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Arithmetic progressions with
common difference divisible by small primes

by

N. SARADHA (Mumbai) and R. TIJDEMAN (Leiden)

1. Introduction. For any integer n > 1 let P(n) and p(n) denote the
greatest prime factor and smallest prime factor of n, respectively. Also let
P(1) = p(1) = 1. We consider the equation

(1.1) n(n+d)---(n+ (k—1)d) = by

in positive integers n,k > 2, d > 1, b,y,l > 3 with [ prime, ged(n,d) = 1
and P(b) < k. We write

(1.2) d = Dy Ds,

where D; is the maximal divisor of d such that all prime divisors of D;
are congruent to 1 (mod ). Thus D; and D; are relatively prime positive
integers such that Dy has no prime divisor which is congruent to 1 (mod 1).
Shorey [Sh88| proved that (1.1) implies

(1.3) Dy >1 if k> Cl,

where C is a large absolute constant. In [SS01], Saradha and Shorey showed
that C7 = 4 suffices. Thus for all £ > 4, there exists a prime = 1 (mod 1)
dividing d. Since [ > 3, this implies that (1.1) has no solution if d is composed
of the primes 2, 3, and 5 only. For £ = 3, Gyéry [G99] showed that (1.1)
with P(b) < k is impossible. Further, from [SS01], it follows that (1.3) holds
for (1.1) when k = 3 provided 2 or 3 divides d. Shorey and Tijdeman [ST90]
sharpened (1.3) to

(1.4) Dy > Cgk‘l_Z.

The constant Cy turns out to be very small and therefore the above inequal-
ity is trivial for small values of k.
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In [SS01], estimates for D which were non-trivial even for small values
of k were given. For example, it was shown that

(1.5) Dy > 1.590k1/27315  for | > 17,
where
1 ifltd,
1.6 0 =
(1.6) {1/1 if 1d.

The reduction in the exponent of k from [ — 2 in (1.4) to {/2 — 3.15 in (1.5)
is due to using a counting argument of Erdds and Selfridge while covering
small values of k (see [SSO01, Lemma 9]). When k£ > 11380, it was shown in
[SS01, Lemma 7] that

(1.7) Dy > k'3

The proof of this inequality depends on a graph-theoretic argument due to
Erdés and Selfridge [ES75] and some further refinements in [Sa97]. In this
paper, we improve this graph-theoretic argument (see Lemma 4.2). Using
this improvement we show

THEOREM 1.1. Let (1.1) hold with | > 5. Put

E; = max <0.791€l_3, % n(l_2)/l), Ey = max <O.79k:l_4, % n(l_?’)/l).

(i) Suppose k > 4 and d is divisible by 2 or 3. Then
Dy > Ej.
(ii) Suppose 5|d. Then
Di>F, ifk>8o0ork=6 and Dy >FEy if k=T1.
(iii) Suppose 7|d. Then
Dy >FE, if k>25 and D;>FEy if 8<k<24.

In [BBGHO6], it was shown that (1.1) with 4 < k£ < 11 and P(b) <
k/2 has no solution. This result depends on Galois representation theory of
modular forms. As an immediate consequence of this result and Theorem 1.1
we get the following corollary.

COROLLARY 1.2. Let (1.1) hold with k > 4, P(b) < k/2 andl > 5. Then

(i) D1 > Ey1 if2 or 3 or 5 divides d.
(ii) D1 > Es if7 | d.

REMARKS. (i) When | = 3, it was shown in [SS01, Theorem 3| that
Dy > 0.410k"/3.

We do not have any improvement over this.
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(ii) Let k£ = 3. As mentioned earlier, (1.1) with P(b) < 3 does not hold.
Now let P(b) = 3. Suppose 2|d. Then n(n + d)(n + 2d) = 3%y’ for some
integer o > 0. Hence (n,n + d,n + 2d) = (SO‘yll,yé,yé) or (yi,3°‘yl2,yé) or
(4, yb, 3%yL) for some positive integers yi,y» and y3. Thus

vs—vo=d or yy—y1=2d or yy—yi=d
Now we see that (1.3) holds since the difference of two {th powers is always
divisible by a prime congruent to 1 (mod [). Note that 3td since ged(n, d)
= 1. It is still not known if (1.3) holds in the remaining case of d odd
and 31d.

