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More precise Pair Correlation Conjecture on the
zeros of the Riemann zeta function

by

Tsz Ho CHAN (Cleveland, OH)

1. Introduction. In the early 1970s, H. L. Montgomery studied the
distribution of the differences v — 4’ between the imaginary parts of the
non-trivial zeros of the Riemann zeta function. Let

, p 4
(1) F(x,T)= Y 20wy —v), w)= ira
0<H<T
0<y'<T

Assuming the Riemann Hypothesis, he proved in [8] that, as T — oo,

T
F(z,T) ~ 2—10gac +-— (logT)

2w

for 1 < x < T (actually he only proved this for 1 <z < o(T) and the full
range was done by Goldston [4]). He conjectured that

T
F(x,T) ~ o logT

for T < o < TM, M fixed, which is known as the Strong Pair Correlation
Conjecture. From this, one has the (Weak) Pair Correlation Conjecture:

T ¢ sin w2
Z 1~ — logTS 1-— du.
2 U
0<y,y'<T 0

0<y—v'<2ma/logT

In [1], the author proved that, under the Riemann Hypothesis, for any
e >0,

1 17T T\?2 T T
2 F(z.T) = —T1 log — | —2—1log —
@ (@.7) = 5 Tlogw + 75 [%(ngn) or Og%}

T
+ O(zlogx) + O <m>
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for 1 < x < T/logT. This gives a more precise formula for F(x,T) in the
range 1 < z < T'/log T. Meanwhile, in [2], the author derived a more precise
Strong Pair Correlation Conjecture: For every fixed e > 0 and A > 1 + ¢,

(3) Pla,T) = L log - — L 1 o(rt—=)

27 2r 27w
holds uniformly for 71+ < z < T4 with some £; > 0. It remains to under-
stand how F'(z,T) changes from (2) to (3) when x is near to 7. For that,
we prove

THEOREM 1.1. Assume the Riemann Hypothesis and the Twin Prime
Conjecture in the form stated at the start of Section 2. For any small € > 0
and any integer M > 2,

T/x
T dx sinw S(h) T
F(z,T)=—1 - — dv 1— —
(@, T) or 57 3x (S) v T(zzl h? )( o8 x)
co . Ty oo .
r ¢ sin=< sin L¥
- — L dy ‘” d
2r § 2 YT < ) § /
4T T sin f ) du sin = y
SV T C
i 1 a: 1 acy
6T & °° (U) sin %y pl+6e
1 Yy x

for T/(logT)M < o < T?¢. Here B = —Cy —log 2, Cy is Euler’s constant
0.5772156649. .., and &(h) and f(u) are defined in the next section. The
implicit constants may depend on € and M.

As corollaries of Theorem 1.1, we have:

COROLLARY 1.1. Assume the Riemann Hypothesis and the Twin Prime
Congjecture. For any integer M > 2,

T T
F(x, T)=—1 (@) Oy| ————
(@T) = 57 logz + O(z) + M<(logT)M—2)
for T/(logT)YM < 2 < T.
COROLLARY 1.2. Assume the Riemann Hypothesis and the Twin Prime
Congecture. For any small € > 0 and any integer M > 2,

T T T T\ Y% T
F(z.T) = —log — — — z L
w1 =gy~ +0:(1(3) )+ 0 (o)

forT <z < T2-2%,
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This work is part of the author’s 2002 Ph.D. thesis. The author would
also like to thank the referee for some helpful suggestions.

2. Preparations. We mentioned the Twin Prime Conjecture in the
previous section. The form needed is the following: For any € > 0,

ZA A(n +d) = S(d)N + O(NY2*%)  uniformly in |d| < N.

Here /1( ) is the von Mangoldt lambda function and

—2H< > H P—- if d is even,

p>2 pld, p>2
and &(d) = 0 if d is odd. We also need a lemma concerning &(d).

LEMMA 2.1. For any € > 0,
h

> (h=E)&(k) = % h? — %hlogh + Ah + O(RY/?%e),
k=1

where A = 3(1 — Co —log2m) and Cy is Euler’s constant.

Proof. This is a theorem in Montgomery and Soundararajan [9] and is
also found in Friedlander and Goldston [3].

Borrowing from [6} we define

a+1
Z S(h for a > 0,
h<y
ho‘ for oo > 1.
h>y
Then from [3],
1
(4) So(y) = —7 logy + O((log y)*?).

