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Discrete limit theorems for the Mellin transform of the
Riemann zeta-function

by

VIOLETA BALINSKAITE and ANTANAS LAURINCIKAS (Vilnius)

1. Introduction. As usual, denote by ((s), s = o + it, the Riemann
zeta-function. In analytic number theory the modified Mellin transforms
Zi(s) of powers of the function ((s) are considered. For £ > 0 and ¢ >
oo(k) > 1, the function Zj(s) is defined by

Zi(s) = | [€(1/2+ ix) [Pz da
1

In view of the Mellin inversion formula the function Zj(s) is very useful for
the investigation of power moments

T
VIc(/2+it)** at
0

of the Riemann zeta-function.

This paper is devoted to the asymptotic behavior of Z3(s). We recall
that Z5(s) is a meromorphic function having a pole at s = 1 of order five,
simple poles at s = 1/2 & i\/A; —1/4, where {)\;} U {0} is the discrete
spectrum of the non-Euclidean Laplacian acting on automorphic forms for
the full modular group, and poles at s = ¢/2 for any complex zero ¢ of the
Riemann zeta-function.

This as well as estimates and mean-square estimates for Z;(s) were ob-
tained in [7]-[11].

The idea of applying probabilistic methods in the theory of functions
belongs to H. Bohr and B. Jessen [3], [4]. Later, Bohr—Jessen’s theory was
developed by many authors; for history and results see [12], [14].
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The first attempt to study the function Z5(s) in this direction was made
in [13]. To state the theorems of [13] we need some notation. Let meas{A}
denote the Lebesgue measure of a measurable set A C R, and let, for T" > 0,

vh(..) = %meas{t €0,7]:...},

where the dots stand for a condition satisfied by ¢. Here the ¢ in v4 only
indicates that the measure is taken over t € [0, T]. Denote by B(.S) the class
of Borel subsets of the space S.

THEOREM 1. Let 7/8 < o < 1. Then on (C,B(C)) there exists a proba-
bility measure Pc s such that the probability measure
vh(Zo(o +it) € A), A€ B(C),

converges weakly to Pc o asT — oo.

Now let G be a region on the complex plane. Denote by H(G) the space of
analytic functions on G equipped with the topology of uniform convergence
on compacta. Let D ={s € C:7/8 <o < 1}.

THEOREM 2. On (H(D),B(H(D))) there exists a probability measure
Py such that the probability measure
Vi(Zy(s +it) € A), A B(H(D)),
converges weakly to Py as T — o0.

Note that Theorems 1 and 2 are valid in a comparatively narrow region.
This follows from known mean-square estimates for the function Zs(s).

Theorems 1 and 2 are of so called continuous character, because the
imaginary part ¢t or 7 of shifts varies continuously in [0,7]. The aim of this
paper is to obtain discrete limit theorems for Zs(s), when the imaginary
part of shifts in the definition of probability measures takes values in some
arithmetical progression. For N € NU {0}, let

NNC')::Rf&E' E: L,

0<m<N

where the dots stand for a condition satisfied by m. Let A > 0 be a fixed
number. Define a probability measure by

Pn.o(A) = pun(Za(c +imh) € A), A€ B(C).

THEOREM 3. Let 0 > 5/6. Then on (C,B(C)) there exists a probability
measure Py such that Py, converges weakly to P, as N — oo.

Now let D ={se€ C:5/6 <o <1} and
Pn(A) = un(Z2(s+imh) € A), A€ B(H(D)).
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THEOREM 4. On (H(D),B(H(D))) there exists a probability measure P
such that Py converges weakly to P as N — o0.

For the proof of Theorems 3 and 4 we use a new mean-square esti-
mate for Z5(s). Therefore, these theorems are valid in wider regions than
Theorems 1 and 2. Clearly, Theorem 4 is also valid in the half-plane
{seC:0>1}.

