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Introduction. In this article, we consider matrices of the form

c(l) ¢(1/2) ¢(1/3) ¢c(1/4)

(

c2) c(l)  e(2/3) c(1/2)
(0.1) c(3) c(3/2) (1) c(3/4)

c(4)

c(2)  c(4/3) (1)

and their determinants, where the (i, j)th entry is a function of i/j. They
are characterised by being constant along lines where i/j is a given positive
rational. In this sense they resemble Toeplitz matrices, which are constant on
lines parallel to the diagonal, i.e. where i —j is a given integer. For this reason
we shall call them multiplicative Toeplitz matrices. These matrices represent
linear operators between various spaces. To identify these spaces, and to
determine when they are bounded, are interesting questions in themselves,
but for the purposes of this paper, these will not concern us. We shall be
mainly concerned with determinants of truncated matrices.

Toeplitz matrices are most usefully studied by associating them with
a function (or “symbol”) whose Fourier coefficients make up the matrix.
Indeed, they generate bounded operators on ¢2 if and only if the matrix
entries are the Fourier coefficients of an essentially bounded function on T
(the unit circle). To matrices of the form (0.1), we associate, by analogy, the
series

(0.2) > elg)g”,
qeQt

where ¢ ranges over the positive rationals. We shall first make sense of such
series in §1.
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In §2, we concern ourselves with the case when ¢(+) is a multiplicative
function on the positive rationals. Then the matrix (0.1) and the series (0.2)
are shown to factorise as “Euler products”.

In §3, we consider the determinants of truncated multiplicative Toeplitz
matrices for which ¢(-) is multiplicative. The “Euler product” formula ceases
to hold when we truncate the matrices, but we show in Theorem 3.2 that
it is miraculously recovered on taking determinants. This reduces the prob-
lem of evaluating such determinants to those whose non-zero entries lie on
“lines” i/j = p* for p prime and k € Z. It is shown in Theorem 3.1 that
these can be evaluated in terms of determinants of Toeplitz matrices. The
proofs are done separately in §4. Using this formula, and known formulae
for Toeplitz determinants with rational symbol, we evaluate several determi-
nants of number-theoretic interest in §5. For example, for f and g completely
multiplicative,

(0.3) det (f(ﬁ)g(ﬁ))lﬁn = H(1 — f(p)g(p)™/P),

p<n

Determinants associated with arithmetical functions have been studied
and evaluated by many authors. A number of generalisations have been
made of Smith’s determinant [7] of the matrix with coefficients (i, j) (see for
example [6]). The matrices considered are however of a different form; e.g.
in [6], the first column is constant. Generalisations in a different direction
were made in [2], [5], and also [3], but again the matrices considered are of
a different form from (0.1).

1. QT-coefficients and series. For a function ¢ : Q7 — C defined on
the positive rationals, we define
Z c(q) = lim Z c¢(m/n), whenever this limit exists.
N—oo
qeQt m,n<N
(m,n)=1
We sometimes abbreviate the left-hand sum by > c(q). For ¢ = m/n € Qt
with (m,n)=1, we write |¢| =max{m,n}. Thus the above definition becomes

> clg) = lim | |§<:N c(q).

Note that if f(t) = 3 co+ c(q)q™ and the sum converges absolutely, then
for x > 0,

T T
i 1 =it gr— i 1 it .—it
i gp § JaTtdi=lim o § 3 clata
=T =T qeQ+

, 1T a ., felz) ifzeQf,
=D clg) Jim — | (q/%)tdt—{O P

qeQt =T
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More generally, given a measurable function f : R — C, we can ask if the
limit

T
(1.1) lim — | f()adt

exists for every = > 0. If it exists, we shall denote it by ¢(x) or, if we want
to emphasise the dependence on f, by c¢(x). This limit is also called the
“Hadamard coefficient” (see [8], [4]). Of particular number-theoretic interest
are those f for which ¢(z) is supported on the positive rationals; that is,

(1.2) c(z)=0 forzgQ".
DEFINITION 1.1.
(a) Let V denote the space of measurable functions f for which (1.1)

and (1.2) hold. We call ¢(q) (for ¢ € Q1) the QT -coefficients of f
and write

F&)~ > cl)g”,
qeQt

which we call the Q*t-series of f. (The series formed as such, is a
formal series and need not converge.)

