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1. Introduction. Let f be a non-dihedral primitive cusp form of weight
k and level N with Fourier expansion f(z) =, <, a,€?™* normalized so
that a; = 1. The Sato-Tate conjecture for modular forms asserts that the
normalized Hecke eigenvalues p~(+=1)/ 2ap for prime p { N are equidistributed
relative to the measure

oo () = {7‘('_1\/1 —a2/4dx for x € [-2,2],

0 otherwise.
See also [10, Section 21.2] and [I5, Chapter 4, Section 7]. The Sato—Tate
conjecture is a consequence of the analytic continuation of symmetric power
L-functions to Res > 1 (Serre [20], Murty [17]), which in turns follows from
Langlands’ functoriality conjecture. Although Langlands’ conjecture is still
unsettled, the Sato—Tate conjecture is now a theorem by the breakthrough
of Barnet-Lamb, Geraghty, Harris and Taylor (see [1]).

Another viewpoint is the vertical version of the problem: fix a prime p
and determine the distribution of the eigenvalues of the Hecke operator T},
on a parametric family of cusp forms as the parameter goes to infinity.
Different cases were investigated by several authors: for Maass forms by
Bruggeman [4] and Sarnak [19]; for holomorphic forms by Serre [21] and
Conrey—Duke—Farmer [5]; for Hilbert modular forms by Li [14].

A quantitative version of the distribution of the eigenvalues of T}, on
a family of modular forms was given by Murty and Sinha [16]. Lau and
Wang [13] gave a quantitative version for Maass forms with level 1. In this
paper, we extend their results to Hilbert modular forms and further to some
GLy automorphic representations whose local components at a finite set of
finite places are specified. The latter perspective is new.
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All the previous results except [14] are based on the classical trace formu-
las for modular forms or Maass forms. Our proof is based on Arthur’s trace
formula on GL2(F') ([8], [9]), where F' is a totally real algebraic number field
with degree r > 2 over Q. For a special class of test functions, we derive a
simple trace formula on GLa(F'). The formula gives us an estimation
which suffices for our purpose. Although the formula can be made more ex-
plicit, we do not pursue this direction in this paper. Furthermore, the repre-
sentation theory of GLg allows us to refine the trace formula. Namely we can
have a trace formula on Hilbert modular forms not only with given weight
and level but also with prescribed local representations at some finite places.
This is otherwise difficult to obtain by classical methods. Our formula
is also a generalization of [14], Theorem 3.21]. Other salient points include
Lemma and a variant of the Erdés—Turén inequality (Proposition
which are our keys to the quantitative result in both level and weight aspects.

Let 01,...,0, be the embeddings of F' into R and oo1,...,00, be the
corresponding valuations. Let O be the ring of integers of F'. For an integral
ideal a, denote by N(a) = |O/a| the ideal norm of a. For a € O, denote
by N(a) = N((«)) the absolute norm of «. For an even integer k > 2, we
denote by i the discrete series representation of GLa(R) of weight k with
trivial central character.

Let ?M be an integral ideal of O and k = (ky,...,k,) be an r-tuple of
even integers with k; > 4. Let I (M) be the set of cuspidal automorphic
representations 7 in L(Q) for which

L. an = @)ycoomv contains a non-zero Ko(9)-fixed vector,
2. Moo, =y, fori=1,...,7.

(See Section 2 for the notation.) The set ITx() is finite [3]. At each fi-
G(Fy)

B(r,) X- Here B is the set of upper

nite unramified place v of 7, m, = Ind
triangular matrices of G,

(0 0) -

and x1,x2 are unramified characters of F,. Let w, be a uniformizer of
F, and write o, = x;(w) for i = 1,2. The values ai,, a9, are called the
Satake parameters of m,. We define \,(7) = a1, + ag,. For m € IL(MN),
the Ramanujan conjecture was settled (see [2], [I8]) and hence |A,(7)| < 2.
In this paper we give a quantitative analysis of A,(m) where some local
representations of 7 are prescribed.

1/2
x1(a)xa(d)

v

Let § = {wi,...,w,} be a set consisting of non-archimedean valua-
tions and for all ¢ let g; be the prime ideal corresponding to w;. The set
S can be taken to be empty. Let p,, be a supercuspidal representation of
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Z(Fy,)\GL2(Fy,), where Z is the center of GLy. Let q;* be the conductor
of pu,;. Write p = (pw,, -, pw,) and

I (M, p) = {m € IIx(N) : T, = pu, fori=1,...,1}.

Note that I (M, p) is non-empty only if M| where M = [[;_, qi*. We
associate to the family ITy (91, p) two quantities:
1.1 Q=TT and ﬁd
( ) k ll_{ T P P Pw; 7
where d,,, is the formal degree of p,, (see Section
Let p1,...,pr be prime ideals ¢ S whose corresponding valuations are
v1,...,vr respectively. We will show that the set

T 2
{Qus (M) Ao (7)) s 7 € (M, )} with (9, ]Twe [T o) = 1)
t=1 =1

is equidistributed with respect to the measure H?zl dpty, as N(D)+Cy — oo.
Here, for a non-archimedean valuation v with corresponding prime ideal p,
the measure is defined as

N(p) +1

2 o) = (N Ny 2y — a2 P

Furthermore the rate of convergence will be estimated. Define the counting
function

Ni(p1, ..., 07N, p) = #{m € IL(M, p) : (Ao, (), ..., Ay (7)) € 1}

for any I =[], [au, 8] C [-2,2]T.
Our main result is the following.

