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Diagonal equations of different degrees over p-adic fields
by

MicHAEL P. KNApPP (Baltimore, MD)

1. Introduction. Let a; and b; (1 < ¢ < s) be rational integers, and let
k and n be natural numbers with k& > n. Consider the system of diagonal
equations

(1) azh + - fazh =0, b+ + bz = 0.

We are interested in determining conditions on s which will guarantee that
the system (1) has nontrivial integral solutions over the fields @Q,, where a
solution is considered to be nontrivial provided that at least one of the x; is
nonzero. A special case of a conjecture attributed to Artin states that the
system (1) should have a nontrivial Q,-integral solution for each prime p
provided only that s > k% + n? + 1.

To describe the known results about this conjecture, we introduce a small
amount of notation. For a given prime p and positive integers k,n, we write
I’y (k,n) to denote the least number such that the system (1) has a nontrivial
Qp-integral solution whenever s > I';(k,n). Further, we define

I (k,n) = max I, (k,n).
P

A result due to Brauer [1] shows that this maximum exists for all pairs (k,n).
Note that if s > I'*(k,n), then the system (1) has a nontrivial Q,-integral
solution for every prime p. Therefore Artin’s conjecture may be restated as
claiming that one should have I'*(k,n) < k? + n? + 1 for all pairs (k,n).

Much is known about this problem in the situation where k = n. Dav-
enport & Lewis [7] have shown that

2k +1, kodd
2 I'(k, k) < ’ ’
@) (k) < {7k3, k even.
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Hence this case of Artin’s conjecture is true in the situation where k = n
and k is odd. Moreover, Davenport & Lewis show in their paper that one
has I};(k, k) < 2k% + 1 except possibly when both p|k and we have either
(k,p—1)=p—1lor(k,p—1)=(p—-1)/2<3.

We note here that if k 4+ 1 is a prime p, then one also has the lower
bound I'*(k, k) > 2k? + 1. This follows from the observation of Davenport
& Lewis [6] that in this situation there exists a single diagonal form in k?
variables having no p-adic solutions. Taking two such forms with no variables
in common leads to a system of two forms in 2k? variables having no p-adic
solution. Thus the work of Davenport & Lewis shows that I'™*(k, k) = 2k>+1
for these values of k.

Recently, Briidern & Godinho ([2], [3]) have proven this case of Artin’s
conjecture for most even values of k. In particular, they have shown that
Ik k) < 2k? + 1 except possibly when either k = p™(p — 1) with p prime
and 7 > 1, or £k = 3-27. Even in these situations, however, they have shown
that Iy (k, k) < 8k?.

When k # n, much less is known about this problem. Leep & Schmidt [8]
have shown that I'*(k,n) < (k% + 1)(n? + 1). Also, their work in [8] shows
that I (k,1) < k% + 2, although this latter fact is not explicitly stated.
Hence, this case of Artin’s conjecture is true when one of the degrees is
equal to 1.

While the bound due to Leep & Schmidt for general degrees k and n
is larger than that conjectured by Artin, Wooley [10] has shown that if the
prime p is large, then the Artin bound is too big. In particular, he has shown
that if p > k*n?, then

2k+2n+1 ifk>n>1,
Iy(k,n) < 4§ 2k+2 ifk>n=1,
3 ifk=n=1
Hence, for each pair (k,n), it is only for relatively small primes that bounds
as large or larger than those conjectured by Artin are needed.

The purpose of this paper is to develop new bounds on I™*(k,n) in the
case where k # n. First, we have the following theorem.

THEOREM 1. Let k > n > 1 be integers. Then
I'*(k,n) < 64(k +2n)(k +n)(k —n)? — 2k — 3n + 1.

The reader can see that the conclusion of Theorem 1 is better than that
of Leep & Schmidt [8] when the degrees k and n are large and close together,
but worse when k is significantly larger than n. Unfortunately, even in the
best possible scenario, when k£ = n 4 1, the bound of Theorem 1 is worse
than the bound conjectured by Artin.
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Theorem 1 is actually an easy corollary of the following theorem, which
is more precise but somewhat more complicated to state.

