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On existence and discrepancy of certain
digital Niederreiter—Halton sequences
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1. Introduction. The concept of digital (¢, s)-sequences in the sense
of Niederreiter (see e.g. [I1]) or—more general—of digital (T, s)-sequences
(see [9]) is the most powerful technique to construct low-discrepancy point
sequences in an s-dimensional unit cube.

By a low-discrepancy sequence in [0,1)° we mean a sequence (&p)n>0
such that discrepancy D} of the first IV elements of the sequence satisfies

Dy = O((log N)*/N),
where

Dy = Dy(xo,...,xNy-1):= sup |An(B)/N — X(B)|,
BC[0,1)*
where Ay (B) denotes #{n | 0 < n < N, &, € B} and the supremum is
extended over all sub-boxes B of [0,1)° of the form B = [];_,[0,a;) with
0<a; <1lforied{l,...,s}.

A sequence is called uniformly distributed if limy_.oo Dy = 0. It is a
famous conjecture that (log N)*/N is the best possible order for the dis-
crepancy of a sequence in [0,1)°. (An excellent introduction into the theory
of uniform distribution can be found in the book of Kuipers and Niederreiter
[8] or in the book of Drmota and Tichy [1].)

We give the definition of digital (T, s)-sequences.

DEFINITION 1. Let s be a dimension and ¢ be a prime. Let Cq,...,Cs
be N x N-matrices in the finite field Z,. We construct a sequence (&, )n>0,

x, = (x%l), . ,ng)), n € Ny, by generating the ith coordinate of the nth

point, m,(f), as follows. Represent n = ng 4+ n1q 4+ n2q¢? + - - - in base ¢. Then
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set 4 '
Ci - (noyni,..) T = (8,9, )T ezl
and W 0
xﬁf) ::yL_’_y%_{_....
q q

For every m € N let T(m), satisfying 0 < T(m) < m, be such that for all
dy,...,ds € Ng with dy + -+ +ds = m —T(m) the (m — T(m)) X m-matrix
consisting of

the upper left d; x m-submatrix of C; together with
the upper left do x m-submatrix of Co together with

the upper left dg x m-submatrix of Cy

has rank m—T(m). Then (x,),>0 is called a digital (T, s)-sequence over Z,.
If T is minimal with this property, we speak of a strict digital (T,s)-
sequence.

A strict digital (T, s)-sequence is uniformly distributed if and only if
limy, oo (m — T(m)) = +oo. If T(m) < ¢ for all m, then we speak of a
digital (t, s)-sequence and we know that such sequences are low-discrepancy
sequences.

The O-constant in the (low-) discrepancy estimate is—generally speak-
ing—smaller for smaller ¢ (> 0).

In searching for further classes of uniformly distributed or even low-
discrepancy point sets, a method near at hand is to combine v different
digital (T;,w;)-sequences in different prime bases qi,...,q, with w; + ---
+ w, = s into a single sequence in [0, 1)*.

A basic example is the Halton sequence which is a combination of s
digital (0, 1)-sequences in different prime bases q¢i,...,¢s generated by the
unit matrices in Z4, for each i. It has long been known that the Halton
sequences are low-discrepancy sequences.

Sequences of the above form will be called Niederreiter—Halton (NH) se-
quences. General NH sequences were first investigated in [6]. In [4] it was
shown that a NH sequence is uniformly distributed if and only if each com-
ponent digital (T;, w;)-sequence is uniformly distributed.

It is the aim of this paper to make a first step in investigating the
discrepancy of these sequences and especially to investigate if there are
low-discrepancy sequences (apart from “trivial” cases) in the class of NH
sequences.

A first general discrepancy estimate was given in [6] for the special
class of “finite row” NH sequences. We say that a NH sequence is a “fi-
nite row” NH sequence if all generating matrices of the component digital
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(T;, w;)-sequences have “finite rows”, i.e., each row contains only finitely
many entries different from zero. NH sequences which are not “finite row”
NH sequences will be called “infinite row” NH sequences.

It will turn out to be difficult to give a detailed and complete analysis
of the discrepancy of NH sequences.

Further, it will turn out that quite different techniques are needed for
“finite row” and “infinite row” NH sequences. Finally, for “infinite row” NH
sequences in most cases we will obtain rather negative results, i.e., we will
obtain non-low-discrepancy results. So searching for low-discrepancy NH
sequences seems to be more promising among “finite row” NH sequences.

Here one basic problem however is: to obtain low-discrepancy NH se-
quences we have to combine (¢;, w;)-sequences (i.e. with bounded T;). Until
now the only known digital (¢;, w;)-sequences with “finite rows” have been
one-dimensional digital (t;,1)-sequences. In Theorem (4| of this paper it is
shown that for every dimension s there exist “finite row” (0, s)-sequences.
In some sense best possible explicit examples of such sequences will be
given.

We start our investigations in Section 2 with a result on weighted sums
of digits of multiples of 3, which in some sense generalizes a result of New-
man [10] and which will be essential later on for our discrepancy analysis.

In Section 3 we state and prove our results on the discrepancy of “finite
row” and “infinite row” NH sequences. In particular, we give a quite general
lower bound for the discrepancy of “infinite row” NH sequences.

Finally, in Section 4 we provide the existence results and explicit con-
structions for “finite row” digital sequences.

2. Weighted sums of digits of arithmetic subsequences. In this
section we will prove a result on the distribution of weighted sums of digits
of multiples of 3 considered modulo 2. This partly generalizes a result of
Newman [I0] given for the unweighted sum of digits.

