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Function fields of certain arithmetic curves and application
by

JAa KyunG Koo and DonG Hwa SHIN (Daejeon)

1. Introduction. It is well-known in the theory of modular forms and
functions that the group GL;(R) acts on the complex upper half-plane $ by
linear fractional transformation. When we need to emphasize we think of an
element vy of GLj (R) not only as a matrix but also as a transformation, we
shall denote it by 7. For a suitable discrete subgroup I' of GLj (R) which is
commensurable with PSLz(Z) the orbit space I'\$) can be given a Riemann
surface structure, which can be compactified by adding the cusps to I'\$H*
where $* = U PYQ) ([3] or [12]). We call this compact Riemann surface
an arithmetic curve. A meromorphic function f on $ invariant under the
action of all v € I' is said to be weakly modular for I' (or I'). If a weakly
modular function f for I is also meromorphic at all the cusps in the sense
of [12], we say that f is modular for I' (or I').

For a positive integer N we consider the following congruence subgroups:

IH(N) = {(24) €SLa(Z) : (24) = (57) (mod N)},

L) = {(2}) €SLa(@): (24) = (31) (mod M)},

r(N) = {(2}) €SLa(@) : (24) = (31) (mod M)},
and let @y be the Fricke involution ( N 0 . We are mainly concerned
with the field of meromorphic functions on the compact Riemann surface

(', ®N)\$H* where I is one of the above congruence subgroups. From now
on, for convenience we let

S Qo s A

\/

THN) = (To(N).Bx), THN) = (T1(N),By), T'(N)=(T(N),®y),
Xo(N) = To(N\H*,  Xi(N) =T1(N\9*,  X(N) = T(N)\$",
XHN) =Thv\s*,  X[(V) =TLv\e,  XT(NV) =TI (V)\9,
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and let IC(R) be the field of meromorphic functions on any compact Riemann
surface R listed above. The function fields of our interest are classically de-
scribed in terms of the modular invariant j and the Fricke functions ([3] or
[12]), which requires good understanding of the theory of elliptic curves. In
general, the function field of a compact Riemann surface (viewed as an alge-
braic curve) can be generated by at most two functions ([L0]). For instance,
Ishida-Ishii constructed in [5] these two generators of C(X;(NN)) by using
certain products of Klein forms.

As preliminaries we review some arithmetic properties of Siegel functions
developed by Kubert-Lang ([§]) and Koo—Shin ([7]). We then find generators
of function fields in terms of j and Siegel functions (Theorems and
unlike in Ishida—Ishii’s approach.

On the other hand, Kim—Koo ([6]) gave a genus formula for the arith-
metic curve X IT (N). Using that formula they showed that X I (N) has genus
zero exactly when 1 < N < 12 and N = 14, 15. Choi-Koo constructed in [1]
primitive generators of genus zero curves X I (N) by using elliptic functions
and theta functions. However, their method seems to be too artificial and
inconvenient for other similar situations. Therefore we revisit this subject
and present a process of finding primitive generators in a more standard
and systematic way (Theorem and Table 1) by means of Siegel functions
only. To this end we essentially follow the idea of Koo—Shin ([7]) who dealt
with various modifications of Siegel functions.

Next, we know that a classical generator of the ring class field of the
order of conductor N (> 2) over an imaginary quadratic field K is given
by a singular value of j. Moreover, we recently showed that any power of
a certain linear form of j also becomes a generator of the ring class field
over K (Lemma . As an application of previous sections and this fact
we shall further find a primitive generator of the ray class field modulo N
over K (# Q(v/—1),Q(v/=3)) in terms of the singular values of j and Siegel
functions (Theorem which is different from Ramachandra’s ray class
invariant ([11]) constructed from very complicated products of high powers
of singular values of Klein forms and singular values of the discriminant A.
We also describe Galois groups between the two class fields mentioned above
(Proposition by adopting the idea of Gee ([4]).

2. Preliminaries. In this section we introduce Siegel functions and
briefly review their transformation formulas and criterions for determining
modularity which are developed in [8] and [7].

