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On higher-power moments of A(z) (II)
by
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1. Introduction and main results

1.1. Notations. Throughout this paper, let d(n) denote the Dirichlet
divisor function, r(n) the number of ways n can be written as n = 22 + 32
for z,y € Z, and a(n) the Fourier coefficients of a holomorphic cusp form of
weight £ = 2n > 12 for the full modular group, a(n) := a(n)n="/2t1/2, For
short, we use d,r,a,a to denote these functions, respectively. ((s) denotes
the Riemann zeta-function.

Suppose z,t > 0. Define

(1.1) Az) = Z d(n) —xzlogz — (2v — 1)z,

(1.2) P(z):=Y r(n) -7z,

(1.3) A(z) =) a(n),

(1.4) E(t) == {|¢(1/2 + iw)|* du — tlog(t/2m) — (2v — 1)t.
0

Suppose f:N — R is any function such that f(n) < nf, k > 2 is a fixed
integer. Define

(1.5)  sga(f) == > % (1<I<k),
VLR A ey
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k—1
(1.6 Buh) = 3 (57 suathyeos "L
=1

We shall use sj;(f) to denote both the series (1.5) and its value. We will
prove the convergence of s, (f) in Section 3.
Suppose Ag > 2 is a real number. Define

Ko:=min{n € N:n > Ag, 2|n}, b(k):=2"24 (k—6)/4,
1/4 if k—1< Ap/2,

o(k,Ag):== 1 Ao—k . <
2(A0_2) 1fA0/2+1_k<A07
. U(k,Ao) o U<k’AO)
51(16‘, Ao) = 2b(K0) 5 52(k, AO) T Qb(k') + 2()‘(]{:, Ao) '

N denotes the set of all natural numbers; € always denotes a sufficiently small
positive constant which may be different at different places. We will use the
inequality d(n) < n® freely. SC(}_) denotes the summation condition of the
sum Y ; u(n) is the Mobius function.

1.2. Introduction. In this paper we shall study the higher-power mo-
ments of A(z), P(z), A(z) and E(t).

We begin with the Dirichlet divisor problem. Dirichlet first proved that
A(z) = O(z'/?). The exponent 1/2 was improved by many authors. The
latest result reads

(1.7) A(z) < 2%/™ (log x)?15/16,

which can be found in Huxley [6] (see also “Note added in proof”). It is
conjectured that

(1.8) A(z) = O(z/4+),
which is supported by the classical mean-square result
T
¢(3/2))4
(1.9) | A%(2)da = %TW + O(Tlog® T)

1

proved by Tong [17] and the upper bound estimate

T
(1.10) | [A(@)| 0 do < T HAO/AFE,

1
where Ay > 2 is a fixed real number. The estimate of type (1.10) can be
found in Ivi¢ [7, Thm. 13.9] with Ap = 35/4 and Heath-Brown [5] with
Ap = 28/3. On the other hand, Voronoi [19] proved that

T
(1.11) | A(@)de = T/4+ O(T%*),

1
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which in conjunction with (1.9) shows that A(z) has a lot of sign changes
and cancellations between the positive and negative portions.

Tsang [18] first studied the third- and fourth-power moments of A(z).
He proved that (with notations of Section 1.1)

f 3s3.1(d)
3 _ 9531 7/4 7/4—1/144¢
(1.12) §A (w) do = == T + O(T ),
i 3s4:2(d)
4 _ 95452 2 2—1/23+e
(1.13) §A () do = == T2 4+ O(T ).

Heath-Brown [5] proved that for £ = 3,...,9 the limit

T
lim 7~17k/4 S A(z)k da
1

T—o0
exists.
In [20] the author improved Tsang’s method and proved that
T
383.1(d)
3 _ 9931 7/4 3/2+¢
110)  § 4y dr = SR o)
i 354:2(d)
1.1 A2) dp = 2282\ 12 72-2/41
115) - §ate) e = SRR 4 o1,
T
5(2s5.2(d) — s5,1(d)) -
1.1 A’ () do = ; ; 79/4 T9/4-5/816y
116 |2 ds - ol )

But the argument of [20] fails for k£ > 6.

1.3. New results on higher-power moments of A(x). In this paper we
shall use a different approach to study the higher-power moments of A(x).
This leads to the asymptotic formulas for the integral S? AF(z) dz for 3 <
k < 9. Furthermore, if the estimate (1.8) is true, then our approach can give
the asymptotic formulas for S? AF(z) dz for any k > 10.

