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1. Introduction and statement of results. Let G = (G;);>0 be
a strictly increasing sequence of integers with Gy = 1. Then every non-
negative integer N has a unique G-ary expansion N = ) >0 b;(N)G; with
integer digits b;(N) provided that > ., bj(N)G; < Gi. The sum-of-digits
function tg(N) is given by

ta(N) = bi(N).

>0

There are several papers concerning the distribution of tg(N) for fixed G,
e.g. [1] and [2]. In [3] this function is studied by fixing N and considering
the average values of H~! 2522 ta(N) with G = (¢7)j>0.

Let 2 be the set of all irrational numbers in the interval [0, 1]. Then every
a € {2 has a unique continued fraction expansion a = [0, a1(®), az(a), .. ]
with convergents py, (a)/gn (). Given N, using the sequence G = (g;());>0,
we can obtain uniquely determined integers m(N, «) and b;(N,«) (if it is
clear from the context we omit the dependence on « in ¢;, m and b; and the
dependence on N in m and b;), 0 < i < m, with the following properties:

(1) N =3 bigi.

(2) by, >0 and 0 < b; < a;qq for 0 <i < m.

(3) If 0 < i <m and b; = a;4+1 then b;_1 = 0. Furthermore by < a;.

The expansion N = )" b;g; is called the Ostrowski expansion of N to
base «. In analogy with the classical situation in [3] we study, for fixed N,
the sum-of-digits function sy (c) defined by sy (a) = 1", b; and the corre-

sponding mean Sé sn(a) da. More precisely, our main goal is to prove, using
some techniques and ideas from [5], the following theorem.
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THEOREM. For N € N,
‘ 3
SsN(a) do = — log N + O((log N)*/?1oglog N).
0

For the proof of the Theorem we proceed as follows: We start by prov-
ing, for b; > 0, the formulas b; = a;11{Ngia} + O(1) for 2|i, and b; =
ai41(1 = {Nga}) + O(1) for 24i. As b; = 0 only for v in a small set Ay,
by integrating these formulas we get the relation

ibi(a) da = %i <1 + qH(OO) log* <l> da + O(1).

) ST ) 4(a)

Note that in contrast to Sé ai+1(a) da = 0o the corresponding integral over

bi(«) is finite. Finally we calculate S(l) sy () da using the asymptotic relation

S (0 ) o ()

6
= —log? N + O((log N)*?loglog N).
T

2. Definitions and notations. For a = (a,)neny € NV define se-
quences (P, (a))nez, and (Qn(a))nez,. by FPo(a) =0, Qo(a) =1, Pi(a) =1,
Q1(a) = ap, and

Pii(a) =ap1 Pr(a)+P1(a), Qrri(a)=ap1Qr(a)+Qr-1(a), k=>1.
Then Pg(a) and Qx(a) depend at most on aq,...,ax; hence we may write
Py(ai,...,ax) for Py(a) and Qk(ay,...,ax) for Qr(a). If « = [0;ay, .. .], then

for k > 0, pp(a) = Pi(a1,...,ax) and qr(a) = Qr(a1, ..., ak).
Fork€Z; andae Nt et J(a):={a€N:1<j<k+1=aj(a)=a;}.

Then
P
< k+1(a) + Pi(a) , PkH(a)) if k£ is even,
J(a) = Qr+1(a) + Qr(a)” Qrt1(a)
Pei1(a) Ppyi(a)+ Br(a) \ o .
, if k is odd,
Qr+1(a)” Qr+1(a) + Qk(a)
but in any case, if A denotes the Lebesgue measure on {2,
1

M@ = o @@ + @)

For # > 0 we define log™ 2 = max{logz,0}. For a real number z let
{z} := = — [z] be the fractional part of x.
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3. Auxiliary results. We start by proving, for b; > 0, the formulas

b — {ai+1{Niné}+O(1) if2|i,

" laii(1 = {Nga}) +0(1) if 24i.
These formulas are valid for a € {2 except for a € An; = {a € 2: A4; <0}
if 7 is even, and except for « € Ay ; = {o € £2: A; > 0} if 7 is odd. Then we
calculate the integral of a;+1{Ng;a} and a;11(1 — {Nga}) over [0, 1]. The
rest of the section is devoted to obtaining an upper bound of the integral of
ajt1(a) over Ay ;.