THEOREM 2. Let k > n > 1 be integers. Let p be a prime, and write
k= p™*ko and n = p™ng, with (p,kong) = 1.

(i) If p is odd, then

. p2h+7'k—1 -1 p2h+Tn—1 o
where h = [log,((k—n)/(p—1))]+2, with [-] being the greatest integer

function.
(ii) If p =2, then

5 (k,n) < (k+2n)(k +n)(2%") — 2k — 3n + 1,
where we define

b 2 if k—mn s odd,
[logo(k —n)]+3 if k—n is even.

The basic idea behind the proof of Theorem 2 is to lift solutions of
congruences to p-adic solutions. We begin by utilizing a normalization pro-
cedure due to Wooley [10], which shows that we may restrict our attention
to systems which have the property that many of the variables are explicit
modulo p (i.e. the variable still occurs with a nonzero coefficient when the
system is reduced modulo p). By setting some of these variables equal to
multiples of others, we then show that there exists a nontrivial nonsingular
solution of a system similar to (1), but with the equalities replaced by con-
gruences modulo suitable powers of p. Finally, we use a version of Hensel’s
Lemma to lift this solution to a nontrivial Q,-integral solution of (1).

If it happens that (p — 1)1 (k — n), then it turns out that our methods
allow us to look modulo smaller powers of p than in the main argument.
Thus we obtain the following corollary.

COROLLARY 1. Let k > n > 1 be integers and p be a prime. If (p — 1)1t
(k —n), then

Iy(k,n) < - (k+2n)(k+n)+n+ 1.

N W

If we restrict the parities of & and n, then we can use a different, simpler
method to obtain smaller bounds, even when k is large compared to n. In
this vein, we will also prove the following theorem.

THEOREM 3. Let k and n be positive integers with k odd. Then I'*(k,n)
<224+ E2+1.
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We will prove this theorem by finding a linear space on which the form
of odd degree is identically zero and then finding a zero of the other form
in this space.

2. Preliminaries. Before we begin the proof of Theorems 1 and 2, we
must discuss the concept of a normalized system of forms. To do this, we
will follow the normalization procedure used by Wooley in [10]. Consider a
system F = (F,G) of two forms as in (1), with deg F' = k and deg G = n.
We assume that k > n. Fix a prime p and write £ = p™ kg and n = p™ny,
where (p, kong) = 1. We write F* = (F*, G*) for the image of the system F
modulo p. Two systems F and F/ whose coefficients are p-adic integers are
called equivalent if we can write

F' = (FlaG,) = (a’F(plela s apvsxs)7bG(plelv s apvsajs))v

where vy, ..., vs are all rational integers and a and b are any nonzero rational
numbers. Now, for a fixed number r (to be chosen later) with 1 < r < s,
we define R ={1,...,r}, T ={r+1,...,s}, t =|T|, and N = 2(r — 1)n.
Finally, we define

O(F) =0(F,G) = [] (ap} — ajt}) [] an’.

1#£j heT

1,JER
and call a system F p-normalized if O(F) # 0 and the power of p dividing
O(F) is less than or equal to the power of p dividing O(F’) for all systems
F’ equivalent to F. By a standard argument (see for example page 33 of
[11]) based on the compactness of the p-adic integers, it is sufficient to prove
Theorem 2 for p-normalized systems.

We now give a lemma showing that p-normalized systems are explicit in

a large number of variables when considered modulo p. First, however, we
need to establish some more notation. If F' is a p-normalized system, let U
be the set of variables explicit in F™* and let V' be the set of variables explicit
in G*. Then we have the following lemma.

LEMMA 1. Suppose that ¥ = (F,G) is a p-normalized system of the
form (1). Then

T t

Ul = 2k + k’

This lemma is immediate from Lemma 2 of [10]. While Lemma 1 is all

that we need for our purposes, Wooley in fact shows in [10] that more can
be said about systems which have been normalized by this procedure.

