
ACTA ARITHMETICA

114.1 (2004)

On the number of representations of a
positive integer by a binary quadratic form
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Pierre Kaplan (Nancy) and Kenneth S. Williams (Ottawa)

0. Notation. Throughout this paper n denotes a positive integer and
d denotes a discriminant, that is, d is a nonsquare integer such that d ≡ 0
or 1 (mod 4). We set

(0.1) w(d) =





6 if d = −3,

4 if d = −4,

2 if d < −4,

1 if d > 0.
If d > 0 we let

(0.2) ε(d) =
1
2

(x0 + y0

√
d),

where (x0, y0) is the solution of x2 − dy2 = 4 in positive integers with y
least. If m is a positive integer such that m2 | d and d/m2 is a discriminant,
we set

(0.3) λ(d,m) =





1 if d < 0,
log ε(d)

log ε(d/m2)
if d > 0.

The conductor f = f(d) of the discriminant d is the largest positive integer
f such that d/f2 is a discriminant. The discriminant ∆ = ∆(d) = d/f(d)2 is
called the fundamental discriminant associated with d. If f(d) = 1, then d is
called fundamental. We denote by M = M(n, d) the largest positive integer
M such that M2 |n and M | f . Equivalently M is the largest positive integer
such that M2 |n, M2 | d and d/M2 is a discriminant.
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Let (a, b, c) = ax2 + bxy + cy2 be a primitive, integral, binary quadratic
form of discriminant d, which is irreducible in Z[x, y], so that a, b, c are
integers such that gcd(a, b, c) = 1 and d = b2−4ac ≡ 0 or 1 (mod 4) is not a
square in Z. If d < 0 we only consider positive-definite forms, that is, forms
(a, b, c) with a > 0. The positive integer n is said to be represented by the
form (a, b, c) if there exists (x, y) ∈ Z × Z such that n = ax2 + bxy + cy2.
In the case d < 0 every representation (x, y) of n by (a, b, c) is said to be
primary. In the case d > 0 only those representations (x, y) of n by (a, b, c)
are called primary that satisfy the inequalities

2ax+ (b−
√
d)y > 0, 1 ≤

∣∣∣∣
2ax+ (b+

√
d)y

2ax+ (b−
√
d)y

∣∣∣∣ < ε(d)2.

The number of primary representations of n by the form (a, b, c) is denoted
by R(a,b,c)(n, d). It is known that R(a,b,c)(n, d) is finite. The class of the form
(a, b, c) is the set [a, b, c] given by

[a, b, c] = {a(px+ qy)2 + b(px+ qy)(rx+ sy) + c(rx+ sy)2 |
p, q, r, s ∈ Z, ps− qr = 1}.

The set of distinct classes of primitive, integral, binary quadratic forms of
discriminant d is denoted by H(d). Let K ∈ H(d). If [a, b, c] = [a′, b′, c′] = K
then R(a,b,c)(n, d) = R(a′,b′,c′)(n, d) so we can define

RK(n, d) = R(a,b,c)(n, d) for any (a, b, c) ∈ K.
With respect to Gaussian composition (see for example [2, Chapter 4]),
H(d) is a finite abelian group called the form class group. The order of
H(d) is called the form class number and is denoted by h(d). The genus
group of H(d) is the quotient group G(d) = H(d)/H2(d). It is known that
|G(d)| = 2t(d), where t(d) is the nonnegative integer given by

(0.4) t(d) =





ω(d)− 2 if d ≡ 4 (mod 16),

ω(d) if d ≡ 0 (mod 32),

ω(d)− 1 otherwise,

where ω(d) is the number of distinct prime factors of d. The number of form
classes in each genus G ∈ G(d) is h(d)/2t(d). For G ∈ G(d) we set

(0.5) RG(n, d) =
∑

K∈G
RK(n, d).