For i,j € N, we define

oo
Si,j *= Qmin(i,5) (Qmax(i,j)a - pmax(i,j))7 A= Z bjsi,j-
=0

Noting that Qi+18i5 = Si+1,j — Si—1,j + (_1)2‘51,7], for 7,7 > 0, we get
(1) CLZ‘+1AZ‘ = Ai+1 - Ai_1 + (—1)%1' for all ¢ > 0.

LEMMA 1. For 1l <i < m we have:

(1) Y0 by < ai-

(i) |50 b3 (g500 — py)| < 1/gs, and if by # 0, then

sgn(3 -7, bj(gja —pj)) = (—1)".

(ifi) | A < 1.

(iv) If 2]i and b; > 0, then A; > 0.

(v) If 24i and b; > 0, then A; < 0.

Proof. (i) We omit the simple proof.

(ii) and (iii). For a proof see [4, Section 3, Proposition 1], and note that
the A; there has to be replaced by A;/¢;.
(iv) We have

i—1 m
A = bigilaie —pi) + 4 Y bigjo —py).
§=0 J=t

The first sum is non-negative since g;a —p; > 0 if 2|4, and using (ii) we find
that the second sum is positive, giving A; > 0.

(v) Similarly to (iv) noting that ¢ — p; < 0 if 24i. m
LEMMA 2. For i € N we have:

(i) If A; > 0 then A; = {Nga}.
(i) If A; < 0 then 1+ A; = {Ng¢a}.
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Proof. We have

% m m
A — Ngia = bigi(gio—pi) + > bigi(gie—p;) — Y bjgigicr
j=0 j=i+1 Jj=0

A m
== biggpi— ) bjaw; € L.
=0 j=it1

Hence, as |A;| < 1, we get A; = {Ng;a} if A; >0, and 4; +1 = {Ng;a} if
A; <0 =

PROPOSITION 1. (i) If 2|7 and b; > 0 then b; = a1 {Ng;a} + O(1).
(ii) If 247 and b; > 0 then b; = a;+1(1 — {Ng;a}) + O(1).

In both cases the O-constants do not depend on «.

Proof. Define a;(a) = [ai(a); aij+1(a), ajr2(a), .. ]. It follows that a; =
a; + 1/0@.},.1.
(i) For 2|4, we have
i—1 i1 " .
> sighi = (g —pi)aiby < (o —pi)gs < —— < :
= = di+1 Q41
Jj=0 j=0
> .
} > Sm‘bj‘ < B
j=it1 di+1

hence 3772, 1 si,5b; = O(1/a;4+1) and furthermore

(-1)'q qi 1
bt itai 2 Qi0Gi 1+ qi—1 QiGit1 + ¢/ ig2 + i1 Qj+1 (L)

So, A; = b;/a;i+1 +O(1/ai+1) + O(1/a;+1) and hence by Lemmas 1 and 2,
(2) bi = airi{Nga}+O0(1).

(ii) Similarly, —A; = b;i/aiy1 + O(1/a;11), and again from Lemmas 1
and 2,
(3) bi = ai+1(1 = {Ngia}) + O(1). =

By Proposition 1 we have explicit formulas for b; except in the case 2|

and A; < 0 and the case 21i and A; > 0. Therefore we define the exceptional
sets

{{aEQ:A¢<O} for 211,

An; = )

’ {aoe 2:A; >0} for2¢i.

