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1. Notations. We write, as usual, s = o + i and f(s) = f(5). We
recall here the definition of the extended Selberg class S# studied by
J. Kaczorowski and A. Perelli in a series of papers (see [KPO] for an intro-
duction). The class S# consists of the non-identically vanishing functions
F(s) satisfying the following conditions:

(i) for o > 1, F(s) is an absolutely convergent Dirichlet series

oo
F(s) = Z anpn” %
n=1

(ii) for some integer m > 0, (s — 1)™F(s) is an entire function of finite

order;
(iii) F(s) satisfies a functional equation of the form
(1) d(s) = ed(1 —5), where @(s) = Qy(s)F(s),
with

(2) v(s) = [T T s + ),
j=1
where @ > 0, |e] = 1, and for all j € [1,7], \; > 0, p; € C with
%:U'j > 0.
The Selberg class S is the set of functions F' € S# satisfying two more
axioms:

e (Ramanujan hypothesis) for every € > 0, a,, < nf;
e (Euler product) for sufficiently large o,

b
log F(s) = n—ns

n=1
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where b, = 0 unless n is a positive prime power, and b,, < n? for some
0<1/2.

We define the class S#” as the set of functions F' € S# satisfying fur-
thermore the following axiom:

e for every e > 0 and every x > 1, Y __|an|? = O (z19).

NOTATION. The degree d of F € S# is defined as d = 22;21 Aj, and
the polar order mp of F is the least integer m satisfying (ii). We also write

r 1 r oy
§:2z<,uj—§) and ﬁ:H)\j 7.
j=1 j=1

REMARK 1.1. The functional equation (1) may be written in the form

1 7)) &
F(l—3s)=eQ* ' —22_F(s).
(19 TP
We define S(z) as the sum of the residues of the function F'(s)z*/s, and
the error term E(x) as

/
(3) B@) =3 an— S().
n<x
the prime indicating that the last term has to be multiplied by 1/2 if x = n.
In case mp # 0, E(x) is the error term for the summatory function of the
coefficients of the Dirichlet series F'(z).

REMARK 1.2. Since s = 1 is the only singularity of the function F', we
can write S(x) in the form

S(z) = F(0) + Res(@ z®, 1) = F(0) + zPp(logz),

where Pp is a polynomial function of degree mp — 1. The last equality
results from a simple argument; the reader may consult [Lan, Vorbemerkung
iiber R(x), p. 697] for more details.

2. Introduction and statement of the results. In this paper we give
pointwise and mean square upper bounds for the error term F(x) associated
with a function F in the extended Selberg class S7.

Estimates for E(z) and {] |E(y)|* dy were first obtained, in the special
case of the divisor problem, by Voronoi in 1904 and Cramér in 1922 re-
spectively (see [V] and [Cr]). Since then, this has been generalised to larger
classes of Dirichlet series.

As early as 1912, Landau give an estimate of E(x) for a class of Dirichlet
series satisfying a functional equation of general type involving multiple
gamma factors. His method of proof is based on an application of the Perron
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formula and the residue theorem. A kind of van der Corput method is also
used.

In 1964, Chandrasekharan and Narasimhan gave an estimate for F(x)
and {7 | E(y)|? dy for functions of general type (see [CN1]-[CN3], [Ch]). Their
method is based on the study of some hypergeometric functions. Since then,
their results have been improved for functions of high degree by Redmond
in [R1] and [R2].

Nevertheless, as far as we know, no estimate has been given in the
case of the extended Selberg class. The large classes already studied in the
literature do not comprise the class S# since, in the functional equations
that have been considered, either the p; have to be real, or no conjugate
occurs.

Our results for a function in S# are identical to those obtained by Lan-
dau, Chandrasekharan and Narasimhan in the case where the j; are real.
We prove the following theorems.

THEOREM 2.1. Let F € 8% be a function of degree d > 2 and let € > 0.
Then, for x > 1, we have

E(:C) _ O(ﬁ(d—l)/(d—i-l)—i-s).

REMARK 2.1. The conclusion of Theorem 2.1 holds true for functions
F of degree d < 2 in S#”. The additional Ramanujan hypothesis is most
probably redundant but we have not managed to avoid it. Nevertheless, we
notice that:

e from the explicit description of the functions in S# of degree d < 1
given by Kaczorowski and Perelli in [KP1], we easily deduce that the
conclusion of Theorem 2.1 holds true for them:;

e the degree of the functions of S# is conjecturally a positive integer (see
[KP0]), and Kaczorowski and Perelli have already proved that there is
no function in S# of degree 1 < d < 5/3 (see [KP2]).

Theorem 2.1 for functions F of degree d < 2 in S#° is therefore either
well known or conjecturally empty. Nevertheless, we prove the result an-
nounced in this remark later, since the case 5/3 < d < 2 has to be treated
independently from the degree conjecture.

THEOREM 2.2. Assume that F € S#* and let € > 0. Then, for z > 1,

@ o>V  ifo<d<3
E(y)|d z{ ’
VIE@W)dy O@z3~Yd+e) if 4> 3.

1
The Selberg class was introduced in [S] and since then it has been studied
in various papers by Conrey and Gosh (see [CG1], [CG2]), Murty (see [M]),
Kaczorowski and Perelli (see [KPO]-[KP2],...). The structure of the ex-
tended Selberg class S# we are considering here has been particularly stud-
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ied by the last two authors. In [KP1] and [KP2], they investigate some
incomplete Fox hypergeometric functions and establish a link between these
functions and those of S#.

Many conjectures have been devised about S and S#. Especially, it is
expected that any function F' € S satisfies the generalised Lindel6f hypoth-
esis:

CONJECTURE 2.1.
Ve >0, F(1/2+4i1) <. 7°.

This problem is also still open for a function in S# (see [CG2]). This con-
jecture is strongly connected with the study of the error term E(x) since we
can prove that a function F' in S satisfies the generalised Lindel6f hypothesis
if and only if

Fk(1/2 +i7)
1/2 +it
and we prove in [dR2] that if F' € S#, then
F(1/2+iT)
1/2 4t
where FE is the error term associated to F'.

