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On the zeros of a class of arithmetical entire functions
by

TiTus HILBERDINK (Reading)

Introduction. Consider the class of arithmetical functions f : N — C
for which the Fourier coefficients

(0.1) F) = Jim ~ Z;f(n)e%“”

~ ~ ~

exist for all A € R. Since f(A+1) = f(A), it follows that f()) is completely
determined by its values on (0, 1]. We are particularly interested in the case

when f(-) is supported on the rationals; that is,

(0.2) FN) =0 for A& Q.
This occurs for many multiplicative functions (see for example [3]). We can
then associate to f its Fourier expansion

(0.3) fn)~ Y Flge*™an,

0<¢g<1
where ¢ runs over the rationals in (0, 1]. (This series need not converge.)
Many naturally occurring arithmetical functions have such an expansion.
For example, the function o_,(n) (for a > 0) has

G olg) =5 m ~ Cla+1) ‘ .
0-alq)=0-a| | =" o7 form,n coprime,

where ((-) is the Riemann zeta function.

These Fourier series and the closely related Ramanujan expansions (for
which f(m/n), with (m,n) = 1, depends only on n) have been studied in
great detail (see for example [5], [6]).

An absolutely convergent Fourier series (0.3) extends naturally to an
entire function of order 1. We study several aspects of these “arithmetical”
entire functions, in particular the location of the zeros. In the case when the
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]?(q) are real and inf,cz f(n) > 0, we prove that all the zeros of the entire
extension are real and simple.

In the particular case of Ramanujan expansions, we obtain alternative
series representations. Such representations can be used to extend functions
whose Fourier series do not converge absolutely. For some particular ex-
amples, including an entire extension of the divisor function d(n), we show
that their zeros are again all real and simple, except for a conjugate pair of
imaginary zeros.

Finally, we briefly discuss the asymptotic behaviour along the imaginary
axis.

Some preliminaries. For a function a : Q7 — C defined on the positive
rationals, we define
m

Z a(qg) = lim Z a(—), whenever this limit exists.

n
qeQt mn<N

We shall sometimes abbreviate the left-hand sum by >, a(q) (Y). For q =
m/n € Qt, with (m,n) = 1, we write |¢| = max{m,n}. Thus the above

definition becomes
> alg) = lim > a(g).
q lg| <N

As usual, we say ) a(q) converges absolutely if 3 |a(q)| converges. In that
case, we may sum the terms in any particular order.

We shall require Hurwitz’s theorem concerning zeros of the uniform limit
of holomorphic functions. There are various versions of this and we shall use
it in two ways:

HURWITZ’S THEOREM. Let F), be a sequence of holomorphic functions,
and suppose F, — F uniformly on a domain D, where F is not identically
zero.

(a) If F,, has no zeros in D, then F has no zeros in D ([1]).

(b) If F(z) # 0 for z on a simple closed contour C lying entirely in-
side D, then for all n sufficiently large, F,, and F have the same
number of zeros inside C ([4]).

1. Fourier series and coefficients of arithmetical functions

DEFINITION 1.1.

(i) Let Q denote the space of functions f : N — C for which (0.1) and
(0.2) hold.

(1) Throughout this article, a sum over g always denotes a sum over all the rationals ¢
in the given range.
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(ii) Let Qp denote the subspace of Q consisting of absolutely convergent
Fourier series; i.e. writing Wq(n) = e%lqn’

Q= { Z Z le(g)| < oo}
0<g¢<1 0<¢<1

Note that if f(n) = > 5 <1 c(q)e* ™ € Q; then, by absolute conver-
gence, for X € (0,1] we have

lim l Zf(n —2miAn _ lim — Z Z 27rzqn —2miAn
T—00 T T—00

n<z n<z 0<¢<1
= Y c(g) lim 1 S erilan c(A) ifreq,
0<q¢<1 rTee n<lz 0 if A ¢ Q’

i.e. the ¢(q) are the Fourier coefficients of f. In fact, Q; is a Banach algebra
with norm || f[j1 = Zo<q§1 | f(q)]-

A number of interesting examples of members of Q arise from a certain
type of arithmetical function. For arithmetical functions f and g, denote by
f * g the Dirichlet convolution of f and g, i.e.