THEOREM 1.1. Let py,...,pr be distinct prime ideals with (py - - - pr, M)
= (1). Let M be an ideal of O with (‘ﬁ p1-prIN) = (1). Then

Nl(pla”'apTamm p TlOgN(plpT)
(13) T, (00, ) §Hd 0 log<ckN<fn>> )

where Cx and dji,, for v =v1,...,vr, are defined in ) and respec-
tively. The implied O-constant depends only on F cmd pw , 1= 17 ceyt.

REMARK 1.2. (i) We see (from ({8.3) below) that as N(’ﬁ) + Cx — o0,
#IT (MM, p) = (1+ o(1)) meas(G(F)\G(A))Cid, N [] (1 = ¢;?).
pEIN
(ii) Since the left side of (1.3]) is at most 1, it suffices to consider the case
T'log N(p1 - --pr) < 6log(Cx N(9))

for some small absolute constant § > 0.
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We immediately deduce some generalizations of [14, Theorem 1.1].

COROLLARY 1.3. For j = L2,..., let k9 be an r-tuple whose entries
are even numbers > 4 and let fﬁ(J) be an integral ideal relatively prime to
p1---prqL- - q.. Suppose N(MU)) + Cy i) —+ 00 as j — oo. Then

{()\Ul (ﬂ-)a R 7)‘UT (ﬂ-)) HEIS Hg(j) (m(j)m7 B)}
1s equidistributed with respect to the measure Hthl Ly, -
Taking S = (), we have
COROLLARY 1.4. Let p1,...,p7 be distinct prime ideals. Suppose I is
an integral ideal with (N, p1---pr) = (1). Then
#H{m € IL(M) : (A, (1), ..., App(m)) € I}
# 11 (N)

T T'logN(p1---pr)
‘§£[1d“”t+0< o)

where the implied O-constant depends only on F'.

2. Notation. Prime ideals are usually denoted by p or q. The prime
ideal corresponding to a non-archimedean valuation v is denoted by p,. For
every non-archimedean valuation v, write ¢, = N(p,). If a is a fractional
ideal of F', we use [a] to represent the corresponding ideal class in the ideal
class group of F'. Write h(F') for the class number of F'. Let A = Ap be the
set of adeles, and 0= [I,co0 Ou- Let Agy, be the set of finite adeles. For
o = (w)v<oo € Agin, the norm N(a) is defined by [], . N(py)ordv .

Let G = GLo and Z be its center. The identity element of G is de-
noted by e. We write G = Z\G so that Z(A)\G(A) is abbreviated as G(A),
etc. For any S C G, we write S for the image of S in G. Let Ko, =
SO2(R), which is a compact subgroup in G(Fx,), and Ks = [[;_; K, -
For v < oo, we take K, = GL3(O,), the standard maximal compact sub-
group of G(F}).

For any valuation v, let dg, be a Haar measure on G(F,). For a non-
archimedean valuation v, the Haar measure on G(F,) is normalized by
meas K, = 1.

Next, g € G(R) can be expressed as

(1 > <1 x) (y1/2 > < cosf  sin 9)
z 9
+1 1 y~1/2)\—sinf cosb

y,z>0,60€0,2m), z € R.
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The measure on G(R) is given by

J _ dz dzdy db
9= y2 27

For an archimedean valuation v, the Haar measure on G(F,) is defined by
identifying G(F,) with G(R).
Let Y/ be a positive number and C’ be a compact subset of R. Put

1 1/2
D:{( T><y 1/2):xEC',y>Y’}
y

and 6., = [[;_; DK,. As in [I4, Section 3|, we have (a variant of) the
Siegel domain

(2.1) S =6, x Ki, = HDKOOZ < I &,

V<00
where K is an open compact set and is equal to K, for almost all v. When
C" and K, are sufficiently large and Y is sufficiently small, we have

(2.2) G(A) =G(F)&.

There exists a positive integer P such that K[, and Kg;l - PilMg(@). Let
Q = P?. The choices of Y’, C’, Q and K} only depend on F. Throughout
the paper, Y',C’,Q, K}, are fixed as above and all the implied constants in
<- or O-notation may depend on Y’, C’, @, K}, F unless otherwise stated.

Let L2(G(F)\G(A)) be the space of square integrable functions on
G(F)\G(A), and let L2 be the subspace of cuspidal functions. The restric-
tion of the right regular representation R to L% decomposes into a discrete
sum of irreducible cuspidal representations, each of which can be factorized
as a restricted tensor product ®v7rv.

For a ring R, M>(R) denotes the set of two by two matrices with entries
in R. Let n, 9% be two integral ideals of 0. Define the set

M (ny,9,) = {g - <Z Z) € Ma(Oy) : c €My, (det g)O, = nv}.

Write M (n, D) =[], .o, M(ny,My). Denote by xg; the characteristic func-
tion of M (n,,N,).
Let
b
Ko(M,) = {(“ d) €K,:ce sn} Ko(M) = [] Eo(0),

C

) moan b, K = TT KO,
) troao]
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Let further

(2.3) (M) = (meas Ko(MNy)) ™ = [Ky : Ko(M,)]
B { @@ 1(g, +1) if ord, M > 0,
R if ord, 9N = 0.
Globally define (M) = [T, .o ¥(My) = (meas Ko(N))~*. Plainly one has

(2.4) N() < P(MN) < d(MN)NM) < N(M)! =,

Here for an integral ideal a of O, the divisor function d(a) is defined as

d(a) = H(ordy a+1).

pola

Here and below, € denotes an arbitrarily small positive constant whose value
may differ at each occurrence. We extend the divisor function to the set of
fractional ideals by setting d(a) = 0 if a is not an integral ideal.

