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Proof of a conjectured three-valued family
of Weil sums of binomials
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DANIEL J. KATz (Northridge, CA) and PHILIPPE LANGEVIN (Toulon)

1. Introduction. We consider Weil sums of binomials of the form

Wra(a) = (- ax),
rEF
where F' is a finite field of characteristic p and order ¢, ¥: FF — C is the
canonical additive character, d is a positive integer with ged(d,q — 1) = 1,
and a € F. These sums and their relatives are much-studied objects in
number theory [14], 20, [7, 1T, 2 B} 15l 13} [©, [4, 5], and arise in applications
to digital sequence design, cryptography, coding theory, and finite geometry,
as detailed in [12 Appendix].

For classical applications in communications like radar or signal synchro-
nization, one fixes ' and d, and considers the values of Wr4(a) as a runs
through F*; we ignore W 4(0), which is the Weil sum of the monomial z¢,
and is trivially 0. In such situations, it is desirable that all the values of
Wrq be as small in magnitude as possible. It is easy to calculate (see [12]
Proposition 3.1]) that

> Wrala)? = ¢,

acF%
which means that |Wgg4(a)| > /g for some a, and it is possible to find F'
and d such that no |[Wgg(a)| is much larger than ,/g. Some of the best
choices of F' and d for this purpose have the property that the number
{Wra(a) : a € F*}| of distinct values is small. However, we do exclude the
case of degenerate d, that is, where d is congruent to a power of p modulo
q — 1, for then ¥(z?) = ¢(z), and our sum degenerates to the Weil sum of
the monomial (1 — a)z, with Wg4(1) = ¢ (the largest possible magnitude
for a Weil sum) and Wg4(a) = 0 for a # 1.
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We say that Wi 4 is v-valued to mean that [{Wpg(a) : a € F*}| = v. The
fundamental result about how many values Wr 4 takes is due to Helleseth
[9, Theorem 4.1].

THEOREM 1.1 (Helleseth, 1976). Wgq is at least three-valued if d is
nondegenerate.

Thus the smallest number of distinct values for an interesting Weil sum
W4 is three. From 1966 to the present, only nine infinite families of (F,d)
pairs that produce three-valued Weil sums W 4 have been discovered; these
are listed in [I, Table 1].

The present paper adds a tenth three-valued infinite family by proving
the following conjecture [8, Conjecture B].

CONJECTURE 1.2 (Dobbertin-Helleseth-Kumar-Martinsen, 2001). If F
s a finite field of order ¢ = 3™ with n odd and n > 1, and d = 3" 4+ 2 with
4r =1 (mod n), then Wgq is three-valued with

0 for q —q/3 — 1 values of a € F*,
Wra(a) = ¢ +v3q for (¢+ +/3q)/6 values of a € F*,
—/3q  for (¢ —+/3q)/6 values of a € F*.

The original conjecture used the exponent dy = 2 - 3™ 4 1 with 4rg =
—1 (mod n) where we use d. But note that d = 3"dy (mod ¢ — 1) for our d,
so that the canonical additive character has ¥ (z%) = o (2%) for all x € F,
and hence Wg g = Wr4,. Also note that the condition 4r = 1 (mod n) does
indeed make d = 3" + 2 coprime tog—1=3"—1 DL so that the family of
three-valued Weil sums described in the conjecture meets the conditions we
set down at the beginning of this section.

The rest of this paper is organized as follows. In Section [2| we show that
the proof of Conjecture [1.2| can be deduced if one knows two things: the
sum of fourth powers of the values Wr 4(a), and the extent of 3-divisibility
of these same values. Accordingly, the sum of fourth powers is determined
in Section [3] and the 3-divisibility is determined in Sections [4}{6] After some
facts from the general theory of divisibility of character sums in Section [4]
we present two proofs of the divisibility result that we need: a very short
computer-assisted proof in Section [5] and a somewhat technical computer-
free proof in Section [6}

2. Method of proof. As in the Introduction, we assume that F is
a finite field, that ¢: F' — C is the canonical additive character, that d is

(*) For there is some positive integer a with 4r = an + 1, and then gcd(3" +2,3™ — 1)
is a divisor of gcd(3*" —16,3°" ! — 3) = ged(3 — 16, 3°" 1! — 3), which is in turn a divisor
of 13. Thus ged(3" +2,3" — 1) |13, and yet 3" +2 = 3, 5, or 11 (mod 13) for every r.
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a positive integer with ged(d, |F*|) = 1, and that
Wra(a) = ) 4(a" - ax)
zeF

for a € F. Here we show that Conjecture [1.2] can be deduced from two
propositions, whose proofs constitute the remaining sections of this paper.
This way to a proof had been proposed in [8, p. 1475] by the authors of
Conjecture who noted that they had made some progress with this
program, but they did not present details of their partial results.

The first proposition we need entails an exact calculation of the fourth
power moment of the Weil sum.

PRrorosITION 2.1. If F is a finite field of order ¢ = 3™ with n odd, and
d = 3"+ 2 with ged(d,q — 1) = ged(r,n) =1, then
Z VVF’d(CL)4 = 3(]3.
a€FXx
The second proposition gives the 3-divisibility of the values of the Weil

sum.

PRrorosITION 2.2. If F is a finite field of order ¢ = 3™ with n odd, and
d=3"+2 with 4r =1 (mod n), then Wr4(a) is a rational integer divisible

by \/3q for each a € F.

These combine to give a proof of Conjecture as follows.