To prove limit theorems for Dirichlet series or their integral analogues
(Laplace or Mellin transforms) usually the method of Fourier or charac-
teristic transforms as well as the Prokhorov theory (tightness and relative
compactness of families of probability measures) are applied. However, the
machinery of discrete limit theorems is quite different from that of the con-
tinuous case. In continuous theorems one deals with mathematical objects
given by integrals, while in the case of discrete limit theorems, trigonometric
and other sums appear. Therefore, discrete theorems are more complicated,
they depend on a chosen discrete set used to define the relevant probability
measures. Note that in the discrete case the Gallagher lemma (Lemma 1.4
from [5]), which relates continuous and discrete mean-square estimates, is
very useful. On the other hand, the discrete results are more convenient
for applications. For example, the discrete universality for zeta-functions is
used to estimate complicated integrals over analytic curves [2]. Theorems 3
and 4 are the first step in this direction. In future we will identify the limit
measures in these theorems. This would open the possibility to consider the
universality of the Mellin transforms.

2. A limit theorem on a torus. Let 7 = {s € C: |s| = 1} be the unit
circle on the complex plane. For a > 1, define

where v, = 7 for all u € [1,a]. Since 7 is a compact, by the Tikhonov
theorem the torus (2, is a compact topological Abelian group. Note that the
Tikhonov theorem holds for products over any set of indices [16].

THEOREM 5. On (£2,,B(Q.)) there exists a probability measure Qq such
that the probability measure

Qna(A) = un((W™ :u e [1,a]) € A), Ac B(),
converges weakly to Qq as N — oo.

Proof. Let Z denote the set of all integers. The dual group of (2, is
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where Z,, = Z for all u € [1,a]. An element £ = {k, : u € [1,a]} €
@ue[l’a] Z,,, where only a finite number of integers k, are non-zero, acts
on (2, by

I[ =

u€[l,a]

where z = {zy, : x4 € 7, u € [1,a]}. Therefore, the Fourier transform gy (k)
of the probability measure Q) is

N
gn (k) = S H P QN .. = Z H pimhky logu
m=0ue(l,a

2 ue(l,a)

N+1 Zexp{zmh Z ke, logu}

u€(l,a]
where only a finite number of integers k,, are non-zero. Since
exp{z'h Z ko logu} =1
u€(l,al
if and only if there exists r € Z such that

2rr
ko, 1 = —,
> ktogu=1

u€[l,a]
we deduce that

1 if 32 ep o) ulogu = 2mr /R for some 1 € Z,

gn (k) = 1 l—exp{i(N+1)h Zue k logu}

otherwise.
N+1 1 —exp{th ) e q) Fu log u}

Therefore,
(1) lim ga(k) = { 1 if Zue[l,a] kylogu = 27 /h for some 1 € Z,
N—oo 0 otherwise.

Thus, by the continuity theorem for probability measures on locally compact
topological groups (see, for example, [6, Theorem 1.4.2]), the probability
measure )y, converges weakly to a probability measure @), with the Fourier
transform given by the right-hand side of (1). The theorem is proved.

3. Limit theorems for integrals over a finite interval. Let a > 1.
In this section we will prove limit theorems for the integral

a

Zyay(s) = [1C(L/2 + )] o(e, y) o~ da,
1

v(z,y) = exp{—(z/y)7"}

where, for y > 1,

with fixed o1 > 1/2.
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THEOREM 6. On (C,B(C)) there exists a probability measure Py o, such
that the probability measure

PN,J,a,y(A) = MN<ZQ7a’y(U + th) S A), Ac B(C),
converges weakly to Py g, as N — oo.

Proof. For y, € (2, let

. {yz if y, is measurable over [1,al,

Yo = f(z) otherwise, where f is any measurable function defined on [1, a).