(iii) The constant 0.7 in the definitions of E; and Ej is obtained from
[SS01, Lemma 5] by taking k = 7,1 > 5 and I’ = 2, 3.

2. Basic lemmas

LEMMA 2.1 ([SS01, Lemma 1]). For 0 <i < k, let n +id = a;a;, where
a; is a positive integer with P(a;) <k for0 <i < k. Let S = {ag,...,ap_1}.
For every prime p < k with ged(p,d) = 1, choose a;, € S such that p does
not appear to a higher power in the factorization of any other element of S.
Let Sy be the subset of S obtained by deleting from S all a;, with p < k and
ged(p,d) = 1. Then

(2.1) I @ < - ][podt—0,
a; €51 p‘d
Next we combine [SS05, Lemma 10] and [SS01, Lemma 5] to get
LEMMA 2.2. Assume that (1.1) holds.
(i) If
: -3 10 a2y
(2.2) Dy < min|( 0.76k )5 ,
then the products a; a;, with 0 <11 <19 < k are all distinct.
(i) 1f
- -1 10 a_3yy
(2.3) Dy < min|( 0.76k 3% n ,

then the products a;, a;,a;, with 0 < 41 <49 < i3 < k are all distinct.

We assume (2.2) or (2.3) according to the situation we consider. Under
these assumptions a;’s are distinct.

We need to count the number of a;’s composed of certain primes. Several
counting functions have been used earlier. See [Sa97], [SS01] and [SS05]. Let
2 = p1 < py < --- be the sequence of all primes and ¢; < ¢2 < --- be the
sequence of primes coprime to d. Let 7(k) and my(k) denote the number
of primes < k and the number of primes < k which are coprime to d,
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respectively. Let C(k,m,aq,...,Qn,71,...,7ry) denote the number of a,’s
not divisible by qio"'Jrl for 1 < i < m, not divisible by the primes ¢m,11,...,
and not by certain integers r1, ..., 7. Obviously,

(2.4) C(k,m,oq,...,0m,71,...,Th)

i k Z:k ﬁik
i=1 14 o gm<p<k p s=1 Ts

where [x] denotes the smallest integer greater than or equal to x. For h = 0,
we take the last sum to be 0 and write the function as C(k,m, a1, ..., qy).

3. Sets with distinct products. For any set S, by a5 we mean the
set {az | x € S}. We say that S has property P; if the products z; - - - x; are
all distinct for any i-tuple 1 < --- < z; with 2; € Sfor 1 < j <. If S
has property P», the products zy with x <y, x,y € S, are all distinct. We
observe that if S has property P; for some ¢ > 2, then S has property P; for
any j < i. Suppose (1.1) holds with (2.2); then the set of a;’s has property
P, by Lemma 2.2.

LEMMA 3.1. Let X C {l,a,...,a"} withr <5 and let nq, 51, ..., Bn, be
positive integers with

ni
Y =[JBX.
i=1

Let S CY be any subset of Y having property Ps. Let S; = ;X NS for
i=1,...,n1 and assume |S1| > |Sa| > ---. Then

min{2n; + 1,n; +r—1} if |S1| =3,
R e e N

min{2ny,n; +r} if 1S1] = 2.

Proof. Let 1 < i < nj. Let t; be the least non-negative integer such that
atiﬁi € 5.

