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Some problems about the ternary quadratic form
m% + m% + m%

by

RuTiNG Guo (Jinan) and WENGUANG ZHAI (Beijing)

1. Introduction. The ternary quadratic form
g(my, mg, m3) := m? +m3 +m3,

important in number theory, attracts the interest of many authors and has
been extensively studied. For example, the well-known sphere problem is to
evaluate the number of lattice points in the 3-dimensional ball u? + u3 + u3
< x. The asymptotic formula

Z 1= gmc:g/z + O(2%3)

m% +m§ +m§ <z
m; E€Z

was proved by Vinogradov [I1] and by Chen [3] independently. The exponent
2/3 was improved to 29/44 in Chamizo and Iwaniec [2], and to 21/32 in
Heath-Brown [5].

Recently several authors studied some problems connected with this
ternary quadratic form by different methods.

C. Calderén and M. J. de Velasco [1] studied the divisors of the quadratic
form m?} + m3 + m3 and proved the asymptotic formula

(1.1)  S(z) = Z d(m? +m3 +m3) = iggi;x?’ logz + O(z3).

1<my,ma,m3<z

To prove (1.1)), they write
(1.2) S(a:) = 251 — SQ,
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where
Si= 2. 2, L &= > L
d<+3z  1<mi,m2m3<z d<+3z  1<mi,m2,m3<z
m24+m2+m3=0 (mod d) m24+m2+m3=0 (mod d)
m%—i—m%—l—m%gdx\/g

and use a mean value result for p(n), the number of solutions of the congru-
ence

m34+m3+m3 =0 (modn), 1<my,mg,ms<n.
Friedlander and Iwaniec 4] studied the number of prime vectors among

integer lattice points in the 3-dimensional ball. They proved that the number
73(x) of integer points (m1,mo, m3) € Z> with

(1.3) mi+mis+mi=p<z
satisfies

A x3/2
1.4 ~ —
(1.4) m3(2) 3 loga’

which can be viewed as a generalization of the prime number theorem.
The asymptotic formula (1.4) is proved by using Gauss’s formula for
the function r3(p) and the properties of L(1, x;), where r3(p) denotes the
number of ways p can be written as a sum of three squares and L(s, xp) is
the Dirichlet L-function with the Kronecker symbol x,(n) = (_741’).
In this paper we shall use the classical circle method to study the above

problems. Our main results are as follows.

THEOREM 1. We have the asymptotic formula

(1.5) S(z) = 20,1123 log x + (C11s + CQII).’L'?) + O(m8/3+5),
where
00 q
Cri=>Y q" > Ga0,9), Ga,0,4q) =) elar’/qg),
q=1 0<a<q r=1
(a,q)=1
= —2logq+ 2y
CQ = Z T Z G3(G,O,Q),
qg=1 0<a<gq
(a,q)=1
L= S Hi(z)dz, Iy:= S Ha(z) dz,

1

53
Hi(z) = (S e(u?z) du) S e(—uz) du,
0 0
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and
1 3
) 3

Ho(z) = (Se(u 2) du) Se(—uz) log u du.

0 0
THEOREM 2. Define
mA(x) == Z A(m3 +m3 +m3).
m%—l—m%-ﬁ-mggx

Then for any fized constant A > 0, we have
(1.6) ma(z) = 8C3I32%/2 + O(x%/? log™ 1),

where

=1
Cy= Y — > G*a,0,q)Cq(—a),
= ¢ela) (52

(a,q)=1
00 1 3 1
I3 := S Hs(z)dz, Hz(z):= (Se(u2z) du) Se(fuz) du.
—00 0 0
COROLLARY. For any positive constant A > 0, we have
T 41/2
(1.7) my(z) = 120513 | — dt + O(z*/*log™* z).
5 logt
NoOTATION. Throughout this paper € denotes a small positive constant.
R, Z,N, P denote the sets of all real numbers, integers, natural numbers, and
primes, respectively; d(n) denotes the Dirichlet divisor function, u(n) the
Mébius function, and A(n) the von Mangoldt function. Cy(r) denotes the
Ramanujan sum. For any real number ¢, [t] denotes its integer part, {t} its
fractional part, ¢1(t) = {t} — 1/2, ||t|| = min({t},1 — {¢}). The functions
¥j(u) (j > 2) are defined by

Pir1(u) — j41(0) = §Gs(t) dt, j>1,
fo y+1(u) du =0, j> 1
Finally, G(a,b, q) denotes the quadratic Gauss sum

4q 2
G(a,b,q) = Z@(arq—i—br)

r=1

(1.8)

2. The circle method. Throughout this paper, x is a large positive
integer. For any a € R and y > 1, define

(2.1) S1(azy) == Z e(m?a), Solay) = Z d(n)e(na).