THEOREM 2.3. If F' is a finite field of order ¢ = 3™ with n odd, n > 1,
and d = 3" + 2 with 4r =1 (mod n), then Wgq is three-valued with
0 for g —q/3 — 1 values of a € F*,
Wra =14 +v3q for (q+ /3q)/6 values of a € F*,
—V/3q  for (¢ —/3q)/6 values of a € F*.

Proof. The first two power moments of the Weil sum are well known
(see, e.g., [12, Proposition 3.1]):

(1) Z Wra(a) = q,

acF'x
(2) > Wrala)? = ¢
acF'*

Now note that Proposition applies since the condition 4r = 1 (mod n)
clearly gives ged(r,n) = 1 and also ged(d,q — 1) = 1 by footnote [1| in the
Introduction. Then and Proposition show that

> Wra(a)? (Wi, —3q) =0,
aceF'>
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and Proposition [2.2] shows that the individual terms of this sum are non-
negative. Thus all terms must be zero, and so Wg4(a) € {0,£/3¢} for all
a € F*. If we let Ny, N4, and N_ denote the number of a € F* such
that Wg4(a) equals 0, +1/3¢, and —/3q, respectively, then the total count
of F*, along with and , gives the system

N0+N++N_=q—1,

\/@N-i- - \/@N— =4q;

3gNy +3qN_ = ¢,

whence we deduce the claimed frequencies. m

3. Fourth power moment. The purpose of this section is to prove
Proposition [2.1], which requires us to compute precisely the fourth power
moment of our Weil sum. Throughout this section, we assume that F' is a
finite field of characteristic p and order ¢ = p", and that Tr: F' — IF, is the
absolute trace. We let e: F, — C be the canonical additive character of IFp,
that is, e(z) = exp(2miz/p), and we let ¢p: F' — C be the canonical additive
character of F', that is, ¢¥(z) = e(Tr(z)). We also assume that d = 2+ p" for
some nonnegative integer r such that ged(d,q — 1) = 1, and define the Weil
sum as usual:

Wra(a) = 3 9~ ax).
zeF

We use the abbreviation Z for 2P", so that z¢ = zx2.

If we consider F' as an F,-vector space with [F)-basis fSi,...,3,, and
expand x € F' as

r=x181+ - +x,06, withzy,...,2, € Fp,

then Tr(z?) is a cubic form in x1,...,z, over F,. This kind of object is
considered in [I7], which inspired the method we use here.

We define a symmetric Fp-trilinear form on F,
(3) (,y,2) = Tr(Zyz + gz + wy2),
and we express the fourth power of our Weil sum in terms of this form.

LEMMA 3.1. We have

Z WF,d(a)4 =dq Z e((x,y,x> + <.’E,y,y> + 2<l‘7y’ Z>)

aeFx z,Y,z

Proof. Since Wg4(0) = 0, we change nothing by summing W 4(a) over
all a € F, so
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ZWF’d(a)4: Z Pt +ut + ot +w —alt+u+v+w)
ac€F* a,t,u,v,weF
=4 Z Dt 4+ u + v + w?)

tu,v,weF
t+u+v+w=0

=q¢ > (ty+2)'—(x+2)" = (y+2)"+27),
x,y,z€F

where we have reparameterized with t = x +y+ 2, u = —(x + 2), v =
—(y + 2), and w = z in the last step, and used the fact that our condition
ged(d, g — 1) = 1 makes d odd when we are in odd characteristic. Now use
the fact that s? = 525 to expand out (z +y + 2)% — (z + 2)? — (y + 2)? + 24
to obtain
2xxy + IQQ + 2xyy + ﬂ?y2 + 2Zyz + 2xyz + 2xyZ,

so that the trace of this quantity is (z,y,z) + (x,y,y) + 2(x,y, z), which
completes the proof, since ¢ =eoTr. =

If we fix z and y, then z — (z,y, 2) is an F),-linear form. Let the kernel K
be the set of (x,y) € F? that make this the zero functional:

K ={(z,y) € F?: (z,y,2) = 0 for every z € F}.

Then a consequence of our previous result is that the fourth power moment
is related to |K]|.

COROLLARY 3.2. If our field F is of odd characteristic, then
Z Wp7d(a)4 = QQIK‘.
acFXx
Proof. From Lemma [3.1] we have
Z WF,d _q Z .’L' Y, T <$7yvy>)zf(2<$73/72>)
acFx (z 7y)EF2 z€F

If (x,y) ¢ K, then z — 2(x,y, 2) is a nontrivial [F,-linear functional, so as
z runs through F, the value of 2(z, y, z) runs through I, taking each value
equally often, thus making the sum over z vanish. Hence we can restrict our
sum over (x,y) to K to get

Z WF,d —q Z x Y, T <$,y,y>)26(2<x,y,z>)

acFx (a:,y)EK z€F
=q ), c(0+0)) €0)=¢|K],
(@y)eK zcF

where we use the definition of K in the middle step. =
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Now it remains to compute the size of K. First we find a useful charac-
terization of K as the set of F-rational points on a curve.

LEMMA 3.3. We have K = {(x,y) € F? : 25 + &y + xy = 0}.

Proof. We note that Tr(5)=Tr(s) for any s€ F, because Tr(sP)=Tr(s),
which means that the definition of our trilinear form is equivalent to

(,y,2) = Tr(Tyz + 2yz + zyZz) = Te((Zy + 2§ + xy)Z),
and since Tr is a nonzero IF,-functional of F' and z — Z is an automorphism
of F, our kernel K is the set of (z,y) that make zy +zy + 2y =0. =

LEMMA 3.4. If our field F is of characteristic p = 3 and order ¢ = 3"
with n odd, and if our exponent d = 2+ 3" has ged(r,n) =1, then |K| = 3q.