THEOREM 1. Let Ay > 9 be a real number such that (1.10) holds. Then
for any integer 3 < k < Ag, we have the asymptotic formula

r Bi(d)

(1.17) § M) de = G T

REMARK 1.1. From Ivié¢’s argument [7, Thm. 13.9], we know that the
value of Ay for which (1.10) holds depends on the large-value estimate and
the upper bound estimate of A(x). If we insert the estimate (1.7) into the
argument of Ivi¢, we find that (1.10) holds with Ay = 184/19. Hence for
ke {3,4,5,6,7,8,9}, we get the asymptotic formula (1.17). Moreover, if the

T1+k/4 + O(Tl+k/4—51(k,Ao)+E) )
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estimate A(z) < £%/179 holds for some small § > 0, then the asymptotic
formula (1.17) holds for k£ = 10.

REMARK 1.2. For k£ > 10, Theorem 1 is only a conditional result. How-
ever, it tells us that for any £ > 10, the main term in the asymptotic formula
for 81 AF(z) dz (if it exists) must have the form stated in (1.17).

REMARK 1.3. We can state the following three conjectures about A(x):

CONJECTURE 1. The estimate (1.8) is true.

CONJECTURE 2. The estimate (1.10) is true for any Ay > 2.

CONJECTURE 3. For any fixed k > 3, there exists a constant d; > 0 such
that the following asymptotic formula holds:

By(d)

A (z) dz =

§ (z) (1 + k/4)23k/2- 17k
It is well known that Conjectures 1 and 2 are equivalent. From Theo-

rem 1 we know that actually the three conjectures are equivalent. It is easy

to deduce Conjecture 2 from Conjecture 3. To deduce Conjecture 3 from
Conjecture 2, we take Ay = 2(k — 1) and 6 = 01(k,2(k —1)).

REMARK 1.4. From (1.11) we know that the integral S1T A(x)dz has
many cancellations from the positive and negative portions of A(z). How-

ever, from (1.12) Tsang [18] observed that this is not so for SlT A3(x) dx. From

Theorem 1 we know that this is also not so for Sr{ AF(z)dx (k= 5,7,9) since
numerical computation tells Bi(d) > 0 for k = 5,7,9. Maybe Bg(d) > 0
holds for any odd k£ > 3.

The constant d1(k, Ap) is small for k£ small. If we combine Ivi¢’s argument
with the proof of Theorem 1, we get the following Theorem 2 for 3 < k < 9.
Note that the results for k = 3,4 are weaker than those of [20]. Theorem 2
for k =5 improves (1.16).

THEOREM 2. For 3 < k <9, the asymptotic formula (1.17) holds with
01(k, Ao) replaced by da(k, 184/19).
In particular for k=5,6,7,8,9, we have

5(255:2(d) — s5.1(d))

T1+k/4 + O(T1+k/4_5k+€).

1.1 T9/4 T9/4-1/64+¢
T
556 3(d) — 3s6;1(d) , 5 3
1.1 AS(z A\) 5 /2 75/2-35/4742+¢
T
7(587-3(d) — 387.2(d) — 57.1(d))
. 7 ) ) 5 T11/4
(20 § Al 281677

O(T11/4—17/6312+£)
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T
7(5s8;4(d) — 4ss;2(d)) 3-8
T
3(389-1(d) - 1289-2(d) - 2889-3(d) + 4289-4(d))
9 — ; ) 5 ) 13/4
(1.22) § A% () dx TR T

i O(T13/4—13/75216+5).

1.4. Higher-power moments of P(x), A(z) and E(t). The method of
proving Theorems 1 and 2 can also be applied to study the higher-power
moments of P(z), A(z) and E(t).

The conjectured bound of P(z) is
(1.23) P(z) = O(z/4F9),
which is supported by

T 1 o9
2 _ 2 —3/2 \p3/2 2
(1.24) §P (x)dx = (WT;T (n)n=3/ >T/ +O(Tlog*T)
proved by Katai [14]. Tsang [18] also studied the third- and fourth-power
moments of P(z). His results were improved by the present author [20]. An

asymptotic formula for the fifth-power moment of P(z) was also obtained
in [20], which is further improved by the following (for k = 5):

THEOREM 3. Let Ag > 9 be a real number such that
T
(1.25) | [P(z)[4 do < T A0 A,
1
Then for any integer 3 < k < Ag, the following asymptotic formula holds:

(1 26) T§Pk($) de = (_1)kBk(r) T1+k/4 + O(T1+k/4—51(k,A0)+6)

' ! © (1 +kja)2R 1 '
In particular, for 3 < k < 9, (1.26) holds with 01(k,Ap) replaced by
02(k,184/19).