Note that if 2|7 and A; < 0, then 1+ A; = {Ng¢;a}, hence 0 < 1 —{Ng;a} =
—A; < 1/ajt1. Therefore, An; C {a € 2:1—{Nga} < 1/aj1} for 2]i.
Analogously, An; C {a € 2:{Nga} < 1/a;1} if 21i. For z € R, consider
B(z) = ({z} — {x}?)/2. Then we have
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LEMMA 3. If a and i # 0 are real numbers, we have:

S{za}da = a/2 — i 'B(ia).

[e=]

a

S (1—{ia})da = a/2 + i 'B(—ia).
We omit the simple proof.
LEMMA 4. (i) For even i, we have

1
J(Sa){qu'(a)a} do = T O 0.

‘wéﬁﬂ@ﬁéiﬂ@)‘B<@H@ﬁhz@0)‘
(ii) For odd i, we have

S (1 = {Ngi(a)a})da

J(a)

1
T 2Qi11(a) Qi1 (a) + Qi(a))

‘Né&ﬁ@*éiﬂ@)‘B<@Hwﬁua@0>‘

Proof. We note that
Pina) () P@Qua(a) _

B N
W NG @) Q@ YV @ Y
and
Pipi(a) + P(a) o (=1)'+ Pi(a)Qi+1(a) + Pi(a)Qi(a)
B NO@ g @i Y Qii(a) + Qi)
= (-1)! N mo
= @ G et
Consider the case of even i. From Lemma 3 we get
S {Ngi(a)a}da
J(a)
Pi1() Pip1(@)+P; (@)
Qi+1(Q) Qi+1@+Q; (@A)
= S {Ngi(a)a} do — S {Ngi(a)a} da
0 0
_ Pi(d 1 (o) Lir1(a)
©2Qiti(a)  NQi(a) B<NQ1( ) Qi+1(a)>
[ Pa@+BR@ 1 (. Pu(a) + Pla)
o s o~ vom P g Tom) |
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So, from formulas (4) and (5),

P;i(a) N
Qiti(a Qi(a)> <Qz+1(a) +Q (a)>
Thus
1
J(Sa){qu‘(a)a} da = 2Qi+1(a)(Qi+1(a) + Qi(a))

ey (B (Qﬁ(a)) P <Qi+1<afv ¥ @(a)))‘

This proves (i). The proof of (ii) is completely similar. m

PROPOSITION 2. (i) For even i we have

1 1
©  an@a@a)da =5 (1+ 52D iogt (T ) da-r o)

0 0 qi(a) gi(@)

(ii) For odd i we have

1
(1) Jaii(@)(1 — {Ngi(a)a}) da

| -3 (1 St (2 ) o+ 001

Proof. For a € N* and a € N let J(a,a) := {a € J(a) : a;11(a) = a}.
Then J(a) = (J,~; J(a,a) and therefore

(8) Sai+1( H{Ngi(a a}da—Za S {Ngi(a)a} da,

J(a) J(a,a)

since, when « runs through J(a,a), a;+1(a) = a does not depend on «.
Analogously,

S ai+1(1 — {Ngi(« Za S (1 —{Ng(a)a})da
J(a) a=1 " J(aa)
Furthermore, if we put a’ = (a,a) then Qx(a’) = Qx(a) for 0 < k < i and
Qi+1(a") = aQi(a) + Qi—1(a). In order to calculate the sum in (8), we use
Lemma 4 and the Abel summation formula. Note also that if N > Q;(a)
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and T = [N_Q"‘l(a)], then

Qi(a)
i 1
S (aQi(a) + Qi (a)?
dzx
= (T +1)Qi(a) + Qi-1(a)] 7 +
3 Gt
N —Qi(a) ol s da
< [7621(3_) Qz( )+Qz—1( )} +a§2a§1 (aQi(a)+Qi—1(a))2

dx
SNy 5 0@ 1 G (@)

a=T+2a—1
<NT'Q () + [Qi(a)(in(;)l"‘ Qil(a))]z:_l - O(ﬁi(aﬂ
If Q;_1(a) < N < Qi(a), we have T = 0, so
2 o oY
Q)+ Q)+ Y S RE oo

a=2a—1

+i

a=2a—

| oo
< N7'Qi(a 1+[ ) (20:(a +Ql())rzo<m>'