(b) Let U denote the subspace of V' consisting of all absolutely conver-
gent QT -series; that is,

U={Y ca)g": Y lela)| < oo}.
qeQt qeQT

(c) For f € V, with Q" -coefficients ¢(q), let A(f) denote the infinite
matrix

A(f) = (c(i/5))ig=1-
ProrosiTIiON 1.2 Let f,g € U. Then fg € U and
crga) = Y er(r)egla/r).

reQ+

Proof. If f(t) = >, co+ cr(r)rit and g(t) = > s+ cq(s)s™ we have, by
the absolute convergence of the series,

Fgt) = > eeg(s)rs) = > (X eslegla/n),
r,s€Q+ qeQ+t reQ+
from which the result follows. m

ExAMPLES 1.3. (a) Let g(s) = > o7 an/n® and h(s) = > o7 by/n® be
two Dirichlet series which converge absolutely for Rs > o¢. Let o, 3 > oy
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and put f(t) = g(a — it)h(B + it). Then f € U with
1 — Amdbnd m. .
c(q) = P dz JoiB for ¢ = - with (m,n) = 1.
=1

We can prove this by multiplying out the series for g(a —it) and h(f + it).
We have

> a4 b ambn (M \ "
. m n o mvYn
ft)= Z ma—it o+t Z manb <E>
m=1 n=1 m,n>1
3y () Ly ()
= mo‘nﬁ = do+B menf \ n
d=1 mn>1 d=1 m,n=1
(m.n)=d rm=t1
_ oy i Gmabna \ ()"
m,n>1 maenp d=1 doth n .
(m:n)izl

(b) As a special case of the above, take a,, = b, = 1 for all n. Then, for
a, B> 1, we have

((a—it)C(B +it) it 1 (m\"
sy = S = S s (h)

qeQt m,n>1

where ((-) is the Riemann zeta function. Note that this gives, for arbitrary

m,n € N,
m m/(m,n m,n)* s
<2) - C(n//<(m,n>)> - m%)zﬂ '

2. Multiplicative coefficients and Euler products. We start by
extending the notion of a multiplicative function to functions defined on the
positive rationals. Recall that a function f : N — C is multiplicative if it is
not identically zero and f(mn) = f(m)f(n) whenever (m,n) = 1. This is
equivalent to saying that f satisfies: f(1) = 1 and

ST = fF5) - f(pp*)

for all distinct primes p; and all a¢; € N.

DEFINITION 2.1. A function a : QT — C is multiplicative if a(1) = 1
and

a(py" -+ pi*) = a(py’) - a(py*)
for all distinct primes p; and all a; € Z \ {0}.
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We say a is completely multiplicative if, in addition to the above, we also
have, for all primes p and k£ € N,
a(p®) = a(p)® and a(p~*) =a(pHr.
The next proposition follows immediately from the definition.

PROPOSITION 2.2. Let a : Qt — C. Then a is multiplicative if and
only if there exist multiplicative functions f,g: N — C such that a(m/n) =
f(m)g(n) whenever (m,n) = 1. Furthermore, a is completely multiplicative
if and only if both f and g are.

Next we show that coefficients derived from Dirichlet series with multi-
plicative coefficients as in example (a) are also multiplicative.

THEOREM 2.3. Let a,b : N — C be multiplicative functions such that
Yooy a(md)b(nd) converges absolutely for every m,n > 1 and its sum is
non-zero if m = n = 1. Then the function ¢ : QT — C is multiplicative,
where ¢(+) is defined by

() - Spsmdtton
n > =1 a(d)b(d)
Proof. First ¢(1) = 1. Now consider (m,n) = 1. Write m = [], p* and

n = pr/’). Note that a = 0 for p|n, while § = 0 for p|m. Since a and b
are multiplicative we have

C(%)i HZ krayy k+ﬂ)

for (m,n) = 1.

d=1 P k=0
= 1 et TT S ath )
ptmn k=0 p|mn k=0
00

k+a)b( k+ﬁ)

Ek 0@
11 P*)b(p")

k+a)b( k+ﬁ)