As mentioned in the introduction, our plan is to solve the system (1)

modulo powers of p and then lift this solution to a solution of (1) in p-adic

integers. Our next lemma, due to Schanuel [9], will help us with the first part

r
V> —.
‘ ‘_Qn
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of our plan. This is a version of Chevalley’s Theorem (see [4]) for congruences
modulo prime powers. However, rather than allowing the variables to take
on any values as in Chevalley’s Theorem, the variables are restricted to lie
in the Teichmiiller set Tp, = {z € Q, : 2P = x}.

LEMMA 2. Let fi,..., fr € Zp[x1,...,2N] be polynomials with no con-
stant terms, and for each i let d; be the (total) degree of f;. Finally, let
v1,...,VUR be positive integers. If

R
N> di(p” —1)/(p—1),
=1

then the system
filx1,...,xzn) =0 (modp’), i=1,...,R,

has a nontrivial solution with each variable belonging to the Teichmdiller
set Tg, -

The final lemma of this section will be needed in order to deal with the
prime p = 2.

LEMMA 3. Let d be a positive integer and write d = 2"¢, with £ odd. Set
h>2ifr=0, and set h >r+3 if r > 0. Then the expression z® takes on
more than one value modulo 2" for odd values of x. Moreover, if h is any
smaller integer, then x® = 1 (mod2") for all odd values of .

Proof. If h = 1, then the lemma is trivially true. For A > 2, the lemma
is an easy consequence of the fact that the number of reduced dth power
residues modulo 2" is given by

2h71
(d,2)(d,2"=2)"

To see that this formula is true, we note that modulo 2", all reduced dth
power residues have the same number of dth roots, so that the number of
such residues is given by ¢(2")/N = 2"~1/N, where N is the number of
dth roots of unity. Recalling that for h > 2, any reduced residue modulo 2"
may be written uniquely in the form (—1)*5% with o € {0,1} and § €
{0,...,2"2 — 1}, we see that the number of dth roots of unity is equal to
the number of pairs (, 3) such that (—1)*¥5%¢ = 1 (mod2"). It is then
necessary and sufficient that the pair («, ) satisfy the equations

ad=0 (mod2), (d=0 (mod2"?).

It is easy to see that there are exactly (d,2)(d, 2"~2) such pairs. This com-
pletes the proof of the lemma. =
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3. A version of Hensel’s Lemma. The final result which we will need
in order to prove Theorems 1 and 2 is a version of Hensel’s Lemma. This
will allow us to lift solutions of congruences to solutions of equations in
p-adic integers. Since it is no more difficult to prove this version of Hensel’s
Lemma for a system of arbitrarily many additive forms than for a system
of two forms, we will prove a slightly stronger statement than we actually
need. Our proof does, however, require a fair amount of notation, and so for
this section only we will depart from the notation used in the remainder of
this paper.

LEMMA 4. Consider a system
Fi(x) = apai' + - + a2t =0,
(3)
Fr(x) = amai® + - + agszF® =0,

where k1, ..., kg are positive integers and all of the coefficients are integers.
Let p be a prime number and for 1 < j < R define numbers 7; and k; such

that k; = ij%j with (p, %J) = 1. Further, for 1 < j < R, define
) if p is odd,
Vi = .
Ti+1 ifp=2
Let h be a positive integer, and suppose that z is a nontrivial solution of the
system of congruences
4) Fy(x) = 0 (modp?** 1) (1<j<R)

such that the matriz

apzf Tt agh !
(5) :
aRlsz_l .. aRszefR*l
has an R x R submatriz M such that
(6) det M # 0 (modp").

Then the system (3) has a Qp-integral solution'y such that'y =z (modp").

An immediate corollary of Lemma 4 is that if R = 2 and z is a nontrivial
solution of (4) such that

(7) Am2n 2 71202 g an, 2K 2R £ 0 (mod ph)
for some m and n, then the system (3) has a nontrivial Q,-integral solution.