Suppose Sp(y) = —% logy + ¢(y). By partial summation,

a y
Yy a—1 1 o
W(y) = - = du+ | — ,
B S = e —a e (g )
1 e(y) 1 T e(u)
To(y) = - - du.
(6) ) (a=Dy*=t  y*  2ay° e §/ uott M
LEMMA 2.2. For any € > 0,
! B
Je(wydu =y + 0@y,

1
where B = —Cy — log 2w as in the previous section.
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Proof. By Lemma 2.1,

y y
Ss( :S(ZG( —u+ logu>du
1 h<u
=> (y-h6 ——y +2y10gy—%y+1
h<y

Now, let us define

¢ B
) )= (et - ) .
1
By integration by parts and Lemma 2.2, one has
y

® Jewudu= 2y 4y - §r@yau—2 = o2 o)
1
© |

_B _ 1
2 3

abn

1
+3 S Mdu = — 4+ Oy 5/,
4 y

We also need the following lemmas.

LEMMA 2.3. Assume the Rz’emann Hypothesis. For any € > 0,

1
ZA ——:13 logw—zaj + O(23/%+),
n<lx
An)?> 1llogx 11 1
nz>z nd 2 a2 +4x2+0 22—

where the implicit constants may depend on .

Proof. This follows by partial summation and prime number theorem
under the Riemann Hypothesis.

Gh) 1 —~&(h) 7 B T f(u
i <o 2 —gtg tel R de
h=1 1
where B = —Cy — log 2w and Cy is Euler’s constant again.

Proof. First, from (4),

h>x

1 1
ogu du <

h2

h>x T

2) :OSC)%d(SO(u)~I—u)<<%+S
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So, the series converges and equals

T T So(u) +u u— 3logu+e(u)
1 1 1
1 T e(u) 7 B Te(u) - %
=242 du=-+= 42
4+ § 3 du 4+2+ § " du
7 B 71 7 B T fu)
= — —_— 2 —_— = — —_ _
yRECR §u3df(u) 4+2+6§ o du

by integration by parts and the definitions of e(u) and f(u).

3. Smooth weight. Fix a small positive real number € and let K be
a large integer depending on e. Let M be an integer greater than 2 and
U = (logT)™. We want to define a smooth weight function ¥ (t) with:

1. support in [-1/U,1+ 1/U],

2.0 < Wy(t) < 1,

3. Wy(t)=1for 1)U <t<1-1/U,
1. 09t < Ui for j=1,..., K.

Let A = 1/2KU. We define a sequence of functions as follows (Vino-
gradov’s construction):

1 ifo<t <1,
Xo(t) =
0 else,

A

1
xi(t) = A S Xi—1(t+x)dx fori=1,..., K+ 1.
—A

Clearly, 0 < x;(t) < 1 for 1<i< K+ 1. Qne can easily check by
induction that x;(t) = 1 for 27°1A < ¢t < 1 —2"1A and y;(t) = 0 for
t<—=2"1Aort>14+2"1Afori=1,...,K + 1.

LEMMA 3.1. ng)
0<j<i<K+1.

(t) exist and are continuous, and Xl(j)(t) < A7 for

Proof. Induction on . First note that xi(¢) is continuous because

A A

1 1
pat+0) =01 =gz § ot 6+ a)de— gz § xote 0y
A+6 1 A
=54 S Xo(t-f—:c)d:c—ﬁ S xo(t + z)dx

—A+6 —-A
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1 A+6 —A+6 5

= | — R — < -

’2A S xo(t + x) dx 5A S Xo(t + z) dz <3

A —A
Secondly,
A+h —A+h
xo(t+h) —xo) 1] 1 _ b

A =724 i x1(t+ ) dx 5A _S x1(t + x) dz

=51 it +A+8&) —xi(t — A+ &)

for some 0 < &,& < h by the mean-value theorem. So x5(t) exists and
equals 55 [x1(t+A)—x1(t—A)], which is continuous and < 1/A. Assume that

(J )( t) are continuous and satisfy X(J ) « A= for some 2 < i < K and all
0 <j<i—1. Now, for0<j<i—1, X(]) (t) = ﬁSfAX(»])(th:r)d:r <A

i+1 %
by the induction hypothesis. For j = 4,

(i (i—1)

-1
(1) . Xit1 (t+h) — Xit1 (t)
. ) =1
Xi41(t) = lim -
| Ath - | —Ath -
. i—1 i—1

= 5400+ 2) - - 2))

which is continuous and < A~ by induction hypothesis.

LEMMA 3.2. We have

riy SINTY ~ ~

o N iy | S
Xo(y) =e —— Xi+1(y) = Xi(y) 2m iy

sin 2 Ay

for 0 < i < K. Here f(y) denotes the inverse Fourier transform of f(t),
Fly) =§ f(t)e(yt) dt.