(f *g)(n %f ( )

THEOREM 1.1. Let g be an arithmetical function for which) > ||g(n)|/n
converges and let h € Q satisfy Y, .. |h(n)| = O(x). Then f =g+xh € Q
with Fourier coefficients -

(1.1) i ﬁ An).

Furthermore, if o> |g(n)| < oo and h € Qy, then f € Q.
Proof. Let A € R. We have

LS e = 1 DLW o(5)

n<x n<x
_ —2miAnd
= Zg(n) Z h(d)e .
n<z d<z/n

Since h € Q, for fixed n we have
n Z h(d)ef%m’/\nd _)’H(An)
v d<z/n

as x — oo. Furthermore, by assumption, the LHS above is bounded by an
absolute constant A. Hence also |h(An)| < A.
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Let € > 0. There exists N such that ) [g(n)[/n <e. So, for z > N,

iZf(n)e—Qm)\n o i Z g(n) Z h(d)e—27ri)\nd

n<z n<N d<z/n
g 727ri)\nd |g(n) |

< .

‘ g g h(d <A E - < Ae

N<n<lz d<m/n n>N

Let © — oo. Thus
1 g(n)
lim sup |— n)e e 2miIAn _ < Ae.
msup |~ > f(n) > 5

n<x n<N

But |ﬁ()\n)| <Aso ), nlgln )/n) (An)| < Ae. It follows that

]‘ —7T’LTL
;Zf(” 27iN Zg

n<x

lim sup < 2Ae.

r—00

This is true for all € > 0, so the limsup is in fact zero—proving that f € Q
and (1.1) holds.
Finally, if Y02 |g(n)| < oo and h € Q1, then we have

> fwis ¥y el w-uhulz\g )| < oo,

0<g¢<1 0<g<ln=1

since Y o4« ]ﬁ(qn)| = D 0<q<n |E(q)] = nl|h||1 by periodicity of ﬁ(q), and
so feQi. m

The above result resembles, but is different from, Theorem 2.1 on p. 49
of [6], where h is assumed completely multiplicative. With h = 1, we obtain
the following corollary which contains Corollary 2.2 from [6].

COROLLARY 1.2. Let g : N — C and let f(n) = de g(d). If the series
Yol lg(n)|/n converges, then f € Q with

flg) = f(%) = i g(::) for (m,n) = 1.

If we further assume that > o7 | |g(n)| converges, then f € Qj.

EXAMPLES 1.3.

(a) Let g(n) = n~%in Corollary 1.2, so that f(n) =3y, d”* = 0_a(n).
Hence 0_,(n) € Q for a > 0 with

o (2) -5 - S22

k=1
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The Fourier series is therefore
2mign

o_a(n) ~Clat+1) Y IZ\T“
0<g<1
If « > 1, then o_,(n) € Q1 and the above series converges absolutely
to o_q(n).
(b) Let g(n) = p(n)n~* in Corollary 1.2, so that f(n) = >y, u(d)d™ =

¢a(n) (2). For a > 0 this lies in Q with

o0
f my _ Z p(kn) _ p(n)
n k=1 (kn)ott  ((a+ Dn*Hpari(n)
(To see this, it is enough to consider n squarefree, in which case

p(kn)/p(n) is multiplicative as a function of k.) For a > 1, ¢4(+) is
in Q; and has the absolutely convergent Fourier series

_ 1 M(‘q‘) e?wiqn

2. Entire extensions. Every f € Q; can be extended, in a natural
way, to an entire function. For n € N, we have

2 : f 27rzqn
0<¢g<1

and we could define f(z) (z € C) simply by replacing n by z in the above.
However, we could equally well let ¢ range over the rationals in [0,1) (or
indeed over any half-open interval between two integers). To avoid having
to choose which endpoint will be included, we define instead

2.1) )= Y wlaf@eme = 3 e,
0<¢<1 0<q<1
where w(q) is the following weight: w(0) = w(1) = 1/2, w(g) = 1 for 0 <
g < 1 rational (the ’ indicating the ¢ = 0,1 terms are to be halved).
This series converges absolutely since |e?™4%| < e2malzl < 2712l which is
independent of ¢. In particular, this implies

!/ o~
1F(2)] < XS F)] = (| fllae®™=.
0<¢<1
By standard theorems on holomorphic functions, f(z) is entire with deriva-
tive I~ )
"(2) = 2mi Z qf(q)e2’”qz.