Put v; = a'i3;. Then S; C v;{1,a,...,a°} and ; € S;. Since S has prop-
erty P, each S; has property P,. Observe that all the differences of the
exponents of a of pairs of elements from some S; have to be distinct, i.e.,
there are no non-negative integers x1 < y; and z2 < yo with

(3.2) 7ia™,yi,a¥ € Siy,  vipa™,7i,a¥? € S;, and  y1 — 1 = Y2 — T2,
for some i1 and iy with 1 < 1,499 < ny. This is because if (3.2) holds, then
Vi @ - iy a”? = iy 0¥t - 0",
contradicting property Py. As S C {1,a,a? a>, a* a®}, only the five dif-
ferences 1,2,3,4,5 are available. Observe that if |S;| = 4 it generates 6

differences, and if |S;| = 3 then 3 differences. Hence we obtain |S1| < 3 and
|Si| <2 for ¢ > 1. Thus |S| < 2ny + 1if [S1] = 3 and |S| < 2ny if |S;| < 2.
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Moreover, if S = {1,a,a?,...,a"}, then the number of sets S; with |S;| = 2
is at most r — 3 if |S1| = 3 and at most r if |[S1| = 2. Thus

S| <3+2(r—=3)+(n1—r+2)=n1+r—1
if [S1] = 3, and otherwise
S| <2r+ny—r=n;1+r =

LEMMA 3.2. Let X C {l,a,...,a"} withr <5 and let nq, 51, ..., Bn, be
positive integers with

ni
Y =[JBX.
i=1
Let S CY be any subset of Y having property Ps. Let S; = 3; X NS for
i=1,...,n1 and assume |S1| > |Sa| > ---. Then
nm +3 if X C{l,a,a? a3 a* a’},
(3.3) IS| << ni+2 if X C{l,a,a% a3 a"},

ni+1 if X C{l,a,a?}.
Proof. As seen in Lemma 3.1, there exists 7; such that S; C ~;{1,a,
...,a’} and ; € S; and
[S1] <3 and |S;| <2 fori> 1.
Also, there are no positive integers z1,y1 and x2,y2 for which (3.2) holds
for any 41,49 with 1 < 4q,i9 < ny. Further, property Ps implies that there
are no positive integers z, y and z with v;,a® € S;,, vi,a¥ € Si,, Visa® € Sy,
for some i1, 19,13 with 1 < iq,19,473 < ni such that
r+y=z or x=2.
Suppose the first possibility occurs; then

(%1 ax) (’YiQ ay) (7i3 ) = (%1 ) (%2 ) (’Yia az) )
contradicting P3. Suppose the second possibility occurs; then,

(%1601)(%‘2)2 = (7i1)(7i2ay)27
again contradicting Ps. Using the above observations we find that if |S;| = 3,
then |S;| <1 for ¢ > 2, giving |S| < n; + 2. This can only happen if r > 2.
Let |S1| = 2. In this case if X C {1,a,a?,a3,a*}, then |S;| <1 fori > 2. If
X C {1,a,a? a3 a* a’}, then |S3| < |S2| < 2 and |S;| < 1 for i > 4. The
lemma follows. m

4. Lemmas based on graph theory. Let X > 1 and S C [1, X]
be a set of integers. Let U and V be such that every integer in .S can be
expressed as uv with uw € U and v € V. We call such a pair of sets (U, V)
a multiplicative covering for S. This construction was first given in [ES75]
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when S = [1, X] and it was refined in [Sa97, p. 157]. Let ¢ > 1 be an integer.
In the lemma below we construct a multiplicative covering (U, V) for a set
S of integers not divisible by some given prime.

LEMMA 4.1. Leti > 1 be an integer and S be the set of positive integers
< X not divisible by p;. Take integers m > 1 and T > 1. Let U = U(m,T)
denote the set of integers < T composed of p1, ..., pm and not divisible by p;.
With every prime pj, j # i, let the integer r;(T) denote the smallest integer
> T not divisible by p; with P(r;j(T)) = p;. Define
Vi =Aw | w < p; X/rj(T), p(w) = p; and pitw for 1 < j <m},
Vi1 ={w|w < X, w=1 or p(w) > ppmi1 and p;ifw}.