Next we estimate the sum (8) from a = T + 1 to co from above. As
a>T+1 we get
N — Qi_l(a) N
a>—————> and hence 0< <1,
Qi(a) aQi(a) + Qi-1(a)
which implies that N/Q;11(a) and N/(Qi+1(a) + Qi(a)) lie in the inter-
val (0,1). Note also that for = € (0,1), B(z) = (x — 2?)/2. It follows that

1 +Q7,1 ))

[eo]

Z a S {Ng(a)a} da
a=T+1 J(aa)

o0

1
a;ﬂla(z(a@(a) T Q@) ((a+ DQila) + @i_1<a>>>
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: agl a(@ (B <aQi(a) J]erz‘—l(a)>

- B<<a+ o Qi_1<a>>>>

aN 1 1
B a:ZT:H 2Qi(a) <(0Qi(a) +Qi-1(a)?  ((a+1)Qi(a) + Qz‘—l(a))2>

N > 1 T
©2Qi(a) <a:Z (aQi(a) + Qi-1(a))? " (T +1D)Qi(a) + Qm(a))Q)

T+1
- O(QL) <NQ1i(a) - N/]i)[;(a)>> - O(ﬁ) = OA@D)
Furthermore

gNQa' <B<aQi( )J]rVQi 1(a)> _B<(a+1)Qi(i\;+Qi—1(a)>>
T
- ¥om <Z (e emw) " (Trmewresm)

Therefore
S air1(a){Ngi(a)a} da
J(a)
1 <& 1 1
5;@ ( (a) + Qi—1(a) (a+1)Qi(a)+Qi_1(a)>

aZilNQCZ < < Q-(a)f@i_l(a)>_B<(a+1)Qi(]a\;+Qi—1(a)>)

+ Z X {Ngi(a)a} da

a=T+1 J(aa)

T 1 T 1

__1 3 _
N 2Qz~(a) ] aQi(a) + Qi_l(a) 2Qi(a) (T + 1)@,(&) + Qi_l(a)
+0(A(J(a)))
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_ 1l (vl Qi 1(a)
©2Q4(a) (Z aQi(a) ; aQ;(a)(aQ;(a) + Qi1(a)))
1
(a) T+1)01a) 7 0@ ~CAU@))
I
2@@ azl an
T

1 Qz 1( )
+0( g ;a@ Tt o) @)

1 1 1
_ QQ—(a)2 Z - + O<7Qi(a)2 + A(J(a))).
a=1
Observe that

1 1 1 1
P Dl > L= 2 Lo,
a<T aQ;(a)<N N-Qi-1(a)<aQi(a)<N aQ;i(a)<N
as the condition N — @Q;_1(a) < a < N is satisfied for at most one a. Then

9 | an(@{Ng(a)a}da

e
_ m z: Ly o(ﬁ + A(J(a)))

_ 2@}(&)2 Qﬁ%@ = L o(M\J(a))

- T\ G angNl roa@)
-1 J(ga) <1 s q@qjﬁf)‘)) L3 a0

_ lJ(ga) (1+ 229 (10g (25 ) 00)) da+ 00 (@)
1 (e (e
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If N <Qi—1(a) we have

N N <1
Qir1(d) = 7 Qip1(a) +Qi(a)
Hence
N & 1
Za (éa){Nq@ a)a}da = 20:@) ; (@Qi(a) + Qi_1(a))?
N > 1 =1
i a) ; a’N z g a?