Zk o b
(v 11 PF)b(pF)

(Note that here we used the fact that > 72, a(p*)b(p*) # 0, which follows
from Y 7, a(n)b(n) # 0.) Hence
k+6)

™M) = Zi‘;oa )b Zk 0
e o3) 5 o H 0]
= f(m)g(n),
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where
k—i—a) ( k) ( k—i—ﬁ)

Zk 0 n) = > o a(p®)b(p
-1 ety O = LS iy

After Prop051t10n 2.2, it remains to show that f and g are multiplicative.
Consider f. Again, let (m,n) =1 and write m = [[,p® and n = prﬁ.
Then

Yoo a(@ et )b(pk)

A zk_o )
o) o
HZk 0@ ) HZk )(; )):f(m)f(n),
plm

showing f is multiplicative. S1m11ar1y, g is multiplicative. m

Euler products. Dirichlet series with multiplicative coefficients can be
factorised as Euler products. We show below that this factorisation extends
naturally to Q*-series with multiplicative coefficients and, furthermore, to
the corresponding multiplicative Toeplitz matrix.

Suppose f € U and f has multiplicative Q" -coefficients ¢(q). For a prime
p and t real, we define f,(t) by

fp(t) — Zc(pk)pikt‘
kEZ
Let n be a squarefree number greater than 1. We define f,,(¢) by
t) =114
pln

Let S,, denote the set of all rationals formed from the prime divisors of n,
i.e.if n =py---pg then

Sp={p1* ¥ rar,...,a, € Z}.

By multiplicativity of ¢(-) and the fundamental theorem of arithmetic, it
follows that

qESn

THEOREM 2.4. Let f € U whose QT -coefficients c(q) are multiplicative.
Then we have the Fuler products

(i) f(t) =11, fo(®),
(i) A(f) = I1, A(fp)-
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Proof. (i) From above we have

11 50 =" cla)d®,

p<P qESQ

where ) = Hp<P p. Note that every ¢ with |¢| < P is in Sg. Hence

FO =TI 0] =] > dag” = Y el

p<P qeQt SVl
< Z!c(q)]—>0 as P — oo,
lq|>P

from which the result follows.
(ii) First we prove that for m,n coprime,

(2-2) A(fmfn) - A(fm)A(fn)
By Proposition 1.2, f,,, fn € U implies f, fn € U, with
rafa(@) =D er,(P)eg, (a/7).
reQ+
Replacing r with i/q gives
(23) Alfmtn)ig = 5,01 = D e i/0)cr, (a/).
q€Q*

On the other hand,

(A(fm)A(fr)) iy = Zcf (i/r) Cfn (r/7)-

Hence we must show that there is no contribution in (2.3) if ¢ ¢ N.

We can write i = s1t1u and j = sotou, where s1, 859 € Sy, 1,12 € S, and
u, v are coprime to mn. Since 4, j € N, this forces sy, so,t1,t2,u, v € N. For
a contribution to (2.3), we need i/q € Sy, and ¢q/j € S,,. Hence

q=1s=jt for some s € Sy, and t € S,.

But then sqystiu = sototv, which forces s1s = s9, t1 = tot, and u = v. As a
result, ¢ = is2/s1 = satiu € N.
Applying (2.2) repeatedly we have, for every P,

A(H fp) = H A(fp)-
p<P p<P

Fix 4, j, and let P > max{i,j}. Then the matrices A(fp) for p > P do not
affect the (7, j)th entry on the right. Similarly, on the left, the (i, j)th entry
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equals that of A(f). Thus

A(f) =] A(fp)- =

p

3. Determinants. In this section we obtain a formula for the deter-
minants of truncated multiplicative Toeplitz matrices in the case where
the QT -coefficients are multiplicative. Let f € U with multiplicative QT-
coefficients c(q). We denote by An(f) the truncated N x N-matrix for A(f);
that is,

(1) ¢(1/2) c(1/3) c(1/4) --- ¢(1/N)
c(2) 1) o2/3) e(1/2) .- ¢(2/N)
An()) = c(3) «c(3/2) () c3/4) - c3/N)
c4) 2 c4/3) (1) - c(4/N)

¢(N) e(N/2) ¢(N/3) e(N/4) - ¢(1)

From Theorem 2.4 we have the Euler product formula
A(f) =TT A
p

When we truncate the matrices, we find that

An(h) # [T An (5.
p

However, even though this formula breaks down, it is miraculously recovered
by taking determinants. Thus we shall prove that

det Ay (f) = [ [ det An(fp).