Write V() for the set of valuations dividing 91. For ) € S C V(M)
define

(2.5) N =N/ [ po.
veS
(2.6) PO = Y ()P,
SCY(M)

where S = 0 is included in the summation. Then N() < (M) < N(N) as
(2.7) P =N [T (1 -¢.).

P3N

3. The trace formula for a class of test functions. Let k£ be a
positive integer. Let g = (‘; 3) € G(R). Define

k—1  (detg)"/2(2:)*
fr(g) = {

if det
(31) A (—b+C+(a+d)1)k 1I de g>05

0 otherwise.
For k = (ki,...,k;), define

fio=1] fe-
=1

Let f be a function on G(A) which factorizes into f = [[, fu, where f,
is a function of G(F,). Let foo = [[i—; foo; = fix. Throughout the paper
Jn = [[,<o0 fo is compactly supported modulo the center, locally constant
and for almost all v, f, is the characteristic function of K,. The right regular
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action of f on L? is given by

R(f)p(z)= | flg)¢(xg)dyg.

G(A)

Because f5, is compactly supported, there exist g1,..., g1 € Mg(@) such
that

L
Supp fﬁn C U Z(Aﬁn)giKﬁn'
=1

Taking n; = (det ¢g;) and 9 = O, we have

L
(3.2) Supp fiin € () Z(Agn) M (ng, M).

=1
Note that Z(Agy)M (0, M) = Z(Asn)M (0, N) if n;/n; is the square of an
ideal, and they are disjoint otherwise. We can therefore assume that n;/n;
is not the square of an ideal for ¢ # j and is thus a disjoint union.

Unless otherwise stated, throughout the rest of the paper we assume fg,

satisfies with integral ideals 91, nq,...,nz such that n;/n; is not the
square of an ideal for ¢ # j.

THEOREM 3.1. Let f = fi fan be given as above. Then
(3.3)
tr R(f) = meas(G(F)\G(A))f(e) + | > flgTMvg)dg
G(F)\G(A)  ellipticinG(F)

and the right hand side is absolutely convergent. Here ~y is said to be elliptic
if it is mot comjugate to an upper triangular matriz over F.

Proof. The proof of the trace formula for L = 1 is given in [14, Sec-
tion 3]. The proof there can be easily generalized to L > 2 by the linearity
of the trace formula. m

See also [6] and [7] for discussions of trace formulas for non-compactly
supported functions.

4. Preliminary treatment of the elliptic term. Let B be a set
of representatives of the class group of F. In particular, the representa-
tives can be chosen such that the norms are < (7! /TT)d}/Q, where dp is
the discriminant of F' (see [I2, Theorem V.4.4]). For ¢ = 1,...,L, let
{bs1,bp2,...,bp,} € B be the solutions of [6]2[ng] = [(1)]. For all £ and ¢,
there exists 7y € O such that

(4.1) b%t”é = (1et)-



362 Y .-K. Lau et al.

We can assume 7y satisfies o1(ng) > N(ng) and |oi(ne)| > Lfori=2,...,r
by the following proposition.

PROPOSITION 4.1. For any n € O, there exists a unit uw € O such that
o1(nu) > N(n) and o;(nu) > 1 for i > 2.

Proof. For x € F*, write A(x) = (log |o1(z)|,...,log|oy(x)]). It is known
that A = {(AM(z) : = € O*} is a lattice in Ly = {(x1,...,2,) € R" :
x1 + -+ + z, = 0} with maximum rank. Let P be a fundamental paral-

lelogram of L/A with one of the vertices at the origin and, for ¢ > 2, the
x;-coordinate of all the vertices non-negative and bounded by a constant A.
For n € O, A(n) — (logN(n),0,...,0) € L. There exists u € O* such that
A(n) — (logN(n),0,...,0) + A(u) € P. Then for i > 2,

log |oi(nu)| = 0

and

2
log o1 (nu)| =1ogN(n) — Y _log|o;(nu)| > logN(n) — (n — 1)A. =
i=1

We fix a set of representatives of O* /{u? : u € O*}, namely
(42) {’U/l,...,’LLQr}.

For v € G(F'), denote by [y] the conjugacy class containing 7. Let G, be
the centralizer of v € G(F'). Suppose o is a conjugacy class in G(F). Then
det v has the same value for any v € 0. This value is denoted by det o.

Write £(f) for the elliptic part of the trace formula, i.e., the integral

on the right side of (3.3)). By [14, Proposition 2.4] and [II], Section 26], the
elliptic part can be written as

EhH= > % | > flg~tyg) dg

Ltgn=neu;  G(F)\G(A) 7 elliptic in G(F)
dety=n

- Y > Yo ) dg

Lt jm=mneu;  elliptic conjugacy classes o G(F)\G(A) V€0
of G(F) with deto =17

Z . Z
o 2
Lt jm=mneru;  elliptic conjugacy classes [v]
of G(F) with dety =17

x| Y flg o og)dg

G(F)\G(A) 0€G~(F)\G(F)

= > % > | flg~ vg) dg.