An odd prime discriminant is a discriminant of the form p∗ = (−1)(p−1)/2p,
where p is an odd prime. The discriminants −4, 8, −8 are called even
prime discriminants. Set t = t(d), where t(d) is defined in (0.4). The prime
discriminants corresponding to the discriminant d are the discriminants
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p∗1, . . . , p
∗
t+1, together with p∗t+2 if d ≡ 0 (mod 32), where p1, . . . , pt+1 are

given as follows:

(i) d ≡ 1 (mod 4) or d ≡ 4 (mod 16)
p1 < . . . < pt+1 are the odd prime divisors of d.

(ii) d ≡ 12 (mod 16) or d ≡ 16 (mod 32)
p1 < . . . < pt are the odd prime divisors of d and p∗t+1 = −4.

(iii) d ≡ 8 (mod 32)
p1 < . . . < pt are the odd prime divisors of d and p∗t+1 = 8.

(iv) d ≡ 24 (mod 32)
p1 < . . . < pt are the odd prime divisors of d and p∗t+1 = −8.

(v) d ≡ 0 (mod 32)
p1 < . . . < pt−1 are the odd prime divisors of d, p∗t = −4,
p∗t+1 = 8, and p∗t+2 = −8.

The set of prime discriminants corresponding to d is denoted by P (d). We
note that these are coprime in pairs if d 6≡ 0 (mod 32). The set of all products
of pairwise coprime elements of P (d) is denoted by F (d). The empty product
1 is included in F (d). Thus, for example, with d = 384 = 27 · 3, we have

t(d) = 2, p1 = 3, p∗1 = −3, p∗2 = −4, p∗3 = 8, p∗4 = −8,

and

P (d) = {−3,−4, 8,−8}, F (d) = {1,−3,−4, 8,−8, 12,−24, 24}.
Properties of the sets P (d) and F (d) are given in [4, Lemma 2.1, p. 277] and
[9, Lemma 1, p. 29].

Let p∗ ∈ P (d) and K ∈ H(d). For any positive integer k which is coprime
with p∗ and represented by K, it is known that

(
p∗

k

)
has the same value so

we can set

γp∗(K) =
(
p∗

k

)
= ±1.

A main result of Gauss’s theory of genera is that the genera are the sets
of classes in H(d) giving the same value to γp∗ for each p∗ ∈ P (d). Thus,
for each genus G ∈ G(d) and each p∗ ∈ P (d), we can set γp∗(G) = γp∗(K),
where K is any class in G. The definition of γp∗(G) (p∗ ∈ P (d)) is extended
to γd1(G) (d1 ∈ F (d)) by

(0.6) γd1(G) =
∏

p∗∈P (d1)

γp∗(G) =
(
d1

a

)
= ±1,

where the class [a, b, c] ∈ G is chosen so that a is prime to d.
A prime p is said to be a null prime with respect to n and d if

(0.7) vp(n) ≡ 1 (mod 2), vp(n) < 2vp(f),
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where pvp(k) is the largest power of p dividing the positive integer k. The set
of all such null primes is denoted by Null(n, d). The following elementary
result is proved in [4, Proposition 4.1] for d < 0 and for both positive and
negative d in [9, Lemma 5].

Proposition 1. If Null(n, d) 6= ∅ then RK(n, d) = 0 for each K ∈
H(d).

The following result is proved in [4, Theorem 8.1, p. 289] in the case
d < 0 and in [9, Theorem 1, p. 38] in the case d > 0.

Proposition 2. Let G ∈ G(d). If Null(n, d) = ∅ then

RG(n, d) = λ(d,M)
h(d)

h(d/M2)
w(d/M2)

2t(d)+1

×
∑

d1∈F (d/M2)

γd1(G)
∑

µν=n/M2

(
d1

µ

)(
d/M2d1

ν

)
.

If Null(n, d) 6= ∅ then RG(n, d) = 0.

The proof of Proposition 2 follows from Gauss’s theory of genera and so
is an elementary theorem.