REMARK 1.5. Ivié¢ [7, Thm. 13.12] proved that the estimate (1.25) holds
for Ag = 35/4. If we insert the estimate P(z) = O(22*/73+¢) (see Huxley [6])
into his argument, we find that (1.25) holds for Ay = 184/19.

It is well known that A(z) has no main term and A(x) < z/2-1/6+¢,
From Deligne [4], we have |a(n)| < d(n).

The conjectured bound of A(z) is A(z) < x®/2-1/4*+ Tvié [9] proved
that

T
(1.27) S A%(z) dx = ByT* 2 4 O(T" 10g® T),
1
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where
1 oo
B, — 2 —r—1/2
2= 1 2 ; a“(n)n
Ivié [9] also proved that
T
(1.28) S |A(z) ][40 do < T HA0(2r—1)/4+4e

1
for Ag = 8. Cai [3] studied the third- and fourth-power moments of A(x).
His results were improved in [20], where an asymptotic formula for the fifth-
power moment of A(zx) was also obtained, which is further improved by the
case k = 5 of the following:

THEOREM 4. Let Ag > 8 be a real number such that (1.28) is true. Then
for any 3 < k < Ag, we have the asymptotic formula

T
(1.29) | AF(2) da
1

B By(a) T1+k(2n 1)
(14 k(2r— 1))231{/271”1@

_'_O(Tl-i-k(2N L 61(k,A0)+5)‘

In particular, for 3 < k < 7, (1.29) holds with 01(k, Ag) replaced by
d2(k, 8).

Many results for E(t) parallel to those for A(x) have been obtained; see
Ivi¢ [8] for a survey. The conjectured bound for E(t) is E(t) < t'/**¢, which
is supported by

T

2¢*(3/2) 30 5
(1.30) _E2@)dt—————————-T +O(Tlog” T),
VPO = e
proved by Meurman [15]. It has been proved (see Huxley [6]) that
(1.31) BE(t) < t722(10gt)29/227T > 9,

Ivi¢ [7, Thm. 15.7] proved that

(1.32) S (t)[A0 dt < THAo/A+e

1
for Ag = 35/4. Inserting (1.31) into Ivié’s argument, we find that (1.32) is
true for Ag = 576/61.

Tsang [18] studied the third- and fourth-power moment of E(t) by using
the Atkinson formula [1]. His results were further improved by Ivi¢ [10] in a
different way. The author [20] obtained new results on the third- and fourth-
power moments of F(t). An asymptotic formula for the fifth-power moment
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of E(t) was also obtained in [20], which is further improved by the case
k =5 of the following:

THEOREM 5. Let Ay > 9 be a real number such that the estimates (1.10)
and (1.32) hold. Then for any 3 < k < Ao, we have the asymptotic formula

T
(1.33) | EF@)at=
1
In particular, for 3 < k < 9, (1.33) holds with 61(k, Ag) replaced by
02(k,576/61).

By,(d)

1+k/4 1+k/4—51 (kAo )+
(15 k/a)2oh/i T k7a L /4 L O(TVHR/A=01 (R Ao) ey,

Acknowledgements. The author deeply thanks the referee for his
warm and valuable comments. The author also thanks Prof. Isao Wak-
abayashi for helpful discussions, through which the proof of Lemma 3.1
was further improved.

2. Some preliminary lemmas. We need the following lemmas.

LEMMA 2.1. The square roots of squarefree numbers are linearly inde-
pendent over the integers.

Proof. This is a classical result of Besicovitch [2]. m

LEMMA 2.2. Suppose k > 3 and (iy,...,ir_1) € {0,1}*=1 are such that

Vin 4 (1) ng + (1) /g + .+ (1)1 /g, # 0.
Then

lv/nt + (1) /ng + (=1)2y/ng + ...+ (=1)"*1/ng]|
> max(nq, ... ,nk)_@kﬁ_rl).

