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The Romanoff theorem revisited
by

HoNGZE L1 (Shanghai) and HA0O PAN (Nanjing)

For a subset A of positive integers, define A(z) = {1 <a <z :a€ A}|.
Let P denote the set of all primes and 2% = {2" : n € N}, where N =
{0,1,2,...}. A classical result of Romanoff [6] asserts that the sumset

Ny P={2"+p:neN,pcP}

has a positive lower density, i.e., there exists a positive constant C'r such
that (2N + P)(z) > Cpa for sufficiently large x. Recently, the lower bound
of Cr has been calculated in [2, 3, 5]. Now let

Py ={q: q is a prime or the product of two primes}.
Motivated by Romanoff’s theorem, in this short note we shall show that:
THEOREM 1. The sumset
2P+ Py = {2 +q:peP,qe P}
has a positive lower density.

Proof. In our proof, the constants implied by <, > and O(-) will be
always absolute.
For g € Py \ P, let 1(q) be the least prime factor of ¢. Let

Ps=1{q € P2\ P :4(q) < ¢"/3}.

It suffices to show that 27 + P; has a positive lower density.
By the Chebyshev theorem, we have

T %4
< < .
S5logx — Pl) < log
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Hence for z > 6750,

Pi(x) = {(p1,p2) : p1,p2 € P, p3 < pa < x/p1}]

z/p 5P
plze; <5log($/p1) log(p%))

p1<zl/3

AV

X Z 1 51)1/3 55[72/3
~ Slogx ey log(z1/3) log(22/3)
p1<a!/?
zloglogx
10logz ’
since (cf. [1, Theorem 8.8.5])

loglogx < Z

pePN[1,z]
where C' is an absolute constant.

<loglogz + C,

"=

Similarly it is not difficult to deduce that P;(z) < xloglogx/logz. Let

r(n)={(p,q) :n=2"+q,p€P, g€ P}
Clearly we have

> r(n) = {(p,q):pEP, g€ P;, 2P+ q< a}
n<x
> 27 (x/2)P3(2/2)
logx  zloglogx
log log x log =
And by Cauchy—Schwarz’s inequality,

(= r(n))2 <@ +P)@) Y rn)?.

Therefore we only need to prove that

1 > or(n)?

n<x

= {(p1,p2,01,92) : p1,P2 € P, q1,q2 € Py, 2P + q1 = 2P? + qo < 2}

is O(x).
Below we shall show that
. z(log log x)? 1
2 <zx—N: N _— 1+ -
(2) g <= ¢,q+N e P} < (log )2 11 +p

p|N
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for each positive even integer N. Define

1

S(n) = H <1+ >
p
pln
Suppose that ki, ko, ly,lo are positive integers such that (k;,l;) = 1 and
2 | k?gll — kllg. Let
o ={(kin+ 1) (kan+13) : 1 <n < x}
and @7 = {a € & : d|a}. Then for any square-free d,
w(d)

Ay = — + O(w(d)),

where w(d) is a multiplicative function such that for a prime p,
2 if pif kika(koly — Kala),
1 if p{kiko and p| (kaoly — k1l2),

or plky and p1 ke, or p| ke and p 1 kq,
0 ifp|ks and p| k.

As an application of Selberg’s sieve method (cf. [4, Sections 7.2 and 7.3]),
we know that

(3) |{1 <n<zx:kint+l, kon+ls € 7)}| < G(klkg)G(ktgll*k‘llg).

x
(log x)?
Observe that n,n + N € Py \ P if and only if there exist p1,ps € P such
that n/p1, (n 4+ N)/p2 € P. Assume that n/p; = pam + [ where 1 <1 < po.
Then
(n+ N)/p2 = (prpam + p1l + N)/p2 = prm + (p1l + N)/p2,
whence p1l = —N (mod p2). Note that [ is uniquely determined by p; and
po unless p; = ps. Thus
{n<z:nn+NEP;, pi[n, p2|(n+ N}
<{\{m§x/p1:m,m+N/p1€77}] if p1 = po,
~ {m < x/pip2 : pom + 1, pym + (p1l + N)/p2 € P}| otherwise,

z/p o
< (lc)g(a;/]l)lWG(N/pl) if p1 =p2| N,
T/P1p2 ‘
(log(z/p1p2))? S(p1p2)6(N)  otherwise.
Therefore
Hg<xz—N:q,q+ N € P}
__3/mpy o