Lt 3, n=ngtu; ellig;cié (clgr)lj:f:ﬁydiifsisn[v] Z(A)G(F)\G(A)



Quantitative analysis of the Satake parameters 363

Here we use the fact that G,(F)\G(F) = Z(A)G,(F)\Z(A)G(F). The
above then leads to

1 —
EhH=" > 5 > iy | flg~"vg) dg,
Lt,3,n=neru;  elliptic conjugacy classes [v] Z(A)GH(A)\G(A)
of G(F) with dety =17

where
py = meas(Z(A)G(F)\G~(A)).
Note that
(4.3) | flgvg)dg =] | folg~ ' vg) dg.

Z(A)Gy(A\G(A) v Z(Fo)Gy (Fo)\G(Fy)

If «y is not elliptic for some archimedean place co;, then by [I1], Proposition
26.3),

| fooi (9 v9) dg = 0.
Hence the left hand side of (4.3)) is non-zero only if v is elliptic in any
archimedean embedding in G(Fy,).

Given elliptic 7,7 € G(F), we say that v and +' are conjugate if they
have the same characteristic polynomial. Suppose the characteristic poly-
nomial of v is 22 — 7z + 7. Then ~ is elliptic in G(Fy,) if and only if
0i(7)? < 4oy(n) for i = 1,...,r. Furthermore, by [14, Proposition 2.4], if
dety = nuu; and f(g~1vg) # 0 for some g, then
(4.4) B givgen € [ M2(0,),

<00

where B € O satisfies (Bety) = by for all non-archimedean valuations v.
Therefore
try € B O,  for all v < co.

We rewrite the above as follows.
PROPOSITION 4.2. The elliptic term in Theorem [3.1] is given by
1 _
E(fufin) = 5 Mo e [0 | folg™ vrg) dg.
noT v Z(Fy)Grypr (F)\G(Fy)

Here n runs through

(4.5) = NetUy, ez1,...,L,t:1,...,tg,j:1,...,QT,
T runs through
(4.6) 7€ BONO, 0i(1)? < doy(n) fori=1,...,r

and Ypr = ((1) _T”) is an elliptic element with characteristic function x? —

T+ 7).
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The next lemma is our key to bounding the elliptic term uniformly with
respect to weight k.

LEMMA 4.3. Let k > 4 be an integer. For elliptic v € G(R),

| felg™ ) dg‘ < | | 12097 vg)| dyg.
Z(R)G- (R\C(R) Z(R)G, (R\G(R)

Proof. Write
( cosf  sin 9)
kg = _ .
—sinf cosf
Let ae’® and ae™® with a,0 € R be the eigenvalues of . By [11], (26.6)],

(4.7) | felg™vg) dg
Z(R)GH(R)\G(R)
= | fulg keg)dg+ | frlg 'k_og)dy.
SLa(R) SLa(R)
By the calculation in [I1], p. 301],
ie*i(k*l)@

—1 _
| fulg kog)dg = —5 7~

SL2(R)

Denote the above expression by @(#). The absolute value of the left side of

@D is

|Pr(0) + Pr(—0)| < [Dk(0)] + [Dk(—=0)| = |P4(0)] + [Pa(—0)].

Our assertion follows by |®4(0)] < SSL2(R) |f1(g~ Y kog)| dg and 1} with | f4]
in place of fi. Here |f4|(z) = |fa(z)|. =

PROPOSITION 4.4. Write 4 = (4,...,4). Then

€ (fifin)] < 5 ZZZS |(fafen) (9 v9)] dg.

T v @
Here n runs through -, T runs through (4.6) and v runs through

(4.8) v €G(F)N Q‘lﬁthz(é), try=7, dety=n.
Proof. By Proposition H and the previous lemma,
1€ (fiefin) < = Z Z Py | |(fafin) (9™ mr9)| dg

Z(A)Grypr (A\G(A)

5 Z > | |(Fafin) (g e 9)| dg

T Z(A)Gaypr (F\G(A)
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*ZZ S0 1S9l dg

T Y€l ] G(F)\G(A)
_2Z§:X:ShMM7wMg
T y€[m-] &

It f(g~'vg) # 0 for some g € &, then by [@E4), By € Kfy, Ma(O)K'5,
C Q' M5(0). Thus we can replace ZVG[%T] by a summation of v satisfy-
ing (4.8]). This gives the result. m

5. Estimation of the elliptic terms. Because in (2.1)), K/ is compact,
there exist a1, ..., a5, € K|, such that

Sv
K, C|JaK
i=1
If K| = K,, then we can take s, = 1. So s, = 1 for almost all v.

PROPOSITION 5.1. Let v be a non-archimedean valuation. Let s, be given
as above. Let N, = pI* where m is a positive integer. Let n, be an integral
ideal of O,. Let f, = xy; . Suppose that v € G(F,) is such that dety € n,
and A = A(y) = (try)? —4dety # 0. If ord, A < m, then

ord, A/2

e R R R
Kl v

Proof. First we notice that

Sv

V 1ok k) |dk<2 Volfote k) dle =D § 1fo(k oy \yauk)| dk.

K i=1 a; Ky i=1 K,

Suppose § [ fu(k~ La; 'yaik)| dk # 0. Then by [14, Lemma 2.3], there exists
ko € K, such that

b
0= ko_lai_lfyaiko = (a d) (mod N,).

Because dk is a Haar measure on K, and f, is bi-K (,)-invariant,

(5.1) | ok o yaik)| dk = | | £, (k7 0k)| dk
Ky K,

— Z meas(K (M,))|fo (k™1 6k)).

keK,/K(My)
Write k = (% %) € K,. Then k™ 6k € Ko(0M,) if and only if
(5.2) z((a —d)z + bz) =0 (mod N,).
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Let i = ord,(a — d). Because (a — d)?> = A (mod M,), ord, A = 2i if
ord, A < m.