1<m<y 1<n<y
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By the definition of S(x) and the well-known identity

1 .
1 ifu=0
(2.2) Se(ua) da = { 1 =
0 0 ifueZ,u+#0,
we have
1
(2.3) S(z) = S S3(a; £)So(—a; 32%) da.

0

Suppose @ and 7 are two large real numbers to be determined later,
which satisfy

(2.4) logz <Q <z, 2Q*°<T7, 7>zt  Qr<a?
For any 0 < a < ¢ < Q with (¢,a) = 1, define
I(a,q) :=[a/q—1/q7,a/q+ 1/q7],
Ei:= |J U I(q, Ey=I[-1/r,1-1/7]\ E1.

1<¢<Q 0<a<gq
(a,9)=1

We call E; the major arc and Eo the minor arc.
We then have

(2.5) S(z) = S1(x) + Sa2(x),
where
Si(z) = S S3(a; ) So(—a;32%) da,  Sa(z) = S S3(a; ) So(—a; 322) da.
E; Es

The problem is now reduced to evaluating Sj(z) and giving an upper
bound of Sa(x).

3. Some classical lemmas. In this subsection we quote some classical
results which are needed for our proof. Lemmas 3.1 and 3.7 are well-known.
Lemmas 3.2, 3.3, 3.5, 3.6, 3.9 can be found in [9], Lemma 3.4 in [§], and
Lemma 3.8 in [7].

LEMMA 3.1.
Ze<h7’>:{q if qr,
e \ 4 0 otherwise.

LEMMA 3.2.

> e(na) < min(y, 1/||al).

1<n<y
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LEMMA 3.3. Suppose a = a/q + z with (a,q) =1, ¢ > 3 and |z| < 1/¢>.
Then

> min (. ) < (- aloga)(1+ /o)

n<N

LEMMA 3.4. Suppose ¢ € N, a,b € Z, ¢ > 3, (a,q) = 1. Then the Gauss
sum satisfies

q 2
h* 4 bh
G(a,b,q) Ze(a i ) < Vg
h=1 q
LEMMA 3.5. Suppose f(t) is a real-valued continuously differentiable
function defined on the interval [t1,to] such that |f'(t)] > A > 0. Then

to

Ve(r)dt < 1/A.

t1
LEMMA 3.6. Suppose f(t) is a real-valued twice continuously differen-
tiable function defined on [t1,ts] such that |f"(t)| > A > 0. Then

fe(f(t))dt<< 1/VA.

t1

LEMMA 3.7. Suppose b, € C (n > 1) are such that their summation
function B(u) can be written as

=Y by = M(u) + E(u),

where M (u) is continuously differentiable on (0,00). Suppose f(u) is con-
tinuously differentiable on [u1,us], where uy > 0. Then

u2

ST baf(n) = | F)M'(w)du+ | f(u)dE().

u1<n<ug ul ul

LEMMA 3.8. For any H > 2, we have

nw= Y 62(%) + O<mi“<1’ HM))

1<|h|<H
i 71 = 3 a(h)e(hu
mln(l,HHu”> _hz_:oo (h)e(hu),
a(0) < 8 L)« min(1/|h], H/B?).

H 9



106 R. T. Guo and W. G. Zhai

LEMMA 3.9. For fized | > 1, we have

VYo (u -t Z ) 7 cos(2mu),
=~ 2
Yor1(u 1)t Z )2 sin(2mu).

4. The estimate of Si(«;x) on the major arc. The exponential sum
Si(a; ) is of importance in the quadratic Waring problem. For complete-
ness, we give a detailed argument for S («; z) both on the major arc and the
minor arc. Our approach on the major arc is slightly different from previous
ones.