Our results imply that £ € L%([0,00[,dz/2?) for functions in S# of
degree less than 4. This result is of great relevance in [dR2].

To prove Theorem 2.1, we follow Landau’s method in [Lan|. A few ar-
guments have to be modified. The methods of proof of Theorem 2.2 both
involve an identity relating a smoothed version of the error term to a series
of hypergeometric functions. We then study these hypergeometric functions
and expansions. To return to the initial function, we use finite differences.
This method was used by Chandrasekharan and Narasimhan in [CN1] and
[CN2], except for the study of the hypergeometric function which was eas-
ier in their case. Here, we have to connect our hypergeometric functions to
Bessel functions to obtain some results similar to theirs.

We start by giving some technical lemmas. In Section 3, we draw up a
list of consequences of the complex Stirling formula and in particular we give
some vertical strip estimates for a function in the Selberg class. In Section 4,
we give some technical lemmas. Section 5 will be devoted to the study of
Bessel functions. In Section 6, we connect a smoothed version of the error
term with a hypergeometric function studied in Section 7. In Sections 8
and 9, we prove Theorems 2.1 and 2.2 respectively.

€ L*(R) (Vk €N),

S LQ(R) & EFe L2<[O,OO[, dm/mQ),

The author would like to thank the referee for his very fruitful comments,
for pointing out several inaccuracies and for suggesting how to improve our
results, especially in Section 8. We would also like to thank Professor J. Ka-
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czorowski for having suggested the use of Bessel functions during a very
fruitful conversation in Cetraro.

3. Some consequences of the Stirling formula. We give here
some technical estimates coming from the following Stirling formula. The
reader will find a demonstration of this result in [Bo, formule (19),
§VIIL.2.3].

PROPOSITION 3.1. There exist constants ¢, = c,(a) such that, for all
M e N, as |s| — oo,
(1) logl(s +a)

1 1 M 1
= (s—i—a— 5) logs—s+510g27r+;cy3—1/+0(|8|T+1>

uniformly for |arg(s)| < m — e with a fized € > 0 and a in a compact subset

of C.
3.1. Study of a function coming from the functional equation

LEMMA 3.1. Let y(s) be as in (2). Then, uniformly for s € C such that
e <l|args| <m—e¢, for all M € N, as |s| — oo,

v(s) \_d
log(m) =3 s(log s + log(—s)) — s(log 5 + d)

+ %Elogs — % (& + d) log(—s)

1 e - —v —-M-1
+§logﬁ+2223ujlog)\j+26us + O(]s] ).
J:]_ v=1
This follows easily from the Stirling formula.

LEMMA 3.2. Let v(s) be as in (2). Then, uniformly for o1 < o < 02, as
7| — oo,
7(3) _ C(O’, 7_)’7_|d(0—1/2)6i(d7—10g\T\—(logﬁ—&-d)fr—%ﬁlog\T|)(1 + O(l/|7’|))
V(1 =)
where c(o,7) € C only depends on o and the sign of T.

NOTATION. For a > 0 and v € R, we define
B 12\ I'(s/2)
F(8) = fauls) = 2(@) I'lv—s/2+1)
We shall establish a link between the function f and the multiple gamma
factor .

LEMMA 3.3. Fora > 0,a >0, v € R, k € C, there exist real numbers

K = K(a,a,k,v) and c;- = c;-(a,a, k,v), j € N, such that for all M € N,
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as |s| — oo,
(5)  log(f(as+x))
= % s(logs +log(—s)) + a(lna —Ina — 1)s +

M
k—1 ;o 1
+< 9 —l/> log(—8)+K+ E CjS ]+O<’S’T+l>

J=1

k—1

log s

uniformly for s such that e < |args| < m —¢e with € > 0.
In particular,

(6) [f(s) = |77 as 7] — oo,

uniformly for o € [o1, 02].

DEFINITION 3.1. For p € Z, o > —1, we define

el (S) — F(l - 5)7(5)
¢ I'2+o0—s)y(1—s)
By Stirling’s formula, there is a complex sequence cl(,l) = cl(,l)()\l, cey A

[, - -y ey 0) such that for all M € N*| as |s| — oo,

d T
(7) logGy(s) = B s(log s + log(—s)) + S(Z 2X\jlog \j — d)
j=1

+ %Elogs — (% E+d)+o+ 1) log(—s)

T al 1
i (Z(_)\j — 2iSpu;) log Aj) +I;C(V1)S_V+O<‘S‘T+1>

j=1
uniformly for € < |arg(s)| < 7 — e with € > 0.
In particular,

(8) |Go(s)] = 7|17 VD7eas || — oo,

uniformly for o € [o1, 02].
NotATION. We write

(9) a=d, k=14& v=14R+d/2+0, a=dps""
Comparing (7) to (5), we show that there exist real numbers e, =

e, . oy Ay i1, - -+, liy; 0) such that, as |7] — oo,

() 1= Gols) =3 Fils) = O(1flas )] |s| 771 = 0|71/ e7m=2)
k=0
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uniformly for o € [o1, 03], with

(=D*
(as+K—k)--(as+r—1)

Fi(s) = exf(as + k)

3.2. Estimates for the value of a quotient of I' functions in half integers
PROPOSITION 3.2. Forv € R, Rz = N +1/2 with N € N and N >
lv| +1/2, we have
I'l--=2) e2N
'(v+2z2) = [z2V|v+ 2Nt
Proof. By the complement formula, we get
Iria--z) 7/sin(mz)
I'v+2) - I(v+2)I(z)
For z = N 4 1/2 + it, we have

2m

sin(mz) = et + et

On the other hand, by (4), we have uniformly for Rz > |v| + 1,

log |I'(v+ 2)I'(2)] = (Rz — 1/2)log |z| + (v + Rz — 1/2) log |v + 2| — |Sz|7

2im
T eim(N+1/2) g—nt _ p—im(N+1/2)omt

™

Rz Rz +v
+ Sz ( arctan — + arctan i )
Sz

Sz
— 2Rz — v+ log2m + O(1/]z])
> Rz —1/2)log|z| + (v + Rz — 1/2) log |v + Z|
—|Sz|r — 2Rz — v 4+ log 27 + O(1/|z|).
For N > |v|+1/2 and z = N + 1/2 + it, we get
log |[I'(v + 2)I'(z)| > Nlog|z| + (v + N)log v + 2|
— |t|m — 2N — 1 —v +log2m + O(1/|z]).