DEFINITION 2. Let v := (v0,71,72,-..) with 7; € Z be a weight se-
quence, and ¢ > 2 be a given base. For a non-negative integer n let n =
nog + niq + - - - + n.q" be the base ¢ representation of n. Then the weighted
sum of digits of n is defined by

5v,4(n) =m0y + 1171 + - F Ny
It is a well-known result of Newman [I0] for the unweighted sum of digits
s2(n) in base ¢ = 2, i.e. for 7; =1 for all j, that
N-1
Z (_1)52(n) > CN10g3/10g4

n=0
n=0(3)
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for some constant ¢ > 0 and all N. Consequently,
#{0<n<N|n=0(3)and sa3(n) =0 (2)} — N/6 > cN'"83/log4

for some constant ¢ > 0 and all N.
We will now consider the above sum in the weighted case and for certain
values of N:

22m+1_1
Hppi= 3 (~1)=a)
We will show
THEOREM 1.
. (22741 1 1)/3 if p(2m) =0,
m,0 =
3p(2m)/2 otherwise,

where p(2m) = #{0 < j <2m |y =1 (2)} and k € {£1/V/3,£1/3}.

Proof. By the structure of the problem we can restrict to v; € {0, 1}. If
v = 0 for all 0 < j < 2m, then

22m+1_1 22m+1 1 2m+1
I T
n=0 =
n=0(3) n= 0@)
In the following we assume that there exists at least one j € {0,1,...,2m}

such that v; = 1. Using the relation

q—1 : _
EZeQ“i”l/q _ {1 ifn=0 (q),
775 0 otherwise,
we obtain
22m+1_1 2 22m+1 1
Z ( 57 2 Z Z 27rz(3s7 2(n)+2in)/6
n=0
n=0(3)
1 2 22m+171 '
=3 Z Z o255 5(n))/6
=0 n=0
2 2m

(1 + 27rz'y(1)/6)

Wl

=

o
I
=)

J
where ’y() =37y +20-27 for 0 < j < 2m, [ € {0,1,2}. Hence the problem

reduces to the computation of

2m 2m

H(l +62WWJ)/6 HZ](-Z),

j=0 J=0
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0

modulo 6:

2riz\ /6
=)

@

(1)
where we set 1+ = ]z](»l) ]ewﬁf . The value of z; is determined

by the residue of 7;

75” mod 6 |z]<-l)\ qzﬁgl)

0 2 0

1 V3 /6
2 1 /3
3 0 0

4 1 —m/3
5 V3 —7/6

In the following we investigate the residue of ﬁgl) modulo 6 for the different
values of j,1 and ~;. We obtain:

L v ) mod6 [ ¢
0o — 1 3 0 0

0o — 0 0 2 0

1 even 1 5 V3 —7/6
1 odd 1 1 V3 m/6

1 even O 2 1 w/3

1 odd 0 4 1 —/3
2 even 1 1 V3 w/6

2 odd 1 5 V3 —n/6
2 even 0 4 1 —m/3
2 odd 0 2 1 /3

We have assumed that there is at least one v; = 1, which implies

2m ©)
[[+" =0
i=0

It remains to compute

22m+1_1
Z (_ 572 Hz(l) 4= Hz(z)
By the table above we have |zj | = \zj | and qﬁj gbg ) for all possible
values of j and +;. Therefore we get
SR 1) 1)
1 1

PG IR (H ) (e 4 e T

n=0
n=0(3) om

=3 \/§p(2m)2 cos (Z ¢§1)> ,

J=0
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where p(2m) := #{0 < j < 2m | v; = 1}. For Z?:o q§§.1) we get

2m - 2m 2m
1 .

Do =5 2o+ g (=) (1Y
7=0 7=0 7=0

. 2m . 2m . . 2

=Y = 23 1 = T 23 (-1
3 2 4 3 24
Jj=0 j=0 j=0

So it is easy to check that
2m
2
- cos <Z¢§1)) € {£1/V/3, +1/3}
j=0
and the result follows. =

3. Discrepancy bounds for NH sequences. From the general proof
of the uniform distribution of NH sequences with uniformly distributed com-
ponents, given in [4], and from the quantitative versions of the results from
[7] used in this proof, it is possible to derive discrepancy estimates for NH
sequences. However, these estimates, also in the best case, are of the form

Dy = O(1/N°)

with some very small § > 0. So, if we are interested in searching for low-
discrepancy sequences, then we have to improve the general result (if pos-
sible) by using other techniques or to study the sequences individually in
more detail.

We already know that there exist non-trivial (i.e., generated by more
than one component) low-discrepancy NH sequences, namely the Halton
sequences (which are “finite row” NH sequences).

On the other hand, we know from [6] that there exist NH sequences com-
bined from digital (0, w;)-sequences which definitely are not low-discrepancy
sequences, for example the two-dimensional NH sequence generated by the
unit matrix in Zs and by

_ o O =

NxN
€ 7,

Q

Il
OO O
S O = =
O =R O

(an “infinite row” NH sequence).
We start our analysis with a more general “negative” result on the dis-
crepancy of “infinite row” NH sequences.
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THEOREM 2. Let (y)n>0 be a NH sequence generated by the unit matriz
CW in Zs and by a matriz C2) = (Crj)rj>0 @n Zo which is arbitrary but
contains at least one row with positive upper density d of ones, i.e.,

1

k—o0

for at least one r. Then for the discrepancy DYy, of this sequence we have
ND% = 2(N°)

for every § < d-log3/log4 (i.e., ND¥ > cN® for a fized constant ¢ > 0 and
infinitely many N).

Proof. For € > 0 let k = 2m + 1 be such that
#{0<j<k—-1|¢;j=1}=re> (d—e€)k.