Proof. The cases k = 3,4 are Lemmas 1 and 2 of Tsang [18], respectively.
The proof for the general case is the same as the proof of Lemma 1 of [18].
We note that Heath-Brown [5] stated a similar result for k even. =

LEMMA 2.3. Suppose A, B € R, A # 0. Then

2T
| cos(AVt+ B)dt < T2|A|7,
T

LEMMA 2.4. Suppose k > 3, (i1,...,ix_1) € {0, 1}* 71, (i1,...,ip_1) #
0,...,0), Ni,...,Npy>1,0 < A< EY2 E = max(Ny,...,Ny). Let

A= A(Ny,...,Ngyit, ... ig—1;4)
denote the number of solutions of the inequality

(2.1) VAL + (1) Az + (=1)2 /g + ...+ (—1)*1 /| < A
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with Nj <n; <2N;,1 <75 < k. Then
A< AEY2N, .. N, + E"'N;y...Ny.

Proof. Without loss of generality, suppose E = Ni. If (nq,...,ny) sat-
isfies (2.1), then

\/n_1+<—1)i1\/n—2+(—1)i2\/%+”_+(_1)ik—2\/m: <_1)ik_l+l\/n_k+9A

for some |f| < 1, whence we get

(Va1 + (D) g + (=1)2 /g + ...+ (=1)* 2z 7)? = ng + O(AN,/?).
Hence for fixed (ni,...,ng_1), the number of ny is < 1+ AN;/2 and thus
A< ANN, . Ny +Ni .. Niq. m

3. On the series s;,;(d). Supposey > 1is a large parameter, and define

" > d(na) ... d(ms)
«/n1+...+\/n>l=,/nl+1+...+1/nk
N1y N <Y

We shall prove
LEMMA 3.1. We have
|sia(d) — spa(diy)| < y /2, 1<I<k.
REMARK. Lemma 3.1 is still true if the divisor function d is replaced by
any function f: N — R with f(n) < n°.

Proof. We shall prove Lemma 3.1 by induction in k. The case k = 2 is
easy. The case k = 3 is contained in [18, p. 70]. Later we suppose k > 4.
Since sg,(d) = sg;k—i(d), we suppose [ < k/2.

By symmetry, we get

d(ny)...d
(3.1)  [seald) — spaldy)| < ) dm). . d(nr)
(TLl ‘o nk)3/4
VATt =T

ni>y

< Ui(d;y) + Ua(dsy),

say, where
k
Ul(d7y> = Z Z (nl...nk)3/4 )
J=L A=A
ni=n;>y
d(ny)...dn
U(d:y) = 3 dlm)... dng)

3/4
VN1t /= y/miptey/ne ( 1 k)
n1>y, n17#n;, I+1<5<k
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If | = 1, then obviously Uj(d;y) = 0. If [ > 1, then by induction we get

d?*(n _
(3.2) Ul(d; y) < Z # Sk_g;l_l(d) <Ly 1/2+E.
n>y

Now we estimate Ua(d;y). Let I = {1,...,1},J ={l+1,...,k}. Suppose
(n1,...,n) € N¥ are such that

(x) V4. +vVu=yui+...+vng, m#Fn;, 1+1<j<k.
Then there exist two sets I C I, Jog C J with the following properties:
(1) 1€ Io;
(2) Zz‘elo \/n_, = Zje]o \/"’Tj;

(3) For any real subset I}, C Iy, Jj C Jy, we have

S Y
el JEJ}
If (I, Jo) = (I,J), then we say (ni,...,nx) is a primitive (k,l)-point. Let
N, denote the set of all points in N¥ which satisfy (x) and N}, the set of
all primitive (k, [)-points. Let Gi,; denote the set of all possible pairs (1o, Jo)
when (n1,...,n) runs through Nj,;. Note that if | = 1, then Gy = {(I, J)}.
Suppose (lo, Jo) € Gry- Let Iy = #1lo,lo =1 — 11, kv = #1o + #Jo, ko =
k — k1. From (%), we know that k; > 3. Define

RO (d;y) = S Tk
1 < 7y) Z (nl---nk1)3/4
\/n1+...+‘/n11:1 /nll+1+...+ /n)€1

n1>y, (n1,-mk JENE )

If (Ip, Jo) # (I,J), then l; < I, k1 < k and we define

d )
RUOD) (g = 3 (m1) ... d(my,)
(my ...my,)3/4
VL T = T T+ /Ty
By the induction assumption, R(QIO’JO)(d) < 1

If (n1,...,n,) € Ng ,; , then by Lemma 2.1 we have

il
nj:s?h, S14...+S, =8Su4+1+ .-+ Sk, u(h)#O.