0<¢<1

Note that this is bounded on the real line.

(?) Here, we define pq(n) = I, (1 =p~%). Thus ¢1(n) = ¢(n)/n.
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The bound |f(2)| < ||f|l1e*™*! shows f is of finite order and the order is
at most 1. Moreover, if f(q) > 0 for all ¢ with at least one non-zero value,
say fA'(q ) >0, then

f=iy) = 3 Fl@)e™ > fig)e v,
0<g¢<1
showing that f has order 1 exactly.

There are of course infinitely many entire functions which interpolate
a particular sequence, say f(n). It is an interesting question to find the
“smallest” such entire function. Here, “smallest” means with least growth.
For example, if f(n) is multiplicative but not of the form n* (k € Ny), then
the interpolating entire function must have order at least 1. For if not, let
F(z) be entire of order p < 1 such that Fi(n) = f(n). Then G(z) := F(2z) —
F(2)F(z) is entire of order at most o, and not identically zero (3). Thus
G(z) has at most O(r2*€) zeros for |z| < r for any € > 0 (see for example
[7]). But G(k) = 0 for every odd positive integer k, showing that there are
at least %r zeros here—a contradiction. In fact, a slight strengthening of
this argument shows that |G(z)| = O(e®?) is false for all a > 0 sufficiently
small. Hence also for F(z).

With the entire extension f € Q; defined by (2.1), a number of inter-
esting questions present themselves. Amongst these are the location of any
zeros, and the behaviour of f(z) for large |z|, in particular for z = +ix with
x real. Also, if f(n) is multiplicative, how does this manifest itself in the
entire extension (2.1)?

2.1. Zeros. The entire extension of f € Q; as defined in (2.1) always
has zeros, except in the case that the Fourier series of f is a single term. We
are particularly interested in the case where f(n) and f(q) are real for all
positive integers n and rational ¢, which we now assume. It follows easily

that f(2) = f(~2), f(1—q) = f(q), and

f(Z) — eQﬂ'lZf(_z)‘
In fact, we shall assume that f(n) is positive for every n € Ny. As f(—n) =
f(n), this implies that f(n) > 0 for n € Z. Let g be the entire even function

defined by
o(2) = fiz) = Y Flgpet=2o
0<q<1
Then g is real on the imaginary axis (since g(z) = ¢(z)) and g(in) =

(=1)"f(n), which alternates in sign. Thus g has a zero on the imaginary
axis between in and i(n + 1) for every n € Z.

(®) If F(22) = F(2)F(2) for all 2, then the Taylor coefficients a, of F(z) must satisfy
an (2" —F(2 )) = 0. Hence a, = 0 for all n except possibly one value. But F(1) = f(1) =1,
so F(z) = 2" for some k.
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Let N(r) denote the number of zeros of g inside the disc D(0,r). Thus
from the above, N(r) > 2[r]. By Jensen’s theorem ([7, p. 126]), we can obtain

an upper bound. The bound |f(—iz)| < > <1 1F(q)|e¥™ = < || f|| ™=
whenever Rz > 0 gives -

9| < [1flhe™ (2 € C).

Hence, by Jensen’s theorem,

T 2
N(t 1 ;
Mir) = S—t( Lar - o= ) loglg(re™)| b —log |g(0)|
0 0
1 21
< 5= | wrleos0]df + log|| £l —log |g(0)| = 2r + A.
0

D) gy = 2r —2logr — 2. Hence

But N(r) > 2[r] > 2(r — 1), so Ni(r) > {| =5
Ni(r) =2r + O(logr).
Using the fact that N(z) is increasing with z, for z > y > 0 we have

r—y

(Ni(z) = Ni(z —y)) < N(z) < x—_yFy (Ni(z +y) — Ni(z)).

