y, ye(f(m+n)+ f(m—n))|, the term e(v,,(n)) can be removed
by partial summation, while the term u”(1)n? in the principal part of the
phase does not cause any problem. The proof of Lemma 5 is complete. m

5.2. Application to a ninth derivative test
THEOREM 4. Let f:[1, M] — R be a C° function such that
Ag < f(g)(x) <N forl<az<M,

for some positz’@e small number \g. Then
(18) Z e ) <. Mg(M)\7/2640 )\9—1001/2640).
m=1

Proof. The theorem is stated in a different way than in the introduc-
tion, but in fact, (18) is equivalent to (7). We are thus going to prove (7).

Analogously to our proof of Theorem 3, we may assume that M =< Ay 21/55

We introduce the parameter N = /\_7/ 220

1/12
S = Z <<5M1+€{;+MN4]Z Tf(4)(m)+u(m))‘} :

where M’ is a positive integer at most equal to M and where u is a C?
function such that v < N®\g. To apply Lemma 5, we have to ensure that
NSy < (TXg)?8M~'. As 7 > N? and according to the choice of M and
N, this condition is widely satisfied. We may now apply Lemma 5:

N MN4‘Z (79 m) + u(m)

. Now, we apply Theorem 1:

< 1+7'ME(
N MN*

e T 7/192 T
<M (N + N4(T)\ 9) + N4M(7.>\9)77/192)'

(7_)\9)7/192 + (7')\9)_77/192)
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We see that, in the above bound, 7 appears only with positive exponents,
so that we may replace 7 by its maximum value, which is N*. But for this
value of T and for the above choice of M and N, the three terms in the latter
bound above are of the same size. The final saving has thus size N~1/12 or
)\g/ 2010 We have proved (7). m

6. A transformation of exponent pairs. In this section, we show
that Theorem 1 yields a transformation of exponent pairs. For the definition
of exponent pairs, the reader should refer to [2, Chapter 3].

THEOREM 5. Let (u,v) € [0,1/2] x [1/2,1]. Suppose that, for any small
enough positive €, the pair (u,v+e¢) is an exponent pair. Then, for any small
enough positive ¢, the pair

11+ 44
(M/7V/+€):< H +4du +v >

12+ 48y 12+ 48y

s also an exponent pair.

Proof. STEP 1. We first recall what is to be proved. Let s < 1 be a fixed
real number, and € be a fixed small enough positive real number. We have
to prove that there exist a positive real number n = n(s, e, y,v) < 1/2 small
enough, and a positive integer [ = [(s, €, u, v) large enough such that, for any
integer M > 10 and any positive real number 7', for any “semi-monomial”
function f : [M,2M] — R which can be written as f(z) = ¢(x) +v(x), with

(19) o(x)=Tx*/M* ifs#0 and ¢(z)=Tlogx ifs=0
and where v : [M,2M] — R is a C! function such that

(20) ()| < n|¢W ()] for M <z <2M and1<j<I
and for any interval I C [M,2M], we have

(21) > etm)

meINN

< OM*P(u,v) + M/T

where we have set P(u,v) = T+ MY ~+ and where C' = C(s,e, p,v,m,l) is
a constant which does not depend on M and T'.

STEP 2. We now treat the main part of the proof, where we suppose
(22) T > MOtut3vte)/(A+p)

We bound the sum S =3, ve(f(m)) by means of Theorem 1:

1/12
(23) S« M'te <% + ﬁ‘ Z e(rfW(m) + u(m))D
mel’'NN

where 7 and u are as in Theorem 1 and where I’ C I is an interval.
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Our aim is to apply the exponent pair (u,v + €) to the inner sum in
(23). For this, we need the function g(x) = 7f* (z) + u(x) to satisfy some
“semi-monomiality” properties. But if we suppose for example s # 0, we
have g(z) = £¢1(x) + vi(x) with

T1 s— 7T
Bl = et Ti=s(s — (s (s - 3)| 1,
vi(z) = 7o () + u(x).

By definition of the exponent pair (u, v + €), there exist 7 > 0 and an
integer [; such that the condition

(24) \vl(:ﬁ)\gm\cbgj)(a:ﬂ for M <z <2M and 1 <j <1

is sufficient to guarantee that the bound

(25) Spi= > elglm)) < T{M"~ " + M/Ty
meI'NN

holds uniformly in M and T, recalling that u, v, € and s — 4 are fixed.
We choose n = 11/2 and | = l; + 6. Using formulas (11) and (20), we
get, for M <z <2M and 1 < j <[ —6,

; TNS
o1 (2)] < ot ()] + 0<Mj+6)

<6’ @I(n+0(35)) i @i(n+0()):

Suppose now that there exists § = d(u, v, s,€) > 0 such that
(26) N <« M35,

Then, for M large enough, condition (24) is satisfied and we may insert (25)
into (23) to get

1/12
S<< M1+E l +N4MTMMD7175/L+E+ : / )
N TN*4

The first two terms in the bracket are of the same size if we choose
M A+5p—v—e)/(1+4p)
Tr/(1+4p)
With this choice of N, we may take 6 = e(1 + p)/(1+ 4p) in (26). On the
other hand, we shall have the bound
M1+6
(28) S« W
whenever we can assume that M*(TM3)~! < 1; but this last condition is
precisely (22), so that (27) and (28) imply (21) in this case.

(27) N =
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STEP 3. We now suppose that T' < M (1+u+3v+3e)/(141)  For these rel-
ative sizes of T and M, the bound (21) is not relevant and may be de-
duced from some known result; here we use the classical exponent pair
(1/30,26/30) = A3B(0,1) which, in the range considered, is widely suffi-
cient to recover (21), providing that € is small enough. The details are left
to the reader. m

ExAaMPLES. Theorems 3 and 4 give rise to exponent pairs. Indeed, both
theorems rely on kth derivative tests (with £ = 4,5) which correspond in
fact to exponent pairs. Thus, (1/204,1—7/204+¢) and (1/378,1—8/378) are
exponent pairs for each € > 0. Furthermore, the latter can be improved if we
use Theorem 3 of [7] instead of Theorem 1 of [7], so that (1/370,1 — 8/370)
is an exponent pair.

As a last example, we apply A4A to the exponent pair (17/456, 388 /456
+ ¢) of Theorem 3 of [7] and we get the exponent pair (1/716,1 —9/716).
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