Define a function hg 44 : 2, — C by the formula
a
hoay({ye @ € [1,a]}) = {[C(1/2 + i) |*v(2, y)2~7F, " da.
1
The definition of , and the Lebesgue theorem show that the function hg 4y
is continuous. Moreover,
hoay({z™ 2 € [1,d]}) = §\C(1/2 + iz [*o(z, y)x = "™ d,
1
Hence Pngay = QN,ah_1 Therefore, Theorem 5 and Theorem 5.1 of [1]

07a’y '
-1

sy a8 N — oo.

show that Py 4, converges weakly to Q.h

THEOREM 7. On (H(D),B(H(D))) there exists a probability measure
P,y such that the probability measure

Prnay(A) = pn(Z2,4,y(s+imh) € A), Ae B(H(D)),
converges weakly to P, as N — o0.

Proof. Consider the function hg, : 2, — H(D) given by the formula
hay({ye : @ € [La]}) = §|C(1/2 +ix) o (2, y)2 ="y, ! da.

1

Then the function h, 4, is continuous, and

hmy({ximh cx €[1,al}) = §|C(1/2 + iz [*o(z, y) x5 T d.

1

This shows that Py ., = @ N7ahg’11/. Hence, in view of Theorem 5 and The-

orem 5.1 of [1], the assertion follows.

4. Limit theorems for absolutely convergent integrals. In this

section we will consider the function
o0

Zyy(s) = | 1C(1/2 + iz)|*v(z, y)a ™ do.
1
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LEMMA 8. The integral defining 22 ,(s) converges absolutely for o >1/2.
Proof. For y > 1 and o1 > 1/2, let

S S s

o1+1i00
ae) = o | Ic/2 4 i)t D

01—100

Define

ds.

Since I'(0 + it) < e ™H/2|t|7=1/2 we obtain

ay(z) < [C(1/2 +iz)[*z= S |1y (o1 +it)| dt <, |C(1/2 + iz)|*z 7,

Using the well-known estimate
T
VIc(/2+it)|* dt < Tlog* T,
0

we find that, for o > 1/2,

@ | ai—(ax)da: <,z d(g c(1/2 +z't)|4dt)

1 1 0

oo
+ (0+401) S 77 log? z dx < co.
1

[e.e]
<y 2177 log? x’
1

The Mellin formula
b+ioco

9 S I'(s)a *ds=¢€""
b—ioc0
with positive a and b together with the definitions of a,(z) and v(z, y) yields
ay(z) = [¢(1/2 + iz)[*v(z, y).
By (2) this proves the lemma.

THEOREM 9. Let 0 > 1/2. Then on (C,B(C)) there exists a probability
measure Py, such that the probability measure

Pnoy(A) = pun(Z24(c +it) € A), Ae B(C),
converges weakly to Py, as N — o0o.

Proof. By Theorem 6, Py 4, converges weakly to Py, , as N — o0.
We will show that the family {FPyq,} of probability measures is tight for
fixed o and y.
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Define, on a certain probability space ({2, B(f2),P), a random variable
On by the distribution law

POy = hm) = —— ~0,...,N.
(On m) N+l m =0, ,
Further, let
XN,CL,?J(O-) = Z2,a,y(0' + 29]\[)
Then Theorem 6 implies
D
3) Xy (0) —2— Xay (o),

N—oo

D
where —— means convergence in distribution, and X, (o) is a complex-
N—oo

valued random variable with distribution Py , . Let M > 0. Then by Cheby-
shev’s inequality,

1

(4) IP>(|‘XN,a,y(o')| > M) S ST (N—l— 1)

Z |Z9,04(0 +imh)|.

Since the integral defining 25 ,(s) converges absolutely for o > 1/2,

5 sup lim sup
( ) a>1 N—oo N

: Z | Z9,0y(0 +imh)| < R < o0
m=0

with R = R,y = Z2,(0). Now let M = Re™!, where ¢ is an arbitrary
positive number. Then (4) and (5) show that

(6) limsupP(| Xy o y(0)| > M) <e

N—oo

The function u : C — R given by h(s) = |s|, s € C, is continuous. Therefore,
(3) and (6) imply the inequality