Now n1 > y implies that there exists at least one n; (I1 +1 < j < ji) such
that n; > y. We suppose ny, > y. So we have

d(s2h).. .al(s%1 h)

) < 32 2
Ry (dsy) < 1R /A (51 s )32
h 51+~~~+5l1:Sll+1+~~~+sk1 1
s%h>y,si1h>>y
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Y 5 d(s1) ... d%(sp,)d* ()

3k1/4 3/2
h 81+.“+811:sll+1+“'+sk1 h (Sl e Skl)
S%h>yzsi1h>>y

d*(s1) d*(si,)
< Z h3k1/4 2. 3/2 3

s1>(/MV2 S s > /mi2 Sk

d" (h /e —1/2+
<<Zh3k1/4< > <y

if we notice k1 > 3.
If Gry = (I,J), we have

(3.3) Un(d:y) < R (diy) <y 1/,
If Gry # (1, J), we have

(84) oldiy) < B dy)+ Y ROP(dyR @)

(10,J0)€Gky
(107‘]0)75(]"])

< y—1/2+s'

Now Lemma 3.1 follows from (3.1)—(3.4). =

4. Proofs of Theorems 1 and 2. Suppose T' > 10 is a real number.
It suffices to evaluate the integral SQTT AF(z) dz. Suppose y is a parameter
such that T° <y < T1/3. For any T < x < 2T, define

Ri=Ri(z,y) = (V2m)~? 1/42 3/4COS (4m/xn — w/4),

n<y

Ro = Ra(z,y) := A(z) — R1.

We shall show that the higher-power moment of Rs is small and hence the
integral S?FT AF(z) dz can be well approximated by SzT Rk dx, which is easy

to evaluate.

4.1. FEwvaluation of the integral S Rh dx. Suppose h > 3 is any fixed
integer. By the elementary formula

cosaj ...COSap

1 . . :
~oohl > cos(ar + (—1)"az + (=1)%az + ... + (=1)"1ap),

(41,-s0p—1)€{0,1} 21
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we have

R =(V2m) Tty Z 3/4 Hcos (47 /r;T — 7 /4)

n1<y np<y
xh/4 )

N =N DR DR Z 3/4

(%1,...,8n—1)€40, 1}h 1n1<y np<y

. . 77' . .
X COS <47r\/5a(n1, e MRy e ey Gp—1) — Zﬂ(zl, e ,zh_1)>,

where
(VS SR T
=V 4 (1) ng + (=12 g+ (=1 /g,
Bit, .. yip_1) =14 (=1) + (=1)2 + ... 4 (=1)"1.
Thus we can write
(4.1) RY = W (S1(x) + Sa(x)),
where

- w3 d(ny)...d(np)
Si(z) := a"* Z cos(—I> Z W;

(il,...,ih,l)e{o,l}h—l njﬁyggjﬁh
d(ny)...d(np)
o h/4 AT - - - BN
Sy(z) === > > (n1 .. -np)3/

(i1 yeeyin_1)€{0,1}h=1 n;<y,1<j<h
a#0

x cos(dmay/z — 3/4),

= a(nl, e ,nh;il, ey ihfl); ﬁ = ﬂ(il, cey ihfl).
First consider the contribution of Si(x). We have
2T
“42) | Si(z)da
- " dm) o) ¥ e
- Y w(-) y dmedi g,
(il,...7ih_1)e{07l}h_1 any,igjﬁh T

It is easily seen that if « = 0, then 1 € {i1,...,9p_1}. Let I = i1 +...+ip_1.

Then dm) dnn)
E ( ! )3/’; = Sh;l(d; y)u
nj<y,1<j<h VLT
a=0

where sp,.(d;y) was defined in the last section.
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By Lemma 3.1 we get

2T or
(4.3) S S1(z) dz = Bj(d) S 24 de - O(TVHA%ey =12y,
T T
where
iy T3 d(ny)...d(np)
noe E () Ttk

(i1,0stn—1)€{0,1}R~1 (n1,...,np)ENP

a=0

For any (i1, ...,i5_1) € {0, 1}*71\ {(0,...,0)}, let

S(dazla"'azh—l) = Z m’
(n1,...,np)ENP Lo
a=0

l(il, . ,’ih_l) =01+ ...t ip1.