Proof. From the expression for K in Lemma [3.3] it is clear that all
(x,0) € F? and (0,y) € F? lie in K, thus accounting for 2¢ — 1 points. So
it remains to show that there are ¢ + 1 points (z,y) € K with z,y # 0, and
we reparameterize the condition in Lemma using « = wy to obtain

(@ + @)(5y) + wy* = 0,
and so we want to show that ¢ + 1 points (w,y) with w,y # 0 satisfy this
equation, or equivalently, we want to show that
S ={(w.y) € (F*) ™7 = —o® 1 (@® " 4 1))
has ¢ + 1 elements.

Note that ged(2 — 3" — 3%",¢ — 1) = ged((1 — 3")(2 + 37),3" — 1) =
ged((3" — 1)d,3™ — 1), and recall that d is coprime to 3™ — 1, so that our
greatest common divisor is 384" — 1 = 2. Thus |S| = |T|, where

T ={(v,w) € (F¥)?:0% = —w37'_1(w32r—37' + 1)},

hence it suffices to show that |T| = ¢ + 1. Note that w3* 3" + 1 is never 0,
because this would imply that —1 is a quadratic residue in F', which it is
not since [F' : F3] = n is odd. We can now compute |T'| using the quadratic
character n of F:

|T‘ — Z (1 +77(_w37"_1(w32r_37" + 1))) _ (q o 1) o Z n(w32r_37" + 1)’
weF* weF*
and then note that ged(3* —3",¢—1)=gcd(3"(3"—1),3" —1)= 138cd(rn) _q
= 2, so that
TI=(q-1)- S ne+1) =q- S n+1) =q+1,
ueF* ueFl

where we use the well known [19, Theorem 5.48] evaluation of the last char-
acter sum. m
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Corollary[3.2]and Lemma[3.4] together immediately prove Proposition[2.1}
the fourth power moment of our Weil sum is 3¢3.

4. Divisibility: general remarks. It only remains to prove Proposi-
tion which we repeat here for convenience.

PROPOSITION 4.1 (Proposition repeated). If F' is a finite field of
order ¢ = 3" with n odd, and d = 3" +2 with 4r = 1 (mod n), then Wg4(a)
is a rational integer divisible by /3q for each a € F.

The fact that Wgg(a) € Z for every a € F follows immediately from a
result of Helleseth [9, Theorem 4.2].

THEOREM 4.2 (Helleseth, 1976). If F' is a finite field of characteristic p,
then Wrgq(a) € Z for all a € F if and only if d =1 (mod p — 1).

To prove the result on divisibility, we use a well known technique that
relies on Stickelberger’s Theorem (or alternatively, one can use McEliece’s
Theorem). To state the principle, we use the p-adic valuation, written vy,
for a prime p € Z, and we extend v, to Q(e2™/P) so that v,(e?™/? — 1) =
1/(p—1). Also, for b and n positive integers, we use the b-ary weight function
Wyt /(0" — 1)Z — 7Z, which computes the sum of the digits in the b-ary
expansion of an a € Z/(b" — 1)Z. That is, if we write an element @ in
Z/("=1)Zasa =3 cqmz a;b* with the elements b in the group Z/(b"—1)Z
and each coefficient a; € {0,1,...,b— 1} C Z with at least one a; < b — 1,
then wy,n(a) = X iez/nz G-

PROPOSITION 4.3. Let F be of characteristic p and order p™, and let

m = jEZ/I%;Jlnn—l)Z wp,n(]) + wp,n( d])7
J#0
or equivalently,
m= (p 1)” + jGZ/I(r;zlnn—l)Z wp,n(d]) wp,n(])‘
J#0
Then vy,(Wgq(a)) > m/(p —1) for all a € F, with equality for some a € F.

Proof. The equivalence of the two definitions of m comes from reparam-
eterizing with —j for j in the minimization, and using the fact that if a
nonzero j € Z/(p"™ — 1)Z has p-ary expansion Ziez/nz jip*, then the ele-
ment —j has p-ary expansion ZiGZ/nZ(p —1—7)p
(p - 1)“ - wp,n(j)‘

Lemma 4.1 of [I] tells us that
(4) min vp(Wra(a)) = min up(r(O)T(XD),

x#1

)

, so that wy,(—j) =
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where F* is the group of multiplicative characters of F', with the principal
character denoted by 1, and for any x € F'* we have the Gauss sum

()= ¥(a)x(a).
ack™*
If we let w: F* — C be the Teichmiiller character, then Stickelberger’s The-
orem [16, Theorem 2.1] tells us that for j € Z/(p" —1)Z we have v,(T(w?)) =
Wp.n(—7)/(p—1). Thus, if we express the nontrivial multiplicative characters
of F as powers of the Teichmiiller character, i.e., x = w7 for j € Z/(p"—1)Z
with j # 0, then equation becomes mingep+ vp(Wra(a)) = m/(p — 1),
which is the desired result on the p-adic valuation of Wgg4(a). u

Given j € Z/(p™ —1)Z, we use a modular add-and-carry method inspired
by [10] to help compute the weights of —dj and dj that appear in the formulae
in Proposition The basic result we need is a technical one related to [10]
Lemma 3].