Proof. We first note that we may assume without loss of generality that
71 > --- > 7. For each j, we now define ¢; = 7; — 7g, so that 7; = 7g + ¢;
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and 7; = yr+¢; for each j with 1 < j < R. Finally, define yg = 2h+~vr —1,
and suppose that for some p > pg there is a point z = (21, ..., z5) such that

Fi(z)=0 (modp’”ql),

Fgr(z) =0 (mod p"TIr),

and such that there exists an R X R submatrix M of (5) for which the
relation (6) holds. For 1 < <'s, we set

yi = zi +p" T,
where we wish to choose the d; to satisfy
Fi(y) =0 (modpt+ah),
(8)

Fr(y) =0 (modptTartly,

Suppose for the moment that this can be done for all values of p with
p > po. Noting that y = z (modp”), we see that the condition (6) also
holds for y. Hence we may proceed inductively to show that for all positive
integers r, the system

Fy(x) =0 (mod ptotatr),

Fgr(x) =0 (mod ptotiartr)

has a solution y, with y, = z (mod p"). Therefore the solution to (4) can
be lifted to a solution of (3), as desired.

To show that we may always choose the d; appropriately, note that for
each ¢ and j we have

v’ = (o P TIN = 2  hypT T
Considering this as a polynomial in the z; and d;, we claim that only the first
two terms of this expansion can be explicit modulo p**+%*!. Before proving
this, we will show how it implies the truth of the lemma. The claim implies
that we have

ki k he kj—1 .
g =27 4 kpt TR 2T (mod pr Tt

Therefore, if we write F;(z) = p#t%C; for each j and recall that k; = p™ %j
and 7; = 7 + ¢j, then
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Fily) = p"H 0y + 0 (a2 A+ an2h 1)

(modpu+th+1)?

Fr(y) = pHrIRCR +p,U«+QR—h+1ER(aR1sz—1d1 R aRssz_lds)
(modp”+qR+1),
Hence we can choose dy, ..., ds as desired if we can solve the system

ey + E1(a112f171d1 + et a1szfl_1ds) =0 (mOdPh)7

P ICOR + kr(api2i® Ndy + - + ags2"71dg) = 0 (mod ph).

However, since there is a submatrix M of (5) such that det M # 0 (mod p"),
we can solve this system for dy,...,ds. Therefore we can solve (8) for all
> o, as needed.

It remains to prove the claim that only the first two terms in the expan-

sion of yf 7 may be explicit modulo p#+9 1, When we consider the expansion
as a polynomial in the z; and d;, the coefficient of the [th term after the

first is
<k;]> (pu—h—er—&—l)l.
Note that

k- k.
ordp(< z]) (p'“hTRJrl)l) = ordp<( ;)) +lp—1h —ltg +1,

where ord,(z) is the maximal power of p dividing .
For | > 1, write { = p"l with (p,1) = 1. Since

k; _& ki —1
1) 1 \1-1)
we obtain
k.
d J n—h—7r+1\1
e (5)or

ki (kj—1
= ordp<7]<k7_1>) +lp—th—Ilrg+1

—1
:7-j—r+ordp(<klj_1)> +lp—1lh —lrgp +1

>71j—r+lp—Ilh—Irg+1.
Thus, if I > 1 and » = 0, then
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k.
ord, (( ;) (p“_h_TRH)l) >T1i+lp—1lh—Irp+1

>1i+(p—h—1p+1)+(p—h—71r+1)
=p+q+1+(p—2h—1+1)
2> p+q+ 1,

where the last inequality is true since we assumed that u > 2h +yg —1 >

2h + 7r — 1. Hence these terms are not explicit modulo pH+%+1,
Finally, we must deal with the situation where [ > 1 and r > 0. We have

(9) ord, ( (l?) (pu—h—TRJrl)l)

ZTj—T’—I-l(/L—h—TR—I-l)
=1—r+p—h—1r+1+(1-1)(p—h—7r+1)
>1j—r+p—h—1p+1+0@" —-1)(p—h—-—71r+1).