Since Ni(z+y)—Ni(z) = 2y+O0(log z) and Ny (z)—N1(z—y) = 2y+O(log x),

it follows that
1
N(z) = 2x<1+0(3> +O< ng)).
x Yy

Choosing y = v/x log « optimally gives
N(r) =2r+ O(y/rlogr).

Since at least 2[r] of these zeros are on the imaginary axis, this suggests that
they all lie on it. We prove this in Theorem 2.3.

-~ ~

Note that since f(q) = f(1 — q), we can write

22) 9= 3 w(@)f@) 20 40202 _ f (1)

2
0<q<1/2

= % f(l)(e”Z e ™) + f(%) + Z Qf(q) coshm(1 —2q)z

0<g<1/2

= E aq cosh gz
0<¢<1

for some oy real. (Indeed, g = f(1/2), oy = f(1), and ooy = 2f((1 — ¢)/2).)

LEMMA 2.1. Let A € (—1,1). All the zeros of the function coshz — \ are
imaginary and simple. More precisely, they are i(+0 + 27k) (k € Z), where
cosf =\ and 6 € (0, 7).
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Proof. The equation cosh z = A involves
e?* —2\e* +1=0,

ie. (e — N2 = A2 —1. Thus ¢ = A+ iv1— A2 (since A € (—1,1)). But
A +£iv1— A2| =1, hence |¢*| =1 and z must be purely imaginary.

Writing A +iv1 — A2 = ¢ 5o that cos® = X and 6§ € (0,7), we have
e? = e Thus the zeros are

z==+i0 + 2wik (k€ Z),

in particular they are all simple. m

THEOREM 2.2. Let N € N and let {\;}o<q<1 be real numbers for q
rational and |q| < N (here |0| =1). Let A(z) be defined by

A(z) = Z Ag cosh gz
0<¢<1
lg|<N

and suppose that (—1)"A(in) > 0 for all n € Z. Then all the zeros of A(z)
are imaginary and simple. Furthermore, denoting the zeros by +iv,, where
Ynt1 > Y >0 (n € N), we haven —1 <, <n forn > 1.

Proof. Let M = lem{1,...,N}. Then for g € [0,1] rational such that
lg| < N, Mq € Ny. Hence

cosh gz = cosh <Mq %) = Targ(w),

where w = cosh(nz/M), and T,(-) is the nth Chebyshev polynomial (*).
Thus
A(z) = ) NTwg(w) = Par(w)

0<q<1
lg|<N

say, where Py/(+) is a polynomial of degree M with real coefficients. We shall
see that all the roots are simple and lie in the open interval (—1,1).
Let p,, = cos(mn/M) for n € Z. By supposition,

(=1)"Ppr(pn) = (—=1)" Pps(cosh(min/M)) = (—=1)"A(in) > 0.
But for 0 <n < M, p, is a strictly decreasing sequence in [—1,1], i.e.

1l =pupy < <pr <p=1

So there is a zero of Pys(-) between iy, and iy, 41 for every n =0,1,..., M—1.
This gives M simple zeros in (—1,1), and as Py(-) has degree M, they are
all the zeros. Denote these zeros by wi, ..., wy with wy > --- > wyy.

