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1. Introduction. Dedekind sums are defined for positive integers k, h
with (k,h) =1 by

= _ /a ka = (b hb
k,h)=Y Bi|—-)Bi|—) and s(hk)=Y» Bi|—-|Bi|—
s(k, h) GZ::l 1<h> 1(h> and  s(h, k) bZ; 1(k> 1(k>’
where Bi(z) is the first Bernoulli function (see Theorem A below). They
were originally introduced in connection with the modular properties of the
Dedekind n-function, and Dedekind proved the reciprocity law

1 /k h 1 1
S(k,h)—i-s(h,k?):ﬁ(ﬁ—i-z"i‘%) _Z

(see [18]). These sums were later generalized by various people (Apostol,
Berndt, Carlitz, Hall-Wilson—Zagier, Mikolas, Rademacher, Solomon, Za-
gier, ...), and the corresponding reciprocity laws were obtained. Then gen-
eral types of sums such as

= (i1+ A = [in+ Ay
1.1 B, |—|...B,
( ) Z 1( a > n( a )

0<i1,...in<a

were considered and the corresponding reciprocity laws were proved, where
a is a positive integer, r1,..., 7, are non-negative integers, and Ai,..., A,
are real numbers (see [8, 9, 11]).

In this paper we focus on the sums considered by Apostol. Apostol’s
reciprocity law is the following:

THEOREM A (Apostol [1]). For a positive integer n, set
k—1 h—1
a = (ha b - (kb
n\/t, = —Bn| — n\fh, = =~ Bn| — |,
Sn(h, k) azlk <k‘) and  sp(k,h) N (h>
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where B, is the nth Bernoulli function, i.e.,
B,(x) = B,({z}) if n>1,

1.2 5 T if T
- B = {7 s

Here B, (x) is the nth Bernoulli polynomial, and {x} denotes the fractional
part of a real number x, i.e., 0 < {x} < 1. Then the following identity holds
for n odd:

1,0 _ (*Bh—2Bk)"*' B,
—{k" Ysn(h, k) + B tsn(k,h)} = e
o U sn k) B sn (ks b)Y = = =+
where
i+l
(‘Bh—*Bk)" =Y < i ) (=1)" By By ik

i=0

We show how to prove Theorem A by using values at non-positive inte-
gers of Barnes’s double zeta function (3(s; (k, h)). Although there are sim-
pler proofs of Theorem A without using a zeta function, this is a new proof
which makes it possible to obtain new kinds of Dedekind sums and explicit

reciprocity laws for them in a unified way. The function (a(s; (k,h)) is
defined by

o0

- 1

(k. R)) = S

<2(87< ) )) mzn:zo (km + hn)s
(m,n)#(0,0)

for Re(s) > 2, and is analytically continued to the whole complex plane with
some poles. The proof goes as follows: From contour integral representation
we know that

~ S! (05 (k, h)) (*Bk + 2Bh)"T!

1—n;(k,h)) =200 5= -4

CQ( nv( ’ )) n n(n+ 1) Lh ’
where 6 = 1 when n = 1 and § = 0 otherwise, 25/,(0; (k, h)) is the first
derivative of the double nth Bernoulli polynomial introduced by Barnes,
and

n+1 n+1
('‘Bk +2Bh)"! = Z <

=0

)BjkiBnH_jh““j

(see Section 2). On the other hand, by computing 52(1 —n;(k,h)) in a
suitable way, we obtain terms involving s, (h, k) and s, (k, h). Therefore we
have two expressions of 52(1 —n; (k, h)), and by equating the two, Apostol’s
reciprocity law is obtained.
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Following this idea, we consider three kinds of generalizations of Apos-
tol’s sums. The first generalization is obtained by using Barnes’s double zeta
function (2(s; o, (k, h)) with parameters o and (k, h), which is defined by

Colsia (k) = > :

o (v + km + hn)®

for a complex number « with positive real part, and from the value (2(1 —n;
a, (k,h)) we obtain the law for sums

h—1
a - (oa+ka
salas (k1) = 3 2 B (55,

for real a with 0 < o < h+k. As we mentioned above, these sums have been
considered in far more general settings (cf. (1.1)), and the corresponding
reciprocity laws were obtained. The second generalization involves Dirichlet
characters. Dedekind sums with characters have been considered for n =1
by Berndt, and he proved reciprocity laws by using either Eisenstein series
with characters (cf. [4, 5]), integrals such as contour integrals and Riemann—
Stieltjes integrals, or the Poisson summation formula (cf. [6]). Here we con-
sider different kinds of sums. For a Dirichlet character y mod kh, we define