Suppose « = a/q+z € Fy with 0 <a <q¢<Q, (a,q) =1, |z] < 1/qr.
We have

(4.1) Si(o;x) = Z e(n*(ajq+2)) = Z e(n’a/q)e(n’z)

1<n<z 1<n<z
q
= Ze(rga/q) Z e(n?z).
r=1 1<n<z
n=r(mod q)

The counting function of the integers n = r (mod q) is
u—r u—r u—r
1—1—{ }: —1-1/2—1/11( )
q q q

u—rTr

Taking
M(u) = ;T +1/2, E(u) = _¢1<

>, up =0,uy =

in Lemma 3.7, we get

(4.2) Z e(n?z) = 81 — 82,

1<n<zx
n=r (mod q)

17 T <u—7’>
=—\e(u =\e(u“z)d .
=gl = et i (-
By the change of variable u = xv we get

(GOQ) 0 2,2
. (S)e(vxz)dv

where

(4.3) e(r’a/q) S

HMQ

Let g(u) = e(ugz) and [ > 1 be a fixed positive integer to be determined
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later. Repeated partial integration gives

(14) f - g(um(“;r) :—Swl(“"“)g%u) u

T

=i o (57)

+(_1)l+1qlsgl+1 ( )wl 1<u;r> du.

0

0

Thus we have

q l q
(4.5) Zera/qs :Z 1)7¢7g (u Zera/q 1,!)]+1<u;r>

r=1 ]:0 r=1

T

0

+

R Wy ooy () du

r=1
We now show for any fixed 7 > 0 and uniformly for 0 < u < z that

q , C(u-r Valog(g+1) if j =0,
(4.6) ;e(r a/cz)%u( p ) < {\/a if j> 1.

The estimate (4.6) is trivial for ¢ = 1,2. Suppose now ¢ > 3 and j = 0.
Taking H = ¢? in Lemma 3.8 we can write

(4.7) Ze<r2a/q>wl(“

where

—Tr
>—E1+227

Si=Yetale) 3 goelh(u—1)/a),
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By Lemma 3.4 we get

1
(4.8) o=y 57 Gla,—h,q) < Vglogg.

1<]h|<q?

For Y5 by the second expression in Lemma 3.8, and Lemma 3.1, we get
q

(4.9) Yy K g Je(hu/q) E e(—hr/q) <<q§ la(h)| < loggq.
hez. r=1 h‘ehZ
q

From (4.7)-(4.9) we see that (4.6) holds for j = 0. Similarly, the case j > 1
follows from Lemmas 3.4 and 3.9.

Now we bound g(u) for 0 < u < z. We shall show that for any fixed
s > 0, the estimate

4.1 (s) s L
(4.10) < (2)
holds uniformly for 0 < u < x. Let f(u) = 4mwiuz. Obviously (4.10) holds

for s = 0. Since ¢'(u) = g(u)f(u), we see that (4.10) holds for s = 1. For
any fixed k > 1, by Leibniz’s formula we get

g () = F(u)g® () + k' (u)g* D (),
hence
(4.11) gD (@) < [ f(w)g® (w)] + kIf (w)g* D (w)]
< 42| g (w)] + 4krlz] |9 (w)].

The condition Q7 < 22 implies that 1/¢7 < (x/q7)%. Now (4.10) follows
from (4.11) by induction.
Inserting (4.6) and (4.10) into (4.5) we get

M=

!
e(r’a/q) SQ < +/qlog(g+1)+ \/EJZ & (x/qr) + ¢V a(x)qr)H
j=1

r=1

l
< aloglg+1) +vay (x/r) +q Pa(a/m)*.
j=1
Taking | = [2/¢] and recalling the condition 7 > z'*¢ we get

l
Vad (@/ry < va,  q Vel < 1.
j=1
From the above two estimates we have

q
(4.12) Z e(r?a/q) 82<< Valog(q+1).
r=1



The ternary quadratic form m3 +m3 + m2

From (4.1)-(4.3) and (4.12) we get the following

LEMMA 4.1. Suppose o € By with Qr < 2% and 7 > x'7¢. Then

G(a,O,q)xi

(4.13) Silose) = =

e(v?2?z) dv + O(y/qlog(q + 1)).
0

109

5. The estimate of Si(«a;z) on the minor arc. By Dirichlet’s theo-

rem, for any « € Ejs, there exist integers a and ¢ such that
a=a/qg+z, |z/<1/gr,1<a<q,(a,9)=1,Q<g<T
Opening the square we get

(5.1) 151 (a; )| = Z e((m? —n?a) = [z] + T(z) + T(z),

1<m,n<zx

where

T(x) = Z e((m? —n?a).