(*) The nth Chebyshev polynomial is defined by cosnd = Ty, (cos8) (n € Np) and has
degree n.
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Now A(z) = 0 if and only if Py;(w) = 0, where w = cosh(wz/M). This
gives the M equations
cosh% =w, (r=1,...,M).
By Lemma 2.1, each of them has all its roots on the imaginary axis. Apart
from the simplicity of the roots, this proves the first part of the theorem.
For the second part, note that 7z/M = i(£60, + 27k), where cos 6, = wy,,
0, € (0,7), and k € Z. But p, < wy < fy—1, SO

(r—1)m
i
As cos is a decreasing function on [0, 7], (r — 1)7/M < 6, < rm/M. Thus

z=1i(x, +2Mk) forr=1,...,M and k € Z,

rﬁ < 0, <
COS — COS Uy COS
M

for some 1, € (r —1,7). Hence every interval (in,i(n+ 1)) contains exactly
one zero. m

~

THEOREM 2.3. Let f € Qp with f(q) real for all q and such that
infhen, f(n) > 0. Then the entire extension of f as defined by (2.1) has
all its zeros real and simple, one in each interval (n,n+ 1) for every n € Z.

Proof. We can apply Hurwitz’s theorem to our case, by taking

gn(2) = Z ag coshmqz
0<q<1
lgl<N
with o4 as in (2.2). Then gy — ¢ uniformly on compact subsets of C and,
crucially, gy — ¢ uniformly on the imaginary axis since

lgn (iz) — g(iz)| < D lagl — 0
lg|>N

independently of x. For all N sufficiently large, gn satisfies the conditions of
Theorem 2.2: the coefficients are real, and (—1)"gn(in) is real and positive
for all n (by uniform convergence on the imaginary axis and the assumption
that inf,,en, f(n) > 0). Theorem 2.2 implies that gy has all its zeros on the
imaginary axis, one in each interval i(n,n + 1). By part (a) of Hurwitz’s
theorem, the zeros of g are also all on the imaginary axis (take D to be the
half-plane {z € C: Rz > 0} and {z € C: Rz < 0} in turn).

Now fix k € Z and let C be the circle of centre i(k + 1/2) and radius
1/2. Then ¢g(z) # 0 on C. By part (b) of Hurwitz’s theorem, g has the same
number of zeros inside C' as g,, for all n sufficiently large, i.e. one. m

REMARK. The zeros are necessarily bounded away from the integers
(and hence from each other). For we have f(n + x) = f(n) + zf'(y) for
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some y with 0 < |y| < |z|, so that

|f(n+x)| > f(n) = || |f'(y)| > inf f(n)—|z]sup|f(y)] >0
n€Np yeR

for all x sufficiently small, independently of n.

2.2. Entire extensions associated to Ramanujan expansions. In the spe-
cial case when f has a Ramanujan expansion we can obtain a different
representation of the entire extension. More specifically, as in Corollary 1.2,
let f(n) = > 4, ad where 3, |an| converges, so that f € Q. Define the
entire extension of f by (2.1). In particular we have (using f(O) = f(l) and
f(m/n) = f(l/n) for m,n coprime)

o>:21¢<n>f() ij ;Tk 2m§:¢ Zlm

This can be interpreted by saying the divisors of 0 are all the positive inte-
gers, so that f(0) = 30 aa = 22 aa-

PROPOSITION 2.4. Let f(n) = > 4, aa, where Yoo lan| converges.
Let f also denote the extension to C as defined in (2.1). Then for z € C\ Z,

we have
™ — 1 2 G f(n)
6= () (r0 22 X %)
Proof. Let
n e2miz _ q n )
S(n) _ Z 627rzzm/n = i and T(TL) _ Z 627rzzm/n.
— e—2miz/n —
(m,n)=1

Then S(n) = Zd‘n T(d) (see for example [2]). Using the fact that f(O) =
F) = S am/m we have

n=1
. T(n) w= a n f
=S Ty e L )
n=1 k=1
= m 1 TLZ = m
=y % T(d) — - (™ - 1) Y %
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. a 1
m 2miz
= — 1S - = 1
3 (stm) — 5 7 )
o0
_ 2miz an 1 1
=@ )3 ()
n—=
Now for z € Z,
1 1 n mnz 1
1 —e-2miz/n 2 27z + T kzl n2k2 — 22’
2miz