NOTE. We use inverse Fourier transform so that the notation matches
[5] and [6].

Proof. Indeed,

1 271 3
Yy _

Soly) = Ve(yt) dt = & — = — ¢miv
Xo(y) ée(y) el

Moreover,

[e.e]

A oo
- 1
Xinn() = § xini(@We(yt) dt = — S S Xi(t + z)e(yt) dt dz

—0o0
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A

L Riwe(—ye) do =
A

== Xi(y) e(—y4) —e(yqd) _ 5w) sin 2w Ay

2A —27iy N 21 Ay

Now we take ¥y (t) = xx+1(t). Then ¥y (t) has the required properties
by the above discussion and Lemma 3.1. From Lemma 3.2, we know that

. . K+1

@U(y) _ iy SIR7TY (sin 2w Ay .

Y 21 Ay
It follows that
~ sin 27y ( sin 2w Ay K+l
Re ¥ =
10

(10) (y <y K for y > T°,

( y) < T~ Ke for y > 77! where 7 = T ¢,

These are similar to (18) and (19) in [5]. Also, by Lemma 3.1, it follows from
the discussion in [5] that

~ ~ U\E
' v/ in( 1, —
U(y)7 U(y) < mln( ’ <27Ty> >7
which is (17) in [5]. Consequently, the results in [5] are true with our choice
of ¥y (t). Moreover, if one follows their arguments carefully, one has their
Corollaries 1 and 2 (except an extra N€ to the error terms) and Theorem 3
as long as 7= T'7¢ < z.
We shall need the following lemmas concerning our weight function

Uy (t). Here we assume T'A < z.

LEMMA 3.3. For any integer n > 1,

v T z ¢ sin LY 1
| y—RewU<2 yx> dy = | yn;g dy—i—O(KAlogZ).
1 1

Proof. By a change of variable v = % and (10), the left hand side is
<T>n_1 T 1 sinv <sinAv>K+1
IV Lsine "
x v W Av
T/x

(T "711/Asinv A202)) 4 ™''T o1 J

La)eol(2) )

1/A

_11/4 | -1
T\"* sin v T\" 9

T/x
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T\" ' T sinv 1
=<;> | — dv—l—O(KAlogA)

T/x

Ty

€T SIHT 1
:f§ e dy +O<KAlogZ>

because TA < z. Note that the error term comes from the case n = 2. If
n # 2, we can replace the error term by O(K A).

LEMMA 3.4. If F(y) < y=3/2%¢ fory > 1, then

g ()RewU<T )dy_§ Fly) myyd Y+ O(KA).

1 1 x

Proof. By a change of variable v = % and (10), the left hand side is

e’} . . K+1
T T sinv [ sin Av

il FlZ
TS<TU>’U<AU> v
T/x

sin v

z_ ¢ [E)
(1+O(KA% 2))dv+O<TAK+1 | ke dv>

1/A

V()
1/A —€

<£ )smv voli(Z)" s

T T
( )

<% Ogo @m) +O(KA)
1/A

x
T

T
T

= X Fy) 2

1 z

Ydy+ O(KA).

4. Proof of the theorem. Throughout this section, we assume 7 =
T <T/(logTY™ < 2, U = (logT)M for M > 2, H* = 722%/(1=9) and
Uy (t) is defined as in the previous section. The implicit constants in the
error terms may depend on € and M.

Proof of Theorem 1.1. Our method is that of Goldston and Gonek [5].
Let s =0 +it,

A(s) = Z A:;), A*(s) = Z A:;)

Under the Riemann Hypothesis, it follows from Theorem 3.1 of [1] (with
slight modification) that
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l <A<—l + it) — Sul/g_it du)
x 2 ]

‘ 2
x <A* < + zt) S —3/2—it du)

T

1 T
F(:p,T):§S
0

dt + O((log T)?).

Inserting ¥y (t/T) into the integral and extending the range of integration
to the whole real line, we have

(1) F@T)= o Il(m,T)+§Iz(x,T)+o<T(L5T)2>+O<x1+6€)7

22 U T
where
o t x
Ii(z,T) = _Xoo% <f>‘A<—— —I—zt) § ut/? ”du t,
00 t 00 2
Iy(z,T) = _L!I/U <f) A* < +zt> §C w327 qu| dt

by Lemma 1 of [6] with modification V' = —T/U and T —T/U, and W =
2T /U. The Riemann Hypothesis is assumed here so that the contribution
from the cross term is estimated via Theorem 3 of [5].