1<n<m<zx

By Lemmas 3.2 and 3.3 we have

(5.2) T(z) = Z e(va) Z e(2nvar)

1<v<z—1 1<n<zx—v
< Z min(z, 1/[]2va||) < Z min(z, 1/||val|)
1<v<x 1<v<L2z

< (z+qlogq)(1+x/q) < 2°¢"" + qlogq + xlogq.
From (5.1) and (5.2) we get
LEMMA 5.1. Suppose o € Ey. Then

Si(o;z) < Q% 4+ 72 10g? 1.

6. Heath-Brown’s results on D(y;q,7). Let 1 < r < ¢ be integers.

For any y > 0 define

D(yiq,r):i= Y, d(n).

n<y
n=r (mod q)

In this subsection we quote some results about D(y; g, r) from Heath-Brown

[6]. First,
(6.1) D(y;q,7) = R(y;q,7) + A(y; ¢, 7),
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where
Alg,r 2yB(q,r
R@mm%=y(g)a%y—2bgm+%~4)+3/§7f
= a4
r) = Z Zd5u<d5>7
dl(gr) dlq/d
=2 Z‘”M( )10g5
dl(gr) dlq/d

where « is the Euler constant. For A(q,r) and B(q,r) we have

(6.2) Ze( ) q),

=1

(6.3) Zq:e( > (h,q)log(h, q).

h=1

>

Define

n ar Z Z e(nlml —(i]-nng).

n=ninz 1<mji,ma<q
mima=r (mod q)

Then for € > 0, we have (Theorem 3 of [0])

yt/ig=1/2

V2 1<n<N

+O((Ny)*q"/? + (Ny)ey' 2N ~1/2)
—1

(6.4) Ay;q,7) = t(n;q, r)n_3/4 cos(dmy/ny/q — w/4)

uniformly for ¢ > 1,y > 1, N > ¢%y
For t(n;q,r) the formula (51) of Heath-Brown [6] reads

(65) t(n,q,?") = Z Z (55(77,1,722(5717“*7(]*)’
n=ninz §|(q,r,nz2)
where r* = r/0,¢* = q/6 and S(u,v,q) is the Kloosterman sum

un—i—vn’)
S(u,v,q) := el —— |,
o= 3 o

1<n<q
(n,g)=1

in which nn’ =1 (mod q).

7. The estimate of S3(—a;32?) on the major arc

7.1. Some estimates involving D(y;q,7). Suppose a,r, q are integers
such that 1 <r < ¢, 0 < a < ¢, (a,q) = 1. The function R(y;q,r) is the
main term of the summation function D(y; ¢, 7). We may write it in the form



The ternary quadratic form m3 +m3 + m2

(7.1) R(y;q,7) = c1(q,r)ylogy + c2(q, 1)y,
where

Algq,r
(72) Cl(Q)T) = (q2 )7

A(g,r7)(—2logqg+2v—1 2B(q,r
(7.3) calq,r) = 2N A ) 4 ((12 )

From (6.2) and Lemma 3.1 we have
q

(7.4) ZA(q,r) —ar/q) = Z (h,q Ze (h+a)r/q)
r=1 h=1 r=1

=(@—a,9)q=q
Similarly from (6.3) and Lemma 3.1 we have

(7.5) ZB(q,r)e(—ar/q) = Z (h,q)log(h,q Ze (h+a)r/q)
r=1 h= r=1

= q(q a,q)log(q —a,q) = 0.
From (7.2)—(7.5) we get

(7.6) Y algr)e(—ar/q) = q " =: Bi(q),

r=1
(7.7) ZCQ (—ar/q) = ¢ ' (—2logq + 2y — 1) =: Ba(q).