Our assumption is that p > 2h + 7 — 1 + 9, where § = 0 if p is odd and
6 = 1 if p = 2. This implies that

10) ordy( (%)) 2k gy kL= 7 - (0 0)

To see that these terms are not explicit modulo pt*%
that —r — h+ (p" — 1)(h + §) > 0. We have

—r—h+ @ -1)(h+0)=0(p" —-2)h+ @@ —1)d—r
>p =24+ (" —1)0—r

_Jp—=r=2 D> 2,
B ot _p—3, p=2.

1 we need to show

To see that this last expression is nonnegative when p > 2, let f(z) =
p® —x — 2. Then
f)=p—3>0.

Moreover, when x > 1, we have
f'(x) =p®In(p) —1>3"In(3) — 1 > 0.

Hence, when p > 2, the function f(x) starts out nonnegative at x = 1 and
is increasing for « > 1. Thus f(r) is nonnegative for all positive integers 7,

and so L
ordp<< l]) (p,u—h—TR+1)l> > M+Qj +1.

Therefore these terms are not explicit modulo p*t%+1 as claimed. When
p = 2, an essentially identical proof shows that 2"+ —r — 3 > 0 for all

positive integers r. This completes the proof of the lemma. =
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4. The proofs of Theorems 1 and 2 and Corollary 1. We now
return to the notation used in Sections 1 and 2. As mentioned in Section 2, it
suffices to prove our results in the case where the system (1) is p-normalized,
and so we will make that assumption throughout this section. Let h be a
positive integer such that the expression z*~" takes on at least two nonzero
values modulo p" when z is relatively prime to p, and define the numbers
v and 7, as in the statement of Lemma 4. Our plan is to find a nontrivial
nonsingular solution of the system

F(x) = a1z} + - + asz® = 0 (mod p?M 1),
G(x) = bzt + - - - 4 bgz™ = 0 (mod p? T 1n=1y,
which will lift to a nontrivial solution of (1) by Lemma 4.

In order to accomplish this, suppose that for some number N we can
choose a set 4 of IV variables in the set U defined in Section 2 and a set U,
disjoint from 4, of N variables in the set V. We then pick N disjoint pairs
of variables consisting of one variable from i and one from 0. Now, if a pair

x;,x; of variables is such that both are in both sets U and V, then we set
x; = txj, where t is nonzero modulo p and chosen such that

aibjtk_n - ajbi §é 0 (modph).
By our assumption on h, such a choice of ¢ is possible. Otherwise, we set
x; = x;. If a variable x; is not a member of any of our pairs, we set z; = 0.
Making these assignments yields a new system
(12) ayf +-+enyl =0, diyf -+ dyyly =0,

We now seek a nontrivial solution of the system
2h+'yk—1)

(11)

ayf + -+ enyk =0 (modp
diyy + - +dyyk =0 (modp? ).

Although we could use Lemma 2 immediately to obtain a bound on N which
will guarantee that we can solve (13) nontrivially, we can obtain a smaller
bound by solving instead the equations

(13)

(14) clylfo 4+ chf\? =0 (modp2h+7k*1),
diy® + -+ dyyy = (mod p?h =1y,

with all of the variables restricted to lie in the Teichmiiller set Tp,. Because
of the property that x¥ = z for any x € Tg,, any nontrivial solution of (14)
is also a nontrivial solution of (13).