LEMMA 4.4. Let b and n be positive integers with b > 1. Suppose that
we have s;,t; € Z for every i € Z/nZ, such that

Z s;b' = Z t;b' (mod b" — 1).
1€EZ/NZ 1E€EZ/NZ

Then there is a unique collection {c;}icz/mz of integers with
(5) Si+ ci—1 =t; + be;
for all i € Z/nZ: these are in fact

1 n—1 A
(6) Ci= i Z(3j+z'+1 — tjtir1)V

§=0

fori € Z/nZ. Furthermore

(7) Z Cz‘zb_i1 Z (si —ti).

1E€EZ/nL 1€EZ/NZ

Proof. The ¢; defined in @ are indeed integers, because the sum is
congruent modulo 4" —1 to b~ (+1) Zjez/nz(sj—tj)bj, which vanishes modulo
b™ — 1 by assumption. Replace ¢ in () with j 4+ ¢ + 1, multiply both sides
by &7, and then sum this for j from 0 to n — 1. Then rearrange and divide
by b™ — 1 to obtain @ Conversely, replace ¢ with ¢ — 1 in @, and subtract
from this b times (6) (with ¢ unchanged) to obtain (F]). Finally, sum for
all i € Z/nZ, rearrange, and divide by b — 1 to obtain (7). =

For the rest of this paper, we assume that n is odd and d = 2 + 3"
where 4r = 1 (mod n), and we write w for w3 ,,. By Proposition we will
complete our proof of Proposition if we show that
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(8) w(r) +w(—dz) > n+1,
or equivalently, that
(9) n+ w(dxr) —w(z) >0

for all nonzero x € Z/(3"™ — 1)Z. Our computer-assisted proof in Section
verifies @D, while our computer-free proof in Section |§| proves .

5. Computer-assisted proof of divisibility. In this section, we use a
graph-theoretic formulation as in [I8] to provide a computational verification
of @D (which then secures Proposition by means of the algorithms
of Tarjan and Bellman-Ford. We continue to assume that n is odd, that
d =2+ 3" with 4r = 1 (mod n), and we use w(a) to denote the sum of
the digits in the ternary expansion of a € Z/(3" — 1)Z. (Thus w(a) here is
w3 n(a) per the definition given just before Proposition )

To verify (9)), we let z be a given nonzero element of Z/(3" — 1)Z, and
set y = dx. Then our goal is to show

(10) n+ w(y) —w(z) > 0.
For each 1€ Z/nZ, let xi,y; €{0,1,2} CZ be such that x=3,c7 7 ;3
and y = ZiGZ/nZ ;3% Since y = dr with d = 2 + 3", we can also write

Y=z nz(2%i + r;_)3". Then by Lemma there are integers ¢; for
i € Z/nZ such that

(11) Vi +3¢; =2z + i + ¢
for every i € Z/n’Z.

We now set X; = x4, Y; = yri, and C; = ¢;; for each i € Z/nZ, and use
the fact that 4r = 1 (mod n) to reparameterize with ¢ = rj to obtain
(12) 1/] + 3Cj = 2Xj + Xj_l + Cj_4.

Note that r no longer explicitly appears in our formula. Since Y; € {0,1,2}
for every j, we see that

(13) 3

We sum over all j € Z/nZ to obtain
1) Y vy 6o Y X,
JEL/NL JEL/NL JEL/NL

and then note that Zjez/nz X; = ZieZ/nZ z; = w(z) and ZjeZ/nZY}'
= w(y) to get

c, = FX]- + X1+ Cj4J'

S o= B0~ ul),

JEZ/NZ 2
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Since 0 < w(x),w(y) < 2n, we see that there are k,¢ € Z/nZ with Cy > 0
and Cy < 2. Then one can use and the fact that X; € {0,1,2} for all
i € Z/nZ to see that Cyrq > 0 and Cpyy < 2. Continuing in this fashion
(and recalling that 4r = 1 (mod n)), we see that C; € {0,1,2} for every
j € Z/nZ.

We again note that w(z) = }>;c7/,7 X; and w(y) = }-;cz/n7 Y, and
employ to see that (which is our goal) is equivalent to

(15) > a+2X;-Cy) =0,

JEZ/NZ
where the strict inequality has been replaced by a nonstrict one inasmuch
as the left hand side is always odd (since n is odd). So now our goal is to

prove (|15)).
We consider a directed graph with 35 vertices,

(637) = (50761”703717’72773) € {Oa 172}6a
with an edge (£,7) — (¢/,9/) if and only if

5(,):51?
Y%=7, YN =7 Y2=73 and

;L {§0+2§1+’70J
BT 3|

(Note that there is no constraint on &|.) If we write the sextuple T; =
(Xj-1,X;,C-4,Cj_3,Cj_2,Cj_1) for each j € Z/nZ, then the sequence
To, 11, ..., Th—1,T) traces a directed cycle of length n in our directed graph:
the first four conditions for an edge are immediately satisfied by the struc-
ture of T; and Tj,1, while the last condition is satisfied because of .
Furthermore, if we attach to each directed edge a cost

K((€,7), (€:7) =1+ 2(& = 0),
then the total cost for our directed cycle is equal to > ;7,7 (1+2(X;—Cj)).
Thus to verify (which secures Proposition , it suffices to show that
the graph does not contain any absorbent circuit, that is, a circuit of strictly
negative cost.