Qi
O(A(J(a))).
As N < Q;_1(a) we have log™ (N/g;(a)) = 0 and formula (9) is valid in this
case also. By summing up in (9) over all a € N’ we get (6). Analogously we
obtain (7) for odd i. m

PROPOSITION 3. There exists a constant C' > 0 such that for all N
and 1,
S ai+1(a)da < C.
AN
Proof. First we treat the case of ¢ odd. We have

S ai+1(a) da = Z Z S ai+1(a) da

AN aeNi a=1 Ay ;NnJ(a,a)
(o] oo
= ZZ S ada = ZZa)\(AN,iﬂJ(a,a)).
aeN' a=1 Ay ;NJ(a,a) acNt a=1

Now, for odd 1,
An;iNnJ(a,a) C{ae[0,1]: {Ng(a)a} < 1/a} N J(a,a).
Consider the set
Mi(a) ={a € J(a): k = [Ngi(a)al}.

Then
NQi(a)—l
AvinJ(aa)= | (AvinJ(a,a) N M(a)
k=0
and hence
S ai+1(a) da = Z Za Z AMAn,; N J(a,a) N Mi(a)).
AN acNia=1 0<k<NQ;(a)

If a € Ay; N J(a,a) N Mi(a) then

1
<a<

k
NOi(a) NOi(a) T aNOy (@)
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and
aPi(a) + Pii(a) _ _ (a+1)P(a) + Fii(a)
aQi(a) + Qi—1(a) = T (a+1)Qi(a) + Qi—1(a)’

We now define, omitting the dependence on a in P; and Qi,

k aP;+P 1 _ (a+1)P; + Pio1
NQ; ~ aQi +Qi—1 ~ (a+1)Q; + Qi—1 NQz aNQz
aP;+ P4 k k 1

Ei(a,a) = {k €EZy:

(a—l—l P + P
Falasa) = {k €24 (0ot < 0 S N+ g (@ 1Qi + Qi 1}
k aP; + P;_1 k 1 (a+1P+PZ 1
Es(a,a) = {k €2+ : NQ; — aQ; +Qi—1 — NQ; - aNQ; = (a +1 QHer 1}
- . aP; + P;_q k (ll + 1)Pi + Pi,1 }
Bufa,a) = {ke e p et <y < (@ T DQi Qi s < ¥o, * ova;
Then
00 4
(10) S ait1(a) da < Z Zaz MAn,; N J(a,a) N Mg(a)).
AN aeNia=1 j=1keE;(a,a)

We first derive an upper bound for
da > MAwainJ(a,a) N My(a)).
a=1 keE;(a,a)

From the conditions for k in E(a, a) we obtain

aPi(a) + P;1(a) (a+1)P(a)+ Pii(a) 1

FENe) e Ten@ PN e e a
Thus
gy letDP@) +Pa(a) 1, abi(a) + Fiaa)
NQi(a) (a+1)Qi(a) + Qi—1(a) GJ’NQZ( ) aQi(a) + Qil(a):|’

which is an interval of length

(1 (@Q:(@) + Q@) ((a + DQi(@) + Qra(@) @

If Ey(a,a) is not empty we have

S SR U ( 5 )
aNQi(a) NQz(a) aNQ;(a) NQ (a)
(a+1)Pi(a) + Pioi(a) Pi(a) + Pi-1(a)
(a+1)Qi(a) + Qi—1(a) an(a) + Qi-1(a)
1

>

" (aQi(@) + Qi1 (@) ((a + 1)Qi(a) + Qi1 (a))

and hence
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(12) N < (aQi(a) + Qi—1(a))((a + 1)Qi(a) + Qi—1(a))
B aQ;(a)
< (a+1)Qi(a)(a+2)Qi(a) _ (a+a)Qi(a)(a+ 2a)Q;(a)
>~ CLQi(a) aQi (a)
< 6an(a)

We have P;(a)Q;—1(a) — Pi—1(a)Q;(a) = 1. It follows for k € E1(a,a) that

IN

aQ;
aQi(
aQi(

a) + Qi_l(a)

+Qi-1(a) N

+Qi—1(a)  aQi(a) + Qi-1(a)
N

 aQi(a) + Qi—1(a)’

= NPi(a) 272

S
o
&
L

~— | ~— f\g ~— | —
|

—_
+
N
L
&
s
&

a

= NPj(a)