This reduces the problem to the evaluation of det Ax(fp) for a given
prime p. Define f, : T — T (where T is the unit circle) by

0
logp

e = fo(s) 00 <2m)

Write ¢ for ¢(p*). The matrix A(f,) contains only entries (i, j) where i/j
is a power of p; the (i,j)th entry is ¢ if i/j = p¥. For instance for p = 2 it
looks like
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co c—1 O
ct ¢ O
0 0 ¢
co ¢ 0
A(f2) = 0 0 O
0 0
0 0 O
c3 co O

cco 0 0 0 c_3
cci1 0 0 0 coo
0 0 c1 0 O
co6b 0 0 0 cq
0 ¢ O 0 O
0 0 ¢ 0 O
0 0 0 ¢ O
cc 0 0 0 ¢

For a € L*°(T), we denote (as is usual) by T'(a) the Toeplitz matrix with
symbol a, and by Tx(a) its N x N-truncation. Thus

cC_1 C_92 C_3

Co C_1 C_9

C1 Co C_1

C2 C1 €o

For example, writing ¢; and dj for the coefficients of fo and f3 respectively,

we have

co C_1
1 Co
0O O

c2 (1

Au(f2)Aa(f3) =

cody

while
C()do
c1d
As(fafz) = 1o

cody
cady

0

Cc_9 dg 0 d_q1 O
c_1 0 dy O 0
co O di 0 dy O
0 ¢o 0 0 0 do

Codo Cfldo C()dfl Cfgdo
Cldo C()do Cld_l C_1d0

codp 0

CQdO C1 do CQd—l Codo

C_1d0 C()d_l C_2d0
Codo Cld_l C_ldo
C_1d1 C()d() C_2d1

cidy  cod—_1  codp
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So Ay4(f2)As(f3) # As(f2f3), but both the above matrices have determinant

do d—1

col a1 ¢y c_1 d%
di dy

c2 €1 Cp
Our main results are the following:

THEOREM 3.1. Let p be a prime number. Then

det A (f) = [ (det To(F,)) /7~ 1-2IN/P 1IN/,

r>1

(The product is of course finite with r < lﬁ)gg];[ +1.)

THEOREM 3.2. Let f €U and suppose f has multiplicative Q*-coefficients.
Then

det AN Hdet AN fp HH detT [N/p’“ - 2[N/pT]+[N/pr+1]
p r>1

REMARKS 3.3. The restriction of f to U is clearly unnecessary (in both
Theorems 3.1 and 3.2) since the results only concern the values ¢(q) with
lgl < N. The only necessary assumption is that ¢(-) is multiplicative on
{g € Qt: |q| < N}. We retain the notation A(f) since the form of f (and

hence of fp) is useful in evaluating det T, ( fp)

logN] 1

On noticing that the exponent of det T, ( fp) is positive for r < [ Tos p

we have the following corollary:
COROLLARY 3.4.

(i) The matriz An(f) is invertible if and only if An(fp) is invertible for
all p.

(ii) The matriz An(fp) is invertible for all N if and only if T,(fp) is
tnvertible for all r > 1, in which case

Ty (o) | Tysn (Fo) |\ V)
H< T, (f,)I2 ) ’

where ’Tr(ﬁ,)‘ = detTT(f;) and |T0(fp)] = 1. Hence, if Tr(fp) is
tnwvertible for all r > 1 and all primes p, we have

[N/p"]
det An(f HH(‘TT 1 fp HTTH(fp)’) ’ .

p r>1 )|2

det AN(fp) =
r>1
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4. Proofs of Theorems 3.1 and 3.2. We start with some preliminar-
ies.
DEFINITION 4.1. Let n > 1 be squarefree, say n = p; - - - px. Define sets
S, and S; by (1)
STL = {ptlzl ka 1a1,...,0K € Z}7
Sy ={pP-p¥rai,...,a >0} =S, NN,
It is straightforward to prove the following basic properties:
(i) Sy is a group under multiplication;
(ii) if d|n, then S} C S;f;
(iii) if k € S;f and d| k, then d € S;".
DEFINITION 4.2. Define a relation ~,, on a subset T of N as follows: for
1,7 €T,
i~ & /] €S,
That ~,, is an equivalence relation follows immediately from the fact that
S, is a group under multiplication.