The graph is of order 729, with 2187 edges. We apply Tarjan’s algorithm
to split the graph into 258 strongly connected components. All of them are
trivial (singleton without circuit) except two components: a large one of
size 471, and the following component of order 2:

[0,2,2,0,2,0] « [2,0,0,2,0,2].
On the large component, we apply the Bellman—Ford algorithm to prove

the nonexistence of an absorbent circuit. Note that the running time is
negligible.
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6. Computer-free proof of divisibility. In this section, we provide
a proof of (which then secures Proposition that does not use a
computer.

We continue to assume that n is odd, that d = 2+3" with 4r = 1 (mod n),
and we use w(a) to denote the sum of the digits in the ternary expansion
of a € Z/(3" —1)Z. (Thus w(a) here is w3 ,(a) per the definition given just
before Proposition [4.3])

To verify (), we let z be a nonzero element of Z/(3" — 1)Z that makes
w(z) +w(—dz) as small as possible, and furthermore, among such minimiz-

ers, choose an x with w(x) as small as possible. We set z = —dz, and then
our goal is to show
(16) w(z) +w(z) >n+1.

SteP 1 (Upper limit on w(x) + w(z)). Let a = 1 4 32" 4+ 3% + ...
+3(=3) ¢ 7/(3™ — 1)Z which has w(a) = (n — 1)/2, and then note that
—da = 3" 4+ 3% 435 4 ... £ 30727 £ 2. 31" has w(—da) = (n + 3)/2,
so that w(a) + w(—da) = n + 1. Thus w(z) + w(z) < n + 1, since we chose
2 to minimize this sum of weights.

STEP 2 (The five surgeries). A surgery is a modification to our z that
would change it to an 2’ such that if 2/ = —da/, then w(z’) + w(z’) <
w(x) + w(z), and yet w(z’) < w(x), thus contradicting our choice of . So
our x must not be susceptible to any surgeries. In order to describe our
surgeries, for each i € Z/nZ, we let x;,z; € {0,1,2} C Z be such that
T =D ieninz 7;3" and 2 = diez/nz 23t We list five surgeries in Table
with the conditions on  and z = —dx under which they can be performed:
thus our z and z must not satisfy any of these conditions.

Table 1. The surgeries

Surgery  Conditions needed Values of 2’ and 2’
number (for any i € Z/nZ)
I z; > 1 2 =z -3
2z >1 2 =z — 3" 43 4 3t
i xr; = 2 m':x72.-3i' . .
Zigr > 1 2 =243 43 3T 3ttt
I T, =2 :c/:x72v43i{r3i+r .
Zitor > 1 7 =z 43 43 3t
v x =2 @ =@ —2-3 4377 2. 30 4 3T
Titor = 2 2 =z 43 43ttt
xr; =2

I/ =z — 9. 31 + 3i+7‘ _ 3i+2r + 3i+3r

\Y% Tiyor 2 1 S — 4 gt it gitdr

Ziyzr > 1
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We check that 2’ = —dx’ in each proposed surgery: since z = —dz and
d =2+ 3", this amounts to checking that 2’ — 2z = (2+ 3")(z — ). For the
five items in our table, we therefore check the equalities
—31 4 3L L 3T — (2 4 37)3¢,
3i + 3i+1 _ 3i+r + 3i+r+1 — (2 + 3r)2 . 32‘7
3¢ 4 3L 3 — (24.37)(2- 31 — 3T,
3i + 3i+2r+1 — (2 + 3r)(2 . 3i _ 3i+r +2. 3i+2r _ 3i+3r)’
32‘ + 3i+2r . 3i+3r _ (2 + 37’)(2 . 31’ _ 3i+r + 3i+2r . 3i+3r)’
the first three of which are easily verified to be true, and the last two are
also readily verified once one recalls that 4r = 1 (mod n).
We now consider w(z') and w(z’) for our surgeries. On the one hand, if
x; > a, then w(x — a-3%) = w(z) — a. On the other hand, for any j, we
have w(z + 37) < w(x) + 1, for the ternary expansion of z + 37 is obtained
by finding the position k € Z/nZ such that z; = --- = x,_; = 2 and
x < 2, and then replacing each of z;,...,z;_; with 0, and replacing xy,
with 2 + 1. We apply these two principles to the estimation of w(z") and
w(z'), to obtain, respectively, for the five items in our table,

w@)=w(x) -1, w() <w(z)+1,
w(@) =w(x) -2, w@) <w(z)+2,
w(@) Sw(z) -1, w() <w(z)+1,
w@) <w(x) -2, w(@) <w(z)+2,
w(@) <w(r) -1, w() <w(z)+1,

so that w(z") + w(2') < w(z) + w(z) and w(z’) < w(z) in each case. This
completes the verification that the items in our table are indeed surgeries,
and therefore our x and z cannot fulfil any set of conditions that would allow
one of these surgeries to be performed.

STEP 3 (The carry sequence). Since d =2+3", & =3 ;.77 7;3%, and
z= Ziez/nz 23", we can write dz 42z = Ziez/nZ(Z:ﬁi—i—a}Fr—l—zi)y. Because
z = —dzx, wesee that dr + 2z =0 = Ziez/nz 2. 3% and so Lemma shows
us that there are integers ¢; for i € Z/nZ such that
(17) 243¢c; =2x; +xi—r + 2 +Ci1

for every i € Z/nZ. We call {Ci}iGZ/nZ the carry sequence for x and z.

STEP 4 (Reparameterization). We now set X; = x4, Z; = Zp;, and
C; = ¢ for each i € Z/nZ, and use the fact that 4r = 1 (mod n) to
reparameterize with ¢ = rj to obtain
(18) 2+3Cj =2X;+ X1 +Zj+Cj_4.