By Lemma 2, a solution of (14) exists with each variable in Tg, and at
least one variable nonzero modulo p provided that

2h+y,—1 _ 1 2h+yn—1 _ 1
(15) N> ko2 TP, t1
p—1 p—1
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Suppose that this condition holds. Then the solution of (14) is also a solution
of (13), and upon converting the variables yi,...,yn back into z1, ..., x,
we obtain a nontrivial solution of the system (11). Moreover, since at least
one of y1,...,yn is nonzero modulo p, there exist ¢, j such that z; and x;
are nonzero modulo p and were paired together to obtain a variable ;. The
way in which we set either x; = tx; or x; = ; above ensures that

(16) aibjxf_lm?_l — ajbim;?_lx?_l = (xixj)”_l(aibjxf_" — ajbz-:c?_")
£ 0 (modp").

Therefore, since we have a solution of (11) for which the condition (16)
holds, Lemma 4 allows us to lift this solution to a nontrivial solution of (1).

To complete the proof, we need to first find an appropriate value for h,
and then obtain a bound on s which will guarantee that we can satisfy the
condition given in (15). Recall that our criterion for choosing h was that the
expression 2" should attain at least two distinct values modulo p" when x
is relatively prime to p. If p is odd, then this can only fail to occur if k —n is
divisible by ¢(p") = p" 1 (p—1). If we set h = [log,((k—n)/(p—1))]+2, then
h is a positive integer such that phil(p —1) > k —n, and so our condition
on h is satisfied. Now, for convenience, write M for the right-hand side of
the inequality (15). Note that we can definitely choose M pairs of variables
in the above manner if we know that there are at least M variables explicit
when F' is reduced modulo p and there are at least 2M variables explicit
when G is reduced modulo p. That is, we can satisfy the condition on N
given in (15) if we can ensure that

(17) Ul > M, |V|>2M.
Since |U| and |V| are both integers, it is sufficient to show that
U|>M~-1, |V]>2M—1.
By Lemma 1, these inequalities will hold provided that we have
T t r
—4+->M-1 — >2M -1
%k o ’

where r+t = s. Noting that M is an integer, we can satisfy these inequalities
by setting r = 4nM —2n+1 and s > (k+2n)M — (k+n) + 1. Hence, when
p is odd, we can satisfy all of our conditions, and hence find a nontrivial
p-adic solution to the system (1), whenever we have
p2h+’yk—1 -1 p2h+’7n—1 o

(18) s> (k+2n) (ko +ng —i—l) —(k+n)+1.

p—1 p—1
Upon noting that v, = 7, and v, = 7, when p is odd, we see that this is
equal to the estimate in Theorem 2.
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Since h = [log,((k —n)/(p — 1))] + 2, one can see that this bound on s
is less than

p2h+T’“_1 p2h+7'n—1
k42 ko — —+1 ) — (K 1
(k+ n)(o = + ng = + ) (k+n)+
p2h=1
:(k:+2n)(k+n)( _1>+(k:+2n)—(k+n)+1

3
< (k+2n)(k+n)(k—n)2<1%) +n+1

2
<§7(/€+2n)(l€+n)(k‘—n)2+n+l,

where the first inequality follows from the definition of h and the second
follows from the fact that p > 3. Note that this estimate is clearly smaller
than the estimate given in Theorem 1.

Finally, we need to deal with the case when p = 2. In this situation we
make use of Lemma 3, defining

)2 if K —n is odd,

[loga(k —n)]+3 if k—n is even.
This definition ensures that the hypotheses of Lemma 3 are satisfied with
d = k —n, and hence that the expression 2*~™ takes on at least two distinct
values modulo 2" for odd values of .

Now, with this value of h we need once again to satisfy the condition
on N given in (15). The same reasoning as above shows that this can be
done if we again set r = 4nM —2n + 1 and s > (k + 2n)M — (kK +n) + 1.
Recalling that v, = 7 + 1 and v, = 7, + 1 when p = 2, this means that we
can find a 2-adic solution to the system (1) provided that

s> (k4 2n)(ko - 22" 4 ng - 220 1) — (k+n) + 1
= (k+2n)(k+n)(2%") — 2k — 3n + 1,
as desired. If our definition of h yields h = [log,(k —n)] + 3, then this bound
is at most