LEMMA 4.3. Let T be a subset of N which satisfies the condition: if
m €T, thend €T for every divisor d of m. Then the equivalence classes of
the relation ~, on T are given by

k] =kSiNT={kse€T:s€S}} foreachk €T coprime to n.
Proof. For k € T such that (k,n) = 1, define [k] = kS;' N T. Then

a,b € [k] implies a = ks and b = kt for some s,t € S;I. Hence a/b = s/t € Sy,
and so a ~,, b. Next, every j € T is in some [k]. For we can write j = Hp poP

for some «, so that
i=1]r" [[r* = sk,
pln pin
where s = Hp|n p®» € S and k is coprime to n, and k € T since k| j. Hence
JjE [k‘] [

In particular, we can take T' = Ty := {1,...,N}. Further, by prop-
erty (iii) above, we can (and shall) take T' = S,; N Ty for some m. We shall
sometimes write [k],, or [k], 1 to denote the equivalence classes, to emphasise
the dependence on n and the set T.

Define the counting function

Sn(x) = Z L.

s<x
ses;t

(*) The definition of S,, was made earlier in §2, but we include it here for convenience.
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Thus |[k]n,1y| = Sn(N/k), and since ~,, partitions T, we have
Y Su(N/k)=|Ty|=N.

1<k<N
(k,n)=1
Slightly more generally, using the fact that [x/k] = [[x]/k], we have, for
x>0,
(4.1) > Sa(a/k) =[x].
k<z
(kmn)=1

We shall write
St = {sgn),sén), ...} where 1= sgn) < Sén) <ee

Proof of Theorem 3.1. Since p is prime, the equivalence relation ~, on
Tn ={1,...,N} is now: for i,j € Ty,

i~pj & i/j=p" for some integer m.
The equivalence classes are given by
[k] ={kp™:m >0}NTy, wherek e Ty andpftk.

The (i, j)th entry of the matrix An(f,) is cf,(i/j). This entry is zero if
i oy j, while if i ~, j, say i/j = p™, then it is c(p™) = cp.
Consider the first equivalence class [1] = {1,p,p?,...,p" !} for some 7.

Swap the rows labelled 1,p,...,p"~! with the first » rows, then swap the

columns labelled 1,p,...,p" ! with the first r columns. The determinant
remains the same (?), but now the top left » x r-matrix has entries ajj =
cr, (0P = ¢y, Le. it is the Toeplitz matrix TT(J/“;,). Furthermore, all
remaining entries in the first » rows and columns are zero. Now apply the
same procedure for the next equivalence class, say [ki] = {k1, k1p, ..., kip* '}
for some s. Swap rows and columns labelled () ki, kip, ..., kip*~! with
the s rows and columns directly after the first r. Repeating this for each
equivalence class and rearranging the matrix accordingly results in a matrix
with blocks down the diagonal and zeros elsewhere; that is,

Ty (F) 0
Ty (o) _
det An(f,) = _ — det T ()
et An(fp) T () 1<1]:£N et T (fp)
ik
0

(?) The determinant of a matrix remains unchanged after swapping rows k and [ and
columns k and [.

(3) Using the labelling of the original matrix.
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The size of a class [k] is

W= X 1= Y =[N

lo
m>0, kpm <N 0<m< 0B N/ &p

log p

We require the number of equivalence classes of a given size r; that is, for
how many k € Ty with pt k is

log N/k
r = _—
logp
This holds if and only if N/p" < k < N/p"~!, and so the required number is
N N N
S B B B

r
N/p"<k<N/p"—! N/pr<k<N/p™—1 N/pr+t1<k<N/p" p
ptk

Hence

det An(fp) = H (det TT(]/‘;))[N/P“l]—?[N/pTH[N/pr“]' .
1<r<[log N/log pl+1

|17

For the proof of Theorem 3.2, we first need a preliminary result, regarding
the determinant of a certain type of block matrix. For a matrix A = (a;5),
denote by Ap,, the m x n-truncation of A; that is, Apmn = (aij)i<m, j<n
(m,n € N). Further, write A,, for A4, .