Note that r no longer explicitly appears in our formula.
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Using the reparameterization j = r¢, we translate the conditions from
Table[l] which must not hold for the ternary digits z; and z; of our z and z,
into equivalent conditions that must not hold for our X; and Z;, and list
these forbidden conditions in Table [2] below.

Table 2. Forbidden conditions on X; and Z;

Surgery number Disallows the condition
1 X;>land Z; > 1
II Xj=2and Z;;1 > 1
11T X;=2and Zj42>1
v X;=2and Xj4o =2
Vv X; =2, Xj42>1,and Zj43 > 1

STEP 5 (Limitation on carries). We rearrange to obtain
2X,+ X, 1+ Z;+Cj_y—2
(19) Cj _ j + j—1 +3 j + 7—4 )

Now observe that X;, Z; € {0,1,2} for all i € Z/nZ, and also note from
Table [2| that surgery I prevents X; and Z; from simultaneously being non-
zero, so that

Ci_y—2 Ci_4+4
2 - = it e
(20) 3 3

Now sum over all j € Z/nZ to obtain
m+2 > Ci=3 > X;+ Y Z
JEL/nZ JEL/NZ JEL/NZ

and then note that Zjez/nz X; = Zz’eZ/nZ z; = w(r) and ZjEZ/nZ Zj =
w(z) to get

<(C; <

Z C - 3w(z) + w(z) — 2n'

JEL/NL 2

Since x # 0 and d is coprime to 3" — 1 (see footnote [1|in the Introduction),
we know that z = —dz # 0, so w(x) and w(z) are strictly positive. Therefore
Step |1} implies that 4 < 3w(z) + w(z) < 3n + 1, and hence
n+1
-(n=2) < Z C; < _2'_ J
JEZ/NZ
so that there are k, ¢ € Z/nZ such that Cy > 0 and Cy < 1. Then shows
that Cgyq > 0 and Cpy4 < 1. Continuing in this fashion (and recalling that
4r =1 (mod n)), we see that C; € {0,1} for all j € Z/nZ.
For j € Z/nZ, we say that position j gives a carry when C; = 1, and we
say that position j receives a carry when Cj_4 = 1.
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STEP 6 (Motifs). For each j € Z/nZ, we have C; € {0,1}, so relation
shows that there are only four possibilities for the sum A; = 2X; +
Xj_1+ Zj: (i) Aj = 1 and position j receives but does not give a carry,
(ii) A; = 2 and position j neither receives nor gives a carry, (iii) A; = 4 and
position j both receives and gives a carry, (iv) A; = 5 and position j does
not receive but does give a carry.

These four possibilities can be realized in only nine different ways at a
given position j, and we call these possibilities the nine motifs. We list them
in Table [3| below. Note that some ways of achieving a sum A; = 4 or 5 are
omitted, as they would require the conditions forbidden by surgery I or II
(see Table . The name of each motif begins with a number that indicates
the value of A; = 2X; + X,;_1 + Z; when that motif occupies position j.

Table 3. The motifs

Motif at position 5 X1 X; Z; Cj_a Cj
1A 0 0 1 1 0
1B 1 0 0 1 0
2A 0 0 2 0 0
2B 0 1 0 0 0
2C 1 0 1 0 0
2D 2 0 0 0 0
4A 0 2 0 1 1
4B 2 1 0 1 1
5A 1 2 0 0 1

STEP 7 (Rules of succession). The presence of a given motif at position j
requires particular values of both X;_; and X;. This constrains which motifs
can precede or follow each other. For example, motif 1B at position j requires
X;-1 =1 and X; = 0, which means that the motif at position j — 1 can
only be 2B or 4B, and the motif at position j + 1 can only be 1A, 2A,
2B, or 4A. We construct a directed graph that has the nine motifs as its
vertices, and there is a directed edge from motif M to motif N if and only if
the compatibility condition for X; allows motif N to occupy position j + 1
when motif M occupies position j.

We depict the directed graph in Figure [1| below, but omit certain edges
to avoid clutter. In particular, the motifs from Table |3| that have X; 1 = 0
are called starting motifs and are marked with a *, while the motifs from
Table 3| with X; = 0 are called ending motifs and are marked with f,
and to fill in the edges that we neglected to draw, one would draw a di-
rected edge from every ending motif to every starting motif. (Note that
these are the only directed edges that emanate from ending motifs, and the
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only directed edges that enter starting motifs.) We have drawn the edge
from 4B to 5A with a dotted line: the reason for this will become apparent

in Step 9}

Fig. 1. Directed graph illustrating succession of motifs

STEP 8 (Rule of Double Succession). The conditions forbidden by surg-
eries III and IV (see Table[2) constrain which motif may follow two positions
one after another: a motif 4A or 5A at position j cannot be succeeded by a
motif 1A, 2A, 2C, 4A, or 5A at position j + 2.