There are infinitely many such k. We consider the set

2r=1-1
a a 1
a=0
and N = 2% Let the indices Jj1 < -+ < je be such that ¢, ; = 1. Then
x, € J for 0 <n < 2% if and only if n =0 (3) and nj, + - +nj, =0 (2).
Hence

|[#{0<n<N|xz,eJ}—N-\J)|
=|#{0<n<N|n=0(3)and s,2(n) =0 (2)} — N/6|,

where v = (y0,...,72m) withy; = 1iff j = j; fori =1,...,e. By Theorem
the above difference is at least > %36/ 2 Therefore for at least one a €
{0,1,...,2"=1 — 1} and for J, :=[0,1/3) x [a/2" !, a/2" "' + 1/2") we have
1 1
[#{0<n<N|x,€J,}—N-AJ)| > ngse/?
> cN(dfe) log 3/log 4

and the result follows. =

This result does not give much hope to find large classes of low-dis-
crepancy point sequences within the class of “infinite row” NH sequences,
and it seems reasonable to study “finite row” NH sequences. A first step
in this direction was already done in [6] where a general upper bound for
the discrepancy of “finite row” NH sequences was provided. This is a rather
technical bound which was not discussed further in [6]. For our purposes it
suffices to give a slightly simplified form of this bound.

Let C, ..., Cs be the generating matrices of a “finite row” NH sequence.
For arbitrary non-negative integers di,...,ds let L(dy,...,ds) be minimal
such that for all i € {1,..., s} each of the first d; rows of C; has length less
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than or equal to L(dy,...,ds). By the length of the row (c¢j1c¢j2¢j3 ...) we
mean max{k > 1| ¢; 1 # 0}, respectively 0 for the zero row. With the help
of this length parameter L we can formulate the discrepancy estimate for
“finite row” NH sequences given in [6, Theorem 3.1].

Let (p)n>0 be a “finite row” NH sequence formed by uniformly dis-
tributed digital (T;, w;)-sequences in base ¢;. Then for the discrepancy of
this sequence we have

2c
(1) Dy < 5% ij Qk)P(k) + R,
Q(k)<N
where
k= (kl,lv R 7k1,’w17k2,17 KRR k27w27 sy kv,la ceey kv,wv) € N87
L o Lkitseikin,
Pk):=[[I[a"™" Q) :=]La """,
i=1j=1 i=1

v
"
c=[[a"
=1

and R is a positive remainder term which will be needed only in the proof
of Theorem 3| and hence will be dealt with there.

REMARK 1. In searching for low-discrepancy point sequences the esti-
mate can only help when all generating digital (T;, w;)-sequences are of
dimension 1, i.e., w; = 1 for all 4. This is because we will show that for a
NH sequence with v > 2 and w; > 2 for at least one i, for the right hand
side (RHS) of (1) we always have

1
RHS > ¢ —
VN

for infinitely many N with a positive constant c’.

Proof. We may only show this for v = 2, w1 = 2, ws = 1 since (y)n>0
contains at least one such three-dimensional projection. We can assume that
the projection of (x,)n>0 to the first two coordinates corresponding to w;
is a digital (T,2)-sequence with limy, o(m — T(m)) = +oo. Otherwise
the projection and consequently (x,)n,>0 itself would not be uniformly dis-
tributed.

So there are sequences u1 < ug < --- and mq < mo < --- of positive
integers with m; — T(m;) = wu;. Let di,da > 0 be arbitrary integers such
that dq + dy = u;. Then the first d; rows of CV) and the first ds rows of
C® (™ and C® are the generator matrices of the digital sequence) are
together linearly independent and therefore L(dy,ds) > u;.
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In particular, L([u;/2],0) > w; or L(0,[u;/2]) > u;, say the former.

/21,0)

Then for all (infinitely many) N = qlL([ui we have

2c 2c L([ui/2],0) —[us/2
RHS > Zk: Q("’)P(k):qf(m/zw%([ (210 g Tl
k=([u:/2],0,0)
_ 2c S 2c _ 2c ' 1 .
qlfui/ﬂ - qu(fui/ﬂ,O)H)/? JVa VN
For the case of w; = 1 for all 4, to obtain a uniformly distributed NH
sequence we trivially must have

L(Z)(d) :L(()?aoadvo?’o) zd
—

i

for all ¢ and d.

The discrepancy bound in (|1)) will give us useful (low-discrepancy) results
for the case that L()(d) < d + v for all i and d and a fixed constant v. (For
example for the Halton sequence we have v = 0 and for the Halton sequence
based on Gray Code digits (see [5] or [3]) we have v = 1.)

THEOREM 3. Let (xn)n>0 be a NH sequence with w; = 1 for all i and
L@ (d) < d+v for all i and d, with fixed constant v. Then for the discrepancy
Dy of (xn)n>0, for all N large enough we have

Dy <¢(q1---g5)*(log N)*/N
with ¢ depending only on s,q1,...,qs.

Proof. If w; =1 for all i and L) (d) < d + v for all i and d it can easily
be seen by checking the rather technical definition of the remainder term R
of the RHS in given in [6], that R can be absorbed by the first term of
RHS,; i.e.,

1

* /! v
) D) a0l B QPG
Q(k)<N
with a certain constant ¢’ depending only on s,qi,...,qs. (We will not

go into the technical details of this fact here, but for the reader who will
undertake this task we just note that in this special case

L(¢(io, jo, 0 + 1)) < L(C(do, jo,0)) +v + 1,

Q(C(i07j0a 0+ 1)) < Q(C(i()aj(]a 0)) ' qz}o—i_l?

and since by definition of 6,

Q(C(i(hjo’ 9)) <N Q(C(iOaj(Jv 0+ 1))7
we have N/Q(C(io, jo,0)) < q;}O'H.) Now the result immediately follows by
inserting in . "
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But already if L) (d) grows slightly faster than d, for example if L) (d) =
d(1 + €) for infinitely many d, then the RHS of is not helpful any more.