So we have
I'l--z)
I'v+z)

3.3. Estimates of a function of the Selberg class in some vertical strips

< 2™y 427NN w

LEMMA 3.4. Let F be a function in the extended Selberg class S7.

o Lete > 0. Then |F(s)| = Oc(1) uniformly forc > 1+¢ and T € R.

e Foro <0, F(s) = Oy((1 + |7|)%1/2-9)),

o Foralle >0, if —e <o <1+e, then F(s) = Oyc((1+]|r])20-7%).

Proof. The first estimate comes from the fact that F(s) is an abso-
lutely convergent Dirichlet series for ¢ > 1. The functional equation and
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Lemma 3.2 provide the second one. To prove the last estimate, we use a
Phagmén-Lindel6f argument. =

4. Some more lemmas

DEFINITION 4.1. If T > 0 and A, ¢ € R with ¢ < A, we define the path
C(T,c,A) :=]c—ioco;c—iT; A—iT; A+ iT;¢+iT; ¢+ iool.

In order to move paths of integration, we shall use the following lemma.

LEMMA 4.1. Let f be a meromorphic function on C such that:

o Ty :=sup{|So| : 0 a pole of f} < o0,

o Ny :=sup{Ro: 0 a pole of f} < 0,

o there exist a > 0 and b € R such that, for all o1 < o2, we have,
uniformly in o € 01,02, | f(s)| < |72t as |7| — oo.

If
(10) T>Ty, c<bla, A> Ao,
then, for x > 0, the integral
1
I(z) == — S fls)x™%ds

e
C(T7C7A)

is convergent and its value does not depend on T, ¢ and A satisfying (10).
Furthermore, for all € > 0, we have I(z) = O (x%%+%) as z — oc.

Proof. Under the assumptions of the lemma, the integrals are convergent
on the path C(T, ¢, A). To get the full conclusion, it is enough to use the
residue theorem between the two paths C(T,c,A) and C(T",¢/, A") with
T,c,Aand T, ¢, A" satisfying (10) and observe that the horizontal integrals
tend to zero. m

LEMMA 4.2. Let a >0 and b> 1. Then

0 1-2b

S dr <Ea
5 (a2+72)0 =2 b~

Proof. Since a > 0 and b > 1/2, the integral is convergent. Furthermore,

OSO dr _ al—QbOSo dr
0 (a2 + 72)b 0 (14 72)b°

By MAPLE, we get

T odr rI(b-1/2)
e E R



FEzxtended Selberg class 35

The logarithmic derivative of the function ¢(b) = vVbI'(b—1/2)/I'(b) is
S 1 ( 1 1 )
r - _ 4 _
o(b)  2b q%:\] g+b q+b-1/2

1 T/ 1 1
< — — dt < 0.
_2b+§)<t+b t+b—1/2> =0
So for b > 1, we have

OSO dr B £ gO( ) \/— al—2b ¢(1) _ a1—2b‘

o (a?+72)P « 2 T NG

5. Bessel functions. Our main reference for this section is the book of
Watson [W]. We recall here some properties of Bessel functions and we give
an integral representation of these functions which is not given in [W].

NOTATION. From now on, if ¢ is a real number, we shall write { © f(s)ds
for Szfzg f(s)ds.

Let v be a real number. We define the Bessel function J, as (formula (8),
§3.1 of [W]):

~ (CD™ (/)R

Vr € R, Ju(x):mzzom!p<y+m+l)'

We recall the asymptotic expansion of J,(x) as x — oo (§7.21 of [W]):

o (2) " (oe(e- 5 1) 2

e ) 8 )

m=0

with (v,m)=T'(v+m+1/2)/m!\I'(v —m + 1/2).
From a classical Mellin transform result (formula (7), §6.5 of [W]), for
v>0and 0 <c<R(v+ 1), we have

1 C+§°° 25=v=11(5/2)

To—sp+n” &

x_ny(fL') = %
C—100

REMARK 5.1. We recover here the function f,, defined and studied in
Section 3.1.

We will extend this result to the case v < 0.
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LEMMA 5.1. Let a > 0 and v > 0. If f,, is defined as in Section 3.1,
then we have
li “Fds =
i S Jap(s)z™°ds =0,
(—2N+1)
uniformly for x in compact subsets of 10, 00].
Proof. We define Ky (z) := 8(72N+1) fap(s)z™%ds. For N > |v| + 1 and
z =1— s/2, from Proposition 3.2 we have
2 272#”]1(1 —2) 22572 4y
I'v+2)

oL\ dz| .
2\ 2 12[N|v + 2|N+v
(N+1/2)

Furthermore, if u,v > 1, then + <1 4+ 1 50 we get

uv — u v?

1 (eaz\* |dz| |dz|
Kn(z)=0( =% 1az] _ddzl Y,
vo=o( (%) (), )
(N+1/2) (N+1/2)

By Lemma 4.2, we have

S dz| T dt (N +1/2)1=N

v = <K
g Y~ e <R

and
oo

(N +v+1/2)1-N-v
VN +v '

<

If N >2|v|+1, we get
1 eazx\*" _N _N/2
Ky(x) =0 —VN(—-] VY +@/2) V%)),

and the integral Ky (x) clearly tends to 0 as N — oo, uniformly for z in
compact subsets of |0, co|. =

DEFINITION 5.1. Let a > 0 and v € R. We define the function hg = hlo”a
by
Ve >0, ho(x):=z""J,(ax).
ProrosiTION 5.1. If v € R and
(11) T>1, c¢c<v, A>0, A>c,
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then the integral SC(TCA) f(8)x=*%ds is convergent and its value does not
depend on T, ¢ and A satisfying (11). Furthermore,
1 _
ho(z) = — S far(s)x™" ds.

um
C(Tc,A)

Proof. In this proof, we will write f for f, ..

Since the poles of the function f,,(as+ k) are (—2n — k)/a, n € N, the
first part of the proposition follows from (6) and Lemma 4.1.