(k + 2n)(k +n)(221082(k=m)46) _9f _ 3 41

< 64(k 4 2n)(k 4+ n)(k —n)* — 2k — 3n + 1,

which is the estimate in Theorem 1. If we have h = 2, then our bound on s is
s> 16(k +2n)(k+n) — 2k —3n+1,

which is clearly smaller than the estimate for I'™*(k,n) given in Theorem 1.
This completes the proof of Theorems 1 and 2. =
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In order to prove Corollary 1, we simply note that if p is a prime and
(p — 1) 1 (k — n), then we clearly cannot have ¢(p")|(k — n) for any h.
Therefore we may take h = 1 in the proof of Theorem 2. Then the bound
on s which we obtain in (18) becomes

ka+1 -1 an—‘rl -1
> 9 1) — 1
s> (k+ n)(ko P + no T + (k+n)+
S Y (L L R NS R
B \p=1 p—1"p—1 p-1 e

Since p must be at least 3 in order for the hypothesis of the corollary to
hold, it is easy to see that this bound is at most 2(k + 2n)(k +n) + n + 1,
as desired. m

One can of course prove many other corollaries in a similar manner. We
point out here for the record that for specific values of p, k and n, one can
typically obtain better bounds on I’y (k,n) by adapting the methods here to
the particular numbers involved than by merely quoting Theorems 1 and 2.

5. The proof of Theorem 3. As mentioned in the introduction, we
prove Theorem 3 via an argument based on finding linear spaces of zeros
of a form of odd degree. Since this argument will not require the normal-
ization procedure described in Section 2, we will drop the assumption that
the system (1) is p-normalized. Before we begin the proof, we state a few
lemmata. Our first lemma, which gives a bound on how many variables are
needed to ensure that a single additive form has a nontrivial zero, is due to
Davenport & Lewis. This is Theorem 1 of [6].

LEMMA 5. The equation
a1z} + -+ aszy =0,

where the a; are rational integers, has a Qp,-integral solution for each p
provided that s > n? + 1. Moreover, if n + 1 is prime, then this bound
cannot be reduced.

Our second lemma is another version of Hensel’s Lemma, this version
being a consequence of the theory of kth power residues of rational integers.

LEMMA 6. Suppose that p || k, and define v = v(k,p) by
1 if =0,
Y= 74+1 if7>0 and p> 2,
T+2 if7>0 and p=2.
Then if the congruence

az® +b =0 (modp”)
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with ab Z 0 (mod p) is soluble, then the equation
az® +b=0
has a nonzero solution in Q.

A proof of this result can be found on page 36 of [5]. We point out
that this definition of ~ differs from the one given in Section 3. Note that
a consequence of this lemma is that any number which is both relatively
prime to p and a kth power modulo p” is also a kth power in Q.

Our final lemma will be used in the proof of Theorem 3 to help produce
a linear space of zeros of the form of odd degree.

LEMMA 7. Suppose that p is an odd prime, k is a rational integer, and
c1,...,Cs are p-adic integers which are not divisible by p. If s > k + 1, then
there exist distinct numbers i and j such that ¢;/c;j is a kth power in Q.

Proof. Suppose that p” || k. Since p is odd, Lemma 6 shows that it suf-
fices to prove that we can find 7 and j such that ¢;/c; is a kth power
modulo p™ 1. We write (Z/p"1Z)* for the group of (multiplicative) units
modulo p™ !, write (Z/p™t17Z)** for the subgroup of kth powers, and we
note the well-known fact that when p is odd, one has |(Z/p™T'Z)*F| =
d(p™t1)/(¢(p™t1), k). Then the number of cosets of the subgroup of kth
powers is

(Z/p™2)* = (Zfp™2)) = (2™ 2) | | (Z/p™2) |

_ T4+1 ¢(p7+1)
=20/ (<¢<pf+1>7k>>

= (™), k) < k.