Let j = ord, z. For fixed a, b, d, z, the congruence is solvable if and
only if min(i + j,m) < 25+ ord, b and the number of solutions of z mod I,
is q;nin(i-l—j,m).

For fixed j < m, the number of z mod 9, with ord, z = j is < ¢y
The number of solutions of  mod N, of the congruence is qmm(lﬂ m),
The numbers of w, y mod M, are both ¢]*. Hence for such 7, the number
of k € K,/K(M) such that k~'6k € Ko(9,) is < g /gm0 Hmg2m

v —
qU J qU ] Q’Um = q3m ! *

For fixed j > m, the number of z € O, /M, such that ord, z > m is 1.
Hence for such j, the number of k € K,/K (M) satisfying k= 15k € Ko(MN,)
is < q'qy™ < gyt

Because m > 1,

(measK(‘)’LU))_l = [Ky : K(M)| = [Ky : K(po)][K (po) : K(p")]

= (g2 — (g —q)s™ Y = 2" (1 — ¢, ") (1 — g, ).
Summing up over j =0, 1,...,m, the integral (5.1) is
Im+1

149
qim

m—j

<S(m+1)(1-¢) " 1-q )"

The proposition follows easily. =

PROPOSITION 5.2. Let ) = ngu; be as in (4.5). Then
(5.3) Y30 falg vg)l < N(n)*2.

Ty el
Here T runs through (4.6) and v runs through (4.8).

Proof. By (4.8), v = (Zg Zég) with a,b,¢,d € O and ad — bec = Q1.

Let M be a positive number such that [—M, M]" contains a fundamental
domain of R"/{(o1(x),...,00(x)) : x € O}. Let

1/2
1 x)\ [y,
P = v ]{2662)0
! < 1>< y[m) "

Then by [14, p. 359], for |g1], |esal, |eis| < M,

| f1(g;  oi(7)g5)]

< E Q4Ui(77)2
= 7 ((oi(a) = gi(c)z;)? + (0i(d) + oi(c)zi)? + (Y'oi(c))? + 2Q%0i(n))?
< CiQ*oi(n)*

= ((gi(a) —oi(c)zi+en)? + (0i(d) +oi(c)zi +ei2)? + (Y (0i(c) +€i3))2 +2Q%0:(n))?’
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where

12 4

(4 aviem) ( ayim)
) (1+ —=
T Qv/20i(n) Q+v/20i(n)
Here we have used Proposition oi(n) >1fori=2,...,n and o1(n) >
N(n) > 1.

By [14], p. 359, last line],

o; Qdui dvi dwl
6 < I1§1) ey

P IRRR + UZ»Q + (Y'w;)? 4+ 2Q%04(n))?

Ci=

H S S S dul d’UZ dwz
f@Y' p (wf +of +wi+1)2
The proposition follows easﬂy. "

PROPOSITION 5.3. Let M be an integral ideal and o > 0. Let n be given
as in the previous proposition. Then

(5.4) S>> falgTM gl dg < N(n)¥/2re N,
T 7, A(Y)EM S,
where T runs through (4.6) and v runs through (4.8) with A(y) € M
Proof. Since |oi(A(7))| = 4oi(n) — Uz( )? < doi(n), N(M) < N( ( ) <
4" N(n). By the previous proposition, < N(n )3/2 N(n)3/2+taN(n)~@
< N(n)3/2HaN(OM) 2. u

THEOREM 5.4. Let f = fyxfan be given as in Section . Suppose P is an
upper bound for | fan|. Then for any e > 0,

L
E(f) < PN ~2F= Y "N(ny)?

Proof. By Proposition 44

N<s ZZZS (fafan) (g v9)| dg,

Ty e
where 7 runs through -, 7 runs through (4.6)) and v runs through (4.8]).

We partition v according to the values m,(y) = min(ordv A(v),ord, M) for
all non-archimedean valuations v. Then

SYEY Y [ )l d

no T MN v, my(y)=ord, M &
for all v < oo

Fix 7 = nguj;, MM and v with det v = 7. Suppose v is a non-archimedean
valuation such that ord, M < ord, N. By (£1)) and (&), det(B,.7) € nep.
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Hence by Proposition we have

Ny

Ve (g0 vg0) dgo = | X5 (90 Bravgw) dgy
K/ K!
ord, A(vy)/2
< sy(ordy M4+ 1)(1 — ¢, %) ' (1 - qv_l)_lvorT-
Qv
For other v, we use the trivial estimation

§ Xt (92 '90) dgo < meas K,
K,

Note that s, = 1, meas K, = 1 for all but finitely many v, and their values
only depend on our choice in (2.1]). So

| I(fafin) (g v9)]

6/
qord m/2
L Pd(N)(meas K')( H sv> < H vordv‘ﬁ>
V<00 ord, M<ord, N Qv
(I =g a=a"7) | faloxlr9.0)] doee
ord, M>0 (G1A
qordv Mm/2
cordmN( T] ) sl do
ord, M<ord, M 1Y (G

Therefore

ord, M/2 )

E(f) <cBAMNOYTZH D" ( I “w

n T MM v, my(y)=ord, M “ord, M<ord, N 1Y
for all v < o0

| 1740955 7900) | dgoc
&

qu“du Mm/2
< GAOMNOYTD "> ( 11 odm)

n IMN “ord, M<ord, N 1Y

<S03 | 1fal931 9900 dgse
T 7, A(Y)EMEL,
Srdv‘)’t/2 N 3/2-‘1—04
<oamneyt DS (T M ) N

n MN Sord, M<ord, N 9V
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Here we use Proposition in the last step. Let a = 1/2. Then
E(f) <e Pd(M) N(DM)*/?