— 1)ap/n and summing over n gives

f(2) = (7 = {27712 Z + ;an Z n2k2 — 22 }
2miz 1

- 627{]6(0) — 227 i %}

m=1

Multiplying by (e

using f(m) =", an. =

2.3. Zeros again. We have seen that under various conditions the zeros
of f are all real. In the case that f is given as in Proposition 2.4, we find
that we can relax these to the condition f(n) > 0 for all n € Ny. (This of
course implies that a, is real for all n € N and hence that ]?(q) is real.) We
start with a lemma:

LEMMA 2.5. Let a, and by, ( ,N) be real numbers such that
an >0 and 0 < by < by < -+ <b etf C\{-bo,...,—bn} — C be
defined by

— by + 2

Then all zeros of f are real and negative, one in each interval (—by, —bx_1).

Proof. We can write
PN(Z)

T = o) v v 2

where Py is a polynomial of degree N. Hence f has N zeros (counting
multiplicities).

Since the a, and b, are real, f(z) is real for real z. Consider f(x) for
x real in an interval (—by, —bx_1). We have f(zx) — —o0 as  — —bg_1
and f(z) — oo as © — —by. It follows that f(z) has a zero in the interval
(—=bg, —bk—1). This is true for each k = 1,..., N, giving N zeros of f in the
required intervals. m
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THEOREM 2.6. Let a,, and by, (n € Ny) be sequences of real numbers such
that ap, > 0, byy1 > by >0, and Y 07 | a, /by converges. Let f: C\ {—by, :
n € No} — C be defined by

[o.¢]
f(Z) - Z bn + Z’
n=0
Then all zeros of f are real and negative, one in each interval (—by, —bk_1)
(k € N).
Proof. Apply part (a) of Hurwitz’s theorem to our case, by taking

N
Mz =3
N nz::obn—i-z

Then fy — f uniformly on compact subsets of C\ {—b, : n € Ny}. By
Lemma 2.5, fy has all its zeros real and negative, one in each interval
(—=bg, —bx_1). By Hurwitz’s theorem, the zeros of f are also all real and
negative (take D to be the cut plane Ceyt := C\ (—00,0]).

For x real and not equal to —by, for any k,

fla)=-3S—2 _ <o.
T;) (bn + )2

Thus f is strictly decreasing on each interval (—by, —bx_1). As before,
f(=br+0) =00 and f(—bx_1 —0) = —oo. Hence f has exactly one zero in
each interval (—bg, —bg_1). m

COROLLARY 2.7. Let f be as in Proposition 2.4 with entire extension as
defined by (2.1), and suppose f(n) > 0 for all n € Ny. Then the zeros of f
are real and simple, and are of the form +u, (n € N) withn —1 < p, < n.

Proof. We have

=22 () (3 20,

n=0

where f1(0) = 3£(0) and fi(n) = f(n) for n # 0. Thus fi(n) > 0 and
Theorem 2.6 can be applied. The zeros of f therefore occur when 22 is real
and positive, one in each interval (n?, (n 4+ 1)2) (n € Np); i.e. the zeros are
all real and simple, one in each interval (n,n + 1) (n € Z). Since e~ ™ f(2)
is even, the zeros come in pairs, and are of the form stated. =

3. Some special and unbounded examples. From Examples 1.3,
0_q(n) and ¢ (n) are in Q; for @ > 1. Also, both o_,(n) and ¢,(n) have
Ramanujan expansions and the results from 2.2 can be applied here. Their
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values at 0 are ((«) and 1/{(«) respectively, and by Proposition 2.4 we have

(3.1) o olz) = (%) (g(a) — 2222 Z;“_(Zl),
(3:2) #al2) = (62;”; 1) <g(1a) -2 :01 nia_(n;)'

If « <1, then 0_, and @, are not in Q; any longer, and their Fourier
series will not converge absolutely, so we cannot use (2.1) to define an entire
extension. However, for a > —1, we can still define them via the above.
Note that in (3.1) there is no obvious choice for o_1(-) as the term ((«)
becomes infinite, so we avoid a = 1 here. For n € N, 0_,(n) and ¢, (n) are
as usual, while 0_o(—n) = 0_4(n), Ya(—n) = va(n), and o_4(0) = (),
2al0) = 1/¢(a).