Therefore, if we have k + 1 reduced residues modulo p™*!, then two must
lie in the same coset of (Z/p™1Z)** and so their ratio is a kth power
modulo p”t!. This completes the proof of the lemma. m

Now we begin the proof of Theorem 3. Consider the system (1), where
we assume that £ is odd, and do not make any assumptions about the parity
of n. Note that since both equations are homogeneous, it suffices to find a
Qp-rational solution of the system. By a linear change of variables of the
form z; — p”x;, we may assume that if a; # 0 and p® || a;, then 0 < a < k.
We set V = {i: a; =0}, and for g € {0,...,k — 1}, set Uy = {i : p7| a;}.
Note that if i € V, then the equation aiyf =0 has y; = 1 as a solution.

Next, for a fixed g € {0,...,k — 1}, suppose that U, has at least k + 1
elements. For each ¢ € U, write a; = pc¢;, so that p{¢;. Suppose for now
that p is odd. Then by Lemma 7, there exist distinct integers ¢ and j and
an element ¢ € Q, such that ¢;/c; = ¢ k. Hence the equation

(19) ayl + ajy;? =0
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can be solved by setting y; = —1 and y; = (. After picking i and j, if there
are still at least k& + 1 elements left in Uy, then we may repeat the process
until fewer than k41 elements remain. Therefore we can choose from each U,
at least (|Uq| — k)/2 disjoint pairs of indices ¢, j such that there exist y; and
y; satisfying (19). Note that this statement is still true if U, contains fewer
than k£ + 1 elements, for then our bound is at most zero. Therefore, after
possibly relabeling variables, we can write the degree k equation in (1) as

k k k k

a1x] +agxy + -+ + AaN_1ToN_1 T G2NToN
k k

t @aN+1ToN 41 Tt GaN VTN 4y

+ a2N+|V|+1x12€N+|V|+1 +---+ asml; = 07
where for i = 1,..., N there exist y9;_1 and yo; such that
(20) a2z’—1yl2€i—1 + a2iy§i =0,
and for it =2N +1,...,2N + |V| we have a; = 0.

Next, for i = 1,..., N, we set 9,1 = y2;—1Y; and x9; = y2;Y;. We also
set z; = Y;_n when i =2N+1,...,2N+|V|, and z; = 0 when ¢ > 2N +|V|.
Note that the degree k equation will be satisfied for any choice of the Y;,
and that if at least one of the Y; is nonzero then at least one of the x; is

also nonzero. After this assignment of variables, the degree n equation in (1)
becomes

for some dy, ..., dy4|y|- By Lemma 5, we can solve this nontrivially provided
that N + |V| > n?. However, we have
!U! SV Ugl =k _ 1 1.,
N+|V|>|V — =—s— -k~
+HH+Z 2+g§%2 555
Therefore we can always solve the equation (21) nontrivially if we have
1 1
5 S — 5 kz > n2,
which occurs whenever
s> 2n? + k2,

as desired. Therefore, when p and k are both odd, we have the bound
Ir(k,n) <2n® + k2 + 1.

If we have p = 2, then we can even do a little better. We define the sets
V and Uy as before, and follow the same line of reasoning as above. However,
if we fix g then for any choice of i, j € Uy, the quotient a;/a; will be a 2-adic
integer which is not divisible by 2. A simple application of Lemma 6 shows
that any such number is a kth power in Qo for any odd k. Therefore, we
are able to choose at least (|U,| —1)/2 disjoint pairs of elements from U,
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for which we can satisfy the equation (19). We can then proceed exactly as
above, except that our bound on N + |V| now becomes

k—1
1Ug| —1 |V| Uy | s _k
N+|V| >V =- -,
V2 V] + gszO 5 Z 55
Hence we will be able to solve the equation (21) provided that
sk 9
2 27"

which occurs when s > 2n? +k. This yields the bound Iy (k,n) < 2n?+k+1
whenever k is odd. These two bounds together show that if k is odd, then
we have the bound I'*(k,n) < 2n% + k% + 1. This completes the proof of
Theorem 3.
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