REMARK 2. For example, if (,)n>0 is a NH sequence with w; = 1 for
all i, LM (d) = d(1 + ¢€) for all d and L") (d) = d for all i > 2 and all d, then
for the RHS of we get

RHS > % >, 4= % > 4"
k1,k2,....ks k1
q’fl(1+6)q§2---q§S§N qf1<1+6)§N
> #
- Nl/(1+e)

(with ¢ > 0 depending only on s,q1,...,qs).

The RHS of shows a strong dependence on the length of the rows
of the generator matrices, which is quite astonishing. So of course we have
to ask if the discrepancy bound is too weak, and whether it could be
improved so as to get rid of the essential dependence on L in this bound.
However, we will show by examples that this is not possible in general, and
that the dependence of the discrepancy of a NH sequence on the parameter
L is essential.

EXAMPLE 1. Let (z,,),>0 be a NH sequence generated by the unit matrix
in Z3 and a matrix C®) = (Cg?)i,jzl in Zy with finite rows of the following
form.

Assume there are row indices r1 < 19 < -+, a p > log4/log3, an € > 0
and for each r; an odd k; such that

ei=#{1<j<k| cg)j =1} > max{pr;, ek; }.
That means: there are infinitely many rows in which the number of 1s is
“not too small” (> pr;) and “not too thin” (> €k;).
A concrete example is given by C?) with

(2) {1 foriSjS(l—i—H)i,
C =

J 0 otherwise,

with some x > log 4/log 3.
We show that for the discrepancy of such sequences we have

ND} > N°
for infinitely many N and

1 log4
5= (1-228 -e> 0.
p log3
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Proof. Consider N = 2% (note that k; > r;) and the set

ori—1_1 a a 1 2ri—1l_1
1013 U |pmgstg )= U

a=0

a union of 27! intervals of total volume 1/(3 - 2"%).

Let ji1 < --- < je; < k; be such that ¢, j, = 1. Then x,, € J if and only
if n=0 (3) and nj, +--- +mn;, =0(2).

By Theorem [I] we have

1
|#m§n<Nﬂn50@Mmdmfk~+m%EO@H—NMD?QW?
Hence for at least one a we have
N 2 1 31/2\ <k
< B e L v — N9©
#{0<n< N |z, € J,} 3 om >32m3 ><21/p> N°. u

It is plausible that the discrepancy does not depend on the length of the
rows of the generator matrices but on the number of 1s in the rows. Until
now, we have not been able to decide this question. The above results leave
the following problems open.

OPEN PROBLEM 1. Determine whether the following two-dimensional
NH sequences in bases 3 and respectively 2 are low-discrepancy sequences or
not (respectively: give good lower and upper bounds for their discrepancy):

1. €O the unit matriz in Zs and

1 00...0 1 0 0
—_
I
0 1 00...... 0 1 0 O
—_—
0(2) — l2
0 0 1 00......... 01 0 O
—_——
I3
in Lo with l1,1la,13,. .. arbitrary but limsup,_, ., l; = +o0.

2. CY) the unit matriz in Zs and

I lo

—
1 00...0 1 00...0 1 0 ...
co—|o 1 0 0 00 .|z
0 0 1 0 0 0

The first row contains infinitely many 1s but with density 0. (11,12, ...
can be chosen such that the 1s are arbitrarily thin in the first row).
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3.
1 1 1 1
0100
cH=—c@®_-10 010
0 001

but C in Zs and C?) in Zy. We conjecture that ND% = Q2(N°) for
some § > 0. A proof would need lower bounds for the results of Kim
in [7] on the joint distributions of sums of digits in different bases.

Even if it is possible to give sharper discrepancy estimates for “finite
row” NH sequences which are applicable also for the general case of w; > 2
for some 7, we would still have the following problem. Until now, we do not
know any digital (¢, s)-sequence in dimension s > 2 which is generated by
matrices with finite rows exclusively.

All low-discrepancy digital (¢, s)-sequences in dimension s > 2 provided
until now by Sobol’ [12], Faure [2], Niederreiter [I1], Niederreiter—Xing [13],
et al. have been generated by matrices with infinite rows also.

So until now we also do not know if there exist low-discrepancy “finite
row” NH sequences with w; > 2 for some i. This gap will be filled in the
next section by proving for arbitrary dimension s the existence of digital
(0, s)-sequences generated by matrices with finite rows of—in some sense—
shortest possible length. We will also give concrete examples.

4. Digital (0, s)-sequences generated by matrices with finite
rows. Since we have claimed to provide in some sense shortest possible
row lengths, we first give a lower bound for the row lengths.

PropoSITION 1. Let Ci,...,Cs be the generator matrices of a digital
(0, s)-sequence in prime base q > s. Then for every positive integer d there
exists i € {1,...,s} such that

L(0,...,0,d,0,...,0) > sd.
~—

i—1
Proof. Assume that there is a d > 0 such that for all ¢ € {1,...,s},

L(0,...,0,d,0,...,0) < sd.
N——
i—1
We consider the sd x sd-matrix consisting of

the upper left d x sd-submatrix of C together with
the upper left d x sd-submatrix of Cs together with

the upper left d x sd-submatrix of Cj.
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This matrix does not have rank sd, since the last column is a zero column.
This contradicts T =0. u

If we assume that for a digital (0, s)-sequence in prime base ¢ > s we
have L(d,0,...,0) = sd for all d € N, we can deduce by a similar argument
that for all d € N there exists i € {2,...,s} such that

L(0,...,0,d,0,...,0) > sd — 1.
——
i—1
In the next step we assume that L(d,0,...,0) = sd and L(0,d,0,...,0) =

sd — 1 for all d € N and deduce that for all d € N there exists i € {3,...,s}
such that L(0,...,0,d,0,...,0) > sd — 2 and so on.
——
i1
Step by step we get a certain lower bound for the parameter L.
In the following we search for in a certain sense “optimal” digital (0, s)-

sequences in prime base ¢ > s with generator matrices C', ..., Cs such that
for every i € {1,...,s} we have
L(0,...,0,d,0,...,0) =sd— (i—1)
N——
i—1

for all d € N. We call such digital (0, s)-sequences generated by matrices with
lowest possible row lengths.