Put
m+1

v=JV
j=1
(Note that V; =0 if i <m.) Then

+1 j

Vi X pp1-pi-y) X B
| |_ Z (j) r-(T)+ J
j=1,j#i ~ P1°°"DPj—1P; J

where for 1 < j<m+ 1,5 # i, we define

(j)_{pi ifj<i<mor m<si,

Pi 1 otherwise,
and
€)
o« . N z
E, §max{g(z)— p(p1---pj 1pzj)) }
b1 -Pj-1D;
where o(z) is the number of integers < z and coprime to pi,... ,pj_l,p@(j)

and the maximum s taken over all z with 0 < 2z < pl---pj,lpz(-]) and
ged(z,p1 - -pj_1p)) = 1.

We refer to [Sa97] for the above construction. The fact that such a pair
(U, V) is a multiplicative covering for S can be easily checked.

The following is a refinement of Lemma 3 of [ES75] which depends on
graph theory. Let R be a given set of integers having property P, i.e. all
products 717 with 71 < rg and r1,72 € R are distinct. Let (U, V) be a
multiplicative covering for [1, X]. We draw a bipartite graph Gr = Gr(U, V)
as follows. The vertices of the bipartite graph are the integers in U and the
integers in V. We draw an edge between a vertex u € U and a vertex v € V
if uv equals an integer r € R. Since R satisfies P,, the graph G contains
no rectangle. In [ES75], it was shown that Er, the number of edges in G,
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satisfies

U
Er <|V|+ (U).

We improve the inequality as follows.

LEMMA 4.2. Let R be a set of integers having property Ps. Let G be
the graph drawn as above. Then
Er <|V]+ [W(U)],
where W (U) is the set of ratios > 1 of pairs of integers from U.

REMARK 4.3. Obviously we have |W (U)| < (|g|), but in our applications
|W(U)| is much smaller than (lgl).

REMARK 4.4. By using Lemma 3 of [ES75], it has been shown in [Sa97]
that (1.1) implies that & < 11380 as compared to < 30000 obtained in
[ES75]. It is clear that the improvement obtained in Lemma 4.2 will further
reduce the bound for k.

Proof of Lemma 4.2. We follow the proof of [ES75]. If a pair of edges
emanate from the same vertex, we call the pair a concurrent pair. For i > 1,
let s; denote the number of vertices in V' from which ¢ edges emanate. Then

Erp=) isi=Y si+Y (i—1)s <[V[+) (;)g
i>1 i>1 i>2 i>2

Let us consider a vertex v € V from which i edges emanate. The number
of concurrent pairs is (;) Thus the total number of concurrent pairs in the

graph is
Z i

i>2

Let uq,u), ua, u, be elements of U such that
up U

u1 U2

Suppose u; and u) are the end points of a concurrent pair of edges, as also
are uy and u’Q Then there exist v1,v9 € V such that

/ /
uvp =i, U v = T2, Ugv2 = 13, UgU2 = T4
with r1,r9,73,74 € R. Hence
/ /
T1T4 = U1V1U9V2 = U7 U2V1V2 = T2T3,

a contradiction. Therefore there can be at most one concurrent pair among
the pairs having the same ratio. Thus the number of concurrent pairs is at
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most |W (U)|. Hence

This proves the lemma. =

We now specialize R to be the set of a;’s. Under condition (2.2) or (2.3)
we see from Lemma 2.2 that R has property P» or P3. We apply Lemmas 4.1
and 4.2 to show

LEMMA 4.5. Let m, i and T be given positive integers. Suppose the a;’s
are not divisible by p; and are arranged in the increasing order as

(4.1) by <by <---.
Suppose further that the a;’s have property Py. Assume that (U, V) is a

multiplicative covering for the set S of all integers in [1,by] not divisible
by p; as constructed in Lemma 4.1. Then

(4.2) bp > a(h — 3)
where
m+1 o(pr--p; 1p(j)) m+1
al= ) I p=W(U)|+ > Ej
et DT L
j:l,j;ézpl Pj—1P; 7’]( ) J=1,j#1