By (6.5 ) nd the definition of Kloosterman sum we get

(7.8) > t(n;q,r)e(—ar/q)

r=1

=3 D SO, et g )e(—ar*/q)

r=tn=mina dlgrna)

— Z Z (SZS(nlan25_lr*aq*)6(_ar*/q*)

n=nins §|(gn2) =1

Z Z 6% Z 6<n1h+n251r*h’—ar*>

*
n=ningz 6|(qma) =1 1<h<q q
(h,g*)=1

S Y Y5 Y cluhla) Y el — )

n=ninz §|(¢g,n2) 1<h<g*
(h,g*)=1

111
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The innermost sum is ¢* if nod~'h' = a (mod ¢*) and 0 otherwise. Inserting
this into (7.8) we get

q
(7.9) > tniq r)e(=ar/q)| < qd(@)d(n).
r=1
We shall prove that
(7.10)  F(y;q,a Z Aly;q,r)e(—ar/q) < (6*% + ¢**y"/) (qy)*

uniformly for y > 0. For 0 <y < q, (7.10) follows from the trivial estimate
A(y; q,7m) < ¢¢. Now suppose y > q. From (6.4) and (7.9) we get

(7.11) ZA (y;q,7)e(—ar/q)
r=1

4 cos(4m Jq—m/4) )Y t(n;q,r)e(—ar/q)
ﬂ\f Z vl ; o !

1<n<N
+O((Ny)*¢®* + (Ny)*qy' /2N ~1/?)

<yt N n’?’/“‘z (n5q,7 W/Q)‘

1<n<N
+O((Ny)*¢** + (Ny)*qy' /2N ~1/?)
< (Nyq)E(y1/4q1/2N1/4 + q3/2 +qy1/2N—1/2) < (q3/2 +q2/3y1/3)(qy)5

for ¢ < y, where we take N = ¢/3y1/3.
Now we shall prove that
T
(7.12) H(T;q,a) == | F(y;q,0)dy < ¢***T

0
uniformly for 7" > 0. When T' < ¢, (7.12) follows from A(y;q,7) < ¢°. Now
suppose T' > q. We shall bound the integral S?]U F(y;q,a)dy. Taking N = U
n (6.4), we get

2U
| Fyiq.0)dy
U
CE S (s Carfa)) § o eostin i - /1) d
= n- t(n;q,r)e(—ar/q y/'Teos(dmy/nyq T —m Y
V2r n<U r=1 U
+O(q3/2+€U)

< q—1/2 Z n_3/4qd(n)d(q)U3/4qn_1/2 + O(q3/2+EU) < q3/2+€U
n<U
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with the help of (7.9) and Lemma 3.5, which implies (7.12) via a splitting
argument.

7.2. Estimate of Sy(—a;32%) on the major arc. Suppose a = a/q
+zeEwith0<a<qg<Q, (a,q) =1,|z| <1/qr. We have

Z d(n)e(— Ze —ar/q) Z d(n)e(—nz).

1<n<3x2 r=1 1<n<3z2
n=r (mod q)

So taking M (u) = R(u;q,r) and E(u) = A(u;q,r) in Lemma 3.7 we get
(7.13) > dn =J; + Ja,
1<n<3z2

where

(—ar/q) S e(—uz)dR(u;q,r),
0

32

e(—ar/q) S e(—uz) dA(u;q,r).
r=1 0

We first treat J;. By (7.1), (7.6), (7.7) and the change of variable u = 2%v
we have

q 322
(7.14)  J = Z e(—ar/q) S e(—uz)(c1(gq,r)logu + c1(q,r) + ca(q, 7)) du
r=1 0
q 322
= Z e(—ar/q)ci(q,r) S e(—uz)logudu
r=1 0
q 322
+ Z e(—ar/q)(c1(q,7) + ca2(q,r)) S e(—uz)du
r=1 0
32 32
= Bi(q) S e(—uz)logudu + (B1(q) + B2(q)) S e(—uz)du
0 ; . 0
=2B(¢q)2logx S e(—uz’z) du + By (q)z? S e(—uz?z)logu du
0 0
3