STEP 9 (The forbidden edge). In Figure (I} we have drawn the edge
from motif 4B to motif 5A with a dotted line to indicate that we are actually
forbidden to traverse it. For we must have either motif 4A or 5A immediately
before any occurrence of motif 4B, and if we proceed thence to motif 5A
via the dotted edge, this will cause the motif 4A or 5A to be two positions
before the motif 5A, contradicting the Rule of Double Succession in Step

STEP 10 (The ten sequences). Let us examine our directed graph after
discarding the forbidden edge. We define a sequence of motifs, or just a
sequence, to be a finite succession of motifs such that the first motif is a
starting motif, the last motif is an ending motif, and all the other motifs are
neither starting nor ending motifs. (Note that a sequence can have a single
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motif, so long as that motif is both starting and ending.) If we start at any
vertex and follow directed edges, then no matter how we do it, we arrive at
an ending motif in zero to three steps. Similarly, if we start at any vertex
and follow directed edges backwards, we arrive at a starting motif in zero
to three steps. Furthermore, the only motif that can follow an ending motif
is a starting motif, and the only motif that can precede a starting motif is
an ending motif: these transitions correspond to the edges we did not draw
explicitly in Figure [I} Thus our cyclic sequence of the n motifs for the n
positions j € Z/nZ is really a cyclic concatenation of sequences.

One can easily find all the possible sequences from Figure [I| by beginning
at starting vertices (marked with x), following directed edges (but not the
dotted forbidden edge), and arriving at ending vertices (marked with ). We
list all sequences in Table 4| below.

Table 4. The sequences

Sequence name  Constituent motifs

S1 1A

S2 2A

S3 2B-1B

S4 2B-2C

S5 2B-5A-2D
S6 2B-5A-4B-1B
ST 2B-5A-4B-2C
S8 4A-2D

S9 4A-4B-1B
S10 4A-4B-2C

As mentioned before, the n motifs for the n positions j € Z/nZ make
up a cyclic concatenation of sequences. When we speak of one sequence
preceding or following another, we are always proceeding cyclically around
the n positions. If a single sequence were to account for all n positions, it
would therefore both precede and follow itself.

STEP 11 (Rule of Quadruple Succession). If motif M occupies position
j and motif N occupies position j + 4, any carry given by motif M will
be received by motif N. As mentioned in Step [6] our motifs are named to
help us keep track of carries: (i) motifs whose names begin with 4 or 5 give
carries, while those whose names begin with 1 or 2 do not, and (ii) motifs
whose names begin with 1 or 4 receive carries, while those whose names
begin with 2 or 5 do not. This leads to the following Rule of Quadruple
Succession, summarized in Table
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Table 5. Rule of Quadruple Succession

Four places after a motif Must be a motif
whose name begins with ~ whose name begins with
1or2 2orb
4orb lor4

STEP 12 (Special Rule of Four). Suppose that we have the following
succession of motifs: M—2D-2B-2C, where M is either 4A or 5A. If M occu-
pies position j, then we would have X; = 2 (from M), X2 =1 (from 2B),
and Zj;3 = 1 (from 2C). Surgery V (see Table [2) forbids this, so such a
succession of four motifs is prohibited. This, in particular, prohibits us from
having the following concatenations of sequences: S8-S4 or S5-54.

STeP 13 (Elimination of S7, S10). The sequences S7 and S10 violate the
Rule of Double Succession (see Step , so they do not actually occur.

STEP 14 (Elimination of S6). If S6 occurs, the Rule of Quadruple Suc-
cession (see Step demands that it be preceded by a sequence whose last
motif begins with a 4 or 5, but there is no such thing. So S6 does not actually
occur.

STEP 15 (Elimination of S5). S5 cannot be followed by S1, S2, S8, or S9
by the Rule of Double Succession, nor by S3 or S5 by the Rule of Quadruple
Succession, nor by S4 by the Special Rule of Four (Step . As S6, S7, and
S10 have been eliminated, S5 can have no successor, so it never occurs.

STEP 16 (Elimination of S8). S8 cannot be followed by S1, S2, S8, or
S9 by the Rule of Double Succession, nor by S4 by the Special Rule of Four
(Step . If S8 were followed by S3, then the S8-S3 would be required by
the Rule of Quadruple Succession to be preceded by a sequence whose last
motif begins with a 4 or 5, but no such thing exists. As S5, S6, S7, and S10
have been eliminated, S8 can have no successor, so it never occurs.

STEP 17 (Elimination of S9). S9 cannot be preceded by S3 or S4 by
the Rule of Quadruple Succession. Nor can S9 be preceded by an S1 or
S2, because then we would need the S1-S9 or S2-S9 to be preceded by a
sequence whose last motif begins with a 4 or 5, but no such thing exists.
As S5, S6, S7, S8, and S10 have already been eliminated, S9 must always
be preceded by S9. But we cannot have all n positions accounted for by S9
sequences, for then all positions would receive a carry, but not all of them
would give a carry. Thus S9 cannot actually occur.

STEP 18 (Elimination of S1, S3). We have eliminated all sequences ex-
cept S1, S2, S3, and S4. Note that none of these sequences contains a motif
that gives a carry. So we cannot employ any motifs that receive a carry, and
since S1 and S3 contain such motifs, they are eliminated.
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STEP 19 (Conclusion). Our n positions are taken up entirely with se-
quences S2 and S4. Since each S2 occupies one position, while each S4 oc-
cupies two positions, there are say k < (n —1)/2 instances of S4 and n — 2k
instances of S2. This, in turn, means that we have n — 2k instances of mo-
tif 2A, and k instances each of motifs 2B and 2C.

Recall that X; = z,; and Z; = z,; for every j € Z/nZ. Since X; =
0, 1, or 0, respectively, when motif 2A, 2B, or 2C occupies position j, we have
w(z) = Ziez/nz T = Zjez/nz X; = k. Since Z; = 2, 0, or 1, respectively,
when motif 2A, 2B, or 2C occupies position j, we have w(z) = > ;c7/,7 % =
> jensnz Zj = 2(n—2k) +k = 2n—3k. So w(x) + w(z) = 2n — 2k, and since
k < (n—1)/2, this means that w(z)+w(z) > n+ 1, which is (L6)), i.e., what
we wanted to show.