1. Introduction. From Proposition 2 it is possible to give a formula for
R(a,b,c)(n, d) when [a, b, c] belongs to a genus consisting of exactly one class
or consisting of exactly two classes K and K−1 with K 6= K−1. A formula
for R(a,b,c)(n, d) when [a, b, c] belongs to a genus consisting of exactly one
class has been given by Hall [3]. No formula is known for R(a,b,c)(n, d) for
an arbitrary form (a, b, c). However, a number of authors (for example van
der Blij [1], Lomadze [6]–[8], Vepkhvadze [10]–[14]) have obtained formulae
for R(a,b,c)(n, d) for certain special forms ax2 + bxy + cy2, which belong to
genera having at least three classes or consisting of exactly two classes K1

and K2 with K1 6= K2, K1 = K−1
1 , K2 = K−1

2 . In most cases their formulae
for R(a,b,c)(n, d) have d nonfundamental and depend upon the coefficients in
the expansion of certain products of theta functions. For example Lomadze
[7, Theorem 7a] proved

R(1,0,32)(n,−128) =





∑

d|n

(−2
d

)
+

1
2
v(n) if α = 0, u ≡ 1 (mod 8),

2
∑

d|n

(−2
d

)
if α = 2, u ≡ 1 (mod 8),
or α > 3, u ≡ 1 or 3 (mod 8),

0 otherwise,

where n = 2αu, u odd, and v(n) denotes the coefficient of Qn in the ex-
pansion of the function θ80(τ ; 0, 8)θ01(τ ; 0, 16) in powers of Q = exp(2πiτ),
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where

θgh(τ ; c,N) =
∞∑

m=−∞
m≡c (modN)

(−1)h(m−c)/NQ(m+g/2)2/2N .

We note that the second and third lines of the formulae for R(1,0,32)(n,−128)
do not depend upon the quantity v(n). They depend at most on the values
of the Kronecker symbol

(−2
d

)
for d |n and thus are elementary formulae

even though they were derived by advanced analytical techniques. In this
paper we prove a general theorem by entirely elementary means from which
these and other elementary formulae follow as special cases.

2. Statement and proof of main result

Theorem 1. Let d be a discriminant for which there exists a positive
integer m such that d/m2 is a discriminant and either

H(d/m2) = Z2 × . . .× Z2 (Case I)(2.1)

or

H(d/m2) = Z4 × Z2 × . . .× Z2 (Case II).(2.2)

Let K = [a, b, c] ∈ H(d) with a, b, c chosen so that

(2.3) (a, d) = 1, m | b, m2 | c.
Let n be a positive integer. If Null(n, d) 6= ∅ then RK(n, d) = 0. If Null(n, d)
= ∅ and m2 |n then in Case I

RK(n, d) = λ(d,M)
w(d/M2)
2t(d/m2)+1

h(d/m2)
h(d/M2)

×
∑

d1∈F (d/M2)

(
d1

a

) ∑

µν=n/M2

(
d1

µ

)(
d/M2d1

ν

)

and in Case II

RK(n, d) = λ(d,M)
w(d/M2)
2t(d/m2)+2

h(d/m2)
h(d/M2)

×
∑

d1∈F (d/M2)

(
d1

a

) ∑

µν=n/M2

(
d1

µ

)(
d/M2d1

ν

)

provided [a, b/m, c/m2] 6= [a, b/m, c/m2]−1.

Proof. If Null(n, d) 6= ∅ then, by Proposition 1, we have RK(n, d) = 0.
Hence we may suppose that Null(n, d) = ∅. Let m be a positive integer such
that d/m2 is a discriminant and m2 |n. By (0.7) we have

(2.4) Null(n/m2, d/m2) = ∅.
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As m is a positive integer such that m2 |n, m2 | d and d/m2 is a discriminant
then m |M = M(n, d) and

(2.5) M(n/m2, d/m2) =
M(n, d)
m

.

Hence
d/m2

M(n/m2, d/m2)2 =
d/m2

(M(n, d)/m)2 =
d

M(n, d)2 =
d

M2 ,(2.6)

n/m2

M(n/m2, d/m2)2 =
n/m2

(M(n, d)/m)2 =
n

M(n, d)2 =
n

M2 .(2.7)

Applying [4, Lemma 6.2, p. 286] in the case d < 0 and [9, Lemma 14, p. 35]
in the case d > 0 to each prime dividing m, we obtain

(2.8) RK(n, d) = λ(d,m)R[a,b/m,c/m2](n/m
2, d/m2).