Similarly, using

oy la+1)Pi(a)+ Piy(a) 1
k> NQi(a) (a+1)Qi(a) + Qi—i(a) a’

we have N 1
k2 NP - T
and hence
N 1
(13)  NPia) - (@+1)Qi(a) +Qi1(a) a =
< NPz<a) - al

Therefore |E1(a,a)| < 1. Now, if

2N < N 1
Qi(a) ToaQi(a) + Qi—1(a) 2

we directly get, for a > 1,

N 1 1 1 1
@+ )@+ 0@ a a2k

which means that the interval (13) does not contain an integer in this case.
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Furthermore
1
MJ(,a)) = Q) + Qo @+ D) + Qi @)
2
= <@<»f‘m%@@»2
2 AJ(a))

S 2@ Qia) T Q@)

Thus, since for positive integers k and m,

Z <Z (mk — /<:+1)l <m,

k—

we have
Za Z AMApn,iNJ(a,a) N My (a §Z
a=1 keEi(a,a) a=1

<2x(J(a, 1)) + > aX(J(a, a))

N/(6Qi(a))<a<2N/Qi(a)
2 A(J(a))
= (Qi(a) + Qi—1(a))(2Qi(a) + Qi-1(a)) " 2 S

N/(6Qi(a))<a<2N/Qi(a)
2

(Qz( ))?
‘We have established

da Y MAwinJ(a,a) N M(a)) = O(A(J(a))).

a=1 keEi(a,a)

+2-12-A(J(a)) = O(A(J(a))).

In order to estimate

da Y MAwinJ(a,a) N My(a)),
a=1 keFy(aa)
we start by observing that for k in Fs(a, a) we have
aP;(a) + Pi—1(a)
aQi(a) + Qi—1(a)’
(a+ DP(@)+ Pa(a) 1

b S NQ@) (0@ + i) @

k> NQ;(a)
(14)

so it follows that
. aR-(a) + Pi_l(a)
6 NQZ(a) an(a) + Qi—l(a)’

which is an interval of length

et DP@ P 1
NQ@) @t Q@) a)’
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(15) NQi(a) _1
(aQi(a) + Qi—1(a))((a + 1)Qi(a) + Qi-1(a)) a
As
A 019(@,0) 1 Mia) € | o o 5+ v )
we get .
MAn,iNJ(a,a) N Mg(a)) < NG

If Es(a,a) is not empty we have
1 1
<
aNQi(a) ~ (aQi(a) + Qi-1(a))((a + 1)Qi(a) + Qi-1(a))
and hence 2N > aQ);(a). Moreover, from (14) we get
N

16 NEG& - o S T om@ =
N

1
< NPF(a) — - —.
- (a) (a+1)Qi(a) + Qi—1(a) a
From this we infer that |E2(a,a)| is at most

N N |
07 @t o@  @rDo@ 0@ a !
NQi(a)

- O<(@Qi(a) T Q@) ((a+ D@Qi(a) + Q@) 1)

”(%i(a)“)

Consider the set

Aa) =

NQZ(a) 1
{a N @@+ Q@)@+ DQi@) + Q@) — 2 }
In the case a € N\ A(a), there is no k satisfying (16), which means that in
this case Fa(a,a) = 0. If a € A(a), we have
ONQi(a) > (aQi(a) + Qi1 (a))((a + DQi(a) + Q1 (a)) > Q2 (a)
and then N/(a?Q;(a)) > 1/2. This implies that 1 = O(N/(a?Q;(a))) and
from (17) we get |Es(a,a)| = O(N/(a?Q;(a))). Thus

Za > MAyinJ(a,a) N M(a))

a=1 keEs(aa)

= Y a Y MAvinJ(a,a)n M(a)

a<2N/Q;(a) keE2(a,a)
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= > a Y MAniNnJ(a,a) N M(a))
acA(a)Aa<2N/Q;(a) keEz(a,a)

o0

= 0<a§(a)“ a%])\:(a) | aNcéxa)) B O(g ﬁ)

= 0(@) = 0(\(J(a))).