Let Bo(X) = X2~ X +1/6 be the second Bernoulli polynomial. For any
r = (r1,r9) € Q?\ Z% we define the Siegel function g,(t) for 7 € § by the
following q--product formula:
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where ¢ = ¢ and ¢, = e with z = r17 + r9. From the definition we
can deduce the simple order formula

S Bo((r1)

where (rq) is the fractional part of r1 so that 0 < (r1) < 1. Here we remark
that this function is holomorphic and never vanishes on $. In the following
proposition we present basic transformation formulas for Siegel functions.

(2.2) ordg, gr =

PROPOSITION 2.1 (see [T, Proposition 2.4]). Let r = (r1,r9) € Q2 \ Z2.
Then:

(i) 9—r = —Gr.
(ii) For S = (9,') and T = (}1) we have

gr oS = (logrs = (1o(ra—r)s  9r 0T = C129r7 = C12G(r1 r1472)

where C1o = €*™/12. Hence for v € SLy(Z), gr oy = £gry with € a
12th root of unity.
(iii) For s = (s1,52) € Z* we have

Gris = €(r,8)g.  where g(r,s) = (—1)s152Hsitszemmilsira=sary)

REMARK 2.2. We see from Proposition [2.1fii) and the order formula
(2.2) that any product of Siegel functions is meromorphic at the cusps.
Hence it is not necessary to check the meromorphy of Siegel functions at
the cusps in what follows.

For a positive integer N we denote by Fp the field of all modular func-
tions h for the principal congruence subgroup I'(N) for which the Fourier

coefficients of ho~ with respect to qi/N for any v € SLa(Z) belong to Q({x)
with (y = e2™/N. Then Fy is a Galois extension of F; (= Q(j(7))) with
Gal( Py /F1) = GLo(Z/NZ)/+(} ) (1) or [12]).

Kubert-Lang provided a condition for a product of Siegel functions to be-
long to Fiv. For N >2 we say that a family of integers {m(r)},_,, e kzn\z2

with m(r) = 0 except finitely many r satisfies the quadratic relation mod-
ulo N if

Zm )(N71)? Zm )(N7r9)* =0 (mod ged(2,N) - N),

Zm (Nr1)(Nry) =0 (mod N).
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PROPOSITION 2.3 (see [8, Chapter 3, Theorems 5.2 and 5.3]). Let N > 2.
A product of Siegel functions
I

re€§Z2\Z2
belongs to Fn if {m(r )} satisfies the quadratic relation modulo N and
ged(12,N) - >, m(r) = 0 (mod 12). In particular, gi*N lies in Fn for
re w2\ 7Z2.
We further examine a condition for a product of Siegel functions to be
modular for I'j (V). Note that for ¢t € Z \ NZ we have the relation

N-1

N_1(
(2.3) 1T 96/vmym) (1) = €772 (5 g n 0y (NT)
n=0

from the identity 1 — XN = (1-X)1—-(¢nX)---(1— C%*lX)’
PROPOSITION 2.4 (see [7, Theorem 6.2]). Let N > 2. A product

_ m(t)
9= H 9N, 0

18 modular for Fl(N) if the family of integers {m(t)}ii_ll satisfies
(2.4) Zm (mod 12), Zm(t)t2 =0 (mod gcd(2,N) - N).
t

In particular, g(lf/jvv 0) (NT) is modular for I'1(N) fort € Z\NZ. Furthermore,

Jor vy =(9%) € SLy(Z) we get

(2.5)  ordg, (goy) = ng C N 'y lm (<gcd(actf\’)>)

Now we investigate the action of Gal(}" ~/F1) on certain Siegel functions
for later use.

PROPOSITION 2.5. Let N > 2, s € Z\NZ and t € Z with gcd(t, N) = 1.
Then the action of the element (§?) of Gal(Fy/F1) is given by

t 0
G2 (MO0 = g2, (), gl g (N0 1) = gl o) (N7),

where (X) is the fractional part of a real number X with 0 < (X) < 1.
Proof. See [8, p. 36, Proposition [2.1f(iii)] and the relation (2.3).

3. Function fields of X lT (N). In this section we first describe the func-
tion field K(X1(V)) in terms of j and a product of Siegel functions. We can
then naturally extend it to (X I (N)). Here we do not intend to reduce the
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number of generators to be 2 as Ishida-Ishii did in [5]. From now on, unless
otherwise specified, N is always a positive integer > 2.