N 2
X Z Z ordv(‘ﬂ/2<)n) ord, 91/2

n MmN [Tora, m<ord, m @ [Lora, mm=ord, m @v
L
< ONO)TENM)T2 Y Z 1/2 <<€Q5N(‘ﬁ)_1/2+EZN(ng)2. .
n smm
6. Prescribed local representations. Recall S = {wy,...,w,} and

pw, is a supercuspidal representation of Z(F,,)\G(Fy,) with conductor q;7,
i=1,...,0. Also, M=T[;_, q;".
Let w,, be a Koy(q;*)-invariant unit vector of py,. It is unique up to a
scalar multiple of a complex number with norm one. Define
fuwi(9) = Pwl (Pw; () U, s U, )
where dp,, is the formal degree of p,, defined by

d,., = Vo 1o, (9)tw, )| dg.
G(Fu,)

Let n = p" -+ p77. Let M be an ideal relatively prime to py---prgr---q,.
For v ¢ S, define f, =¥ (My)xqt - Set

(6.1) 3= fe H fo- I o

weS v<00, vES

Ay, p) = @ Cligo; @+ ® Uoo, @ Unp, *** @ Uy, ® H Trf)(o(‘ﬂv)_
wEIT (NM) otherv

Here uqo, is a lowest weight unit vector and 700%) ig the set of Ko(My)-
invariant vectors of .

PROPOSITION 6.1. Let n, M and f be given as above. Then R(f) maps
L2(G(Q)\G(A)) to Ax(M, p) and annihilates Ax(M, p)*. Moreover

T
trR(f) =Nm)2 Y~ d(?gj;)ﬂth()\m(ﬂ)-
t=1

WEHK(WSJT,B)
Here d(a) denotes the divisor function (see Section[2)), ¢() is the conductor
of m and X, is the polynomial defined by
sin(m + 1)6
sinf

Xm(2cosb) =
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Proof. For a square integrable representation m,, of G(Fy,), Tw,(fuw,) is
the orthogonal projection to Cu,, if m,, = py, and is the zero map otherwise.
The proposition can then be proved in a similar fashion to [14, Propositions
2.2 and 3.5]. We also use the fact that for 7 € II (MM, p), Ty, = pw, and
thus ¢(my,) = My,. = B

Define
(6.2) fi= 2, DA
SCY(M)
(see (2.5))). The summation includes S = ().

THEOREM 6.2.

T
wR(S) =N 3" T X, (i (7))

Tl (MM, p) t=1

Proof. By the previous proposition, it suffices to show that for fixed

7 € IL (M, p),
st (s
P (%) =1

The left hand side can be factorized as
H ( ordy N ord, N H ord, M H O
() G ) LCir) I ()
veEV(MN) C(’/Tv) pvc(ﬂ—v) vES C(?Tv) other v C(ﬂ'v)
For v € VM), d(prd™/c¢(m,)) — d(p2de ™ /p,e(m,)) is obviously equal to 1.
For v €S, because 1, 2 p,, the conductor of p, is M, and so d(p"d ™ /¢(7,))
= 1. For all other v, m, is an unramified induced representation and thus

the conductor is O,. Therefore d(O,/¢(m,)) = 1. The theorem follows
easily. m

Since [],cs fo is a compactly supported function on [, s G(F,), as
in the discussion before (3.2) we can show that there exist integral ideals
my, ..., my, divisible by qi, ..., q, only such that m;/m; is not a square of an
ideal for all ¢ # j and

L
(6.3) Supp [ [ £ € U [ Z2(Fo) M (miv, 0,).

vES i=1veS
So f satisfies (3.2)) with n; = nm,.

THEOREM 6.3. Suppose n = pi"* ---p7" and my,...,my are given as
above. Then
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T
Yo X Ow (1) = meas(G(F)\G(A))Cidyopm N(r)~/23(90)

mEllx(NM,p) t=1

+ 0. (d, NN 3/22le ?).

Here Cx, d, and {E(‘n) are respectively defined in (1.1) and @ Moreover,
we set Oy, = 1 if all the entries of m = (ma,...,mr) are even and zero
otherwise.

Proof. Note that N(n;) = N(n) N(m;) and

fms waz H fole) = deg52\m7/)(ms)-

other v

For v ¢ S we have |f,(g)] S 1/)( Ny). Forv e S,

| fu(g)| = |dpu (Po(9) v, uy)| < dvapv( Ju |l[wo]] = dp,-

Applying Theorem . with ¢ = w(‘ﬁs)d to the elliptic part in , we
have

tr R(fg) = meas(G(F)\G(A))Crdy)mth(Ns)

L
0. (dgw(ms) N(Rs) /22 N@m)* Y N(mi)Q) .

i=1
The theorem follows from (/6.2]) and the fact that
Z ¢ MNg) N(Mg)~1/2He/2 < 2Vl (91) N(O) /242 . N()/2F° .

SCy(Mm

7. A variant of the Erd6s—Turan inequality. In this section, we
generalize a variant of the Erdés—Turdn inequality in Murty and Sinha [16]
to higher-dimensional situations.