Let G ∈ G(d/m2) be the genus to which the class [a, b/m, c/m2] belongs.
By (2.4)–(2.7) and Proposition 2, we obtain

(2.9) RG(n/m2, d/m2) = λ(d/m2,M/m)
w(d/M2)
2t(d/m2)+1

h(d/m2)
h(d/M2)

×
∑

d1∈F (d/M2)

γd1(G)
∑

µν=n/M2

(
d1

µ

)(
d/M2d1

ν

)
.

Now from (0.3) we deduce

(2.10) λ(d,m)λ(d/m2,M/m) = λ(d,M)

so that by (0.6) the equation (2.9) becomes

(2.11) RG(n/m2, d/m2) =
λ(d,M)
λ(d,m)

w(d/M2)
2t(d/m2)+1

h(d/m2)
h(d/M2)

×
∑

d1∈F (d/M2)

(
d1

a

) ∑

µν=n/M2

(
d1

µ

)(
d/M2d1

ν

)
.

We now assume that either Case I or Case II holds.

Case I. As H(d/m2) = Z2× . . .×Z2 we have G = {[a, b/m, c/m2]}. The
asserted formula follows from (2.8) and (2.11).

Case II. As H(d/m2) = Z4 × Z2 × . . . × Z2 and since [a, b/m, c/m2] 6=
[a, b/m, c/m2]−1 we have

G = {[a, b/m, c/m2], [a,−b/m, c/m2]}.
Hence

RG(n/m2, d/m2) = R[a,b/m,c/m2](n/m
2, d/m2)

+R[a,−b/m,c/m2](n/m
2, d/m2).



Representations by binary quadratic forms 93

Clearly

R[a,b/m,c/m2](n/m
2, d/m2) = R[a,−b/m,c/m2](n/m

2, d/m2)

so that

(2.12) R[a,b/m,c/m2](n/m
2, d/m2) =

1
2
RG(n/m2, d/m2).

The asserted formula now follows from (2.8), (2.11) and (2.12).

We note that when Null(n, d) = ∅ and m2 |n, the formula for R[a,b,c](n, d)
depends only upon n, d and the genus to which [a, b/m, c/m2] belongs. In
this connection see [15].

3. Some special cases of Theorem 1. The values of d with −140 ≤
d < 0 to which the theorem applies are listed in Table 1.

Table 1

d H(d) m d/m2 H(d/m2) Corollary Reference

−44 Z3 2 −11 Z1 1 [7, Theorem 1a]

−63 Z4 3 −7 Z1 2

−76 Z3 2 −19 Z1 3 [7, Theorem 5a]

−80 Z4 2 −20 Z2 4 [7, Theorems 3a, 4a]

−108 Z3 2 −27 Z1 5
−108 Z3 3 −12 Z1
−108 Z3 6 −3 Z1

−128 Z4 2 −32 Z2 6 [7, Theorem 7a]
−128 Z4 4 −8 Z1

−135 Z6 3 −15 Z2 7

−140 Z6 2 −35 Z2 8

Applying the theorem to the discriminants in the table, we obtain the
following corollaries. The value of RK(n, d) is only given for those K ∈ H(d)
such that K = K−1 and K belongs to a genus containing exactly two classes
or K belongs to a genus having three or more classes.

Corollary 1. Let n = 2α11βN , where (N, 22) = 1. Then, for α ≥ 1,
we have

R[1,0,11](n,−44) = R[3,±2,4](n,−44)

=
1
2

(1 + (−1)α)
(

1 +
(
N

11

))∑

d|N

(
d

11

)
.
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Corollary 2. Let n = 3α7βN , where (N, 21) = 1. Then, for α ≥ 1,
we have

R[1,1,16](n,−63) = R[4,1,4](n,−63)

=
1
2

(1 + (−1)α)
(

1 +
(
N

7

))∑

d|N

(
d

7

)
.