LEMMA 3.1. For N >6 let g = g(lgflv/N) (7)9(112/%’0) (NT). Then:

(i) g is modular for I'1(N).

(i) If g is invariant under the action of v = (%) € SLy(Z), then

vy==%(§7) (mod N).

Proof. (i) By Proposition the function 9(1(?,11\[/N) (1) is modular for
I'(N). It is also invariant under the action of T = ({1) by Proposition
(ii). Since I1(N) = (I'(N),T), g(102’11\//N) (1) is modular for I'1(N). Fur-
thermore, g(lf/]}’\, 0)(N 7) is also modular for I} (V) by Proposition which
implies that g = g(lgflv/N) (7)9(112%\770)(]\[7') is modular for I} (N).

(ii) Now we assume that g oy = g for some v = (24) € SLy(Z). Then

obviously ord,, (g oy) = ord,, g. By (2.2) and (2.5)),

(3.1) ordg (go7) = 6NB, (<;>> + 6ged(c, N)*Bs <<gcd(acN)>> :
(3.2) ord,. g = 6NB(0) + 6N?By <;]> = N? - 5N +6.

Suppose ged(c, N) # N. The shape of the graph of Y = By(X) over the
interval 0 < X < 1 indicates that the maximum value of Bo(X) is 1/6 at
X =0,1.So
ord,, (go7) < 6NBg(1/N) + 6(N/2)*B2(0) = 6/N — 6 + N + N?/4.
On the other hand, for N > 6 we can easily check that
6/N -6+ N + N?/4 < N*> —5N +6,

which contradicts ord,, (go7) = ordg, (¢). Thus ged(e, N) = N, which yields
By((a/N)) = By(1/N) from (3.1), and the fact that ordg (go~y) =
ordg, (g). Therefore a = £+1 (mod N) from the shape of the graph ¥V =
B2(X). Now as det(a) = 1, we have a = d = £1 (mod N), which proves
y==4({71) (mod N) as desired. =

THEOREM 3.2. Let N > 6. Then

K(Xo(N)) = C(j(7), j(N7)),
K(X1(N)) = CGT), 925 ) (D)9 o) (N T)),
K(X(N)) = CG), 92w (D9 N0y (N7, 920y (7).

Proof. For IKC(Xo(N)) we refer to [3]. Here we concentrate on K(X1(N))
and IC(X (NNV)). We see from [3] that

Gal(K(X (N))/K(X1(N)) = {£(}}) € SLa(Z/NZ) /£ (}9) : b € Z/NZ)
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as a subgroup of

Gal(K(X(N))/K(X(1))) = SLa(Z/NZ)/+ (§ 1)
whose action is given by composition. Assume that g(10211V/N)< T)gt (1 N 0)(N T),
which belongs to IC(Xl( )) by Lemma s fixed by the action of some

v € SLo(Z/NZ)/ £ (§ 7). Then by Lemma we get v =+ ({ 1) (mod N).
Since K£(X (1)) = C(j ( )) ([9] or [12]), we conclude by Galois theory that

K(X1(N)) = KX 1) (9623 (Tg(Ev,0) N T))
:C(J(T)vg(OJ/N)( T)g (1/N,o)(NT))-

Next, we assume that g(llz/% 0) (1) is fixed by the action of + (5 ll’) €

SLa(Z/NE) [+ (1) Then gli0(7)  (31) = ol (7) = ol ()
by Proposition ( i). It follows from the action of the element ( ) on
both sides of g(l/N,b/N)( T) = 9(1/N,0)( 7) that IQ/ZX, 1/N)( T) = _I/N)(T)

Now we compare the orders via the formula (2.2]) to obtain 6,V B2(<b/N ))
6NB2(0); hence b = 0 (mod N) by the shape of the graph ¥ = Ba(X).
Therefore

K(X(N)) = K(X1(N))(g(t/v.0)(T)
= C(j(1), (102]1V/N)< T)g (1/No)<NT) (1/N0)(T)) .
We will extend the above results to the function fields IC(XS(N ))s
K(X](N)) and K(XT(N)). Since n (_5 )Py = —N (1) and I1(N) =

(D(N), (1)), we have T (N) = T1(N), and so XT(N) = X[(N). Thus we
are reduced to considering the first two cases.