Proof. Let R be the set of b;’s. Then the number of b;’s less than or
equal to by is h. This number does not exceed the number of edges in G,
since (U, V) is a multiplicative covering for S. Thus by Lemma 4.2,

h <|V]+[W(U)|.
Now the result follows from Lemma 4.1 with X = b;,. u
We apply Lemma 4.5 when 2, 3, 5 or 7 divides d. Recall ged(n,d) = 1.
LEMMA 4.6. Let (1.1) hold. Suppose that the by ’s have property Ps.
(i) Let 2|d. Then (4.2) holds with
(a, B) = (2.571,2.17), (2.842,3.17), (3.253, 7.1), (3.349, 8.1).
(i1) Let p(d) = 3. Then (4.2) holds with
(o, B) = (2.4,3.34), (2.666,4.34), (2.823, 5.34), (2.909, 6.34), (2.953, 7.34).
(i) Let p(d) = 5. Then (4.2) holds with
(a, B) = (1.666,3.6), (2,4.6), (2.222, 5.6), (2.352, 6.6), (2.769, 10.54),
(3.185, 18.54), (3.262, 20.54), (3.534, 36).
(iv) Let p(d) = 7. Then (4.2) holds with
(o, B) = (1.867,3.27), (2.074,4.72), (2.196, 5.72), (2.263, 6.72),
(2.584, 10.86), (2.973, 18.86), (3.407, 38.52).
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Proof. We need only specify the parameters m and 7. Then U is the
set of positive integers composed of p1,...,0i—1,Pit1,---,Pm and V is con-
structed as in Lemma 4.1. The numbers «, 3 are computed from Lem-
ma 4.5.

(i) Let 2|d. Take ¢ = 1 and (m,T) = (2,9),(2,27),(3,15), (3,25), re-
spectively.

(ii) Let p(d) = 3. Take i = 2 and (m,T) = (1,8), (1, 16), (1,32),(1,64),

(1,128), respectively.

( ii) Let p(d) = 5. Take i = 3 and (m,T) = (1,8),(1,16), (1,32), (1,64),

,9),(2,18),(2,27), (4, 21), respectively.

(V) Let p(d) = 7. Take i = 4 and (m,T') = (1,8),(1,16), (1,32),(1,64),
(2,9),(2,18),(3,18), respectively. m

5. Application of Lemma 2.1. Inequality (2.1) proves to be basic in
the problems of perfect powers in arithmetic progression, as is evident from
the papers [Sa97], [SS01] and several other papers by Laishram, Mukhopad-
hyaya and Shorey. We refer to the survey article [Sh06] of Shorey for these
references. We apply in (2.1) the lower estimates for by obtained in Lem-
ma 4.6 to get

LEMMA 5.1. Suppose (1.1) holds with (2.2).

(i) The case p(d) =2 cannot occur.
(ii) Let p(d) = 3. Then k < 124.
(iii) Let p(d) = 5. Then k < 374.
(iv) Let p(d) =T7. Then k < 538.

Proof. We see from Lemma 2.1 that
|S1] > k — ma(k).

Since the a;’s satisfy P, we get

k—mq(k)

H a; = H b;

azesl =1
Hence, by Lemma 2.1,

k—mq(k)
(5.1) [T b <=1y ]podet-0n
=1 pld
(i) Let 2| d. Then
k—m(k)+1 k—ma(k)
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Put
2h —1 for h <8,
2.571(h —2.17) for 9 < h <12,
(5.2) Sp = { 2.842(h —3.17) for 13 < h < 34,

(
3.253(h — 7.1)  for 35 < h < 41,
3.349(h — 8.1)  for h > 42.