+ (Bi(q) + Ba(q))a® S e(—uz?z) du.
0



114 R. T. Guo and W. G. Zhai

For Jy, by partial integration twice and then using (7.11) and (7.12) we get

(7.15) Jo = Ze(—ar/q)A(SxQ;q,r)e(—3:c2,z)
r=1

q 3z2

+ 271'2'226(7@7‘/6]) S A(u; q,r)e(—uz) du
r=1 0
32
= F(32% q,a)e(—32%2) + 2miz S e(—uz)F(u;q,a)du
0
32
= F(32% q,a)e(—32%2) + 2miz S e(—uz)dH (u;q, a)
0
= F(32%;q,a)e(—32%2) + 2mizH (32%; ¢, a)e(—32%2)
322
+ (2miz)? S e(—uz)H (u;q,a) du
0
< ws(q3/2x2’2‘ +q3/2 + q2/3$2/3)

< $E(q1/23327'_1 + q3/2 +q2/3902/3)
< xa(q1/2m27_—1 + q2/3x2/3),
where the term ¢3/? was absorbed into ¢%/2z277! since Q1 < z2.
Thus we get the following lemma.

LEMMA 7.1. Suppose a € Ey is such that QT < z?,7 > x'*¢. Then

222 log
(7.16)  Sy(—a;32%) = =27

23
e(—uz?z) du + T S e(—uz?z)logu du
q
0 0

3
—21 2
n 0g q + 756286(7%22) du + O(%s(q1/2$27_1 4 q2/3$2/3))‘
q
0

8. Proof of Theorem 1. In this section we take Q) = x2/3/87 T = 2543,
We first treat the integral on the major arc. We have

(8.1) S S3(a; ) So(—a; 322) da

Eq
a/q+1/qT

- Z Z S S (a; 2)S2(—a; 32%) dav.

1<q<Q 0<a<q a/q—1/qT
(a,q)=1
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Suppose @ = a/q + z € Fy. From Lemmas 4.1 and 7.1 we get

$3(c 2)Sa((—01; 327

(a0 1 53
= 22° log :EM ( S e(u?z?z) du) Se(—uxQZ) du
q 0 0
G3(a,0,q) ‘ K
x5+<86(u z22) du> Se(—ux%) log u du
q 0 0

3 —21 29) /¢ 3¢
+ 2° G(a,0,9)( 1 0gq+27) (S e(u’z?2) du) S e(—uz?z) du
q 0 0

+ O(x5+6q—17_—1 + x11/3+5q_5/6 + $4+sq—3/2).

a/q+1/q7

(8.2) | S¥es2)Sa(~0;32%) da
a/q—1/qr
5 /g7 1 33
CH@00) (o du)’ fe(—urs) duds
¢ —1/gr O 0
3 1/qr 1
5609

3
1 S (Se(u z22) du) Se(—quz) log u du dz
q —l/qT 0 0

= 22" log x

/gr 1 3
G3(a,0,q)(—21 2
5674, 0.9)( 1 ogq+27) S (S (u’x z)du) Se(—uwQZ)dudz
4 —1/qm7 O 0
4 O(aP e g g Breg /6 -1 e =5/2, 1)

+x

110y, G 0.0) 17 3
=2z long S (Se u“z du> Se(—uz)dudz
—22/qr O 0
a/qr 1 3
$3G3mi,40,q) S (Se(u2z) du)3 Se(—uz) logududz
1 ~z2/qr 0 0
22 /qT 1 3
+ $3G3(a,0,q)(;4210gq + 27) S (SG(UZZ) du)3 Se(_uz) du dz
—22/qr 0 0

L O 4 g3+ =11/6 -1 x4+€q75/27_71)
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x2/qr
G3 ’07
(aq4q) S Hi(z)dz +

—a2/qr —a?/gr

2
3 _ z?/qr
4 IEBG (Q,O,q)( q42 lqu + 2’}/) S Hl(z) dz

—a?/qr

G3(a,0,q) "
=222 log x 37(%4 24)

FO(a5eq 22 4 g3 1/6, 1 e =5/2, -1y

where H;(z) and Ha(z) were defined in Theorem 1.