4.1. On existence of digital (0,s)-sequences generated by ma-
trices with lowest possible row lengths. In order to ensure that there
exist digital (0, s)-sequences generated by matrices with lowest possible row
lengths, we modify digital (0, s)-sequences in prime base ¢ > s. The latter se-
quences exist: examples were introduced by Faure [2] and also by Sobol’ [12]
for ¢ = 2 based on the Pascal matrices given in the following example.

EXAMPLE 2. The Pascal matrices PO, PY .. pla—1 iy prime base ¢
are defined by

NxN
€ Z,

modulo ¢, where i € {0,1,...,q — 1}. It is well known that the matrices
PO pM  pPla=1) generate a digital (0, ¢)-sequence in base ¢. Note that
each Pascal matrix is a non-singular upper triangular matrix (NUT matrix)
and PO is the unit matrix in Zyq.
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The following theorem yields existence of a digital (0, s)-sequence in
prime base ¢ > s generated by matrices consisting of rows with lowest
possible lengths.

THEOREM 4. For all s > 1 and all primes q > s there exist matri-
ces C,...,CL € ZEIXN that are generator matrices with lowest possible row
lengths of a (0, s)-sequence in base q.

We prove the existence of such matrices by scrambling the digital (0, s)-
sequence in prime base ¢ > s. Thereby we also provide a construction prin-
ciple for such sequences.

Our method of scrambling is based on the following result of Faure and
Tezuka [3, Proposition 1]:

LeEmMMA 1. Let C4,...,C5 € ZEIXN be the generator matrices of a digital
(0, s)-sequence in prime base ¢ > s. If M is a NUT matriz in Zq, then
the matrices C1 M, ..., CsM generate a digital (0, s)-sequence in prime base
q=s.

Proof of Theorem [ Let ¢ € P and s < ¢ be fixed. We choose matrices
Ci,...,Cs € ZqNXN which generate a digital (0, s)-sequence in prime base
q > s. Such matrices exist by Example [2] In the following we search for a
scrambling NUT matrix M such that C| := C1M,...,C. := CsM are gen-
erator matrices with lowest possible row lengths of a digital (0, s)-sequence
in prime base ¢ > s. Hence

L(d,0,0,...,0,0) = sd Vd€N,
L(0,d,0,...,0,0) =sd—1 VdeN,

L(0,0,0,...,0,d) =sd—(s—1) VdeN.

By the structure of the problem we can determine the matrix M column-
wise.

Fix m € N. In the following we determine the mth column of M, denoted
by ¢pm. Since M is an UT matrix, we just have to determine the first m
entries of ¢, (all others are 0). Since M is non-singular as well, we set the
mth entry of ¢, equal to 1. Thus all diagonal entries of M are 1. In order
to determine the remaining m — 1 unknown entries of ¢,, we consider the
desired parameter L of the above form.

e The dth row of C{ = C1 M should have length (<) ds for all d € N.
This is guaranteed if at least the first |(m — 1)/s]-entries of the mth
column of Cf are zero. (Here and later on |x] denotes the integer part
of a real z.)
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e Analogously, we set the first |m/s]-entries of the mth column of C)
equal to zero to guarantee that the dth row of C} has length (<) ds—1
for all d € N.

e Finally, we set the first |(m 4+ s — 2)/s]-entries of the mth column of
C’ equal to zero to guarantee that the dth row of C’ has length (<)
ds — (s —1) for all d € N.

Altogether, we get m —1 fixed zero entries in the mth columns of C1, ..., C.,
since
S{m+i—1

S| mrim2

, S

=1
This can be easily checked by setting m = ¢s + r where ¢ € Ny and r €
{0,1,...,s —1}.

Hence the first m — 1 unknown entries of the mth column of M can be
determined from the following system of equations:

D - (Clmy C2ms s Cm—1,m, 1,0,0,...) T = (0,0,...,0)T,
——
. . (m—1)xN m-l
where D is the matrix € Zg formed by

the first |(m — 1)/s] rows of C; together with
the first |m/s| rows of Cy together with

the first [(m + s — 2)/s] rows of Cs.

Since C1,...,Cs are generator matrices of a digital (0, s)-sequence in
prime base ¢ > s, the left (m — 1) x (m — 1)-submatrix of D has full rank.
Hence the m — 1 unknown entries of ¢,,, namely ¢ m,C2m, - -, Cm—1,m, are

uniquely determined.

Since m was arbitrarily chosen, the matrix M with the properties claimed
above can be determined columnwise and the matrices C1, ..., C% with “low-
est possible parameter L” can be computed by matrix multiplication. =

The proof above already provides an algorithm to obtain matrices
C1,...,C. consisting of rows of lowest possible lengths which generate a
(0, s)-sequence.

In the next subsection we give explicit examples. We investigate digi-
tal (0, s)-sequences in prime base ¢ > s generated by s Pascal matrices in
base g for s = 1, s = 2 and s = ¢. The aim is to determine scrambling
matrices which lead to digital (0, s)-sequences in prime base ¢ > s gener-
ated by matrices with lowest possible row lengths. Furthermore, we discover
some interesting properties of these scrambling matrices and the generator
matrices with lowest possible row lengths.
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4.2. Concrete examples. In the previous subsection we proved ex-
istence of digital (0, s)-sequences in any prime base ¢ > s such that the
generator matrices have best possible L parameter and we provided a gen-
eral construction principle. In this subsection, we give explicit examples by
applying the above method to Pascal matrices.