It is easily seen that if I(i1,...,ip—1) = (¢}, ..., 4,_) or U(i1,...,ip—1) +
I(i,,....& ) = h, then

S(dsin, ... in—1) = S(dii7, .., 0 1) = Shiiir,...in_) (d)-
From (—1)* =1 —2i (i = 0,1) we also have
Blit, ... ip_1) =h —2l(i1,...,ip_1).
So we get

h—1
(4.4) Bid) =Y > cos<—2—ﬂ>5(d;z'1,...,ihl)

=1 l(il,...,ihfl):l

h—1
h— 2]
= lz_; sp.(d) cos % Z 1

Uit somsin1)=l
h—1
—1 -2
= Z <h ; )sh;l(d) cos ﬂ(th) = By(d).
1=1

Now we consider the contribution of S3(x). By Lemma 2.3 we get

2T
(4.5) S So(z) dz
T

< T1/2+h/4 Z Z d(nl)d(nh)

3/4( ]
(i1,05in—1)€{0,1}P~1 <y, 1<j<h (n1 ... )3/
a#0
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It suffices to estimate the sum

Z d(nl) . d(nh)

Dt sin-1) = (n1...np)34al

n;<y,1<j<h
a#0
for fixed (il; . 77:}1—1) S {0, ]-}h—l, If (7:]_7 e 7ih—1) = (0’ . 0)’ then
2(y;0,...,0) <
”jﬁ,%z:lﬁjgh (ng.. 'nh)3/4(\/n_1_|_ Y
< < lo ,
nj<yzl<j<h (n1...np)3/4+1/2h Y gy

where we used the estimates

Zd(n)<<U10gU7 1+ ... txp > (g;l__,g;h)l/h'

n<u

For (i1,...,ip—1) # (0,...,0), by a splitting argument we deduce that there
exist a collection of numbers 1 < Ni,..., N < y such that

D(yiin, ... in1) < Zfloghy,

where

d ...d
1= Z (n(nl) n )3(/Z|ho)[|
Nj<nj<2N; 1<j<h VLot
a#0

Without loss of generality, we suppose N1 < ... < Np < y. By Lemma 2.2

" (oh—2_o—1
we have |a| > N, @ 2 Then by a splitting argument and Lemma 2.4,

_(oh—2_o—1

for some N, (2 D« A< y'/? we get

£

21 < (Nl...Nh)3/4AA(Nl,...,Nh,Zl,...,’Lh_l,A)
€
< Y (AN;/2N1...N}1_1+N1...Nh_1)

(Ny...Np)3/4A
((Ny . N )Yr Ny Ny )Y
<Yy INE + I
h h

< ya(]\f}(Lh—Q)/‘1 + NZ(h)) < yb(h)-‘re’

where b(h) was defined in Section 1.1. Thus we get

27
(4.6) S Sy(z) do < T34+ b
T
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Hence from (4.1)—(4.6) we get

LEMMA 4.1. For any fixed h > 3, we have

2T 2T
Bi(d) h/4
(4.7) Rivde = —"L__ \ g4z
§ ! (V2 m)h2h-1 §

n O(T1+h/4+sy71/2 i T1/2+h/4+syb(h))'

4.2. Higher-power moments of Ro. We first study the mean-square
of Ra. We begin with the truncated Voronoi formula [9, (2.25)]

(4.8) Alz) = (nv/2) 1at/4 Z Wcos (4mv/nx — m/4)

n<N
+ O($1/2+6N_1/2),
where 1 < N < z. Taking N =T, we get

Ry = (mv/2) Lat/4 Z d(n) cos(4my/nx — m/4) + O(TF)

n3/4
y<n<T
< |zt Z (3/42 e(2y/nz)| + T¢,
y<n<T
which implies
2T 2T d(n) 2
(4.9) S R3dr < T + S /4 Z 3—/46(2\/7’L.%')
T T y<n<T n
d*(n)
14¢ 3/2
<THe4T W;T —7

d(n)d(m)
HT 2 G — v

y<m<n<T
T3/21og3 T T3/21og3 T
< TV 4 :
yl/2 yl/2
where we used the estimates
d(n)d(m)
d*(n) < ulog®u, < T°.
2 4 L T