For a > 1, 0_,(-) and ¢,(-) have all their zeros real and simple. We can
ask whether the same holds true if @ < 1. This turns out to be almost the
case in that, except for a couple of imaginary zeros, all the zeros are real
and simple.

We deduce the result by proving an adjusted version of Lemma 2.5. (In
fact we only require the case r = 0.)

LeEmMMA 3.1. Let a, and b, (n = 0,...,N) be real numbers such that
ag, ..., ap <0< apy1,...,any and by < by < --- < by (somer > 0). Further
suppose that Zgzo an > 0. Let f be defined by

Y a
f(z) = "

Then all zeros of f are real and simple, one in each interval (—by, —bk_1),
k=1,...,N, k#r+1, and one in (—by, c0).

(Z 7& _bn)'

Proof. As in Lemma 2.5, f has N zeros. Again by considering the be-
haviour of f near each —b,, we find that f has a zero in (—by, —bg_1) for
k=1,...,N except when k = r + 1. This gives N — 1 zeros. The remaining

zero occurs in (—bp, o) since f(—b) = —oc and
N
1
fle)~=) a, asz— oo,
r n=0

so that f(x) > 0 for x sufficiently large. This gives N zeros and there are
no others. =

THEOREM 3.2. Let (an) and (by,) (n € Np) be sequences of real num-
bers such that ag,...,a, < 0 < ay, for all n > r (some r > 0) and b, is
strictly increasing. Further suppose that Zﬁfzo an 18 eventually positive. Let
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f:C\{=by:n Ny} — C be defined by
o0 an
f(Z) - T;) bn + Z.

Then the zeros of f are real and simple, one in each interval (—by, —bg_1)
(k #r+1) and one in (—bg, 00).

Proof. Apply Hurwitz’s theorem to the partial sums fy of f, which
tend to f uniformly on compact subsets of C\ {—b, : n € Nyg}. For all N
sufficiently large, ZnNzo an > 0, so fn satisfies the conditions of Lemma 3.1.
Hence (for such N) fy has its zeros real, one in each interval (—bg, —bg_1)
(k # r+1) and one in (—bg, 00). By Hurwitz’s theorem, the zeros of f are
also all real.

For k < r,

f(:c)—>{oo ifw = =,

-0 ifz— —bz.

Hence there exist a,b € (—bg, —bg_1) such that f < 0 on (—bg,a] and f > 0
on [b,—bx_1). Let C be a circular contour intersecting the real axis at a
and b. Now fy — f uniformly on C and its interior, and f # 0 on C.
Thus by part (b) of Hurwitz’s theorem, f and fy have the same number of
zeros inside C'. But f has at least one zero here while fy has at most one
zero here. Hence f has exactly one zero in each interval (—bg, —bg_1). An
identical argument shows this holds for k > r + 2 as well.

A similar argument applies to the interval (—by, ). Since f(—bg) = —o0
and f is eventually positive, there exists ¢,d € (—bg,00) such that f < 0
on (—bp,c) and f >0 on (d,00). Again f and fy have the same number of
zeros inside the circular contour intersecting the real axis at ¢ and d for N
sufficiently large, and this must again be 1. =

COROLLARY 3.3.

(i) Let =1 < o < 1. Then the zeros of 0_q(-) are of the form £pu,
(n € N), where n < p, <n+1, and £iX for some A > 0.
(ii) Let 0 < o < 1. Then the zeros of ¢, (+) are of the form +v, (n € N),
where n < v, < n+ 1, and ik for some k > 0. Further, k > 0 if
€(0,1) and k=0 if a = 1.

Proof. Apply Theorem 3.2 to the function

k(w) = %(C(a) + QWZ Z?_f:f) = Z nQCiw’
n=1 n=0

where ¢g = 3((a) < 0 and ¢, = g_4(n) > 0 for n > 1. Thus the zeros of
k(w) are real and simple, one in each interval (—(n + 1)?, —n?) for n > 1,
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and one in (0,00). Denote them by —u% and A2 respectively, where n <
pn < n+1and A > 0. Hence the zeros of k(—z2) are 4, and +i\. Since
0_o(2) = (i/m)k(—2%)(e?™* — 1) and 0_,(-) is non-zero on the integers, the
result follows.