We redefine the ith PascalAmatrix in base ¢ by P := (py,)g) jk>1- The
kth entry of the jth row in P is given by
(b, 1<i<k,

pj,k - Oa .7 > k?
0, J <0,
modulo ¢, where k € N, j € Z and 0" := 1. Here we extend the domain of j,
because this will be useful for the investigations in this subsection. In the
following, P(") will sometimes be denoted by P = (col(l) colg),col( ) ),
where col,(;) is the kth column of P(),

PROPOSITION 2. Let q € P. The set P(O),P‘(l), cony P(q_l} with matriz
multiplication o forms an abelian group with P® o PU) = piti(d) for gll
i,] € Zyg.

Proof. Tt suffices to prove P o PU) = Pi+i(a) for all i, j € Z,.

We define C' := P o PU)_ compute Cm,n and compare it to p( 7 Since

all P¥) are NUT matrices it sufﬁces to check the case m < n (otherw1se we
get the trivial equation 0 = 0):

= zpm = (e ()

l=m

(i—i—j): n—1 . ‘n—m:n_m n—1 =M\ .p m-

£

It is easy to check the equality of ([~ )(? ~™) and ( )(7 11) which con-
cludes the proof. =

For each i € {0,...,¢— 1} we can scramble the (0, 1)-sequence generated
by P using its inverse P9~ as scrambling matrix. Hence the resulting
matrix fulfills L(d) = d for all d € N. Columnwise construction, as in the
proof of Theorem [ would provide the same scrambling matrix.

In the next theorem we define for each i € {1,...,¢ — 1} a NUT matrix
M e Z?XN such that the matrices M = PO M and P® M satisfy L(d,0) =
2d and L(0,d) = 2d — 1 for all d € N.
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THEOREM 5. Let i € {1,...,q— 1}. The matriz M € ZqNXN defined by

0
— — 0 0
M= | coll?™ co1ld? < Z) ( 1) 0
1 2 colgq ) coléq ) Colgq_i)

and the matric POM € ZqNXN generate a digital (0,2)-sequence in prime
base q and satisfy L(d,0) = 2d and L(0,d) = 2d —1 for all d € N. Further-

more,

1 0 O
) 0
P(z)M: 0 M )
where
0 0

— i i 0 0
M= {coll? coll? <col(")> <col(i)> 0 0

2 3 colg) colEf)

ExXAaMPLE 3. In the special case of s = ¢ = 2 the following matrices with
lowest possible row lengths generate a digital (0, 2)-sequence in base 2:

11000000 ... 100 00O0O0O0
01110000 01100000
00101100 00111000
00010111 00010110
0000111020 and [0 0 0 0 1 0 1 1
0000O0O1T11 000O0O0O1T11
000 0O0OO0OT1@P0 000O0O0OGO0OT1T1
000 O0O0OGO0OGO0T1 000O0O0OGO0OGO0OT1

Theorem [5| can be derived from the following proposition.

PROPOSITION 3. Forall i € {1,...,q— 1} and all m € N,

0 0

(3) 0 0 a
colgg_z) colgﬁ)

and

0 0
4 P = - ezN
(4) 0 0 4



386 R. Hofer and G. Larcher

Proof of Theorem[5. Proposition [3] implies

1 0 0

0 0
PEM =10 M

Note that the first entry of colgi) is 1 for all i« € {0,1,...,qg — 1}, since

pgz)l = (8)@'0 = 1. If M is used as scrambling matrix (note that by the

definition of M it is an UT matrix and its diagonal entries are all non-zero,
hence it is a NUT matrix), we get a pair of matrices M = PO and PO M
in Z4 which generate a (0, 2)-sequence in prime base ¢ with L(d,0) = 2d and
L(0,d)=2d —1for all d € N. =

For the proof of Proposition |3| we need the following lemma, which is
easy to check.

LEMMA 2. Let i € {0,...,q — 1}. Then
(5) P s = ngﬁl c S forall keN,jeZ.
Proof of Proposition[3 The proof is by induction.
Proof of (@
() g

m = 1: Since P4 is inverse to P(®) (see Proposition [2) and colj
equal to the first column in 7, this holds trivially.

m — m+1: It is easy to check that holds for any fixed m € N if and
only if

(6) Zpr,jpj m+1lm — pglm-ﬁ-lﬁn (Q)

for all » € N. (Note that (6) is trivially fulfilled for all integers r < 0.) We
assume that @ holds (for all » € N) for all natural 1,...,m and prove (@
for m + 1. Fix r» € N. By Lemma [2] we have

(g—1) (g—1)
prp] mmH_ZpTJpJ mm —i—Zijpj m—1,m"

An index shift together with the fact that p( k D =0 for 7 <0 yields

) =30 (@) + 0 )P0
j=1
Twofold application of Lemma [2] leads to

pgﬁﬂ(q —1) +P7(«2'+2 = p§3+1(q —1) +p§f§-+1i +p1(21,j+1 = pﬁui "‘sz,j (9)
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and we get
oo

() =3 0 i+ 05 )pi-mitm (9):
j=1
By the induction hypothesis we obtain

() = i+ 21 (@)

Application of Lemma [2] one more time leads to the desired result
(9)
mepj —mm+1 = Promm+1 (9)-

Proof of .

m = 1: Since Pl is inverse to P it follows that P(Z‘)colgﬁi) is the
second column of the unit matrix I, which is equal to (0, colgi))—r.
We multiply l} with P~ and obtain an equivalent version:

0 0
pla=i) O m| 0 " ez,
col%) colggﬂ)

m — m + 1: It is easy to check that holds for a fixed m € N if and
only if

oo
™ S0 i = Pt (@)
j=1
for all r € N. (Note that (7)) is trivially fulfilled for all integers r < 0.) We

assume that holds (for all » € N) for all natural 1,...,m and consider
for m+ 1. Let r € N and

Zprq l pjl)m Lmg1 = (%),
By Lemma [2] we get
ngj l pyi m—1,m T ler p]')m 2,m:
J
An index shift and the fact that py,)c =0 if j <0 yields

(o) = > (@ + 20 e
j=1
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By applying Lemma 2] twice we get

i o = il = ap A = - ip ) (o).
Using the induction hypothesis we obtain
o0
(+5) = D7 (0= p50 + PP ()
j=1
= (g )P it AP s =P s (@) m

In the case of s = ¢ = 2 the freedom of choosing the UT generator
matrices is very limited.

ProposiTION 4. Let C1,Cy € ZI§XN be NUT matrices generating a
(0,2)-sequence. Then Cy = PCy, where P denotes the first Pascal matriz in
base 2.

Proof. Assume that there is Oy € Z)*™ (NUT!) such that we can choose
two different Cy, C) € ZY*N (both NUT!) such that both Cy, Cy and Cy, Ch
generate a digital (0, 2)-sequence. By our assumption that Cy and C) are

different we find cg?j),cgsz-) with minimal ¢ and then minimal j such that
cg?j) #* c:(f) We know that j > ¢ since all matrices are UT matrices. We
combine the upper left (j — ¢) x j-submatrix of C} with the upper left
i X j-submatrix of Cs to get a non-singular j x j-matrix. If we do the same
using C4 we get another non-singular j x j-matrix which is equal to the one
obtained using Cy except for the bottom right entry. This is not possible in
the finite field with just two elements Zg, so Cy = CY. The relation Cy = PC}

follows since the UT matrices P and I in Zg generate a (0, 2)-sequence. =

Note that the NUT condition is essential here, since scrambling the Pas-
cal matrices by multiplying by NLT (non-singular lower triangular) matrices
from the left has more degrees of freedom for the componentwise choice of
the scrambling matrices (see [3] and the references therein).

Furthermore, the following corollary can be deduced from Theorem
which is already a consequence of Proposition

COROLLARY 1. The first Pascal matriz in base 2 is its own inverse, i.e.
P-P=1cz7)"N

Proof. By Proposition [4] the matrices I and P are uniquely paired, since
both are NUT matrices. If we use P as a (NUT!) scrambling matrix we
will get a new pair of NUT matrices PI and PP. By the symmetry of the
problem it follows that PP = I, as otherwise I, P would not be uniquely
paired. =

In the following we search for generator matrices with lowest possible row
lengths in the case of maximal number of dimensions s = ¢q. We consider the
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(0, ¢)-sequence in prime base g generated by PO, p()  pla-1) ¢ ZI;]XN
and define a scrambling NUT matrix M columnwise.

DEFINITION 3. We define a matrix M = (¢1,c¢2,...,¢4,C4+1, - - -), Where
the dth column, ¢y, is given by the following recursion: ¢; := (1,0,0,0,...)"

and
0
Cgr1 = (P(l) + <P(1)> >cd for d € N.

Here and below, a zero on top of a matrix in brackets denotes a zero
row, and a zero in front denotes a zero column.

Note that by Lemma[2] the recursion above can be given by the following

equivalent form:
_ s (0
Cay1 =P <6d> .

First of all we have to check if M is a NUT matrix in order to apply
Lemma [l

LEMMA 3. M defined by Definition 3| is a NUT matriz in Z,.

Proof. Denote the dth entry in the ith row of M by ¢; 4. It suffices to
prove that c¢gq = 1 and ¢;4 = 0 if [ > d. We do this by induction on d.
For d = 1 we have ¢;1 = 1 and ¢;~11 = 0 by the definition of the first

column of M.
d — d+1: Using
0
Cd+1 = <P(1) + (P(1)> >Cd
(1)

we get ¢iqp1 = 0if 1 > d+ 1 and cgy1,041 = pdldcd,d = 1 by the induc-

tion hypothesis and the fact that P is a NUT matrix with all diagonal
entries 1. m

THEOREM 6. For M given in Definition[3| as scrambling matriz from the
right, the matrices P(O)M7 P(l)M, .. ,P<q_1)M generate a (0, q)-sequence
and satisfy

L(0,...,0,d,0,...,0) =qd— (i — 1)

for all d € N and i € {1,...,q}. Hence the matrices PO PO, ...,
PU=Y N have lowest possible row lengths.

To prove Theorem [6] we need further auxiliary results.
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LEMMA 4. For every k € {1,...,q},

k k
0 Y
—k 1 _ : NxN
pla ><p<)+<P(1)>) ~ S e 0 e 7
i=1
I
with some ¢;, € {0,1,...,q—1} forie {1,... k}.

Proof. We prove this by induction.
k = 1: Using the equivalent form of the recursion in Definition [3| we

obtain
1
a 0 Cem (0N (0
pla )<p()_|_<P(1)>) [ pla )p<>(l>_<l>,

k—k+1:

pla—k-1) ( py 4 (Y !
p)
k
_ —k—1 1 0 1 0
k k
_ plg—k 1 0 k-1 ( O 1 0
_ pla )(p()+<P(1))> L pla ><P(1)> <p<)+<P(1)>> .

By Lemma [2| the following relation is easy to verify:

ke ke 1 0
PaF = (g—k—1)(0 PO+ (O p(q—k_1)>'

Hence L 0 B 0
Pl (P(1)> (= k—1)PEH) ¢ (P(q_k)>.