We define

g(z) = i S f(s)x™%ds.

C(T,c,A)

If N is a positive integer such that N > %(1 —v), then

1 -5
g(x) = i S f(s)x™%ds.
C(T,—2N+1,7)

—S

We apply the residue theorem to the function f(s)x™° on the rectangle

R:=[-2N +1—iT, A —iT, A+ 4T, —2N + 1 + iT] to get
N—-1

(12) g@)=5— | fle)ads+ ) ppa®
k=

where
. 2\ (D
pr = Res(f(s)x™%, —2k) = <E> Tkt 1)

From Lemma 5.1, the integral Ky (z) := S(_2N+1 f(s)x~*ds tends to 0 as
N — oo, uniformly for z in compact subsets of |0, oo[. Letting N — oo in
(12), we get g(z) = Zmzo pma®™ =27 J,(ax).

We shall use some primitive functions of hg in the case v > 0. To define
them, we use some properties of the cosine and sine functions.

DEFINITION 5.2. Let a > 0 and v € R. For ¢t € R, we define
C(t) =cos(at —vm/2 —7/4), S(t) =sin(at —vm/2 —7/4)
and for x > 0 and R > —1/2,

2 dt 2 dt
Cr(z) = — §E —C(t) (at) B2 Sr(w) = — | —5(t) (@) Fr/e"

xT

Using induction and partial integration, we establish the following

asymptotic expansions. For all n € N and all R > —1/2, if fy,im =
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I'R+k+1/2)/'(R+1/2) for k € [0,n], then
(13) Cgr(z) = 2 %(S(m) Z(—l)k’yéf)(ax)*R’%’l/Q
k=0
1
+ C(z) (_1)k+17§k}r1(‘1$) R—Zk—3/2) 4 O(a—F2n-3/2),

3
|

k=0

and
1 /2 n o
(14)  Sgr(z) = — a\/;<0(m) (_1)76755)(@35) R—2k-1/2
k=0
n—1
+S($)Z( 1)k7§§31(a$) R—2k—3/2) + Oz B2n-32)
k=0

as ¢ — 0o. The implicit constants only depend on R and n.
We can now deduce from (13) and (14) the following property.

PROPOSITION-DEFINITION 5.1. For v > 0, we define by induction some
primitive of hg of order n by setting
[e.e]
hnt1(z) = = | ha(t) dt.
x

These integrals are convergent and for all k € N there exist complex se-
quences (cl(k))l and (s(k))l such that for all M €N, as x — oo,

ZC 7l v— 1/2+Zsl fl v— 1/2+O( 7V*M73/2).
PROPOSITION 5.2. Let ke N and v>0.If 0<c<vand z >0, then
c+i00
1 I'(s) _
h = — —1)F k)x~%ds.
k(x) 2% C_Sioo( ) F(S n k’) f(S + )x S

Proof. We first prove by induction on k that for all s € C such that
0<o<v+1/2,

I'(s)
I'(s+k)
Then we use the inverse Mellin transform. =

Mhy(s) = (=1)F F(s+k).

6. Expansion in a sum of hypergeometric functions. Let F' € S#
and E(z) be the associated error term as defined in (3). In order to es-
timate E(x), we define a smooth version of it. To go back to the initial
function, we shall use finite differences.
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DEFINITION 6.1. For o € N, we deﬁne
"n<lx

the prime indicating that the last term has to be multiplied by 1/2 if o = 0
and z = n. We also define

1 F(s)

So(x) =

. s+@d
2i7r§,s(8+1)---(s+g)x >

where C is a curve enclosing all the singularities of the integrand, and
Ef(x) = A%(x) — Sy(x).

REMARK 6.1. S,(x) is the sum of the residues of the integrand at its

poles —p, —p+1,...,—1,0 and 1, so we have
F(s)x® 0\ ok
— 0 o=k
sue) = et oo 1) + Q,Z Fen(()e

The first step consists in finding an expansion of E¢(x) as a sum of
special functions.

PROPOSITION 6.1. Let o € N*, o > d/2. For all x> 0,

_GQQQHZ 1+g 9(@2)

n>1
where for o € Z, o > —1, the function I, is defined as

1 F(s) altesr(1—s)
L@ =5 V509 Tere s

ds

2
Cy

and Cy = C(T,c, A) with

Ry 1
(15) T>T0—max<| Sl max‘ j‘), c< 4 A>po+1.

d =1 A\ d 2’
Proof. If ¢ > 1 and p > 1, then by a standard formula, we have

1 :L,s-i-.g

A%(y) = — F d

(2) = 5— %S_c Ol por sy oyl
SO that, if g(S) = S(S—i—lF)(%’ then
1 c+100 1
E° —— sto e ste 1.
(z) 5im C_Sioo g(s)z*"%ds 5im ég(s)x ds

In view of Lemma 3.4, if ¢ <0 and |7| > 1, then g(s) = O((14]|7])*/2=)—e-1,
so that, if 1/2 — o/d < ¢ <0 (such a ¢ exists if p > d/2), A' < —p, T >0
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and Cy := |d —ioo;d —iT!; AN — T A + 4T + iT'; ¢ + ioo[, then the
integral
1 F(s)

s+gd
QiﬂCSS(S+1)"-(S+Q)x °
2

is convergent and by using the residue theorem between the lines 0 = ¢

and Cy, we get

2ir o s(s+1)---(s+0)
Cs

E°(z) = 5t ds.

We change the variable s to 1 — z and apply the functional equation to
obtain

1 Q) iy 3G)

E%):%o& (I-2)(—2)(1-z+0) v -2)

dz

where C1 = C(T, ¢, A) with
T >0, c<g—|—1, A>p+1.
d 2
By Lemmas 3.2 and 4.1, for T' > Ty = max(|3¢|/d, max]_, [Sp;[/Aj), 1 <
c<o/d+1/2and A > o+ 1, we get

2 7(z) (na/Q%)'+e*
=@’ HZnH@Qm S y1=2)(1=2)2-2)---(1+0—2) dz.