LEMMA 3.3. Let I' be IH(N) or I''(N). If a function f on $ is weakly
modular for I', then both f + fo®yN and f - f o PN are weakly modular for
Proof. For any (g g) € I' we deduce

()=

which implies ®nI" = I'®y. Thus f o & is weakly modular for I'.
On the other hand, since

1 0
3.4 Py ody =—N
(3.4) NoDy (0 1)

which is the identity as a transformation, it follows that (f+ fo®y)o Py =
fo®dn+ fand (f-foPy)o®Py = fody - f. This proves the lemma. =
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LEMMA 3.4. Fort € Z\ NZ we have

9it/N,0)(NT) 0 DN = —(Tag(0,e/n) (7).
Proof. Observe by Proposition [2.1] that
9/N0)(NT) o Dn =gy o (¥ 9) o (N 70) (M) =gemnoo(y 5) @)
= g0 © (170) (1) = ago,—t/n) (1) = —(Tagioe/ny (7). =
THEOREM 3.5. For N > 6 we have
K(XJ(N)) = C(j(r) + j(N7), §(r)j(NT)),

K(X](N)) = () + §(N7), G(0FNT), g3 0 ()91 20 0y (N T)).

Proof. By Proposition the function g = g(llz/jyv 0) (N7) is modular

for I'1(IN). Moreover, by Lemma we have go &y = g(lgzlv/N) (7). Hence
the function g%&ZIV/N)(T)g(lf/JYV’O)(NT) = (g o @y) - g lies in IC(XI(N)) by
Lemma 3.3

Let I be IH(N) or I''(N). Note that j(7) is not invariant under the
action of @y because j(1) o ®n = jo (!75) o (§9)(r) = j(N7), and
observe that j(7) is a root of the quadratic equation

X2 = (4(r) + §(NT)X +5(r)j(N7) = 0.

Now since [(I",@y) : '] = 2 by (3.3) and (3.4), we deduce the assertions
from Theorem 3.2 w

We summarize all the results in the following diagram of a tower of
function fields, with g = g(10211\1/N) (T)g(l/N 0)(N7')

K(X(N)) = C((r), 9, 982 0y ()

PN

K(xt(N)) = K(x{ @) K(X1(N)) = C(i(r), 9)

N

K(X](N)) = C@(7) + §(N7T), ()i (NT), K(Xo(N)) = C(i(r), i(N7))

N

K(X§ (V) = CG(r) + §(N7), §(7)5(NT))

\/\
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4. Primitive generators of IC(XI (N)) of genus zero. Kim-Koo ([6])
showed that the curves XI(N ) have genus zero for 1 < N < 12 and N =
14,15, and for such curves Choi-Koo ([I]) found primitive generators of the
function fields by using elliptic functions and theta functions. However, their
method seems to be artificial and inconvenient for other similar situations.
Therefore we propose a more systematic and standard way to find primitive
generators in terms of Siegel functions only. First we develop an analogue
of Proposition motivated by Lemma

PROPOSITION 4.1. Let NZ 2. Assume that a family of integers {m ()},
satisfies the condition . Then the product

N-1
H Ot/N 9(t/N,0) (NT))m(t)

t=1
is an element of IC(XI(N)). Furthermore, for v = (2Y) € SLy(Z) we have

B wofa((8) 2 n ()

Proof. Let
N-1 N-1
m(t m(t
9= I1 stivg (V1) and o' = ] ofgn) (7).
t=1 t=1

Then we see from Proposition that g is modular for I'1(N), and we
further establish

N-1 N—-1
go®y = [[ (—Cagoeym) ()™ = (=1p)=0 T gng(tt/N) =g
t=1 t=1

by Lemma and the condition Y, m(t) = 0 (mod 12). Hence g' = ¢'- g =
(9o @y) - g, which implies that g' lies in IC(XI(N)) by Lemma
Finally, for v = (ﬁ Z) € SLy(Z) we deduce the order formula

ordy ( o) = ord,, (¢’ o) + ord,, (g o)

N
1 t
Z 5 Bs << j\/ >> + ordg, (go~y) by Proposition [2.1](ii) and (2.2)

Sr{m ()= (o))} v

The following theorem gives us a criterion for determining whether a
given product of Siegel functions is a primitive generator or not. This is
similar to those for the modular curves X;(N) shown in [7] or [13].