We now assume the T'win Prime Conjecture defined in the previous sec-
tion. By Corollary 1 of [5] (see also the calculations at the end of [5] and
[6]) and Lemma 2.3, one has

Li(2,T) =y (0)T Y A(n)*n

n<x

+4W(%>3 OSO ( 3 G(h)hQ)Re@U(v)%

T/2rx h<2mzv/T

T 3 oo 2mav/T R do
- 47T<§> S < S u? du) Re ¥y (v) s
T/2rTx 0

3 +6e
+ 0( = ) +O(27/217)

:—T:U 1ogx—ZTsc +47T(21;T> OSO ( Z &(h)h?

T/2rx h<2mzv/T

2rav /T dv 4 T/2mx
~ 78 ~
— S u? du> ReWy(v) — — 5 z? S Re Wy (v) dv
0 v T/2nT2
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p3+6e
+ o( = ) +O(a”/*17)

3 oo
:%TmQIng—%Tx2+47r<2£> S ( Z 6<h>h2

s
T/2rx h2wxv/T

2nzv/T d 9 T/xz .
~ v sin v
- S u2du> ReWU(v)F—gxg S dv
0 0
KTa? ot 5
- /2+7e
+O<(logT)M)+O< a )—1—0(3: )
because, from (10),
T/2ma ~ do — T/2me sin 27v (sin 2 Av\ K1 d T
S Rewy (v) dv = S 2mv 21 Av v+0O T
T/2nTx 0
T/z
1 sinu T
= 1+ O(KA%?)) du+ O —
2 § Uu (1+0( w’))du+ <Ta:>
T/z .
1 KA%T? T
=— | Smudu+0( - >+O<—>.
2 5ou T T

Similarly, by Corollary 2 of [5] and Lemma 2.3,

_ Am)?  8r2 3 SMh)\ .. ~
L(z,T) = (0T Y 513) + % | < D }52)> Re @y (v)v dv
z<n 0 M<h<H*

TH*2nx
82 S(h ~
+ % S < Z }52 )> Re ¥y (v)v dv
T/2rx  “2mzv/T<h<H*
71'2 TH*2nx H*

8 L R
- (F wtde) Redy(v)ud
g 0 <27racv/T )
+ O(T_lx_H_ﬁE) + O($_3/2+65) 4 O(T1_€/2$_2)
_Tloga 1T , 87 TH*S/M y S0
- 222 4 x? T 12
0 2rzv/T<h<H*
T du ~ - 146e
- S ﬁ) Re ¥y (v)vdv + O< T ) + O(z—3/2+62),

2nzv /T
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Therefore, by a change of variable y = 2”” and referring to (11),

(12)  F(z,T) = Zlogm+ S(ZG )RG@U<2M>0;3/

h<y

+£}§< 5 6}§2h)_f§ du>R%<2T )ydy

1 “y<h<H*

Iy S ) g (20

0 “h<H*

T/z
z sin v KT x1t6e
o | o) +o ()

+ O($1/2+7€)

T T
:—logx+—ll+—12+—lg——

T x S sinv
3T )

KT $1+68
+ 0<7(10gT)M_2> + o( 7 ) + O(2'/#79),

where I, I3 and I3 are the first three integrals respectively. Now,

(13) 13:§<Z G}ES)—% du>R lIfu<T )ydy

0 “h<H*

T/2nx

_ An? 1 ~
wx( h2 <H*>> S Re ¥y (v)v dv
h<H* 0
Ty
SReLZ/U< )dy
2mx
0
T/x

;_22<:1 Gfgb) +o<;*>> | sinu(l+ O(KA*?)) du

0

T/xz
x sinu
- | (14 O(KA%?)) du
0
x? S(h) T z 17 sinw
— ﬁ (h<EH* h2 ) <1 — COS E) — f § " du + O(KA)

by (10), Lemma 2.4 and TA < x. With the notation of S, (y) and T, (y),
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_OO ~ Ty \dy
(14) I, = § Sa(y) Re%<2m> )7
= S [__1 e(y) E] Re, <ﬂ> d
1 4y Y 2y 27
= &;)Re U(_y>dy+2§ 1f7“3") “’RewU<—>dy
LY 27 1 2

= Y f(u)du sin T >y
2 Txydy""QSS 3 T
1 Yy zY 1 Y )

B 11 smT
+(§+E>T§ i T O(K4)

dy

by (5), (8) and Lemmas 3.3 and 3.4. As for I, note that by (4) and (6),

(15) o) = L+ O(M)

z 22

> S gy - myry - -

h? u? y H*

y<h<H* Y
B 1 (log H*)?/3
= Tg(y) Y + O( (H*)2 .

