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A note on the fourth moment of Dirichlet L-functions
by

H. M. Bul and D. R. HEATH-BROWN (Oxford)

1. Introduction. For x a Dirichlet character (mod ¢), the moments of
L(s,x) have many applications, for example to the distribution of primes
in the arithmetic progressions to modulus ¢. The asymptotic formula of the
fourth power moment in the g-aspect has been obtained by Heath-Brown
, for ¢ prime, and more recently by Soundararajan [5| for general ¢. Fol-
lowing Soundararajan’s work, Young (7] pushed the result much further by
computing the fourth moment for prime moduli ¢ with a power saving in
the error term. The problem essentially reduces to the analysis of a particu-
lar divisor sum. To this end, Young used various techniques to estimate the
off-diagonal terms.

In the case that the t-aspect is also included, a result of Montgomery
states that

LT
S §1L(/2+ it I dt < p(q)T(log qT)?
x (mod q) 0

for q, T > 2, where Z; (mod g) indicates that the sum is restricted to the
primitive characters modulo ¢q. As we shall see, the upper bound is too large
by a factor (¢/¢(q))?. A second result of relevance is due to Rane . After
correcting a misprint it states that

2T

* : e ()T y7(1—p71)°
> Ve +it x|t dt = ot 11 = (log ¢T)*
X (modgq) T plg

+0(249¢* (q)T (log ¢T)* (log log 3¢)°),
where ¢*(q) is the number of primitive characters modulo ¢ and w(q) is

the number of distinct prime factors of ¢. This can only give an asymptotic
relation when 2¢(@) < log ¢, which holds for some values of ¢, but not others.
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Finally, we mention the work of Wang HEI], where an asymptotic formula is
proved for ¢ < 779, for any fixed § > 0.

The goal of the present note is to establish an asymptotic formula, valid
for all ¢, T > 2, as soon as ¢ — oo.

THEOREM 1. For q,T > 2 we have, in the notation above,

T
S VL2 it )t
X (mod g) 0
_ wl@) ¢ \¢@T 7 a-p ') /
_<1+O(logq SO(Q)>) 52 11 T (log ¢T)*+0(qT (log ¢T)"/?).

plg

Our proof uses ideas from the works of Heath-Brown (1] and Soundarara-
jan , but there is extra work to do to handle the integration over t.

REMARK 1. It is possible, with only a little more effort, to extend the
range to cover all 7" > 0. In this case the term ¢*(¢)7" in the main term
remains the same, as does the factor ¢7' in the error term, but one must
replace log gT" by log (T + 2) both in the main term and in the error term.

REMARK 2. One may readily verify that our result provides an asymp-

totic formula, as soon as ¢ — oo, with an error term which saves at least a
factor O((loglog ¢q)~'/?).

REMARK 3. The literature appears not to contain a precise analogue
of this for the second moment. However, Motohashi has considered a
uniform mean value in t-aspect. He proved that if y is a primitive character
modulo a prime ¢, then

T

L2 P@T qT log p

VIL(1/2+it, x)? dt = . <10g2W+2’y+2zp_1

0 pla
+0((¢"T"? 4 ¢'/%)(log ¢T)*)

for T' > 2. This provides an asymptotic formula when ¢ < 7279 for any fixed
6 > 0. Our theorem does not give a power saving in the error term, but it
yields an asymptotic formula without any restrictions on ¢ and 7.

2. Auxiliary lemmas

LEMMA 1. Let x be a primitive character (mod q) such that x(—1) =
(—1)® with a =0 or 1. Then

/2P =2 3 xex (b)w(”qbt)
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where
Wa(x;1)
1 I'(1/4+it/2+z/2+a/2)'(1/4 —it/2+ 2/24+a/2) ,» _,.dz
:7.8 : e’ —.
2mi @ |II(1/4+it/2+ a/2)]?
Proof. Let
1 A2+t + 2, x)A(L/2 — it + 2,X) ,2dz
I:: -— S - 2 e I
271 @) |[I'(1/4+it/2 4+ a/2)] z
where
A1/2+s,y) = (£ S/ZF 8 pa/2 4 x)
y X) = - 179775 » X )

We recall the functional equation
() -
A(1/2 = —=£ A(1/2 - .
(1/2+s,x) N (1/2=s,%)

Hence, moving the line of integration to 8z = —2 and applying Cauchy’s
theorem, we obtain |L(1/2 + it,x)|?> = 2I. Finally, expanding L(1/2 + it
+ 2,x)L(1/2 — it + z,X) in a Dirichlet series and integrating termwise we
obtain the lemma. =

We decompose |L(1/2 +it, x)|? as 2(A(t, x) + B(t, X)), where
Alt,x) = > x(@) x(b) <a T (mbt>
» X \/@ b a q I ’

ab<Z
e = X () (7).

with Z = ¢qT/ 2¢(9) | Tn the next two sections, we evaluate the second mo-
ments of A(t, x) and B(t, x), after which our theorem will be an easy con-
sequence.

