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On additive properties of two special sequences
by

YoNG-GAO CHEN (Nanjing) and BIN WANG (Beijing)

1. Introduction. Let A be an infinite sequence of positive integers.
For each positive integer n, let R1(A,n), Ra(A,n) and R3(A,n) denote the
number of solutions of

r+y=n, z,yecA,

r+y=n, xz<y, x,y€ A,

r+y=n, x<y, x,y€A,
respectively. A. Sarkozy asked whether there exist two sets A and B of
positive integers with infinite symmetric difference, i.e.

[(AUB)\ (AN B)| = oo,

and

R;(A,n) = R;(B,n), n>nyg,
for i = 1,2,3. For i = 1, the answer is no. For i = 2, G. Dombi [1] proved
that the set N of positive integers can be partitioned into two subsets A and
B such that Rs(A,n) = Ro(B,n) for all n € N. For i = 3, G. Dombi [1]

conjectured that the answer is no. For other related results, the reader is
referred to [2-4]. Let

UA,n) ={(z,y) |z +y=n,z,y€ A, z <y},
Uo(A,n) ={(z,y) | (z,y) € U(A,n), 2|z},
Ui(A,n) ={(z,y) | (z,y) € U(A,n), 2¢x}.

Then R3(A,n) = |U(A,n)| = |Up(A4,n)| + |Ui(A,n)|.
In this note, we prove the following theorem.
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THEOREM. The set N of positive integers can be partitioned into two
subsets A and B such that R3(A,n) = Rs(B,n) for all n > 3.

Proof. Let T'(n) denote the number of zero digits in the dyadic represen-
tation of n > 0 (thus 7'(0) = 1, T'(1) = 0, etc.). Then T'(2n+1) =T(2n) —1
(n>0)and T(2n) =T(n) +1 (n > 1). Let

A={neN|2|T(n-1)}, B={neN|2{T(n-1)}.

We use induction on n to prove that |[U(A,n)| = |[U(B,n)| for all n > 3. By
calculation we have |U(A,n)| = |U(B,n)| for n = 3,4,5. Now suppose that
[U(A,n)| =|U(B,n)| for3<n<k—-1(k>6).

CASE 1: 2| k. Define a map

f:Uo(A R\ {(2,k - 2)} — U<A’ g)\{ (1’ ¥>}
fat)=(5.5)

Noting that b > a > 4, 2| a and 2 |b, we have

T(g—l) =T(a-2)—1=T(a—1),

by

T(%—l) =T(b-2)—1=T(b-1).

Hence, f is well defined. It is easy to verify that f is bijective. Thus

o eamer-2=(as)\ {1552}

Similarly, we have

@ wspves-0=|v(eg) \{(1557)}]

Define a map g : Ui(A4, k) \ {(LLk— 1)} — U(B,E2)\ {(1,%)} by
fla,b) = (5L, 221). Noting that b > a > 2, 2fa and 24b, we have

T(a—;l —1) :T<a;1> =T(a—1)-1,
T<b—;—1—1> T(b_Tl> =T(h—1) - 1.

Hence, g is well defined. It is easy to verify that g is bijective. Thus

® AR (E- ) = |o(E %)\{(1%)}\
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Similarly, we have

@ sk =o(a 52N\ {(15) ]

Noting that 1 € A and 2 € B, by (1)—(4), we have

(5) |U<A,k>\{<2,k—2>}\:\U(A7§>‘+’U<B’¥>\{<l’g>}

(6) [U(B, k) \{(L k= 1)}

() N (e 557

Noting that T(k —2) = T(£ —1) + 1 and T(k —3) = T(k —4) — 1 =

T(%) = T(% — 1), we have the following possibilities:

(i) If 2¢7(£ — 1) and 24T (%52 — 1), then

k k+2 k—2 k
1, = B, —— 1, — B, -
(ra) v (m57) (57 <v(mg)
In this case, by (5) and (6), we have

b
KNBJ@\:‘U(B,S)‘ ‘U(A_5g3>‘—1.

(ii) If 2¢T(4 — 1) and 2| T (%52 — 1), then

(12) cv(n557) (1557 eo(mg)

2,k —2) € U(A, k), u¢—1¢m3m

)

In this case, by (5) and (6), we have

weni=lo(ag)| o (»5)
sl o (s S)! (0]

(iii) If 2| T(£ — 1) and 2J[T % ), then

(1) el (1’ ) o(#3)

(2, k—Q)QU Ak), (L,k—1)eU(B,k).

)
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In this case, by (5) and (6), we have

weni=lo(ag)| o (n5)
v l= o (2 S)\ o))

V) IF2|T(E —1) and 2| T(£=2 then
(iv) If 2| T(5 - 1) |T(*5* - 1),

(13) eo(2557), (’ =)o)
2,k —2) e UAK), (1,k—1)eU(B,k).
In this case, by (5) and (6), we have

U (A, E)| = ’U(A,%)‘ ’U(B %)‘H,
|U(B,k)\:‘U(B,§>‘ ‘U(A w)‘ﬂ.

Since 3 < k/2 < k, 3 < (k+2)/2 < k, by the induction hypothesis, we

have
)l =le(a)l ol 5) (o550
U(AR)| = [U(B, )]

By (i)—(iv), we have
CASE 2: 21k. Define a map h: Uyg(A, k) — Ui(B, k) by
h(a,b) = (a —1,b+1).

Since 2|a, we have 21b, b+1 >a—1 > 1 and 2fa — 1. By T(a — 2) =
T(a—1)+1and T(b) = T(b— 1) — 1, we know that h is well defined. It
is clear that h is injective. Now we show that h is surjective. Assume that
(u,v) € U1 (B,k). Let / =u+1and b =v—1. Then 2|u+1, 2|v — 2,
T@-1)=Tw)=Tu—-1)—1land T(b' —1)=T(v—-2)=T(v—1)+1. To
prove that (a’,b") € Uy(A, k), it is sufficient to prove that o’ <b'.If o’ > ¥/,
then, since u < v, 2{u and 2| v, we have a’ — 1 =10'. But

T -1)=Tu-1)-1=Tw—-1)—1=T(%") -1 (mod?2),

a contradiction. So a’ < b" and then (a’,b") € Uy(A, k). Hence h is bijective.
Thus

)

Uo(A, k)| = [UL(B, k)|

Similarly, |Uog(B, k)| = |U1(A,k)|. Therefore |U(A, k)| = |U(B,k)|. This
completes the proof.
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