Then by Lemma 4.6(i) we get, for every k,
k—m(k)+1
H Sy < (k - 1)!/20rd2(k—1)!.
h=1
As is standard now, we first bound £ using approximate values of (k) and
(k — 1)!. For the remaining finite number of values of k, we check that the
above inequality is not valid.
The proofs for (ii), (iii), and (iv) are similar. For the initial values of dy,
we take the hth positive integer not divisible by p;. For the other values of h
we choose the largest values of a(h — f3) for (a, 3) given in Lemma 4.6(ii),
(iii), (iv), respectively. m

6. Proof of the theorem. (i) Let 2|d. Then the assertion follows
immediately from Lemma 4.6(i).

Now suppose p(d) = 3. By Lemma 5.1(ii) we obtain k& < 124. We apply
(2.4)Withm:3,q1:2,q2:5,q3:7,a1:4,a2:a3:1,h:1,
ry =95-7,i.e., we estimate from below the number of a;’s composed of 2, 5
and 7 with their powers not exceeding 4, 1, 1 and not divisible by 35. This
yields

(6.1) C(k,3,4,1,1,5-7)>8 for 16 < k < 124.

For any k, we denote by S(k) = S(k,1,...,0n,,X) the set of a;’s C Y
where X, Y, (1,..., 0y, are as in Lemma 3.1. In the notation of Lemma 3.1,
we take X = {1,2,22,23 24} with r =4 and ny = 3, {31, B2, 3} = {1,5,7}.
By (6.1), we get

1S(k)| > 8 >ny +,

a contradiction to Lemma 3.1.
Now we consider 4 < k < 15. Wetakem =1, ¢1 =2, a1 =2, h=0to
find
C(k,1,2) > 3.

This means that there are at least three a;’s belonging to {1,2,22}. Since
a;’s are distinct this means property P» is not satisfied.
(ii) Let p(d) = 5. By Lemma 5.1(iii), we have k < 374.
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Let 65 < k < 374. Take X = {1,2,22,23 24 25} ny = 15,
{Bi,..., P15} = {1,3,7,11,13,3-7,3-11,3- 13,7 - 11,7 - 13,
11-13,3%,3%.7,3%.11,3% . 13}

We apply (2.4) withm =5,¢1 =2,¢q2=3,q3=7,q1 =11, ¢5 = 13, a1 = 5,
aw=2,a5=aq=a5=1,h=4,r1=3-7T-11,r9=3-7-13,r3 =3-11-13,
rg =7-11-13 to get

|S(k)| > 21.

This contradicts Lemma 3.1 with r = 5.

For 25 < k < 64, take X = {1,2,22,23 2%} ny = 4, {B1, B2, 3, Bu} =
{1,3,3%,7}. Apply (24) withm =3, ¢1 =2, 2 =3, 3 =7, 01 =4, ag = 2,
ag=1,h=1,r1=3-7 to get

[S(k)| =9,

contradicting Lemma 3.1 with r = 4.
Let 9 < k < 24. Take X = {1,2,2%2,23}, n; =2, {B1, 32} = {1,3}. Apply
(24) withm=2,¢1=2,¢2=3,a1 =3, =1, h =0 to get

[S(k)| = 5,

except for k = 19, 20, 23, 24 in which cases |S(k)| > 4. By Lemma 3.1,we have
|S(k)| <4 (= 2n1). Thus we need to consider k = 19,20, 23,24 with |S(k)|
= 4. Let k = 24. Then 23 divides aq, ass; 7 divides a1, ag, a5, ase; 19 divides
a2, a91; and 17 divides as, asg. Then 16 divides one of ag, a1, asz, as, asg, as1,
a22, a23. Thus the number of a;’s divisible by 16 and not by the primes 7,
17, 19 and 23 is at most 1. Hence |S(k)| > 5, a contradiction. We give for
other values of k the combination of a;’s divisible by certain primes or 16
or 9, by which |S(k)| > 5, to get a contradiction.

e k= 23: 11 divides ag, a11, a2, but no distinct placings for 4 multiples
of 7.

e k = 20: 19 divides ag, a19; 17 divides a1, a1g; no place for 2 multiples
of 16.

e k =19: 9 divides ag, ag, ais, no place for 2 multiples of 17.