Hence,

da Y MAwainJ(a,a) N Mi(a)) = O(A(J(a))).

a=1 keEs(a,a)

In order to estimate

da > MAwinJ(a,a) N My(a)),

a=1 keEs(a,a)
we notice that for k € Es(a,a) we have
aPi(a) + P;_1(a)

s k > NQl a - —.
Qi)+ Qi) @ 0@ + Q@) @
From these conditions we deduce that Fs(a,a) is an interval of length at
most 1/a and (as before) that if k£ € F3(a,a), then

N 1 N

——<k<NPa)— .
Q@@ o =N e e @
We have seen above that for 2N/Q;(a) < a, E3(a,a) is empty. So,

k< NQi(a) aPi(a) + P-1(a) 1

(18) NP(a)—

da Y MAwainJ(a,a) N M(a))

a=1 keEs(a,a)

gZaZ)\

a=1 keEs(a,a)

< Y a(@ae))< > am

1<a<2N/Qi(a) 1<a<2N/Qi(a)

2N 1 2
S0 N - @ CA@D):

Hence

da > MAwinJ(a,a) N M(a)) = O(A(J(a))).

a=1 keEs(aa)
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In order to estimate
da Y MAwinJ(a,a) N My(a)),
a=1 keE4(aa)

we observe that for k € E4(a, a) we have

. (a+1)P(a) + P_i(a)
FSNQ@) 0@ T 0 (a)’

| (a +1)P(a)+P-i(a) 1
k> NQ;i(a) (a+1)Qi(a) + Qi—1(a) a

From these conditions we deduce that E4(a,a) is an interval of length at
most 1/a and, as before, if k € E4(a,a) then

N 1
(a+1)Qi(a) + Qi—1(a) a

(19) NP(a) - <k

N
< NF(a) - (a+1)Qi(a) + Qi—1(a)’

Once again, if 2N/Q;(a) < a, E4(a,a) is empty. Then

Za Z MApn,i N J(a,a) N Mg(a <Za Z AJ

a=1 keE4(a,a) a=1 keE4(a,a)

= 0(\(J(a)))-

It follows that

da > MAwinJ(a,a) N My(a)) = O(A(J(a))).

a=1 keE4(aa)

So, if 214, we have proved that

[e'e] 4
S i1 (a da_ZZaZ MAn,; N J(a,a) N My(a))
AN aeNi a=1 j=1 keE;(a,a)
=Y 4-0(A\(J(a)) = O(1).

a€N?

The case 2|i can be proved either similarly or by a change of variable
a — 1 —a. In fact, for 0 < o < 1/2 we have a;+1(1 — @) = a;(a) and
gi+1(1—a) = gi(a) fori > 0, and if 1/2 < o« < 1 we have a;(1—a) = a;41()
and ¢;(1 — a) = ¢iy1(a) for i > 0. Hence,
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e if 0 <a<1/2andi> 0 then

1—CKEAN7Z‘ = 1—{Nqi(1—a)(1—a)}<;
ai+1(1 — a)

54 {qu(l — a)a} < m
= {Nqi_l(a)a} < CL'(lOé) = & AN,z?l;

eif 1/2<a <1andi>0 then

1
l—-a€eAn; & 1 —{Ng(1 - 1- < —
adns & 1-{Na(l-a)l—a)} < —1—
1
& {Ng(1 - < —
{Ngi(1 — a)a} =)
< {Ngiri(a)a} < S a€ ANt
{ q+1( )} CLi+2(O&) N,i+1
eif 1/2<a < 1andi=0 then
1
1—O£€AN70<:>1—{NqO(1—Oé)(1—OZ)}<m
< {Ngo(1 —a)a} < al—a)
N J—
o {Naaa} < —

1
= {Nqg(o)a} < —— = a € An;.