The function Wy(x;t) approximates the characteristic function of the
interval [0, |t|]. Indeed, we have the following.

LEMMA 2. The function Wq(z;t) satisfies
Walwst) = O((1/x)?) for x>,
14+0((z/T)Y*  forO<z<T,

and
0 Y7 /z)? for x>,
—Walx; t) < -
ot (1) {7_1(33/7')1/4 for 0 <z <,

where T = |t| + 2.
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Proof. The first estimate is a direct consequence of Stirling’s formula,
while for the second one merely shifts the line of integration to Rz = —1/4
before employing Stirling’s formula. To handle the derivative one proceeds
as before, differentiates under the integral sign and uses the estimate

I'(w)/I(w) =logw + O(Jw| ™),
which holds for 1/8 < Rw < 2.

The next lemma concerns the orthogonality of primitive Dirichlet char-
acters.

LEMMA 3. For (mn,q) =1, we have
> xtmx(n)= Y ek)ug/k).
x (mod q) kl(g;m—n)
Moreover,

X (mod q) k|(g,m—n) k|(g;m+n)
x(=1)=(-1)°

Proof. This follows from [Il, p. 27]. =
To handle the off-diagonal term we shall use the following bounds.

LEMMA 4. Let k be a positive integer and Z1,Zs > 2. If Z175 < k19/10
then

1 Z1Zy) e
E= Y < A)
|log 4< k
Zlgab<2Z1 bd
Zo<cd<2Zs
ac==bd (mod k)
ac#bd
(abed,k)=1
for any fized € > 0, while if Z,Zy > k10 then
AVA
(2.1) E < 2222 (log 2, Z,)°.

Proof. We note that in each case the contribution of the terms with
llog ac/bd| >1log 2 is satisfactory, by the corresponding lemma of Soundarara-
jan [5l Lemma 3. Thus, by symmetry, it is enough to consider the terms
with bd < ac < 2bd. We shall show how to handle the terms in which
ac = bd (mod k), the alternative case being dealt with similarly. We write
n = bd and ac = kl + bd and observe that kI < bd. We deduce that
n < 2y/Z1Zy and 1 < | < 2\/Z1Z5/k. Since logac/bd > kl/n the con-
tribution of these terms to E is

1 1
< > 7 > nd(n)d(kl +n).

<271 Z3 )k n<2VZ1Z3
(n,k)=1
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We estimate the sum over n using a bound from Heath-Brown’s paper
[1, (17)]. This shows that the above expression is

71 75(log Z1 Z5)?
<<12(0g12) Z

7
- L2 (log 71 Z5)°.

1271 Z2/k  d|l

This suffices to complete the proof. The reader will observe that when
Z1Zy < k910 it is only the terms with |log ac/bd| > log2 which prevent us
from achieving the bound (2.1)). m

Finally, we shall require the following two lemmas [5, Lemmas 4 and 5].

LEMMA 5. For q > 2 we have

Z % = #la) (logz + O(1 4 logw(q))) —i—O(

q T

29(2) 1og :1:>

n<x
(n,q)=1

LEMMA 6. For x > \/q we have

> 2 (D) gy

n<x
(n,q)=1

2 (e2) = (oM e e

and

n<x
(n,q)=1

3. The main term. Applying Lemma 3 we have

T
S j A 0?dt =M+ B,
X (modq) 0
where
T
b d
| Wa<m;t> Wq<m;t> dt
a0l abedez Vabed g q
ac=bd
(abed,q)=1
and

E =Y o(k)u(q/k)E(k),

klq
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1 r ac\ "% mab med
E(k) = Z S () Wa<;t) Wa<; ) dt.
=01 abed<z abed bd q q

[t
ac=1bd (mod k)
ac#bd
(abed,q)=1
We first estimate the error term F. We integrate by parts, using Lem-
ma 2. This produces

1
PET D D
ab,cd<Z abed ‘log %
ac=1bd (mod k)
ac#bd

(abed,q)=1
We divide the terms ab,cd < Z into dyadic blocks Z1 < ab < 277 and
Zy < cd < 2Z3. From Lemma 4, the contribution of this range to E(k) is

1 VAYZ, 3 NVAYA) 3
log Z1Z = log Z1Z
< v R (log Z1Z5) P (log Z1Z>)

if Z1Zy > kY910 and is O((ZlZg)l/ZJrEk’l) if Z1Z5 < kY910 Summing over
all such dyadic blocks we have
Z
B(k) < - (log Z)3 4 k12042
Thus
(3.1) E < 72°9W(log Z)® < ¢T(log qT)>.