Corollary 3. Let n = 2α19βN , where (N, 38) = 1. Then, for α ≥ 1,
we have

R[1,0,19](n,−76) = R[4,±2,5](n,−76)

=
1
2

(1 + (−1)α)
(

1 +
(
N

19

))∑

d|N

(
d

19

)
.

Corollary 4. Let n = 2α5βN , where (N, 10) = 1. Then, for α ≥ 1,
we have

R[1,0,20](n,−80) = R[4,0,5](n,−80)

=





1
2

(
1 + (−1)α

(−1
N

))(
1 +

(−5
N

))∑

d|N

(
d

5

)
if α ≥ 2,

0 if α = 1.

Corollary 5. Let n = 2α3βN , where (N, 6) = 1. Then, for (α, β) 6=
(0, 0), we have

R[1,0,27](n,−108) = R[4,±2,7](n,−108)

=
θ

2
(1 + (−1)α)

(
1 +

(
N

3

))∑

d|N

(
d

3

)
,

where

θ =





0 if α = 1 or β = 1,

1 if α = 0, β ≥ 2 or α ≥ 2, β = 0,

3 if α ≥ 2 and β ≥ 2.

Corollary 6. Let n = 2αN , where (N, 2) = 1. Then, for α ≥ 1, we
have

R[1,0,32](n,−128) = R[4,4,9](n,−128)

=





(
1 +

(−2
N

))∑

d|N

(−2
d

)
if α ≥ 4,

1
2

(
1 +

(−1
N

))(
1 +

(−2
N

))∑

d|N

(−2
d

)
if α = 2,

0 if α = 1 or 3.
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Corollary 7. Let n = 3α5βN , where (N, 15) = 1. Then, for α ≥ 1,
we have

R[1,1,34](n,−135) = R[4,±3,9](n,−135)

=





1
2

(
1 + (−1)α+β

(
N

5

))(
1 +

(
N

15

))∑

d|N

(
d

15

)
if α ≥ 2,

0 if α = 1,
R[2,±1,17](n,−135) = R[5,5,8](n,−135)

=





1
2

(
1− (−1)α+β

(
N

5

))(
1 +

(
N

15

))∑

d|N

(
d

15

)
if α ≥ 2,

0 if α = 1.

Corollary 8. Let n = 2α5β7γN , where (N, 70) = 1. Then, for α ≥ 1,
we have

R[1,0,35](n,−140) = R[4,±2,9](n,−140)

=
1
4

(1 + (−1)α)
(

1 + (−1)β+γ
(
N

7

))(
1 +

(
N

35

))∑

d|N

(
d

35

)
,

R[3,±2,12](n,−140) = R[5,0,7](n,−140)

=
1
4

(1 + (−1)α)
(

1− (−1)β+γ
(
N

7

))(
1 +

(
N

35

))∑

d|N

(
d

35

)
.

Vepkhvadze [16] gave formulae for R[1,0,19](n,−76) and R[4,±2,5](n,−76).
When α ≥ 1 his formulae agree with those of Corollary 3. However when
α = 0 his formulae are not correct, as was noted by Zhuravlev [17] in his
review of Vepkhvadze’s paper. We correct and extend Vepkhvadze’s formulae
in the next theorem.

Vepkhvadze’s Theorem (corrected and extended). Let m ∈{11, 19, 27,
43, 67, 163}. Let p denote the unique prime dividing m. Let m∗ = 1

4 (m+ 1).
Let n = pβN , where (N, 2p) = 1. Then

R[1,0,m](n,−4m) = −
∑

x2
1+x1x2+m∗x2

2=n

(−1)x1 ,

R[4,±2,m∗](n,−4m) =
∑

d|N

(−p
d

)
+

1
2

∑

x2
1+x1x2+m∗x2

2=n

(−1)x1 .

Proof. First we note that

R[4,2,m∗](n,−4m) =
∑

4x2
1+2x1x2+m∗x2

2=n

1 =
1
2

∑

x2
1+x1x2+m∗x2

2=n

(1 + (−1)x1)
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=
1
2
R[1,1,m∗](n,−m) +

1
2

∑

x2
1+x1x2+m∗x2

2=n

(−1)x1 .