By our choice of @ and 7, 22/q7 > 2. So we first give upper bounds of
Hi(z) and Ha(z) for |z| > 2. By Lemmas 3.5 and 3.6 we directly have

y 1

(83) Gu(y)=\e(-uz)du<1/lz| (y>0), |e(®s)du<1/\/]2].
0 0

By partial summation and the first estimate in (8.3) we have

1
(8.4) Se(—uz) logu du

0
1/|] 1
= S e(—uz)logudu + S e(—uz)logudu
0 1/)z|
1/|z| 1
= S e(—uz)logudu + S log udG(u)
0 1/]2|
1/]2| 1
= S e(—uz)logudu+Gz(u)loguH/M— S G (u)u™t du
0 1/)z|
< |z| " og |2].

Hence we get
Hi(z) < |27, Ha(z) < |27 loglz| (|2 > 2),
and correspondingly for U > 2 we have

S Hi(z)dz < S 2524y <« U2,

|z|>U |z|>U
(8.5)
S Ha(z) dz < S 22 ogzdz < U3 1og U,
|z|>U |z|>U

which means that the infinite integrals {™ _H;(z)dz (j = 1,2) converge.
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Taking U = 22 /q7 in (8.5), we get

S Hi(z)dz < S 22 4y < @323/ 23

|z|>22/qT |z|>x2/qT
S Ho(z)dz < S 27 og zdz < ¢332 3 og .
|z|>22/qT |z|>22/qT

Inserting the above two estimates into (8.2) we have

a/q+1/qT
(8.6) S S3(a; ) So(—a; 322) da
a/q—1/qr
G3(a,0,q) T G3(a,0,q) T
—2x310gac(aq’4’q) S Hl(z)dz—l—xg’(aqll’q) S Ha(z) dz
3 —21 2y) T
3G (OL,O,q)(q4 0gq +27) | #1(2)d

—|—O(7’3/2 110g$—|—.%'5+€ —2,.-2 +$11/3+5q—11/67_—1 +m4+5q_5/27_1).

Combining (8.1) and (8.6) we get

(8.7) S S3(a; ) So(—a; 322) da

Ey
=223 logx Z gt Z G3(a,0,q) S Hi(z)dz
1<q<@Q 0<a<q —o0o
(a,q)=1
+ a3 Z q* Z G*(a,0,q) S Ha(z) dz
1<¢<@Q 0<a<q —00
(a’Q):l
3 —2logq + 2v o3 v d
+ Z 4 Z (a,0,q) S Hi(z) dz
1<g<@Q 0<a<q -

(a,q)=1
+O( 3/2Qlogx+x5+a +x11/3+€@1/6 —1_'_x4+€ —1)
= 201]133 logz + (leg + CQIl)
+O( SQ 1/210gQ+T3/2Q10gx+x5+8 +$11/3+EQ1/6 —1+x4+8 —1)
:201[11‘ logl’—F(ClIz—{—CQIl):L' +O(£L’8/3+6),

where C; (j =1,2) and I; (j = 1,2) were defined in Theorem 1.
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Now we study the integral on the minor arc. We have

(8.8) S S3(a; ) So(—a; 322) da
E
1
< max S (e; 2)| |81 (03 2)[*|S5(—0;32) | da
0
1

<<Oréré%)§|5’1(a;a:)|<g|51(a z)|* da) ( Sy (—av; 322 |2d0z)1/2

0
1/2 12
< max |S1(a; )] x ( 1 d(n))
acks m +m2:m3+m4 1<n<3z2
1<m1,m2,m3,m4<x
1/2
< max |S1(a; )| x < 1 d(n))
ek 2 1<n<3:p2

mi—
1<m1 ,mz 7m3 my< <x

<<Héax|,5’1ax (Z d*(n ) X

n<2z2 1<

o
)
DI
<

Z< )1/2

8/3

< max |S;(a; x)|z? log? z < 2%/ log?®
a€Fy

where we used Lemma 5.1 and the well-known estimates
Z d*(n) < tlog3t, Z d(n) < tlogt.
n<t n<t

From (2.5), (8.7) and (8.8) the proof of Theorem 1 is complete.