We now turn to the main term M. Since ac = bd, we can write a = gr,
b=gs, c=hs and d = hr, where (r,s) = 1. We put n = rs. Hence

* gw(n) 1 T 2 h2
EEAUD D S S ¥ A G TR L
a=01 n<z " gn g 1 4

’ (gh,q)=1

From Lemma 2 we have Wy(wg?n/q;t) = 1+ O(g"/?(n/qt)"/*), whence

w(n) 2
M= (T > 2 < > 1+0(1)>.

n<z " 95V Z/n I
(ma)=1 (9:9)=1

We split the terms n < Z into the cases n < Zy and Zy < n < Z, where
Zy = Z/9“’(‘1). In the first case, from Lemma 5 the sum over g is

ela)
2q

Z
og ?0 + O(1 +logw(q)),
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since the first error term in Lemma 5 dominates the second. Hence the
contribution of such values of n to M is

w*(q)T<(p2(Z))2 > zw:)((lgzo) +0(W(q)10gZ)>-

n<Zy
(n,g)=1

Here we use the fact that ¢/p(q) < 1 + log w(g). This estimate will be
employed a number of times in what follows, without further comment. In
view of Lemma 6 the contribution from terms with n < Z; is now seen to be

(3.2) P PS5 7)1 <1 + o( (‘”>>

1+1/p log g
plg

For Zy < n < Z, we extend the sum over g to all g < 3«(@) that are co-
prime to ¢. By Lemma 5, this sum is < w(q)(q)/q. Hence the contribution
of these terms to M is

< <P*(Q)T<W(Q) QD;Q)Y >

Zo<n<Z
Combining this with (3.1]) and (3.2]) we obtain

w(n) 4
2" < w*(q)T(“"ff)) w(q)?(log 2)°.

(1 + 0( (Q)>> 80;(7(3311 l_|[ (11111//])]33 (log T)".

4. The error term. We have

T T
S Bt dt< S (Bt
X (modq) 0 x (modq) 0

np 1T i wab med
RAt 2 > | Wa<;t> Wa(;t) dt.
2 =01 abedez Vabedg <bd> q q

ac==+bd (mod q)
(abed,q)=1

Using Lemma 2 and integration by parts, the integral over ¢ is
<l (e oy (1)
|log b qT qT
-2 )
ab cd
T(1+ — 14+ —
< ( i qT> ( i qT)

if ac # bd, and is
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if ac = bd. Hence

T
>\ Bt = O(Ry + Ry),
X (mod q) 0
where
1 ab\ 2 cd\ 2
T —(1+ ) <1 + ) :
ab%;Z \/CLde( qT qr
ac=bd
(abed,q)=1

R ©(q) Z 1 <1+ ab>_2<1+ Cd>_2
2 - —CLC p— — .
abcde’ v abed ‘log T qr qr

ac==bd (mod q)
ac#bd
(abed,q)=1
To estimate Ry, we again break the terms into dyadic ranges Z; < ab <
277 and Zo < cd < 275, where Z1,Zs > Z. By Lemma 4, the contribution
of each such block is

71\ 2 Zo\ 27217
<« 2 (1+> <1+2> 1q2(logZ1Z2)3.

NIAYL qT qT
Summing over all the dyadic ranges we obtain
(4.1) Ry < ¢(q)T(log qT)3.

To handle R; we argue as in the previous section. We write a = gr,
b= gs, c=hs and d = hr, where (r,s) = 1, and we put n = rs. Then

(42) Ri<o@T 3 2w7in)< 2 1(”%) 2>2'

(ng)=1 ooz
(9,9)=1

We split the sum over n into the ranges n < g1 and n > ¢T'. In the first
case, the sum over g is

1
<1+ > =
VZ[n<g<VqT/n g
(9:9)=1
When n < Zj this is
< P9 w(q)
q
by Lemma 5. In the alternative case n > Zy we extend the sum over g to
include all g < 3% that are coprime to ¢. Lemma 5 then gives the same

bound as before. Thus the contribution of the terms n < ¢7T" to (4.2)), using
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Lemma 6, is

2 w(n) 5
(43) < sO(q)T<(p;q) w(q)> > 27 < qT<SOEIQ)> w(q)*(log qT)?.
n<qT
(n,g)=1

In the remaining case n > ¢T, the sum over g in ({4.2) is O(¢*T?/n?).
Hence the contribution of such terms is

gw(n) q4T4
<eQT D = " < ()T logT.
n>qT
In view of (4.1) and (4.3) we now have
T 5

* q

a0 3 [Be0d < ar(P0) v tosdn) + ol TosaT)
X (mod gq) 0

5. Deduction of Theorem 1. From Lemma 1 we have

T
S ILa/2 it |t
X (mod q) 0
. T
=4 > (At %)+ 24A(t, 0)B(t, ) + B(t, x)°) dt.
X (modq) 0

The first and third terms on the right hand side are handled by (3.3]) and
(4.4). Also, by Cauchy’s inequality we have

T

S J A 0Bt ) dt

X (mod g) 0
T T
« 1/2 . 1/2
< ( > SA(t,X)2dt) ( > B(t,x)2dt) .
X (modg) 0 X (mod g) 0
Hence (3.3) and (4.4) also yield an estimate for the cross term. Combining
these results leads to the theorem.
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