N | w
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THEOREM 4.2. Suppose that XI(N) has genus zero and a product
N-1

QT = H (Q(o,t/N) (T)g(t/N,O) (NT))m(t)
t=1

lies in IC(XI(N)). For each cusp s = a/c € Q with ged(a,c) = 1 which is
mequivalent to oo, if

(4.2) ;Nz:lm(t) (é + NB, (;)) _

o L) ()}

then gt is a generator of IC(XIT(N)).

Proof. The width of co on XlT (N) is 1 ([1]). From the order formula
in Proposition and the hypothesis in the theorem it follows that
g' has a simple pole at co and is holomorphic elsewhere. Therefore X I (N)
is isomorphic to the projective line P'(C) through the map 7 — [1 : gT(7)],
and hence K(X](N)) = C(g"). =

Table 1. Primitive generators of K(X](N))

N Inequivalent cusps of X/ (N) Primitive generators of K(X](N))
2 0

3 0 .

4 %, 3 (H3)"

5 s, 1 (1)5(2)°

6 %, } (&)

7 SR (3P

8 0, 3, 3 (573"

9 o b3k (B ()

10 ®, 3, 3 1 (7)1 (H) (%) (55)"

n 00 4 4 4} () )6 )
12 %, 3 3 0 5 (33) 7' (53)"

TR A () () () )
B e b i bbbl BREE

From [7, Theorem 6.4] we can readily determine the inequivalent cusps
of X;(N), from which we get the inequivalent cusps of XIT(N ) (Table 1).
Furthermore, [I, Lemmas 3.2 and 3.3] enable us to estimate the widths of
the cusps. However, these values are not necessary to apply Theorem So
we only provide the table for all the inequivalent cusps of X I(N ) without
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finding their widths for 2 < N <12 and N = 14,15. Then we can find

families of integers {m(t )} iy ! satisfying (2.4 . 4.2)) and (4.3) to accomplish
our goal. In the table we use the notatlon

N-1 m(t)
t
11 <N> H 90.4/N) (T)g(t /.0y (NT))™ .
t=1

t=1

Observe that for N = 2,3 the curve XlT (N) has only one cusp. Since our
Siegel functions are supported on the cusps, it is not possible to find primi-
tive generators of IC(XI (N)) in these two cases.

5. Application to class fields. As an application we shall construct
a primitive generator of the ray class field modulo N (> 2) over any imag-
inary quadratic field other than Q(yv/—1) and Q(v/—3). To this end we
shall utilize the singular values of 7 and Siegel functions which are mod-
ular for Ff(N).

Let K (# Q(v/—1),Q(v/—3)) be any imaginary quadratic field with dis-
criminant dg (< —7). Define

B {\/E/Q if dg =0 (mod 4),
(-1 +vdg)/2 ifdx =1 (mod 4),

which is a generator of the ring of integers Ok of K and let min(6,Q) =
X?+ByX +Cy € Z[X]. We denote by H and Ky the Hilbert class field and
the ray class field modulo N (> 2) of K, respectively. It is then well-known
that

(5.1) Ky = K(h(0) : h € F is defined and finite at 0)

by the main theorem of complex multiplication ([9] or [12]). Furthermore,
by Shimura’s reciprocity law we have an isomorphism

(5.2) WN79/j:(é[1))1>Gal(K(N)/H),
v = (h(0) — h7(0)),
where h € Fy is defined and finite at 0, and
t — Bps —C,
Wiy = {( 03 tes) € GLa(Z/NZ) : t,s € Z/NZ}

S

([12] or [4]). Now, let Hp be the ring class field of the order O of conductor
N (> 2) in K. Then we get
3
]

5.3) Ho = K(j(N0))

9] or [12]). Moreover, we have

(
(
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LEMMA 5.1 (see [7, Lemma 9.9]). For any nonzero integer m, the value
(35(NO) 4+ 1)™ generates Hp over K.

LEMMA 5.2 (see proof of [7, Theorem 9.8]). Let N > 2. Then each
element (§9) of Wno/£(3Y) fizes the value j(NG).

PROPOSITION 5.3. For N > 2, Gal( ~y/Ho) is isomorphic to the sub-
group {(§9):t € (Z/NZ)*}/=(} OfWNg/:l:( 9).