az(a)
Let Cx be the characteristic function of the set X. Then for ¢ > 0,
1

S ai+1() da = Sai_l,_l(a)CAN’i(Oé) do

AN,'L 0
1/2 1
= S ait1(1 — a)Cay, (1 — a)da + S ai+1(1 — a)Cay, (1 — a)da
0 1/2
1/2 1
= [ @(@)Cay, (@) dat | aisa(@)Ciay,,, (@) da = O(1).
0 1/2
Similarly,

1
S a1 (a) da = Sal(a)CAN,O(a) do
Ano 0
1/2 1
= S a1(1 = a)Cay, (1 — a)da + S a1(1 = a)Cay, (1 - a)da
0 1/2
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1 1
1
<5+ | (a2(0) + )Cay, (@) da <1+ | az(a)Cay, (@) do = O(1),
1/2 1/2

and the result follows. =

4. Proof of the Theorem. In order to prove the Theorem we start by
proving the following result:

PROPOSITION 4. Given o € 2 and N € N with N = " biq; we have
for 0 <i<m,

§b,~(a) da = %i <1 + qq‘(léj)> log+(qi](\;)> da + O(1).

0 0

Proof. For even ¢ we have, by Section 2 and Propositions 1-3,

1

Sbi(a)da: S bi(N,a) da + S bi(N, o) da
0 [O,l]\ANﬂ' ANJ'
—_—
=0
= | (an(@){Na(a)a} +0(1)da
[0,1\AN

—

=\ai+1(@){Ng(a)a} da+ O(1)

340 S g o

The proof for the odd case is entirely similar. m

o= @

THEOREM 1. For N € N,

isN(a) do = %ii <1 + %) log* (%) do + O(log N).

0 i=0 0 ¢
Proof. Let (Fj)g>0 be the sequence of Fibonacci numbers: Fy = F; =1,
Fy1q1 = F, + Fy_1. Then there is a ¢ > 0 such that log F, > k/c for k > 2.
For every a € 2 we have qi(a) > Fy, and N < gx(«) for clog N < k, and
therefore for 2|k,

arr1{Ngra} < app1N|gea — pr| < ary 1N/ qry1 < N/ g
Similarly for 21k,
ag+1(1 = {Ngra}) < agpaNlgpe — pr| < N/ gy
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Hence
oo oo
Z apri{Ngpa} = Z ag+1(1 — {Ngra}) = O(1).
2|k>clog N 2tk>clog N

So, we can calculate S(l) sy (a) da as follows:

Jsn(a)da= 3 bi(N
0 01=0
Z S ai+1(){Ngi(a)a} da

2li [0,1NAN;
i<clog N

+ D | aini(@) - {Ng(a)a})da+ O(1)

241 [0,1\AnN
i<clog N

- Z <§a¢+1(0¢){]\7qi(a)a} do + 0(1)>

213 0
i<clog N

> (gam (1~ {(Nai(@)a}) da+ O(1)) +0(1)
i<clog N

- Z Saiﬂ(a){Nqi(a)a}da
i<021‘cng0

+ ) Sam (1= {Ngi(a)a})da + O(log N) + O(1)

2110
i<clog N
1
1 i N
== E S <1+q17m)> log+<—> da+ O(log N).
2. e gi(a) gi(a)
i<clog

Since log™ (N/q;(a)) = 0 for i > clog N, the result follows. m

Then, by Theorem 1 we have

§3N(a) dov = % > § <1 + qifl(o‘)> log+(qi](\;)> do + O(log N).

0 i<clog N 0 gi(@)

This sum has been asymptotically developed in [4] with the effect that it is
equal to (6/72) log2? N + O((log N)*/?loglog N). =
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5. Concluding remarks. The methods used here can be generalized
to prove that

oo 1

b (N
> % da = % log® N + O((log N)*?loglog N), n €N.
i—0 0 %i+1 (@) (n+1)m

It seems to be hopeless to generalize this method to more general integrals,
like Sé sy(a)? da. On the other hand it might very well happen that there
is a central limit law behind our main theorem.
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