PROPOSITION 4.4. Letly,...,l, be positive integers such thatly > --- >

l, > 1. Let B = (b;j) and C = (ci;) be arbitrary matrices. Let A be the
matriz formed by the blocks (bysCy, 1, )r.s<n; that is, A equals

C11 --- Cily ] C11 --- Cily ] c11 --- Ci,

b11 b12 bln

L Cli1 - ClLily | L Cli1 - Clily | Cly1 -+ Clyly,

[ c11 ... C1y ] [ c11 ... Cily ]
bor | 1 T bao

| Clal -+ Clyly | | Clal -+ Clyly |

fci1 ... ¢ ci1 o--- C1y,
boa | ¢ e bon

L Clp,1 -+ Clyly Cl,1 -+ Cll,

Then n
det A= [] (det By,)'m~tm+t (det Cy,, ),

m=1
where l,+1 = 0.



278 T. Hilberdink

Proof. We can describe A = (ai;) as follows: put Ly = 0 and L, =
lh+---+l.forr=1,...,n. Then for L, 1 <i< L, and Ls 1 < j < Lg,

Aij = brsCi— L, 1 j—Ly -

We call the submatrix where L,_1 < i < L, and Ls_1 < j < Lg the block
(r,s).

We prove the result by induction on n. If n = 1, we have |b1:C},| =
bl |Cy, | = |B1|"|Cy |, as required. Now assume the result holds for all such
matrices with k& < n — 1 blocks down the diagonal. Since determinants vary
continuously with respect to the entries, it suffices to prove the result when
b11 # 0, which we now assume.

Apply the first step in Gaussian elimination: subtract suitable multiples
of the first number of rows from each of the blocks in the first column
to obtain zeros below the leading block; that is, for L,_1 < i < L, and
r=2,...,n, we apply the rule

brl
T T P T,
11
Then the (r, s)-block L, < i < L,, Ly_1 < j < L transforms as

B B brl - b brlbls o b/
Qij — au—a Qi—Ly_1,j = | Ors— b1y Ci—Ly_1,j—Ls—1 = OrsCi—Ly_1,j—Ls—1>

say, where b, = b5 — by1b15/b11. Here we used the fact that L,_q < i < L,
implies 0 < i — L,_; < I, < Iy, so that a;_r,_, ; lies in block (1,s). Note
that b, = 0 so the first column of blocks (apart from the top one) are now
all zero. Hence

b11Cy, *
|A’ = |(brsclr,ls)r,8§n| =
0 (0501 1. )2<rs<n

= b4 || [(6,Cl i, )2<rs<nl-

On the right we again have a determinant of a “block” matrix, but this time
with n — 1 blocks along the diagonal. By inductive hypothesis, we have

(42) A =BGy BEE Bl T Ol -G

where B’ = (b;); j>2. But applying the same first step of Gaussian elimina-
tion to B, itself, we get

b11

Bl =
| B, | 0 B,

= bu|B,_4|.
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Hence |B]._,| = |By|/|Bi|, and (4.2) becomes

|B2|52_l3 e |Bn’ln—ln+1
|Bl|lz—l3 . |B]-’ln_ln+1

= |By|" 2| By - | By |t Cy |- O |- m

Al =By

ICyy |-+ |Ch, |

Proof of Theorem 3.2. Note that det Ay(f) = det An(fn) where n =
[1,n p, since the coefficients c(i/j) with i or j greater than N do not affect
the matrix Ay (f). Indeed, we shall evaluate det A (f,,) for any n squarefree
and any N by proving

det An(fn) = ] det An ().

pln

If n is prime, then there is nothing more to prove. Suppose n has at least
two prime factors. We can write n = mp where p is prime and p { m. Then
the above follows if we can prove that

(4.3) det Ay (f,) = det An(f,) det Ay (fin).