C1

7. Study of the hypergeometric function I,. We now study the
function I,. Kaczorowski and Perelli have studied a very similar function
in [KP1] in order to describe functions of degree d = 1 in S#. Our work is
strongly influenced by theirs. This function is a particular case of the Fox
hypergeometric functions. These last functions have been studied in [Br].
We will study the particular function I, rather than extract the information
we need from the very long and dense article [Br]. In order to establish the
asymptotic expansion of I,, we show that this function is closely related to
Bessel functions.

We shall use the notations defined in Section 3.1.

The function I, is closely related to the Mellin inverse transform of G,.
We are going to approximate G, by functions whose inverse Mellin trans-
forms are known.

Recall that we have proved that

ZFk —|—’l“m )
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—1)k
Fk(S) — ( ) ekf(ozs + ’%) ,
(as+Kk—k) - (as+rK—1)
If T > Ty, A >max(o+1,(m—Re)/d), ¢ < 1/2+ p/d, c is not a pole

of r, and C1 = C(T), ¢, A) is the path as in Definition 4.1, then the integrals

1
Hy(x) := % S Fi(s)z'T*ds and Ry(z):= S re(s)zt e % ds

e o

are convergent. With these notations, for x > 0 and m € N we have

(16) Io(x) =) Hy(x) + Ron(2).
k=0

rm(s) = O(|r|Uo—1/D—0-m=2y,

To estimate R,,, we move the path of integration to the right so that the
integral remains convergent. By Lemma 4.1, for m € N and € > 0 we get

(17) Rp(z) = O (/3o letma)/dtey  ug 2, o0,

ProposITION 7.1. If T'> 1, A > max(0,¢) and ¢ < v, then

k
Hy(z) = d;k pltet(n—Fk)/d S (_11) flz+ ]Z;) - (ﬁl/d)—z dz.
T (T 2(z4+1)---(z+k—1)
Proof. By (6),
Fr(s) < |r|do=1/2=e=k=1 a5 |7| — o0,
so if T' > Ty = max(|S¢|/d, max_, [Sy;|/Aj), ¢ < (1/d)(e + k) +1/2 and
A > max(o+ 1, (k — Rk)/d), by Lemma 4.1, we have
1

Hy(z) = — S Fk(S)SEH_Q_S ds
2im
C(T,c,A)
1 (_1)]{?1.1-‘1-@—8
=-— S erf(as+ k) ds.
20 C(T,e,A) (as+k—k)---(as+Krk—1)
We change the variable s to z = as + k — k to obtain
k
Hy(z) = e;ﬂxl*'g"'(ﬁ—k)/d S (_11) f((z + 2) - (:L‘l/d)_z dz
" O(T" ¢, A) 2z 1) (z+k-1)

for any real 7', ¢ and A’ satisfying 77 > 1, A’ > max(0,¢’) and ¢/ < v. m

We now establish a link between Hj and hj in case v > 0, i.e. in case
0> —Rr —d/2.

ProposITION 7.2. If v > 0, then for x > 0 we have

Hy(z) = %kang(n—k)/dhk(xl/d)_
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Proof. By Proposition 7.1, we have

k(2
Hk($) = %l .’E1+9+(“—k)/d S z(z —E_ 11)) f((z—:_];)_ 1) (xl/d)—z dz.

C(T,c,A)

By Lemma 4.1, since the real parts of the poles of the integrand are less
than 0, and since we have

(_1)kf(z —+ k) ' - |7_|o—1/—1
z(z4+ 1) (z+k—-1)| "

we can choose 0 < ¢ = A < v because v > 0, and so

ex/d K— ~DFf(z+k
Hk<x):%xl+g+( 0/d | z(zJ(rl))~-J-C((z+k)—1)

c—100

_ (5€kxl+g+6(n_k)hk($l/d). .

9

c+100

(xl/d)—z dz

For £k =0 and v € R, we also have
(18) Ho(SC) _ % .’E1+Q+H/dh0($1/d).

We shall now deduce from the link between I, and hj an asymptotic
expansion of I, in case ¥ > 0 and an asymptotic equivalent of Iy in case
v <0.

NoOTATION. We write
d=1/d, w=1l4p+(k—v—1/2)d=(0+1/2)(1—0)—iéS¢E.

THEOREM 7.1. Assume 9 > —1 — R{ — d/2 (i.e. v > 0). There exist
complez sequences (0n)n and (0}, such that for all m € N and all € > 0,
as x — 0o,

Ig('f) _ eiax5 Z 5an—n5 + 67iax5 Z (Xwafn& + O(x%wf(m+1/2)6+€).

Proof. By Proposition 7.2, (17) and (16), we have

Ip(z) =Y depa ter(s=hlp, (49) 4 O(o!/2 e (ermiDite)
=0

_ Zéek$1+g+(m—k)6hk(x6) + O(x%w—6(m+1/2)+s)'
k=0

Using the asymptotic expansion of hy (see Proposition-Definition 5.1) we
show that there exist complex sequences (d,), and (d)), such that for
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all m € N,

IQ(IL’) = C(.r(s) Z 5nx1+9+(“*1’*”*1/2)5 + S($5) Z 5;Lx1+g+(n71/fnfl/2)6

n=0 n=0
+ O(x1/2+gf(g+m+1)5+s)

so there exist complex sequences (7,,), and (7,,), such that for all m € N,

m m
IQ(I') = eiam5 Zéan—'nﬁ 4+ e—iax‘s Z&gﬁw—ncg + O(x%w—(m+l/2)§+a)' .
n=0 n=0

ProprosiTION 7.3. Let v € R. Then
Io(z) = 0@z =97%) 45 2 — .
Proof. By (16)—(18), for all € > 0 we have
Io(z) = Segz T hg(20) + O (x/279%¢),

But ho(z) = O(z=v"Y?) = O(xz=®~4/2-1/2) 5o Iy(z) = O(z(1=9/2) 4
O (x'/?79%2). We choose 0 < £ < §/2 to get the final result. m

PROPOSITION 7.4. If o € N, then the function I, has a oth derivative
and for all k € N, k < o, we have

I (y) = Lo-i(y)-
Proof. Assume that 9o € N and T, ¢ and A satisfy (15). Then

IQ(:,;):% | Gols)z'tosds.
C(T,c,A)

We have d
2 (Gols)a ) = (14 0 = 5)Ggls)a ™

and the integral
S (14 0—35)G,(s)z? % ds

C(T,c,A)
is convergent uniformly for = in compact subsets of [0, co[. So we have
1
!/ _ —S
I,(z) = %in S (14 0—95)Gy(s)z? % ds.
C(T\c,A)
But (1+ 0 —5)Gp(s) = Go—1(s) so
1 —s
I(z) = %in S Go-1(s)x?*ds.