This proves that Dy > FEq if kK > 9.

Let £k = 6. There are at most three multiples of 2 and two multiples
of 3 among the a;’s, but they cannot be distinct. Hence at least two a;’s are
equal to 1.

Let k = 8. If there are two multiples of 7, then 7 divides ag and a7 and
we can apply the case k = 6 to ay,...,ag. Otherwise there is at most one
multiple of 7, of 8, and of 9. Hence there are at least five a;’s with values
in {1,2,4,3,6,12}. But the a;’s are distinct and they cannot assume all the
three values from either {1,2,4} or {3,6,12}. This yields a contradiction.
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Let k = 7. There is at most one multiple of 7, one multiple of 8 and one
multiple of 9. Hence there are at least four a;’s in {1,2,3,4,6,12}. A simple
check shows that this cannot happen if P3 holds.

(iii) Let p(d) = 7. By Lemma 5.1(iv), we have k < 538. As seen in the
case 5|d, we will be applying (2.4) and Lemmas 3.1 and 3.2 with suitable
choices of parameters for various ranges of values of k£ so that the lower
bound for C(k,m,ai,...,qm,71,...,7,) and the upper bound for |S(k)|
contradict each other. We give below the range of k and the choice of the
parameters.

(a) 118 < k < 538: By (2.4) we have
C(k,5,5,4,2,1,1,3-5-11,3%52,3-5-13,3 - 11 - 13) > 35.

Now take X ={1,2,22 23 24 25} 7=1{1,3,32,33,3%}, n; =29, {B1,..., P20}
=1{2,57,5%,3-52,112,5-11,5%11,13%,5-13,5%13,11-13,5-11-13,52-11-13}
to get

|S(k)| <29+ 5 =34,

by Lemma 3.1, which gives the necessary contradiction.

(b) 36 < k < 117: By (2.4) we have C(k,3,4,3,1) > 13. Now take
X = {1>2>22723724}7 Z = {153332¢33}7 ny = 8, {ﬁla-'-vﬁS} = {Z>5Z}
Thus |S(k)| <8+ 4 =12, by Lemma 3.1, which gives a contradiction.

(c) 25 < k < 35: By (2.4) we have C(k,3,3,2,1) > 10. Now take X =
{172722>23}7Z = {173732}> ny = 6> {ﬁlv" 'aﬁﬁ} = {Z? 5Z} Thus |S(k)’ <
64+ 3 =9, by Lemma 3.1, which gives a contradiction.

(d) 15 < k < 24: By (2.4) we have C(k,2,4,2) > 6. Now take X =
{1,2,22,2°,2%}, Z = {1,3,3%}, m1 = 3, {1, B, B3} = {Z}. Thus |S(k)| <5,
by Lemma 3.2, which gives a contradiction.

(e) 8 < k < 14: By (2.4) we have C(k,2,2,1) > 4 if k = 8,9,10 and
C(k,2,2,1) > 3 if 11 < k < 14. Using the argument as in the case 5]d,
k € {19,20,23,24}, we can improve this as

C(k,2,2,1) >4 if11<k<14.

Suppose C(k,2,2,1) = 3. We give the combination of a;’s divisible by certain
primes or 8 or 9 which shows that there is a coincidence among the a;’s.

e k= 14: 13 divides ag, a13; 11 divides a1, a12; no place for 3 multiples
of 5.

e k£ =13: 11 divides ag, a11; 5 divides a9, a7, a12; 9 divides a1, aig; or 11
divides a1, a19; 5 divides ag, as, aig; 9 divides as, ay1; in both cases no
place for 2 multiples of 8.

e k =12: 11 divides ag, a11; no place for 3 multiples of 5.

e k= 11: 5 divides ag, a5, a1p; no place for 2 multiples of 9.
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Thus for 8 < k < 14,
|S(k)| > 4,

a contradiction to Lemma 3.2. =
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