Using the induction hypothesis we obtain

(a—k-1) ( pQ) 0 \\"
—k—1 1
P (P04 () )
0 0
K e k o
=(q¢—k) Z Cik | + Zci,kz ’
=1 O =1 O
I I

and the result follows by setting cx+1k+1 = cpk and ¢pi1 = (¢ — K)eig
+ Ci—l,k for 4 S k7 with CO’]€ =0. =

Lemma 4] for £ = ¢ and induction on n yield the following corollary.
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COROLLARY 2. For all n € N,

0
P 4 0 nqujc( D e g
P(l) - 7,n 0 q
1

with some c;,, € {0,1,...,q— 1} fori € {n,...,qn}.

Proof of Theorem @ We know that POM, ... PU=YM generate a
(0, g)-sequence by Lemma (1} since M is a NUT matrix by Lemma [3| We
just have to prove that these matrices have best possible row lengths, i.e.,

L(0,...,0,d,0,...,0) = qd — i
W—/
(2
foralld € Nand i € {0,1,...,¢—1}.

Fix i € {0,1,...,q—1}. To guarantee the upper bound on the lengths of
the rows it suffices to show that ¢, = 0 for all m > ¢l — i + 1
where (¢im)im>1 = PWM. Therefore, we have to prove that the first
|(m+i—1)/q] entries of the mth column of P®M are zero (here and
below, |z] denotes the integer part and {x} the fractional part of a real x).
By Definition [3] the mth column of M is determined by

4 1
i 1 0 " 0
oo ()"

We distinguish the following cases.

m — 1 < g —i: This is a trivial case since |(m +i—1)/q| = 0.

m — 1 > g —i: In this case we can apply Lemma [4] and Corollary [2] to
get

m—1

; 0
i) 1)
PP+ (i) )

(0) ) 0 q—1 ) 0 ql(m+i—1)/q—1]

(e () ) (70 (o))
(0 e
(7 (o))

0

ql(m+i—1)/q|—i L 0 q{(m+i—1)/q—1}
- > O <P(1)+<p(1>>>

j=l(m+i-1)/q]
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with some ¢”’(j) € {0,1,...,q — 1}. Hence the first column of the resulting
matrix contains at least |(m +i— 1)/q| zero entries at the top, and the
result follows. m

REMARK 3. Note that for base 2 the cases s = 2 and s = ¢ are equal.
In this case, M as defined in Theorem [5| equals the scrambling matrix M
given in Definition

0 0 0 0
M = colgl) Colgl) 1) (1) 0 0
coly coly (1) (1)

col; coly

This can be easily checked using the equivalent form of the recursion in
Definition [3| and the statements in Proposition

We recall the two-dimensional case as considered in Theorem [ and dis-
cover symmetries concerning the generator matrices with lowest possible row
lengths. One is the relation between the generator matrices M and P®M:

1 0 O

| 0
POM=1q g

Furthermore, we get repetition at the “edges”, i.e. the column just before
and the column for which the number of zeros at the top increases by one
are equal except for “adding a zero shift”.

For the case where the dimension is equal to the base we find similar
symmetries given in the following remark. These properties could be useful
in case of implementation.

REMARK 4. For the sequence generated by PO M, PM M, ... Pla=D ),

where M is the scrambling matrix given in Definition [3| we achieve a sym-
metry concerning M = PO M and P~V M similar to the two-dimensional

case: 10 0

pla—Dpr = 8 Y

If we take a look at the “edges” in the matrices PO . PU DM, we
discover repetitions as in the two-dimensional case. For every i € {0,1,...,
q — 1} the following relation holds for all n € N:

0 (i)
(Cg—i) = Cng—it+1>

where 07(7? denotes the mth column of P® M.
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Proof. The symmetry concerning M = PO M and P~V M can be eas-
ily checked using the equivalent form of the recursion in Definition (3| which

immediately implies
1) (0 0
PO, = <c<o> :
d

For the proof of the repetition at the “edges” we recall the following
terms as considered in the proof of Theorem [6}

) 0 q—i 0 ql(m+i—1)/q—1]
() (2 ()

0 q{(m+i-1)/q—1}

9 (pm " ( p<1>> ) .

By Lemma 4] and Corollary [2| the leading terms can be written as a special
linear combination of shifted unit matrices, hence it suffices to prove the
repetition at the first “edge” in M, which can be done by verifying

0
®) ( (o>> = e
Cq

If we prove that ct(lo) is of the form (¢ — 1,0,...,0,1,0,...)", then (8))
. \W—/
will follow: q—2

0
Cf;(-)g1 = p) (c(o)> = (q— 1)c01§1) + colglJZl
q

0
=(q—1,9q—1,0,..)" +(1,0,...,0,1,0,...)" = <c(°))'

q
q—1

It remains to prove that céo) has the above form. By the restriction on the
lengths of the rows in P® M the vector c((lo) has to solve the following system
of congruences:
T _ T q—1
D'($1,$2,...,$q_1,1,0,...) —(0,70) EZq

where D is the (¢ — 1) x N-matrix in Z, formed by the first row of P(1), the
first row of P®, ... and the first row of P,

Since P, ..., Pla=1) generate a (0,q — 1)-sequence, the left (¢ — 1) x
(¢ — 1)-submatrix of D has full rank. Thus there exists a unique solution in
the finite field Z,. We verify that

(¢—1,0,...,0,1,0,..)"
~——
q—2

solves the system above, by the following computation for i € {1,...,q—1}:

i i 0Y. -1\ .,
(q—l)pg,)ﬁp%:(q—l)(0>20+<q0 >2q "=(@-1)+1=0(q).
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