As H(−m) consists of the single class [1, 1,m∗], by Dirichlet’s theorem [4],
[5] we have

R[1,1,m∗](n,−m) = 2
∑

d|n

(−p
d

)
= 2

∑

d|N

(−p
d

)
.

Thus

R[4,2,m∗](n,−4m) =
∑

d|N

(−p
d

)
+

1
2

∑

x2
1+x1x2+m∗x2

2=n

(−1)x1 .

As [1, 0,m], [4, 2,m∗] and [4,−2,m∗] comprise the three classes of H(−4m),
and n is coprime with the conductor of the discriminant −4m, namely 2 if
m 6= 27 and 6 if m = 27, by Dirichlet’s formula we have

R[1,0,m](n,−4m) +R[4,2,m∗](n,−4m) +R[4,−2,m∗](n,−4m)

= 2
∑

d|n

(−4m
d

)
= 2

∑

d|N

(−p
d

)
.

Clearly
R[4,2,m∗](n,−4m) = R[4,−2,m∗](n,−4m)

so that

R[1,0,m](n,−4m) = 2
∑

d|N

(−p
d

)
− 2R[4,2,m∗](n,−4m)

= 2
∑

d|N

(−p
d

)
− 2
(∑

d|N

(−p
d

)
+

1
2

∑

x2
1+x1x2+m∗x2

2=n

(−1)x1

)

= −
∑

x2
1+x1x2+m∗x2

2=n

(−1)x1 ,

completing the proof.

4. Concluding remarks. The following result is part of [7, Theo-
rem 2a]. It does not follow from Theorem 1.

Corollary 9. Let n = 2α17βN , where (N, 34) = 1. Then

R[1,0,17](n,−68) = 0 if N ≡ 3 (mod 4).

This result is the special case a = 1, b = 0, c = 17, d = −68 of the
following elementary result.
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Theorem 2. Let n = 2αN , where (N, 2) = 1. Let K = [a, b, c] ∈ H(d).
If

a ≡ c ≡ 1 (mod 2), a− c ≡ b ≡ 0 (mod 4), a− b− c ≡ 0 (mod 8),

then
RK(n, d) = 0 if N ≡ a+ 2 (mod 4).

Proof. Suppose that there exist integers x and y such that

(4.1) n = ax2 + bxy + cy2.

If 4 |n then

x2 + y2 ≡ a2(x2 + y2) ≡ a(ax2 + bxy + cy2) = an ≡ 0 (mod 4)

so that x ≡ y ≡ 0 (mod 2). Hence, dividing out powers of 4 in n, we deduce
that there exist X ∈ Z and Y ∈ Z such that

aX2 + bXY + cY 2 =
{
N if 2 |α,

2N if 2 -α.

If 2 |α then

X2+Y 2 ≡ a2(X2+Y 2) ≡ a(aX2+bXY+cY 2) ≡ aN ≡ a(a+2) ≡ 3 (mod 4),

which is impossible.
If 2 -α then X ≡ Y (mod 2) and

X2 + Y 2 ≡ a2(X2 + Y 2) ≡ a(aX2 + (b+ c)Y 2) ≡ a(2N + bY (Y −X))

≡ 2aN ≡ 2a(a+ 2) ≡ 6 (mod 8),

which is impossible.
This completes the proof that R[a,b,c](n, d) = 0 for N ≡ a+ 2 (mod 4).

Applying Theorem 2, we obtain

Corollary 10. Let n = 2α41βN , where (N, 82) = 1. Then

R[1,0,41](n,−164) = 0 if N ≡ 3 (mod 4).

Corollary 11. Let n = 2α41βN , where (N, 82) = 1. Then

R[5,±4,9](n,−164) = 0 if N ≡ 3 (mod 4).

Corollary 12. Let n = 2α7βN , where (N, 14) = 1. Then

R[1,0,49](n,−196) = 0 if N ≡ (−1)β−1 (mod 4).
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