Acknowledgements. The first author was supported in part by a Re-
search, Scholarship, and Creative Activity Award from California State Uni-
versity, Northridge. The first author was also supported in part by the In-
stitut de Mathématiques de Toulon at Université de Toulon as a visiting
professor. The authors thank an anonymous referee for helpful corrections
to the manuscript.

References

[1] Y. Aubry, D. J. Katz, and P. Langevin, Cyclotomy of Weil sums of binomials,
J. Number Theory 154 (2015), 160-178.
[2] L. Carlitz, A note on exponential sums, Math. Scand. 42 (1978), 39-48.
[3] L. Carlitz, Ezplicit evaluation of certain ezponential sums, Math. Scand. 44 (1979),
5-16.
[4] T. Cochrane and C. Pinner, Stepanov’s method applied to binomial exponential sums,
Quart. J. Math. 54 (2003), 243-255.
[5] T. Cochrane and C. Pinner, Explicit bounds on monomial and binomial exponential
sums, Quart. J. Math. 62 (2011), 323-349.
[6] R.S. Coulter, Further evaluations of Weil sums, Acta Arith. 86 (1998), 217-226.
[7] H. Davenport and H. Heilbronn, On an ezponential sum, Proc. London Math. Soc.
41 (1936), 449-453.
[8] H. Dobbertin, T. Helleseth, P. V. Kumar, and H. Martinsen, Ternary m-sequences
with three-valued cross-correlation function: new decimations of Welch and Niho
type, IEEE Trans. Inform. Theory 47 (2001), 1473-1481.
[9]] T. Helleseth, Some results about the cross-correlation function between two mazimal
linear sequences, Discrete Math. 16 (1976), 209-232.
[10]] H. D. L. Hollmann and Q. Xiang, A proof of the Welch and Niho conjectures on
cross-correlations of binary m-sequences, Finite Fields Appl. 7 (2001), 253-286.
[11] A. A. Karatsuba, On estimates of complete trigonometric sums, Mat. Zametki 1
(1967), 199-208 (in Russian); English transl.: Math. Notes 1 (1967), 133-139.
[12]] D. J. Katz, Weil sums of binomials, three-level cross-correlation, and a conjecture
of Helleseth, J. Combin. Theory Ser. A 119 (2012), 1644-1659.


http://dx.doi.org/10.1016/j.jnt.2015.02.011
http://dx.doi.org/10.1093/qmath/hag020
http://dx.doi.org/10.1093/qmath/hap041
http://dx.doi.org/10.1109/18.923728
http://dx.doi.org/10.1016/0012-365X(76)90100-X
http://dx.doi.org/10.1006/ffta.2000.0281
http://dx.doi.org/10.1016/j.jcta.2012.05.003

(13]
(14]

(15]

[16]

(17]

18]

[19]

20]

Three-valued Weil sums 199

N. Katz et R. Livné, Sommes de Kloosterman et courbes elliptiques universelles en
caractéristiques 2 et 3, C. R. Acad. Sci. Paris Sér. I Math. 309 (1989), 723-726.

H. D. Kloosterman, On the representation of numbers in the form ax>4+by*+cz®+dt?,
Acta Math. 49 (1927), 407-464.

G. Lachaud et J. Wolfmann, Sommes de Kloosterman, courbes elliptiques et codes
cycliques en caractéristique 2, C. R. Acad. Sci. Paris Sér. I Math. 305 (1987), 881—
883.

S. Lang, Cyclotomic Fields I and II, 2nd ed., Grad. Texts in Math. 121, Springer,
New York, 1990.

P. Langevin and P. Solé, Kernels and defaults, in: Finite Fields: Theory, Applica-
tions, and Algorithms (Waterloo, ON, 1997), R. C. Mullin and G. L. Mullen (eds.),
Contemp. Math. 225, Amer. Math. Soc., Providence, RI, 1999, 77-85.

G. Leander and P. Langevin, On exponents with highly divisible Fourier coefficients
and conjectures of Niho and Dobbertin, in: Algebraic Geometry and Its Applications
(Papeete, 2007), J. Chaumine et al. (eds.), Ser. Number Theory Appl. 5, World Sci.,
Hackensack, NJ, 2008, 410-418.

R. Lidl and H. Niederreiter, Finite Fields, 2nd ed., Encyclopedia Math. Appl. 20,
Cambridge Univ. Press, Cambridge, 1997.

1. Vinogradov, Some trigonometrical polynomials and their applications, C. R.
(Dokl.) Acad. Sci. URSS (N.S.) 6 (1933), 249-255 (in Russian).

Daniel J. Katz

Department of Mathematics
California State University, Northridge
18111 Nordhoff St.

Northridge, CA 91330-8313, U.S.A.
E-mail: daniel.katzQcsun.edu

Philippe Langevin

Institut de Mathématiques de Toulon
Université de Toulon

Avenue de I"Université

83957 La Garde Cedex, France
E-mail: langevin@univ-tln.fr

Received on 16.9.2014
and in revised form on 10.3.2015 (7933)


http://dx.doi.org/10.1007/BF02564120




	1 Introduction
	2 Method of proof
	3 Fourth power moment
	4 Divisibility: general remarks
	5 Computer-assisted proof of divisibility
	6 Computer-free proof of divisibility
	References