Since T, ¢ and A satisfy conditions (15) with ¢ — 1 instead of g, we have

Iy(x) = Ip-1(2).
An iteration gives the conclusion. =
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8. Estimation of the error term

8.1. Estimation of the error term with Landau’s method. In this section
we shall prove Theorem 2.1. Let F' € S# be of degree d > 2. Using arguments
similar to the one used in the proof of the Perron formula (see [T, Section 1.2,
Theorem 1]), we prove that for alle >0, 2 > 1 and T > 1,

14e+iT 00

/ 1 25F(s) ( 14 |ay| )
an = 7— ——2ds+0O|zT*
7%;6 2im 1+ES—iT 5 7; n'*e(T|log(z/n)|)
n#x
|az]
+ 0< -
Ie+iT Ite
1 x°F(s) x |as|
= — S . ds + O( T > + 0 <T ,

14+e—iT
where a, = 0 if x € N. Applying the residue theorem, we get

14-e+iT —e—iT

1 SE 1 SE
] . ] A% ‘ s
14+e—iT 1+e—iT
1 —e+iT s 1 1+e+iT s
— S X (S) ds + — S (S) ds.
2 ) s um ) s
—e—iT —e+iT

Let us estimate the horizontal integrals. If s = o 4+ T with 7' > 1 and
—e <0 <1+4¢, by Lemma 3.4 we have

%SF(S) — O(Td(1+5)/271($T7d/2)0')’
and therefore,

14+e+iT

°F(s) d(1+¢)/2—1 alte x—°
iT s T O<T Taa2 T
—E&x1

= O(% ml-i—a) + O(x_gTd(l+28)/2_l).

Now, let us estimate the vertical integral. Using the functional equation and
Lemma 3.2, we have

(1 —3s) =
Fs) = e 21 =8 g _
(5 —Fa-y)
_ 6@28716(0', 7_) ’T‘d(1/2fa)ez’(fdr log | 7|+ (log B+d)T—S¢ log | T)

x F(1—3s)(1+0(1/|r])).
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So, for s = —¢ 4 i1, we have
xS
F(s) ——
()
_ Am,—a‘,r’d(l/?—i-a)—l Z n?’ia ez(—(dT—i-\s{) log ||+ (log ﬁQn +d)7’)(1 + O(l/"l”)),
n>1

where A is a constant depending on ¢ and the sign of 7. We have

—e+iT e
S F(s) —ds
—e—iT 5
a r 5Q2 V7)
_ —e n d(1/2+¢e)—1 i(—(dr+3¢) log T+ (log =5~ +d)T
= Az Z = S T e dr
n>1 1/d

_ T 9
+A2$7€Z n‘ﬁzg S Ld(1/2+)=1 ,i((dr—S¢) log T—(log 2LE4+d)7) 7
n>1 1/d

T
+ O(x—e Z S 7_d(l/2—i—e€)—2 dT) + O($_E).
n>11/d

With v = dr, we have

—e+iT 8
S F(s) —ds
—e—iT 5
_ dT )
an S 1d(1/248) =1 i(—(u+S€) log u+(log d+log 722 /d+1)u) g,

dT
- 2
4 Byz—© Z Clbza S 4 1(1/2+€) =1 i((u=S¢) log u—(log 8972 /441 +1og d)u) du
n>1 " 1

+ O(zfsTd(1/2+s)fl) + O(xfs)

_ dT
=Bz Y ‘f_”ﬁ [ da/242)-1 iletu)-Selogu) g,
n>1 n 1
a, & .
ey B s s,
n>1 1

+ O(zfsTd(1/2+s)fl) + O(xfs)

with ¢(u) = —ulogu + (log %%/d + 1+ logd)u.
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According to Hilfsatz 10 of [Lan], for U > 1, § > 0 and w € R we have

U
‘ Sude:tiu(logu—w) dul < 2301/2+6
1
Applying this lemma with § = d(1/2+¢)—1 and w = log %ZI/CH- 1+logd,
for U > 1 and d > 2 we get

U
[ wd/24e)-1gbi0t0) gy < g3prdQ/2+e)-1/2,

1

Therefore,
drT
S ud(l/Z—l—a)—lei(:l:go(u)—%f log u) du = O(Td(1/2+e)—1/2)
1
and so
—e+iT s
S F(S) $_ ds = O(mfsTd(l/QJrs)fl/Q).
S
—e—1iT

Finally, we have proved that if d > 2, then

Z/ 4, = S(x) 4 O(% x1+6> + O(:C—sT(d—l)/2+s) + O<%>

n<x
so with T = 2(#1)/2 since a,, = o(n'*¢), we have
Z/ a, — S(SC) + O(:C(dfl)/(d+1)+s).
n<x

REMARK 8.1. With a similar method combined with the van der Corput
method used instead of Hilfsatz 10, we could prove that for 1 < d < 2, we
have the estimate E(x) = O(z%/*+¢).

8.2. Method used by Chandrasekharan and Narasimhan. We shall use
finite differences to establish a link between F(z) and its smooth version
E¢(x).

If ¢ is an integer, A > 0 and 0 < pA < z, the pth finite difference of the
real function f is defined as

AL f(z) = Zg:(—ne—v <Q> Fla + ).

v=0 v
By formula (8) of [CN2], we have
(19)  E(x) = %) = \"2AS(A%(x) — S,())
+O(Nlog™ L z) + 0( 3 |an|).

z<n<z+pA
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NOTATION. In case d > 1, we define \(x) = 2! 7977, where § = 1/d and
1 > 0, and choose a convenient 7 for each case.

DEFINITION 8.1. We define
W(z) = A{(A%(z) = So(x)),  V(z) = E(z) — AW (2).