Let {x,,}°°; be a sequence in the box [0,1/2]T. Write z,, = (Z1n, - -, T7n)
and consider the sequence {x,}2° ;. For allt = 1,...,T and m € Z, assume
that the limit

ct(m) = lim — Z cos(2mmayy,)

Vooo V
n<V
exists and suppose
o0
(7.1) > ler(m)] < oo.
m=1

We define a measure y; on [0, 1] by
dpy = 2F(z)dx,
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where
o

Fyz) = Z ci(m)e(mz —1+2th cos(2mmz).

m=—o0
If F}; is a non-negative function, then u; is a probablhty measure on the
interval [0,1/2]. (Note that y]0,1/2] = 1.) Define the product measure

T
w=]]wm

t=1
whose total volume on [0,1/2]7 is 1. Here we are concerned with the discrep-
ancy between {x,,} and p. For any (Lebesgue) measurable set S C [0,1/2]7,
we write

Ns(V) = #{n <V iz, € 8} and Dg(V) = [Ns(V) — Vi(S)|.
Let a = (a1,...,ar) and b = (b1,...,br). Whenever a; < b; for all ¢, we

write [a,b] = Hle[at, b:] € RT. Our aim is to estimate D;(V) for I = [a, b]
in terms of

Ay(m, V) ‘Z cos(2mmayy,) — Vct(m)’ (for m € 7),

n<V
A(m, V) = ‘Z cos(2mrmox,) — Vc(m)’ (for m € ZT),
n<V
where for m = (mq,...,mp),
T
cos(2mrmox,) = Hcos(metxm) and c(m H ce(my).
t=1

Then we have the following result; its proof is postponed to Sectlon O

PROPOSITION 7.1. Given a sequence {x,}°% in [0,1/2]7 and I = [a, b]
C [0,1/2]%, we have

Dy(V) < Y. wmAm,V)
me([-M,M|NZ)T
T vT
+10 max Aq(m, V) + 12CF
M+1 Lo ISEST M+1

for any integers V, M > 1, where
2
(2m)T by —
) 1_[<1rmn<7”71| at>+M+1>’
T

Cr = max HFtHOO—FHHFtHoo
=1

with || Ft|looc = max,e(o ] |Ft(.r)|
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REMARK 7.2. A(0,V)=0if V is an integer, and A;(m,V)=A(me,, V)
where e; is the standard basis vector whose jth entry is 1 and others are 0.
For later use, we note that for M > 1,

Z w(m) < (5log M)T.

me([-M,M|NZ)T

8. Proof of Theorem|[1.1} Let 6,(7) be § €[0,1/2] such that 2 cos(2r6)
= A(m) [(D)] Given I € [~2,2], we choose I' C [0,1/2] so that 6,(r) € I’
if and only if Ay(m) € I. In view of Proposition we are led to evaluate
Ai(m, V) and A(m, V).

Let v = v; where 1 < ¢ < T and consider

(8.1) Z cos(2mmb,(m)).

T €Il (MM, p)

Let X, be defined as in Proposition Note X_1 =0and X_5 = —1. For
m > 0, we have

(8.2) 2cosmb = X, (2cos ) — X,—2(2cosb).
Take n = pj” in Theorem [6.3] and write
V= [[I(NM, p)|-
For m = 0 we obtain
L
(8.3) 'V =meas(G(F)\G(A))Cydpyih(N) + O. (alBN(‘ﬁ)l/2+€ Z N(mi)2>.
i=1

(With . ) Remark - follows.) Moreover, for m > 1, the sum in (8.1))
equals

V _ O —
S O (N(P) Y2 = N (o)1)

L
+ 0 (d, N2+ N(pp") /2 Y N(m,)?).

Hence we set ¢;(0) = 1, and for m # 0,

ci(m) = { %(N(pt)_mw — N(py)~ImI/21) if 2|m,
0 otherwise.

(*) The same symbol 7 is used for the mathematical constant and the automorphic
representation but it is clear from the context.
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The condition in ([7.1)) is clearly fulfilled and
Fy(x) =14 (1 —N(p)) ZNpt /2 cos(2mma)

m2>1
2|m

B 2(N(p;) + 1) sin?(272)
© (N(p)Y/2 + N(py)—1/2)2 — 4 cos?(2mz)

With the change of variable y = —2 cos(27z), the measure dyu; on [0,1/2] is
pushed forward to du,, on [—2,2].

Finally we prove the following.
PROPOSITION 8.1. For any m € ZT and 0(w) = (0, (7), ..., 00, (7)) €
[0,1/2]",
> cos(2mm o 0(r)) — Ve(m)| < d, N(O)/2T N(n)3/2 ZN m;)?,
w €Il (NM,p)
where w = p"* ---p2T, and the implied constant depends on F only.

Proof. Let m = (myq,..., myp). Evidently we may assume all m; are non-
negative. Partition the index set {¢ : t = 1,...,T} into three sets Sy, S1, S’
according as my = 0, my = 1 or my > 2 respectively. By (8.2) we write

cos(2mm ¢ 0(r))

olSol— TZ 1)lsl H Xony (Ao, Hth 2(Au, (7))

SCs/ teS1U(S"\S) tes
Summing over 7 € I (MM, p), from Theorem ﬁ we get
V52\m —1/2 H )+ 0. (dBN( 1/2+a 3/2 ZN m;) )
pln

The main term is obviously VHZ;I cte(me) =Ve(m). w

Let I C [-2,2]7. Then by the discussion at the beginning of this section

— | H dfio,

It=1

NI(pla" . 7pTamm p
#11 (MM, p)

equals V~1Dp/(V) for some I’ C [0,1/2]7. From Propositions and
this is

L
(84) < +V 1 (5log M) d, N(®)/2H N (py - - pr)* /2y " N(m,)?,

M+1
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where the implied constant depends only on F'. Let
log(Cyx N())
810gN(p1 e pT) '

The first term in (8.4) dominates by (8.3)) and (2.4). (Recall Remark [L.2{ii).)
Theorem follows readily.