9. Outline of the proof of Theorem 2. The proof of Theorem 2 is
similar to the proof of Theorem 1, so we only give an outline.
For any o € R and y > 1, define

(9.1) Ss(azy) == Y e(mPa), Si(ey):= Y  A(n)e(na
Im|<y 1<n<y

It is easily seen that
(9-2) S3(a;y) =251 (s y) + 1.
By (2.2) and (9.2) we have

1
93)  malx) = | S5(a; Va)Su(—as ) dav

0

1 1

8\ 57 (a; Vi) Su(—a; z) dov + 12| S7 (a5 V) Sa(—0; 7) dav
0 0
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1 1
+ 68 S1(c; Vo) Ss(—a; ) do + S Si(—a;x) da
0

o

1

= 88 S3(a; /) S4(—c; ) da + O(x log ).
0

Suppose A > 0 is a fixed positive constant. Let Q; = log"*2 2 and
71 = 2log7 194710 2 and define

U U Heq, Ei=[-1/m,1-1/n]\Es.
1<¢<@Q1 0<a<q
(a7Q):1

Suppose o = a/q + z € E3, (a,q) = 1. Similar to Lemma 4.1 and more
easily we have

G(a,0,q)
q

(9.4) Si(aiv/3) = Vo e(u?22) du + O((1+ 2/2])y/glog(q + 1))-

O ey =

For S4(—a;z), similar to the formula (6.21) of [10] we have

—

(9.5) Si(—a;x) Se —uxz) du + O(ze cV8T),

wla) 0

where ¢ > 0 is an absolute positive constant and Cy(r) is the Ramanujan
sum. From (9.4) and (9.5) we get, similar to the proof of Theorem 1,

96) | S¥(es v2)Su(—a;2) da

Eq
_ B2 1
z_: >¢(q)
o) 1 1
Z (@,0,9)Cq(—a) S (Se(u2z) du)3 Se(—uz) dudz
a=0 —oco 0 0

(a,9)=1
+O@32Q7 Y + 732Q + 2727 e eVI08T 4 g3, 2)
= 313232 + O(232Q/* + 732Qy + 2%/ 2 LeeVioB® | 3772,

where C'3 and I3 were defined in Theorem 2.

Now consider the integral on E4. According to Dirichlet’s lemma, each
a € E4 can be written as a« = a/q + z with (a,q) = 1, Q1 < ¢ < 7,
|z| <1/qri. Lemma 5.1 still holds. So we have (z should be replaced by /x)

Si(a;Vz) <V QP 4+ P log! 2 < Q.
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Hence similar to (8.8) we have

9.7) | S¥(as Va)Su(—a;2) da
Ey
1

< max |81 (05 V)| |91 (3 V) | Sa(—as )| da
(e 4
0

0
< ma 105 Vo) > () x (3 42m)

n<x 1<n<zx
< max | S (a; Vz)|z log? =
a€EFy

< 1:3/2621_1/2 log? z < 2%/? log>* z < 23/? log™4 z.
Theorem 2 follows from (9.3), (9.6) and (9.7).

10. Concluding remark. The circle method is very powerful for deal-
ing with many sums involving the quadratic form g. It not only can be used
for evaluating sums of the form

> f(mi+m3+m3),
mi,m2,ms3
but also of the form
> F(md 4+ m5+m3)gi(m1)ga(ma)gs(ms),
mi,m2,m3

where f, g1, g2, g3 are arithmetic functions which have good value distribu-
tion in residue classes to large moduli.

Now we list some results without proofs. All these results can be proved

by the classical circle method. For some of them we can get even better
asymptotic formulas.

(10.1)  Sn(wyp) = > p(mi+mi+md) <a’log "z,
1<mi,ma2,mz<x

(10.2) Sz (x;p) == Z w(m? +m3 +m?) < %% log™ «,
m%—&-m%—&-m%ﬁ:c

(10.3) Sp(z;p) == Z 1(p? + p3 +ph) < 2¥log ™z,
1<p1,p2,p3<T

. myp(x) (= ~ CoT og ",
10.4 , 1 3/210g~4

p=pi+p3+pi<c
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(10.5) Sn(z;d) == Z d(p? + p3 + p3) ~ c123log 2
1<p1,p2,p3<z
(10.6)  Sn(z;d) == Y d(mi +m3 +m3)d(m1)d(ma)d(ms)

1<mi,mo,m3<z
~ cox® log? z.
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