We begin as in the proof of Theorem 3.1, this time swapping the rows and
columns of An(f,) corresponding to each of the equivalence classes of ~,
on the set T in turn. They are

k] = Ky = (ks ks$, ..}, where (k,n) =1 and k < N.

Swap rows and columns labelled by the elements of [1] with the first |[1]]
rows and columns. The top left |[1]| x |[1]|-matrix now has entries b;; =

c(sgn) / sg-n)). Then swap the rows and columns labelled by the elements of
the next equivalence class, say [k1], with the next |[k;]| rows and columns.
Repeat this procedure for all the equivalence classes. As in the case n = p of
Theorem 3.1, we obtain a matrix with blocks down the diagonal and zeros
elsewhere:

By (fa) 0

B,/ (fn)

(4.4)  |An(fn)l= = 11 Burl;

Biiky) (fn) 1<REN
(kn)=1

0

where B(f,) = (b;j;) with b;; = c(sgn)/SEn)), and B,(f,) is the r x r-
truncation of B(f,).



280 T. Hilberdink

Let k € T be such that (k,n) = 1. Define the set T®) by
T® .= 1)1, = ST NTy,  where M = [N/k],
and let tx denote its cardinality, i.e.

ty = |T®| = S, (N/E).

Note that Hk]n,TN| = |[1]n,TM| = t;, so that B\[k]nTN|(fn) = Btk (fn), and
(4.4) becomes
(4.5) Av(f)l= T 1Bu(fa)l-

1<k<N

(kmn)=1

Consider the equivalence relation ~,, on T*). By Lemma 4.3, the equiv-
alence classes are

lmr = §SHENT® = jSt 0 SN Ty = 585 N Tar = [flmry,

(since jS;t C S for j € T such that (j,m) = 1, ie. j € S} and j < M
and (j,m) = 1. But j € S, implies j = p"j’ for some r > 0 and j' € S;'.
Since j is coprime to m, we must have j/ = 1, hence j is a power of p only.
Thus the equivalence classes are

) (m) (m) }

P hnirns = (s 5
for r =0,1,... such that p” < M. Note that |[p"];m,1,,| = Sm(N/kp").
Label the rows and columns of each matrix By, (f,) by the elements
of T™). Now swap the rows and columns of each By, (fn) according to the
equivalence classes of ~,, on T ). That is, swap the rows and columns la-
belled by the elements of [1],, 7,, with the first |[1],, 7,,| rows and columns.
Then swap those labelled by [p|m, 7, with the next |[p]m, r,,| rows and
columns. Repeat this for each of the equivalence classes. The resulting de-
terminant now has its rows and columns ordered as

[1]m7 [P]m, [p2]m, e

For this new determinant, the (i, j)th entry in the “block” corresponding to
the equivalence classes [p" ], and [p*~1],, is

(for some 1)

prs™ $(m)

el —t—= ) =c(p" )|l = (by multiplicativity of ¢(-))

s o(m) (m)
Ps; 8;

= CrfsB(fm)ij-

The resulting matrix is therefore in the block form as in Proposition 4.4,
with “B” =T(fp),“C” = B(fm) , and

U =g = [ izl = Sn(N/kp" ).
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By Proposition 4.4, we have

|Be (fa)l = [T VT (o) [~ By, (fin).

r>1

(This is a finite product since the [, ; are eventually zero. Indeed, [, = 0
when kp"~! > N.) Substituting into (4.5) gives

(4.6) An(f)l =TT TLIT (o)l By, (fn)]

1<k<N r>1
(k,n)=1
= (TTm ) (IT TT 1Bl
r>1 r>1 1<k<N
(k,n)=1
where
= > (=) = D (S(N/kp™™) = Sm(N/Rp")).
1<k §N 1<k<N
(k,n)= (kn)=1

Now, (k,n) =1 if and only if (k,m) =1 and p{ k. Hence for x < N,

7 Sulz/k)= > m(@/k) = D Su(z/k)— D Sw(x/pk)

1<k<N k<zx k<x pk<z
(kmn)=1 (k,m)=1, ptk (k,m):l (k,m)=1

= [z] = [z/p] from (4.1).
It follows that

o= ][ - (- ) = ) =215+ L)

Hence (4.6) implies (after Theorem 3.1)