9. Proof of Proposition Finally we complete the postponed
proof, based on some auxiliary results in [13]. We follow the notation therein.

Suppose firstly I = [a,b] is a subset of the open box (0,1/2)7. As
in [I3] Section 2], we write briefly ¢; for the periodic function @y, ., of pe-
riod 1, which coincides with the characteristic function of the union [u, v¢]U
[—vt, —uy] except for the end-points of the two intervals at which the values
of ¢y are 1/2. Adopting the definition in [I3] (2.9)], we write

T
z) = [ [ el
t=1

We pick uy,v;,us,v5 € (M +1)71ZN1[0,1/2))T so that if I; = [u;, ;]

i Yy ( -
1,2), then I; C I C Iy with ‘[J,(I) — [,I,(IZ)‘ < 2Tmax1§t§T HFtHoo/( + 1)
fori=1,2, and

(91) Z qupvl < NI ) S Z 4522122 (&n)
n<V n<V
This reduces to evaluating
(9.2) > ula,) ~ V)|
n<V

for I = [u,v] with u,v € (M +1)7'ZnN[0,1/2])7, and D;(V) differs from
(19.2)) for (u,v) = (uy,vy) or (us,vs) by no more than 2CrVT/(M +1). The
function @, is well approximated by a trigonometric sum oy,

G(x) =a(0)+ > ay(m)cos(2mrma),
1<|m|<M

where

~ . 1
(9.3) |a(m)| < 27 m1n<7r|m|,vt — ut>.

(This follows from [13], (2.7)] with the facts [t(1—t) cot mt| < 1/2for 0 <t < 1
and |e(0) — 1| < 2min(1,7]6]).)
Set

T
a(z) = [[aun(x) = > Hat (4;) cos(2ml o ).
t=1

Le([-M,M]NZ)T t=1
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Plainly one observes

T T 1
I):H&t*Ft ZHS% x)dx
t=1 t=10

(see the proof of [I3, Lemma 4.2]). Then,

(9.4) DI NERERFTLIES DD DED PN

n<V
where
Z D 1 Buu(z,) — alz,)l,
n<V
T
>, =13 a@ - v][a«Fo)
n<V t=1

T T
> = V‘H a+ F.(0) - [] &+ Ft(O)’.
t=1 t=1
For 3", we invoke [I3], Proposition 1]:
(9-5) [Pup(z) — afz)| < B(z),
where B(z) = Zthl Bi(z¢). Every By is a non-negative trigonometric sum

Bi(z) = (2M +2)~* Z Bt(m) cos(2mmx)

|m|<M

that satisfies |5;(m)| < 4 (by [13} (2.7)] again) and §, G(z) dz = 2/(M +1).
Thus, we have

(9.6) B+ Fi(0) = (2M +2)~ Z By(m
[m|<M

(97) B Fu(@)| £ 1 Fill

and

Z Et(xtn) < ‘Z /gt(xtn) - Vgt * Ft(o)’ + V‘gt * Ft<0)’

n<V nV

2 2V
< M1 Z ‘Z cos(2mmax,) — Ver(m)| + V1 | E4] oo
|m|<M n<V
Together with (9.5) . we obtain

2VT
Z Ai(m, V) M+ 1 1<t<TH Filloo-

> <
M+1 1<t<T
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Next likewise with ) for ay Ft(O) we infer that

Z2§ Z H|atmt|AmV)

me ([~ M,M]NZ)T t=1

For ) 4, we apply the sunple inequality

T T
T4 -TI5< Z|At By| [ max(1 A1, 1B.1).
t=1 t=1

r#£t
where At,Bt € C. Then, as both 0 < at,cpt < 1 from [13] (2.8)], we deduce
with specialized to ¢¢) and ( that

> <v21at B0+ BOI T IR e < 27 w1 1Tl

r#t
as in the proof of [I3, Lemma 4.2]. Inserting the above estimates for ) . and

(3 into (1), we get
| Puslea) - Vil

n<V

!

vT 2T
<
< QCFM+ TN g lgltaSXTAt(m,V)
m

+ > (27T)Tt];[1<min<7r|lw,vt - ut>>A(m, V).

mée([—M,M|NZ)T

Now consider the case that I contains a boundary point of [0,1/2]7. For
small positive e, we replace a; by € when a; = 0 and b, by 1/2 — e. Let I,
be the new box. Then

(9.9) D;(V) < Dy (V +ZNM ) 4+ 4eVCp,

where
Nie(V)=#{n <V :ay €[0,e]U[1/2 —¢,1/2]}.
As the value of ¢ equals 1/2 at the end-point, we see that

Nie(V) <2 Z Q0,e(Tin) + 2 Z D1/2—e,1/2(Ttn)-

n<V n<V
By -, we have
vT 8T
<
(9.10) ZN“ SCr a1 T f?ff(TAt(m V) +ol)

1<m<
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as € — 0+. Finally we can replace vy — u; in by by —a; +2/(M + 1).
The result follows from {i and the discussion below ({9.2)).
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