We assume d > 1. In order to estimate W (y), we shall use Proposi-
tion 6.1, the asymptotic expansion of I, and some properties of finite dif-
ferences. We follow the method used by Chandrasekharan and Narasimhan
in [CN1].

NoOTATION. For all natural n, we write a,, = n/Q?.

Since W (y) = AS(A%(y) — So(y)), by Proposition 6.1, for o > d/2 and
y > 0 we have

IN= G
W) = 0@ < A8,
n=1 "7

We now estimate A$7T,(y). Assume that o € N, A > 0, y € R and f has
a pth derivative on ]0, co[. Then

Y+ t1+A to—1+A
M= | - f9O)dty - dirdty.

y ot to—1
In particular,

A7) < A2 sup  [fO(t)].
y<t<y+pA

Applying this to I,, by Proposition 7.4 we get

|AST,(y)| < A2 sup  |[o(t)].
y<t<y+oA

By Proposition 7.3, In(z) = O(z1=9/2) so if y > \p, we have

(20) A5, (y)] < MOy 072).

On the other hand, by Theorem 7.1 we have

(21) |A8T,(y)| = O(IT,(y)]) = O(y™) = O(y(eT/21=9),
For 9 > d/2, z > 0 and y > 0, we have

@) We)=e@"3 a‘_fig AT, (any)

=aQ ' ) HQA I(awy) +0Q " 3 o(any).

an<z Qn an>z ”
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Using (20) in the first sum and (21) in the second one, we get

(0799 _ Qp, _
W<y>=0( > —O'MH'Q g\ (o) 5)/2> +0< S Ll (et ‘”)

anp<z M anp>z N
_ |an| (1-8)/2 |an| (0+1/2)(1-6)
_O< > i MY +0( > Lo Y ¢ :
anp<z “N anp>z “n

If o > (d + 1)/2, using the definition A = y'~°~" and choosing z = y™, since
320 L lan|n™17F < oo for all € > 0, we get

W(y) = o(zl+s—(1+6)/2y(g+1/2)(1—6)—gn) + O(Z1+€—Q5—6/2y(g+1/2)(1—6))

for all € > 0 and so
(23) W(y) — O(y(g+1/2)(1—5—77)+d77/2+5)_

We can now prove the result announced in Remark 2.1: for any function
F € S# such that Y . |an|> < n'*e for all € > 0 (also for functions of
degree d < 2), for any = > 1 and any ¢ > 0, we have

E(x) _ O(:C(dfl)/(CH’l)‘FE).
Let F be such a function. By Cauchy’s inequality, we have

(24) ( Z |an|>2 < Q)\( Z |an|2) < y2o-nte

y<n<y+oA y<n<y+oA

for all € > 0, so

(25) V(y) < yl=O0tm/2+e,

Since E(x) = V(z) + A\ ¢W (z), by (25) and (23) we have, for all € > 0,
E(z) = O(x(l—é—n)/2+dn/2+s) + O(xl—(5+”>/2+5),

We choose n = § to get E(x) = 0(x1—6+e).

If we assume that a, = O(n®) for all € > 0, then V(z) < z!~%77+¢ 50

by (23), for all ¢ > 0,

E(r) = O(x(l—é—n)/2+dn/2+a) + O<x1—(5+77)/2+5)'

We choose 7 = (1 —6)/(d + 1) to get E(x) = O(x(d-D/(d+1)+e)

9. Estimation of the mean square of the error term. We shall
now estimate the integral §; |E(y)|*dy and prove Theorem 2.2. Since the
estimate of Theorem 2.2 is obvious for functions of degree d < 1 in S#, we
shall assume that F' € S# is of degree d > 1 and >, __ |an|? < 1€ for all
e > 0. We have

x x x

J1B)[2dy < 4max(§A=2\W () dy. § V()2 dy).
1 1 1

n<x
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9.1. Estimation of the second integral. As r — oo, we have

JAW)? log?"r =2y dy = [y 70" log?" 2y dy
2

8

[\

< m3—26—217 10g2mF_2 z+ 1.
By (24), we have

xT

(
§( 3 ran\fdy:o(gyl-é-"( > Janl?) dy)
1 y<n<y+oA 1 y<n<y+oA

0( > al* yl"s’"dy)

l<n<z+oxl=0-n n—gnt=90-n

O( Z ]an\2n2(1_5_77)).

l<n<z+oxl=0-7

So, for all ¢ > 0, as x — o0,

z 2
H(S aul)dy = 0w + gao-my20-5-m+19)
1 y<n<y+oA

— 0(1,3—25—27]—&-5).

Finally, by (19), for all ¢ > 0, we have
x
(26) JIV@)P dy = O@® 727 4 1),
1
9.2. Estimation of the first integral. To estimate {{ A=2¢|[W (y)|? dy, we
shall use Proposition 6.1, the asymptotic expansion of I, and some properties
of finite differences. We follow the method used by Chandrasekharan and
Narasimhan in [CN2].
By (22), for p > d/2 and y > 0, we have

Tyl -
(27) W QQZZ (Omon) 72 Al Lo (my) AS T (any).
m=1n=1

DEFINITION 9.1. We write

0 2
Gn
Wi(y) = Z a’2(14|r9) |A§\IQ(any)|27

n=1

Ay Gy -
Waly) =Y (omon) e AR I (eumy) AS T (any).
ntm, \mn

We shall estimate {7 \™2¢W(y) dy and {7 \"2¢Ws(y) dy separately.



50 A. de Roton

9.2.1. Estimation of diagonal terms

ProprosSITION 9.1. If p € N and x > 1, then

[ A=2ew(y) dy = O(2>7).
1
Proof. By (20), we have

xT

S)\_ngl( dy = S 2@2 |an|® |A any)|2 dy

1+g)
1 n>1
x 2
[ y—20 N lanP(A%a (any) 1 0/2) lan|” 15
= S ¢ Z 2(1+g) dy < S Z s Y 4y
n>1 1n>1 Qn
Forall e > 0, Y, lan|? = O:(2z'79), s0 if & < 4, then Y -, |an[*/a}t?