Now suppose y satisfies y20(50) < T Hence from Lemma 4.1 we get

2T
S |R1’KQ dr < T1+K0/4+€,
T
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which implies

2T
(4.10) S |R1|A0 dr < T1+Ao/4+a
T
since Ag < Ky. From (1.10) and (4.10) we get
2T 2T
(411) S ‘RQ‘AO dr < S (‘A(x)‘Ao + ’RIIAO) dr < T1+AO/4+€.
T T

For any 2 < A < Ay, from (4.9), (4.11) and Holder’s inequality we get

2T 2T
2(Ag—A) | Ag(A—2)
(4.12) [ IRo A dz = | [Rol B2 7507 d
T T

< (jngd@%%‘_g( [ [Rol dm) Aoz

Ag—A
« TVHA/A+ey 30 D)

Thus, we have proved the following

LEMMA 4.2. Suppose T¢ <y < TV/20(Ko) 9 <« A < Ay. Then

27
(413) X |R2|A dx < T1+A/4+6y_(AO_A)/2(AO_2).
T
4.3. Proof of Theorem 1. Suppose 3 < k < K(Ap) and T° < y <
T1/20(Ko) By the elementary formula (a 4 b)* — a* < |a*~1b| + |b|*, we get
2T 2T 2T 2T
(4.14) | Af(@)do = | RS d:z:+0( { |R’f‘17€2|dx) +o( { |R2|kd:c>.
T T T T
If k —1 < Ap/2, then from (4.9), (4.10) and Cauchy’s inequality we get

2T
[ IRYRs | do < ( g Ry 25D da:) ( g Ro? der) V2 priae
T

If k—1> Ag/2, then from (4.10), Lemma 4.2 and Hélder’s inequality we
get

2T

2T 2T
[ [RE Ralde < (| [Rafboda) (] R0/ oen) gg) I
T T T

< Tl+k/4+5y—(Ao—k)/2(Ao—2) )
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Thus we have

2T 2T
(4.15) [ IRERolda + | [Raf do < TR/ ey todo),
T T

where o(k, Ag) was defined in Section 1.1.
From (4.14) and (4.15) we get

27 27
(4.16) | AF(2)do = | REdw + O(T /42y~ thAo),
T T
Now take y = T"/2(K0)  From Lemma 4.1 and (4.16) we get
2T Bi(d) 2T
4.17 AR () de = — = gk g 4 O(T1Hk/A—o (kAo)/26(Ko)+e
1) | Ao = b [ O )

-1
T
2T
By(d) k/4 1k 4—61 (k, Ao)+
W § T dx + O(T 1 0 3).

Theorem 1 follows from (4.17) immediately.

4.4. Proof of Theorem 2. Suppose T¢ < y < T'/3. By the truncated
Voronol formula (4.8), we have

Ry = (V2m) tal/ Z % cos(4my/nz — m/4) + O(z/>HEN—1/2),
y<n<N

where y < N <« T. Using Ivi¢’s large-value technique directly to Ro without
modifications, we get the estimate

2T
(4.18) | [Ro|? do < T HA0 A
T

with Ag = 184/19,7° < y < T'/3. We omit the details since the argument
is completely the same as that of Ivi¢. Combining (4.18) and (1.10) we get
2T
(4.19) | Ry dar < THH A/
T
with Ag = 184/19, T¢ < y < TV/3,
By the same argument as in the last subsection, we deduce that for
T <y <T3
2T 2T
(4.20) | A (@) de = | RYdz + O TH/4+ey—ok184/19))
T T
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Take y = T1/(20(k)+20(k,184/19)) From Lemma 4.1 again we get

2T 2T
Bk(d) k/4 Itk/d— o2 184/19)
(4.21) S Ak( ydr = ————— S dx + O(T 25(k) +20 (k,184719) €
(\/Qﬂ)ka—
T
By(d) ZST K4 gy 4 O(TVHH/A=02(0184/19) )
(\/§7T)k2k 1 ’

and Theorem 2 follows.