(7) P([Xay(0)] > M) <e.
Clearly, the set C. = {s € C: |s| < M} is compact, and by (7),
P(Xoy(o) € Ce) >1—¢
for all @ > 1. Hence, by the definition of X, (o),
Proy(Ce)>1—¢

for all a > 1, and the tightness of the family { Py} is proved. Then by the
Prokhorov theorem [1] the family {P,,,} is relatively compact.
By the definitions of 25 4 4(s) and 23 4(s), for o > 1/2,

Zoy(s) = alirgo 22 a,y(5)
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uniformly in ¢. Therefore, for o > 1/2 and every ¢ > 0,

(8) lim limsup pn (|22, (0 +imh) — 22 (0 +imh)| > ¢€)

N—oo

N
< lim li —_ Z imh) — 22 4 imh)| = 0.
< lim 111Vn_§<1>10p6(N+1)n;)| 2.y(0 4+ imh) 2.ay(0 +imh)| =0

Set Xny(0) = Z24(0 +i0y). Then by (8),
9) lim limsup P(| Xy y(0) — Xnay(o)] >¢€) =0.
A= N_oo
Since the family {P,,,} is relatively compact, there exists a subsequence

{Pya,y} converging weakly to a measure P,, on (C,B(C)) as a; — oo. In

other words,

D
Xayy(0) —— Poy.
a1 —o0

Now (3) and (9) show that Theorem 4.2 of [1] can be applied. Thus
D
Xn(0) 5 Pra:
and this gives the assertion of the theorem.
THEOREM 10. On (H(D),B(H(D))) there exists a probability measure
P, such that the probability measure
Prny(A) := pun(Z2y(s +imh) € A), Ae B(H(D)),
converges weakly to P, as N — oo.

Proof. We start with a metric on the space H(D). It is known (see, for
example, [5]) that there exists a sequence {K,} of compact subsets of the

strip D such that
oo
D= Kn,
n=1

K, C Kyt1, n € N, and if K is a compact subset of D, then K C K, for
some n. For f,g € H(D), define

o0

o) =3 T2 b 0u(7.9) = 5w 179 a0

Then it is easily seen that o(f,g) is a metric on H(D) which induces the
topology of uniform convergence on compacta.
We will preserve the notation used in the proof of Theorem 9. Define

YN7a7y(S) = Zg,my(s + i@N).
Then by Theorem 5 we have

n=1

(10) Yiiay(8) ——— Yay(s),

N—oo
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where Y, ,(s) is an H(D)-valued random element with distribution P,,.
First, we will show that the family {P,,} of probability measures is tight
for fixed y. For M,, > 0, similarly to the proof of Theorem 9, we find that
limsup P(sup |Ynay(s)| > M) < R, /My,
N—oo seKy,

where R,, < oco. For arbitrary ¢ > 0, let M,, = R,2"¢~!. Then, using (10)
and Theorem 5.1 of [1], we deduce that

(11) P(sup |Yo,(s)| > M,) <e/2", neN.
SEK’VL

By the compactness principle, the set H. = {f € H(D) : sup,eg, |f(s)] <
M,,, n € N} is compact in H(D), and by (11),

P(Yy,(s) € H)>1—¢

forall @ > 1, or
P,y(H:)>1—¢

for all @ > 1. So, we have proved that the family { P, , } is tight, and therefore,
by the Prokhorov theorem it is relatively compact.

Moreover, the uniform convergence on compact subsets of D of Z3 4 4 (s)
to Z24(s) as a — oo implies

lim limsup pn(0(Z2,y(s +imh), Z24,4(s +imh)) > ¢€)
=00 N—oo
N

D 0(Zay(s +imh), Za4y(s + imh)) = 0.
m=0

< Tim 1i
- ali»nolo hjr\;l_ilop e(N+1)

Hence, setting Yy ,(s) = Z24(s + 0y ), we have

(12) lim limsup P(o(Yn,ay(s), YNy (s)) > ¢€) =0.

=0 N—oo
Since { P, } is relatively compact, there is a subsequence {P,, ,} converging
weakly to some measure P, on (H(D),B(H(D))) as a; — oco. Now (10) and
(12) together with Theorem 4.2 of [1] complete the proof.