= Os(1). This proves

T

]an]2 1-6 2-§
SZ 5 ¥ Ay =05(a""). =

1n>1

9.2.2. Estimation of non-diagonal terms

NOTATION. We recall that
1
= (g + §> (1—26)—i0SE,  ap=n/Q% a=dp.

Equation (27) shows that the estimation of the non-diagonal terms re-
duces to estimating the integral
x
| My) 722 A8 Iy (aimy) AS Ly (any) dy.
1
In view of the asymptotic expansion of I, given in Theorem 7.1, this estimate
is reduced to that of the integral

xT

(28) U () = | A(y) 2048 (y*e™ m) AS (e n) dy,
1
where b and ¢ are real numbers such that |b| = |c| = a.

LEMMA 9.1. For§ <1, 0> 1, 2 > 1 and > max(1, (20)"/ (9 we
have

(20) UL, (x) = O(ﬁ)x D (00,)®  if G < am < 2
do
(30) Ub(x)=0 (at; aj - )x<@+2><1 D1+ A~ tal)
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1

(31)  Upi(z) =0 (m) A2 R0 (5170 4 haf)

if 2 <ap < an.

Proof. In this proof, m and n are fixed so we do not always write them.
For b,c € R\ {0} such that |b| = |¢| and for y > 0, we define
T ) 28 .0 _ —
Gh(y) = e omAS (e ), H"(y) = A(y) %' G (y)Gri(y),

so we have

xT

UL, (@) = | My) 722G, () Ge (y)e” Cam—ca) gy

‘ c d iyd (bal —cal
= it ) V) (€ ) dy,
1

and hence

(32)  Upiu(a)

xT

1 d
— Hb,c Hb,c 1 _Hb,c )
Oty ) (1) + e I+ <y>\dy)
We have
roibytal  w
|G (y)] = [AS (V" *my),
d 4 ot 8 4 _ibad yb bad 40
Il — | ptoop, y" 200t,, AQ w tbag, y
Gl )| = [ oL (e ag ety

and these two functions have been estimated by K. Chandrasekharan and
R. Narasimhan in [CN2] in case w is real. In case w € C, the estimates and
their proofs are the same (see [dR1] for more details). We recall here their
results:

If y > max(1, (20)"/("+9)), we have

(33) G, (y) = O(y™),

(34) GY (y) = g A2(e™n¥’) + O (Mg,
35 GY (1) = O(\&Rw—e(1=0) \de

(35) m (Y Yy SCOR

and

(36) () = 00y ) for g2 1.
(37) DGt (y) = O(reyRe-eli=0)-1500).
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Using X'(y) = O(A(y)/y), we get
d - C
@) || = ot )
F )2y 0 (| 26, ) |65 + G W) -Gl ).
If o, < < 2, by (35) and (37) we have
(39) Hyi(y) = A2y 00Ny 226079 (ay0,,)%)
= 0(92(1_6)(aman)6g)7
and by (38),
(40) %H Pe(y) = O(A~22y O N2y Me2e(20) (o, 0, ) )
= O(yl_%(aman)ag)-
By (39), (40) and (32), we get (29).
If o, < 2z < am, by (33) applied to G% (y), (35) to G<(y), (36) to
d%Gl;n(y) and (37) to %G;(y), we have
(41)  H"(y) = A7y 00Ny P 0 age) = O(Aey (21000,
and by (38),
d ber N -0, 2Rw—(0—1)(1-6)—1 .0
(42) a1 (y) = 0%y ay?)
+ )\—Zle—50()\y%w—Z—l—(SagL)\QyERw—g(l—&)aflg + y%w)\gy%w—l—g(l—é)agd)

_ O()\—gy—6+2§]‘€w—g(l—6)agg) + O()\—Q-Hy2§)‘kw—g(l—6)—lazr5na;$lg)

— O ey =003 1 4+ xyal))

By (41), (42) and (32), we get (30).
If 2 < ap < ayy, by (33) and (36), we have

(43) |HY(y)| = A"22y1 700 (y2R) = O(\~2ey2e+2)(1-0)),
and by (38),

HY() = Oy 0) A2y 10(af, 4 )
SO
(44) d%Hbvc(y) = O(A"20y e+ )(A=0)=6(1 4 3y 3-140Y).

By (43), (44) and (32), we have (31). =
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We can deduce from these estimates those of non-diagonal terms. The
proof is the same as in [CN2], we just recall here their conclusions.

LEMMA 9.2. Assume that

Wala) = 3 2 AT (o) AT )
mn

~ ezax 26 9 V(S —zaa} Z(S, w— V5

and the estimates of Lemma 9.1 hold for the functwn

Ui (x) ZQSCA(y)*QQAﬁ( e AS (yFe IV n ) dy,
1
for all b,c € R such that |b| = |c| = a. Then for all € > 0, we have
§A‘29W2(y) dy = O(z*1 =9 (2 =2F 4 Jog 7).
1
9.3. Proof of Theorem 2.2. Under the hypothesis of Theorem 2.2, we

have
x

| A2 W (y)Pdy = O(2*7°) + 0>~ (@D tlogz))
1

and
X

[V )2y = 02 -20%%),
1
Finally, for all > 0, we have

VIE@W)? dy = 0(2*%) + 02?170 (2472 4 log x)) + O(a 20 ~21F9),
1
If d < 2, then we let 7 — 0o to obtain

x
VIE@)? dy = 02"7).
1

If d > 2, then we choose 1 = § to get

S ’E(y)|2 dy = O($2—5) + O($3_46+6),
1
This ends the proof. m

Estimates of Theorem 2.2 prove that for d < 4, the function E(x) belongs
to L?([0, 00[, dr/x?). We use this in [dR2]. The estimate we get in this last
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theorem is similar to the one obtained by Chandrasekharan and Narasimhan
in [CN2]. We intend to adapt the method used by Redmond in [R2] in order
to sharpen our result in the case d > 4 and avoid the use of the hypothesis
S es lanl? < a1,

[Bo]
[Br]
[Ch]

[ON1]

[CN2]
[CN3]
[CG1]
[CG2]
kP
[KP1]
[KP2]
[Lan)
)
[R1]
R2]
[dR1]
[dR2]
[S]

[T]

(Vi
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