Proof. First, we have the degree formula

O(NOg)w(NOk)

where ¢ is the Euler function for ideals,

@(p") = (Ng/op — DNg/op™

for a power of prime ideal p, w(NOf) is the number of roots of unity in K
which are = 1 (mod NOg), and wg is the number of roots of unity in K
(8]). We also have the formula

ot =g 10 (5)))

where (‘%‘) is the Legendre symbol for an odd prime p and (TK) is the
Kronecker symbol ([2]). Thus one can readily check that
[K ()

(K : Hol = [HT =[{(§

:t € (Z/NZ)*}/E(59) .
Therefore by Lemma the assertion follows by Galois theory. m

LEMMA 54. If N >4 and 1 <t < [N/2], then:

|1 —=Cwn 1
® ‘1—@% <
1

T/ —d
(11) W < ]. + e 1-03KX fOT all X 2 ].
— e —O0K

(iii) 14+ X < eX for all X > 0.

(iv) lgc/n,0)(NO)| < lg@/n,0)(NO)|.
(v) 190,13 ()] < |g(0,e/n)(0)]-

Proof. (i)—(iii) are almost trivial and (iv) is proved in [7, Lemma 9.3].
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Hence we only prove (v). Putting

J. K. Koo and D. H. Shin

by the definition ([2.1)

since dg < —7,

A= |627ri9‘ — eﬂf@
we get
‘gww ) ‘ ‘1—<N A
9(0,t/N)(0) T=Ch | 1L (1= any?
1 [e.9]
< ﬁ H(l +An)2(1 +An/1.03)2 by (1) and (11)
n=1
1 O /1.03
<[] by (i)
\/inzl
1 24, 24l/1.03 26_‘/\/71" 28—\/\?\’/1403
— AT AI/IO03 « — g1 VTm | —VT/1.03 <1
V2 R

which proves (v). =

THEOREM 5.5. For N > 2, define

G(r)=

1<s<N-1

ged(s,N)=1

(9(0,5/N) (T)g(s/N,0)(NT))

(35 (NT) + 1)(9¢00,1/3)(T)9(1/N,0) (NT))t2New)

< 1

—12N

where ¢ is the Euler ¢-function for positive integers. Then the singular value

G(0) generates Ky over K.

Proof. The above function without the factor 3j(N7) + 1 is in Fy N
IC(XT(N)) by Propositions and H So its singular value G(6) be-

longs to Ky

y by (5.1) and (5.3)). As a subfield of Ky, the field K(G(0))

is an abehan extensmn of K. Hence K(G()) contains the element

It then follows from (5.2) that the action of each element (9

I c®?).

1<t<N-1
ged(t,N)=1

) is given by

3j(N9) + 1)(6%) = 3j(NO)+1 by Lemma

10
((900.1/m) (‘9)9(1/N,o)(NG))HM(N))(O 1) = (9(0.6/5)(0) 91/ .0) (N §)) 12N PN

by Proposition
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(67)

+O

T (900 @)ge/mn (NO) 1Y)
1<s<N—1
ged(s,N)=1
=TI (Go.estyny) (@)g(ist/ny0(N6)) N by Proposition 2.5
1<s<N—1
ged(s,N)=1

= H (Q(o,s/N)(Q)Q(S/N,o)(Ng))me-

1<s<N-1
ged(s,N)=1

Thus we derive

1<t<N-1

ged(t,N)=1
This implies that K(G(6)) contains Ho by Lemmal[5.1] Now, by Proposition
and Galois theory, it suffices to prove that if the element (§9) for some
t € Z with 1 <t < [N/2] and ged(t,N) = 1 fixes G(0), then t = 1. So
assume that (§9) fixes G(0). If N = 2,3, then obviously ¢t = 1. So, we may
assume N > 4. Then by the above description of the action of (§9) we
deduce that

- ‘ G(0) ’ _ ’9(0 10 () g1 /v,0)(NO) 12N
a6 9(0.t/n) (@) g(e/n,0) (N O)
9o,1/n)(0) 12N6(N) (1/N,0)(NO) 12NG(N)
‘ 0,t/N)(0) ' ge/n,0)(NO)

But this equality holds only when ¢t = 1 by Lemma [5.4{iv), (v), which
concludes the proof. =
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