Therefore,
: 1 (log H*)2/3 [Ty
L=\ (D -- s /A Oy —= |yd
2 <2(y) y+0< ()2 ReWy | o |ydy

T
(7 - 2 ) Reir (52 Yy
TH*/2nx
IOgH* 2/3152 N
+ O<((I{ﬁ S ‘WU(U)"Ud’U
T/27x

?
:
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o e (ool

because by (15) and the formula for ¥y (y) we have

oo

| <a@(loga*)*?/TH" < 1/T°

H*
by the definition of H* (and a similar estimate for the error term). Applying
(6), (9) and Lemma 3.4, we get

T-1 &) T e(u) ~ [Ty 1
16) Ih=\|————=+2y\ —*d Uyl =—=|d —
16) & §[4y Yy +y§/ u3 URGUQTFQS y+0 Te
0o 1 B o0 . T
—S[——ﬁ—l-—]ReWU(—y)dy—Qs@Re%f(—y)dy
. 4y Y 2y T LY 2mx
T f) Ty 1
Tl ey B] - <Ty> T fly) sin Ty
=\|—————+ —|Re¥py| —= |dy—2 \ —= L= dy
§[4y Y 2y U\ or § 2 %y
+6§y§LZ)du =Yy + O(K A)
1 Yy u Ey
Now (14) and (16) give
Ty 00 Ty
x ¢ sin—= B 11\ =z ¢ sin—*
(17) II+I2——ﬁ§ 5—d +(§+E>f§ T dy
T fly) sin Ty T 51 f(u) du sin Ty
Y/ WEAC PR LA ) 27 gy
T T flw) Sln%y
—l—GSyS?du T dy + O(K A)
1 Yy x

by Lemma 3.3 again. Putting (13) and (17) into (12), we have Theorem 1.1.

5. Proof of the corollaries

Proof of Corollary 1.1. This follows from Theorem 1.1 as < T and
f(u) < u'/?*¢ by Lemma 2.2. Note that the error term is better than that
of (2) for x in the given range.

Before proving Corollary 1.2, we need the following lemmas.
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LEMMA 5.1.
2n 1

e gy [ e aon )]

1 k=1

where

ci(x):—s cost Tcost —1

—dt = Co+logx+Sfdt
0

xT

and Cy is Euler’s constant.

Proof. This is formula 3.761(3) on p. 430 of [7] which can be proved by
integrating by parts repeatedly.

LEMMA 5.2. If F(y) < y=3/2%¢ fory > 1, then for T < z,
sin & y

0SOF(@/) T, dy—OXOF(y) dy+0<<%>m_a>.

1 ke 1
Proof. Since T < x, the left hand side is
z/T

(rofovof (2)))vo( ] 5210

z/T

xz/T

roaeof(8))

~ §Fwdy+o( | 1P ) +o(<5>/)

1 z/T

= oSloF(y) dy + O((%)W_E).

Proof of Corollary 1.2. First observe that when x is in the required
range, the error terms in Theorem 1.1 are O, p(T/(log T)M~2). Rewrite
Theorem 1.1 as

T T
Flz,T)=—1 —N+T-T3+T,—Ts5+ T+ 17+ O ——+— |-
(x,T) o ogx 1+ 1> 3+ 14 5+ 1+ 17+ ((10gT)M2>
Then, by Lemmas 5.1, 5.2 and 2.4,

T/x

T = g—f; § (1+0(?)) dv = é—i+0<f—j>7
nefr (i g ool o)) () ()
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(D) oo ()
E

O
T
T4=<§+E>i<z>3[2<£> sinz+<£>2sin(z+z>
2 12/ 6m \ x T T T r 2
T T T

Combining these, we get

T T B B 11
F(:c,T):%logT—l— [ ST ]

244 = S R
| 3Ta Ty PG I+5 43

wo(r(5)) o)

1/2—¢
:ZlogT+£[—1—log2ﬂ]+O<T<z> )
2m 27

*%W)’

which gives the corollary.
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6. Conclusion. Based on (2), (3) and Corollaries 1.1 and 1.2, we pro-
pose the following more precise Strong Pair Correlation Conjecture: For any
small ¢ > 0 and any large A > 1,

(T, LT LT 2 0T, T
—logz+ —=|—|log— )| —2—1log—
27 & x2 | 27 g27T 2 g27r
T
x
et = T T T T\ /2-¢
“log———+o(T(= if T <z < THe,
2T 2T 27 T
T T T
—log — — — Tt e if T1te <@ <74
\27rOg27T 27T+O( ) ! =T=4

where €1 > 0 may depend on €, and the implicit constants may depend on
e and A.
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