< p%ep (oa(e/pipa) 2 O P1P2)S(N) + ;; oate /)2 SV/P)-

p1,p2<zl/3 p|N, p<zl/3
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Now

O e () [ (e

p1,p2€P
p1,p2<zl/3
< 36x Z 1 z(loglog z)?
~ (logx)? ooy P1P2 (log x)?
p1,p2<zt/3
And
x/p x/p xloglog x
— < < )
Z%; (log(z/p))? Z;) (log(z/p))? (log z)?
p|N, p<zl/3 p<zl/3

This concludes the proof of (2).
Let us return to the proof of (1). Clearly

> r(n)? <2 > {q1 € Py 2P —2P2 4 gy € P3N [1, 2]},
n<z p1,p2€P
p2<p1<logz/log 2

If p1 = po, then

S HeePsnllal:g=2" -2 +q} =P32) <
@ EP;N[1,2]

vlogloge
logx
And if p; > py, then
Z g2 € P3N [1,x]: go = 2P — 2P2 + ¢4 }|

q1€P;N[1,2]
loglog z)? 1
< x(((if ‘;g)f) 11 (1 + )
BT ey NP

Hence we have

logz\ zloglogz  z(loglog r)? 1
2

14—
ZT(H) <<P<log2> log = + (log x)? Z H +p

n<z p1,p2€P  p|(2P1—P2-1)

log x

P2<p1<i5:s
logz xloglogx  x(loglogx)? 1
<<g.gg+(gg2)§:2ﬂl+fZ1
loglog x log x (log x) 1 P
0<k<1ES pl(2F-1) P17P26177>
P2<p1<55
p1—p2=k

z(loglog z)? 2log x 1 1
. 14+ - 14+ —.
ST T loga)?  (loglogx)? 2 I o+ p I[{1+ p

log k__
0<k<{2s pl(2F-1) plk



Romanoff theorem revisited 141

For any positive odd integer d, let e(d) denote the least positive integer such
that 2¢(Y) = 1 (mod d). Then 2 =1 (mod d) if and only if e(d) | k. Now

Zr(n)2<<x+logx > H<1+) > é

n<wz O<k<eer plk d|(2F-1)
d square-free

SIS H(1+>

d square-free 0<k<10gw plk
21d
(d)lk
DO BV IS
log d d’
d square-free  d’ square-free O<k<logz

24 () [k [k

:aj+

2z logx 1
T logz Tog2 2. dd'[e(d),d']’
d,d sql}zre-free
2

Our final task is to show that the series
) D —
d,d’ square-free dd'[e(d), d']
24d
converges. Clearly

1 1
Z dd’ Z Z d'Tk, d] Z d’

d,d’ square-free k>0 d’ square-free ’ d square-free
2fd e(d)=k

Let

> X g
d
0<k<z d square-free
e(d)=k

With the help of the arguments of Romanoff (cf. [6], [4, p. 201]), we know
that W(x) < logz. And

> amwx I () T ()

d’ square-free pEP, plk pEP, ptk

<<— 11 ( )S(b(lk)<<k—2/3.

pGP plk
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Hence
1 T a3 T 2W ()
d,d’ square-free 1/2 1/2
2td
Tl
< | Of/f dr +0(1) < 1.
12 *

This completes the proof. m

REMARK. Professor Y.-G. Chen communicated to the second author the
following two conjectures:

CONJECTURE 1. Let A and B be two sets of positive integers. If there
exists a constant ¢ > 0 such that A(log x/log 2)B(x) > cx for all sufficiently
large x, then the set {2°+b:a € A, b € B} has a positive lower asymptotic
density.

CONJECTURE 2. Let A and B be two sets of positive integers. If there
exists a constant ¢ > 0 such that A(log x/log2)B(x) > cx for infinitely many
positive integers x, then the set {2 +b:a € A, b € B} has a positive upper
asymptotic density.
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