5. Approximation of Z;(s) by Z,(s). In order to pass from the func-
tion Z3 4 (s) to Za(s) it is sufficient to know that 2, ,(s) approximates Z»(s).
It turns out that it is sufficient to have an approximation in the mean with
respect to the relevant space.

First, we observe that, for o > 1/2,

o1+i00 d
(13) Zoy(s) = 5— S Zy(s + 2)ly(2) P

211 )
01—100
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For o > 1/2 we have o + 01 > 1. Therefore, for Re z = oy,

Zy(s+2) = | [c/2 +iz)[*2™* " da
1

By the proof of Lemma 8, for 0 > 1/2,

()Xoay(x) dz = i,mim( Ogoyg (1/2+ i) -2 ) dz

s 271 stz
1 01—100 1
o1+1i00
dz
=5 S, Zo(s + 2)ly(2) —
01—100

On the other hand, in the proof of Lemma 8 it was shown that the left-hand
side of the last equality is 25 4(s).

THEOREM 11. Let K be a compact subset of the strip D. Then

lim lim sup sup |Z2(s +imh) — Zo (s + tmh)| =
Jim tim sup -~ ZOM’ (s imh) = Za (s + imbh)
Proof. In [9] it was proved that, for o > 5/6,
T
(14) {1220 +it)?dt = O(T), T — oo.
1
Together with Cauchy’s formula, this leads in the same region to the estimate

T
(15) VIZ5(c+it)?dt = O(T), T — oc.

1
Now the Gallagher lemma (see, for example, [15, Lemma 1.4]) and (14), (15)
show that, for ¢ > 5/6 and fixed my,

N | Nh
(16) > [Za(o+imh)|? < - | 2200 +it)| at
m=mg moh
Nh Nh )
12 / (2 /2
+(§ 1z +ilat | |23 +it)Pd) =0W), N -
moh moh
For 1/2 < o <1, the function Z(s) satisfies the estimate [8]
(17) Zy(o +it) = O (t*1=/3+e) ¢t > 15> 0.

Suppose that 5/6 + 601 < 0 < 1— 09, 01,00 > 0, if s € K. We put o9 =
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5/6 4+ 01/2. Then (13), (17) and the residue theorem yield

19 s |z a6 E
2T o A 2 Y z
O9—0—100

+ Z5(s) + Res,—1-sZa(s + 2)l,(2)z 1.
Let L be a simple closed contour lying in D and enclosing the set K, and
let |L| be the length of L. Then, using Cauchy’s formula, we find that

. 1 .
sup | Za(s+imh) — 22 y(s+imh)| < S | Zo(z+1imh) — 22 y(z+imh)| |dz|,
sEK
where 0 is the distance of L from the set K. Thus,

1
(19) Z sup | Za2(s + imh) — Z2 (s + imh)|
_osEK

1
<5 S |dz| Z |Z2(Rez+imh+ilmz) — Z5 y(Rez+imh+iIm z)|

L . .
<& ——sup Zy(0 4+ imh + it) — Zo (0 + imh + it)|.
vy S } | )= 2 )

Let, for brevity,
Ry(s) = Res,—1_sZa(s + 2)l,(2) 27 .
Then from (18) we derive
Zy(0 +imh +it) — 2o y(0 +imh +it) = —Ry(o + imh + it)
+ 0( | 122000 + imh + it + i7)| Ly (02 — o + i7)| dT).

— 0o
Hence

N
1
(20) N E ‘ZQ(O— + th + ’Lt) — ZQ’y(U + zmh + Zt)‘
m=0

N
1 ) .
<y E |Ry (0 + imh + it)|

m=0
00 1 N
+ | [ly(o2 — o +i7)] ~ > " |Z2(00 + imh + it + i7)| dr.
—00 m=0
Since t is bounded, in view of (16) we obtain
N
1
(1) Zo|zg(02 + imh + it +i7)|
m=

1 N 1/2
< (N 3" |Za(00 + imh + it +iT)|2> <147

m=0
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We have
.1 d 5 1 W—5Y\ ues
Ry(s)—qj}gr(%oaw((w—l) Zg(w)0—1F< =~ )y .