Similarly for ¢4 (+), but this time we cannot apply Theorem 3.2 for e < 0
since then pq(n) # 0. For a € (0,1), ©o(0) < 0 < ¢o(n) and identical
arguments as above gives the result; namely, the zeros are v, (n € N) and
+ik, where k > 0.

Finally, if @ = 1, then ¢1(0) =0 < ¢1(n) and we must have k = 0. =

REMARK. It would be interesting to study in more detail the distribution
of the zeros of, say, d(z) (= 0¢(z)). For example, a simple heuristic argument
applied to the real function e~""*d(z) suggests (°) the approximation

d(n)
d(n)+dn+1)

Un RN+

4. Behaviour of f(iz) for large x. In general, we can say little
about the behaviour of f, as defined by (2.1), along the imaginary axis.
If > 5. ,<1a(q) is an absolutely convergent series over all the rationals be-
tween 0 and 1, then

Z a(q)e” ™ — 0
0<g<1
as ¢ — 00. It follows immediately that f(iz) = 2f( )+ o(1).
If f has a Ramanujan expansion and is as in Proposition 2.4, we can say
more regarding the o(1) term.
Let A(s) denote the Dirichlet series defined for s > 0 by
= a
n
n=1

Then we have (%)

o~ ) 1 ),
2 ;nQ—Fm? ©2mi (S) sin 775/2 Z

_ b R —
- 2mi @ sin(ms/2)

C(s)A(s)a" ds,

c+iT
&%TJ
By moving the contour to the left we pass the simple zero of {(s) at s =1

which is valid for z > 0 and any 1 < ¢ < 2. (Here S(C) means limy_, o |

(°) Joining the points (n, (—1)"d(n)) and (n+1, (—=1)""'d(n+1)) with a straight line.

6 L. . . 22 1 Jis s
(") This is based on the identity f5 = 7.5 S(c) T ds for 0 < e <2,



84 T. Hilberdink
picking up a residue wA(1)x = ﬂf(l)aj. We can go as far as Rs = § (any
0 > 0) so that
1 ~
flix) = 5 F1) + 0@,

With more knowledge of the analytic character of A(s) we can push the
contour further to the left to obtain better approximations.
In the special example of o_4(+), we have A(s) = ((s){(s + «), so that

QZ = L S)#C(s){(s%—a)xsds.

n? + 3:2 2mi 7s/2)

This is valid for x > 0 and any ¢ such that max{1,1 —a} <c < 2.

Moving the line of integration to the left, we pick up the residues at the
poles of the integrand. This is justifiable since (sin(7s/2))~! is exponentially
small on vertical lines. The residues are at s =1, s =1 — «a and s = 0 (the
poles of 1/sin(mws/2) at s = —2n (n € N) are cancelled by the trivial zeros
of ¢(s)), and the residues are, respectively,

m((l—a) 4
> 2¢(0 .
ey e RN QNG
Since ¢(0) = —1, we have sin(7/2)(1 — @) = cos(ra/2), and using the
functional equation for ¢ leads to

alin) — 5 (@t 1) = % 4 0(9%4)

ﬂ'C(Oé + 1)'%'7

for every A.
Similarly, for ¢, (-) we obtain (after moving the line of integration past 0)
va(n) ™ 1 1 ™ ¢(s)

2% _ _ =
2 n2+a22  ((a+1) v ((a) + 2mi (5) sin(rs/2) ((s+ )

x°ds,

n=1
for 1 —a < ¢ <0 (if @ > 1). Moving further to the left we encounter the
poles of 1/((s + «), i.e. the zeros of {(s+ «). It easily follows from this that
the Riemann Hypothesis holds if and only if

1 _ O(ma—a—1/2)

Fel) 3T

for every € > 0.
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