5. Proofs of other theorems. P(z) has the following truncated Voro-
noi formula:

(5.1) P(z)= —% Z r(n)n =34l cos(dm/na +m/4)+ O (x/FENT2)

n<N
for 1 < N <« z, which follows from Lemma 3 of Miiller [16]. Moreover, A(z)
has the following truncated Voronoi formula:

(5.2)  A(z) = —= 2"/ /4 Z n~"27 Y4 cos(dmv/na — 7 /4)

™2 n<N
+ O(ajn/Z—l—eN 1/2)

for 1 < N < x, which is a special case of Theorem 1.1 of Jutila [13]. So in
the same way as in the last section, we get Theorems 3 and 4.
Now we prove Theorem 5. We shall follow Ivié [10]. Define

* 1 n
A (z) == 3 Z (—1)"d(n) —z(logz +2y—1), x>0.
n<dx
Jutila [12] proved that
T

(5.3) \ (E(t) — 21 A* (%))2 dt < T*310g> T,

0
which means that E(t) is well approximated by 2w A*(¢/2m) at least in the
mean square sense.

Suppose Ag > 9 is a real number such that both (1.10) and (1.32) hold.
Since (see Jutila [11])

A*(2) = —A(z) + 2A(20) — %A(zm;),

from (1.10) we get
T

(5.4) | A7) Ao dt < A/,
0
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Then from (1.32), (5.3), (5.4) and Holder’s inequality, for any 3 < k < Ay
we get

T T/27
(55 |EF@)dt— 2m)*t | (AT@)Fdt
0 0

S (0 (e (1))
= § o 2o ()| 0+ (5)

<< T1+k/470(k,140)/3+€

k—1
)

where o(k, Ap) was defined in Section 1.1. By (5.5) the problem is reduced
to evaluating the integral ST(A*(t))k dt. For 1 < N < z, we have [10, (7)]

(5.6)  A*(x) W\/, Z n3/4g 4 cos(dm/na — m/4)

n<N
+ O($1/2+6N—1/2)’

which is similar to (4.8). Let d*(n) = (—1)"d(n). Then in the same way as
in the proof of Theorem 1, we get the asymptotic formula

T ) By(d*)
(5.7) §<A () dt = G T

for any 3 < k < Ayp.
We shall use

T1+k/4 + O(T1+k/4—(51 (k,A0)+€)

LEMMA 5.1. Suppose 1 <1 < k are fived integers and (ni,...,n;) € NF.
If
VitV = g+ g,

then 2| (n1 + ...+ ng).

Proof. For any n € N, let h(n) denote the squarefree part of n. Let
S ={h(n1), ..., h(ng)} NN and s = #S. For convenience, write

S={hi,....,hs}, I={1,...0%, J={l+1,... Kk}

From Lemma 2.1 we can write [ = |JJ_; I, J = [J._, Je so that for each

1 <e<s,
D V=)V

i€l J€Je

and all n; (i € I.) and n; (j € Je) have the same squarefree part h.. Namely
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we have (1 <e <s)
2 - 2 .
n; =mihe (i € Ic), n; = mjhe (j €I), Zmi: ij.
i€l jE€Je

Thus we get
S
m =Y (S Yon)
€:1 ie[e jeJe

S S

Z Zm?he-i- Zm?h@) (meL ij)he

e=1 iel, jede e=1 iel. jede
S

=2 heZmiEO (mod 2),
e=1 iele

where we used the simple congruence n? = n (mod2). =

From Lemma 5.1, for any 1 <1 < k we get

sa(d') = 2. S R
VAT /= /AT T

d(ny)...d(n
- 2 ((nl) n )(3/11) = sk ().
ST oo A= ATt/ LR
Hence we conclude that

(5.8) By(d*) = Bi(d).

From (5.5), (5.7) and (5.8) we get (1.33).
Similarly to Theorem 2, we can prove the asymptotic formula

T
(5.9 | @) rat =
1

for any 3 < k < 9, which combined with (5.5) yields the second part of
Theorem 3.

By, (d)
(1 + k/4)23k/2= 17k

T1+k/4+O(T1+k/4—62(k,576/61)+5)

Note added in proof. Recently M. N. Huxley, Fxponential sums and lattice points
III, Proc. London Math. Soc. 87 (2003), 591-609, proved

Alx) < x131/416(logw)26957/83207

which implies that the exponent 184/19 for which the formula (1.10) holds can be im-
proved to Ag = 262/27. Correspondingly, the exponent d2(k, 184/19) in Theorem 2 can be
improved to d2(k, 262/27) for k = 6,7, 8,9. The author deeply thanks Professor A. Schinzel
for informing him about M. N. Huxley’s new result.
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