Therefore, in view of the estimate I'(s) = O(e~“!), ¢ > 0, valid in any strip
01 < 0 < 09, an application of the Gallagher lemma again yields

N
1 . .
(22) ngo\Ry(U—i-zmh—i—zt)\ =o(l), N — oc.

Suppose that, for s € L,o > 5/6+3601/4 and 6 > 61 /4. Then (19)—(22) show
that

N
1
(23) N+l mE:o jélllz |Z2(s + imh) — Z3 (s + imh)|
<sup | |ly(o2 — o +i7)[(1+|7]) dr + o(1)
seL
< sup | [ly(o+it)|(1+[t]) dt + o(1)
o’<—91/4_Oo

as N — oo. However,
[o¢]

lim sup | |ly(o +it)|(1+ [¢]) dt =0,

Yy—oo 0’<—91/4 — 00

and the theorem follows from (23).

6. Proof of the main theorems

Proof of Theorem 3. First we observe that the family {P,,} is tight,
where P, is the limit measure in Theorem 9. Indeed, let X,(o) be a
complex-valued random variable with distribution P, ,. Then by Theorem 9
we have

(24) Xny(0) —— X,(0).

N—oo

In view of Theorem 11 and (16) we find that, for o > 5/6,

i 1
sup lim sup

N
Zoy(o+imh)| < R < .
U511 Nooo N"‘ 1 Tnz:o’ 7y( )’

Therefore, taking M = Re~! and using arguments similar to those in the
proof of Theorem 9, we deduce that
limsup P(| Xy (o) > M) <e.
N—oo
Hence P, ,(C:) > 1 —¢ for all y > 1, i.e., {P,,} is tight. Here we preserve
the notation of Section 4.
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Now let Xy (o) = Z2(0 + ifx). By Theorem 11,
hm limsup pn (| Z2(0 + imh) — 25 (0 + imh)| > €)

N—oo
N
< ylLIglo h}\rnj;lop N D mz::o |Z2(0 +imh) — Z5 (0 + imh)| = 0.
Therefore,
(25) hm limsup P(|Xn (o) — Xny(o)] >€) =0.

7 N—oo

Since the family {P,,} is tight, it is relatively compact. Let y; be a sub-
sequence of y such that P,,, converges weakly, say to P, as y; — oo.
Then

Now (24) and (25) show that Theorem 4.2 of [1] can be applied, and we

obtain

Xn(o) —2— P,.
N—o0

The theorem is proved.

Proof of Theorem 4. Let Yy(s) be an H(D)-valued random element with
distribution P,. Hereafter, we keep the notation used in the proof of Theo-
rem 10. By that theorem,

D
(26) Yvy(s) —— Yy(s).
N—oo
The properties of Z5,(s) and Theorem 9 show that

N

sup lim sup sup |Z24(s +imh)| < R, < o0.
y>1 N—oo N+1 E:OSE n‘ y( )‘

Hence, similarly to the proof of Theorem 10 we infer that {P,} is tight.
Moreover, Theorem 11 implies

hm lim sup pn (o(22(s + imh), Z2 (s +imh)) > ¢€)

N—o0

< lim limsup

Y=o N_oo €(N+1) Y 0(Za(s + imh), Zy,(s + imh)) =

m=0
Hence, taking Yy (s) = Za2(s + i0x), we find that

(27) 11121O limsupP(o(Yn(s), Yny(s)) > €) =0.

— 00

The tightness of { P, } gives its relative compactness. Let y; be a subsequence
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of y such that P,, converges weakly, say to P, as y; — oo. Then
(28) Y,, —2— P,

Y1 —00

and the theorem is a consequence of (26)—(28) and Theorem 4.2 of [1].
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