(4.7) AN = AN TT T 1Bus (F)l.

r>1 1<k<N
(kn)=1

Furthermore, since [, = 0 when kp'~! > N, we have

kSN/pT71
(k,m)=1
I 1B..(fm)l = :
(kn)=1 kaN/pr—l

(k,m)=1
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But lr,pk = lr+l,k> SO

II II 1B..(w)l

r21 k<N/pr—1

H H ’Blr,k<fm)’ (k;m)=1

r>1 1<k<N H H |Blr,k(fm)|
(ksm)=1 r22 k<N/pr-!
(k,m)=1
= H |By, . (fm)]  (the 7 =1 term only)
k<N
(k,m)=1

= [An(fm)| by (4.5),
since [ j, = t. Thus (4.7) gives
[ AN (fn)| = [AN(fp) [ AN (fin),
and the result follows. m

5. Applications. We can use Theorem 3.2 to evaluate some interesting
determinants. First suppose f has completely multiplicative coefficients ¢(q),
such that |c¢(p)],|c(1/p)| < 1. Then, for t € T,

Bty = 30 et =" )t + e /p) e
k=—oc0 k=1 k=0
c(p)t ¢ (1 —c(p)e(1/p))t

T=cp)t | t—c/p) (1= et —e(1/p)’
This is a rational function, and explicit formulas for determinants of trun-
cated Toeplitz matrices with rational symbols were found by Day (see, for
example [1, p. 163]). Applying Day’s formula, one finds that

det T, (f,) = (1 — e(p)e(1/p))*~"  forn > 1.
Hence

[Tt (o) [ [Ton1 (Fy)| _ { 1 if m > 2,
T (f)|2 1—c(p)e(l/p) ifm=1.
Corollary 3.4 gives
det An(f) = T (1 = c(p)e(1/p))/?L.
p<n

After Proposition 2.2, we can rewrite this more conveniently as follows: put
c¢(m/n) = f(m)g(n) whenever (m,n) = 1 and where f and g are completely
multiplicative functions on N. Then

(5)=<(e5) = (e7)o (&)

and we obtain:
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COROLLARY 5.1. Let f,g: N — C be completely multiplicative. Then

w(1(55)o(5)).,. = O~ S

p<n

=11 - f)g@)

r=1 p‘r

The last expression is a standard manipulation on the RHS.
For example, with f(n) = 1/n® and g(n) = 1/n? (a, B € C), we obtain

In particular, putting a =05 =1 / 2, we have

More generally, taking f(n) = h(n /\/ﬁ and g( ) = 1/(v/nh(n)), with h
completely multiplicative and non-zero, Corollary 5.1 gives

As a further example, let a(n) = p(n)/n? and b(n) completely multiplica-
tive. Define ¢(-) as in Theorem 2.3. Then c is multiplicative (but not com-
pletely). Moreover, by (2.1) (with m = [[,p%, n = pr,b’ and (m,n) = 1)
we have

m a(p® (%) + alp)b(pPtl
(5.2) c<_):H1+<p> [ 2+ el

n s a(p)b(p) o L+ a(p)b(p)

— a(m)b(n) since b is completely multiplicative
= Ot api) (e s completely multiplicative)
_ plm)b(n) 1

ome pHml—b(p)p‘

For k > 1 and p prime, it follows that

c<pk>:{0‘1/<pg‘b(p” LY and e =0
Hence -
B = > ey =

(p7 = b(p))(t —b(p))’
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again a rational symbol. Applying Day’s explicit formula for Toeplitz ma-
trices with rational symbol gives

det Tn(ﬁ,) = (1=0b(p)/p°)'™™ forn > 1.

Hence

T (P | Tnin (Fp)l [ 1 itm > 2,

T (f)I? /(1 =b(p)p~?) ifm=1

Corollary 3.4 now gives

det(c(i/j))ij<n = H(l — b(p)/p”) /7,

p<n

As a special case take b(n) = n°~1. Then (5.2) gives for m,n coprime

p(m)n? !
cecm/n) = ——————.
) = G mme
Hence . .
. .. . —0
det(u(@/(m)) (3) > _ r
o6/ G\i) ) yen Mo
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