Ca(s; (k, h), x) by

o0

~ X (km + hn)
(k, h = A AL EA A
CQ(‘S? ( ) )a X) mzn:o (k:m + hn)s
(m,n)#(0,0)

Then from 52(1 —n; (k,h), x) we obtain the law for sums

h—1k—1

a — (a b

WO (k, h)) = En1 —x(ka+hb)B,| —+ = ),

a5 1) = 74 523 o+ B+ )
hlkl

b
sn(x; (B, k) h”lzz x(ka + hb)B <Z+E>

aObO

(see Theorem 3.6). In particular, when n =1 and x = x1x2 with x1 (resp. x2)
a character mod k (resp. mod h), (2(0; (k,h),x) is expressed in terms of
By, or By, so the law has a simple form (see Corollary 3.7). As an appli-
cation, we obtain the formulae for class numbers for imaginary quadratic
number fields (cf. [17]). The last generalization is given by considering
Barnes’s (r + 1)-ple zeta function Cr41(s; (k, R, 21, ..., 2_1)) with param-
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eters (k,h, z1,...,2,—-1), which is defined by

67‘+1(8; (ka h7 Rlyeees Z’rfl))

1
N Z (mik +maoh +mg21 + ...+ Mypy120-1)%

and the value at a non-positive integer 1 — n is given by the derivative
of the (r + 1)-ple Bernoulli polynomial ,15,(0; (k, h,21,...,2-—1)) intro-
duced by Barnes (see [2, 3] or (2.7)). The law is for (S,),(h, k; (21, .., 2r—1))
and (S;)n(k,h;(21,...,2r-1)), which we call r-ple Dedekind sums, defined
by

(13) (ST)"(h7k; (Zla---,zr—l))

k—1
— g Sl @ 1 ﬂ Zr—1
kT n<{k}7< ,kj“.’ k ))’

where z1,...,2,._1 are non-zero complex numbers. In [11], the sums of type
(1.1) are called n-ple Dedekind sums. Since (1.1) and (1.3) have different
sets of parameters and there seems to be no other suitable name for (1.3),
we also call it the r-ple Dedekind sum in this paper. Our sums have the
merit that the law has a very simple form (see Theorem 4.2). When r = 1,
they coincide with Apostol’s sums.

We note that Egami has proved the reciprocity law for (1.1) by using
multiple zeta functions associated to a cone (see [9]). We also note that
by considering the first derivative of Zg(s; (k,h)) with respect to s, we can
define “derivatives” of Dedekind sums and prove the reciprocity law for them
(see [16]).

In Section 2 we review Barnes’s multiple zeta functions and deriva-
tives of multiple Bernoulli polynomials. In Section 3 we first prove Apos-
tol’s reciprocity law by using (2(1 — n;(k,h)). Then the laws for shifted
sums s, («; (k,h)) and for sums with a character s, (x; (k,h)) are proved.
In the last section we prove the reciprocity law for our r-ple Dedekind
sums.

2. Review of Barnes’s multiple zeta functions and multiple
Bernoulli polynomials. In this section we give a brief summary for
Barnes’s multiple zeta functions and multiple Bernoulli polynomials only
needed in subsequent sections. For more details, see [2, 3.

DEFINITION 2.1. The Bernoulli numbers B,, and the Bernoulli polyno-
mials By,(u) are defined by
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t & B
=2
n=0

Also for a Dirichlet character x of conductor f, we define B,, , by

(2.1) = Z — t” and

!
(2.2) eft—l ZBnX

a=1

Let r be a positive integer.

DEFINITION 2.2. Let o, w1, .. .,w, be complex numbers such that w; # 0
for each i, and set @ = (w1, ...,w,). The r-ple nth Bernoulli polynomial of
a with parameters wy, . .., w, is a polynomial ,.S,, (o; @) which vanishes when
a = 0 and whose first derivative ,.S],(o; @) appears as the coefficient of ¢ in
the expression

—1)t —at T -1 kA e & -1 n—lTS/ .

(=) - :Z( ) kfl(a,W)+Z( ) 'n(avw)tn'
[[ioi(I—ewit) = t — n!

This expression is valid for ¢ with |¢| < min(|27/w1],...,|27/w,|). Here we

can show that Ay (a; @) = TS’YCH)(O@ w), the (k+1)th derivative of ,.S1 («; @)
with respect to a.

REMARK 2.3. (1) 1S5}, (a; (w)), Bp(u) and B,, are related by

150 (o (W) =w" 1B, (g) and 15,,(0; (w)) =w" " 'B,, forn >1.
This is easily seen by the definition of 15),.

(2) For a complex number A # 0,
(2.3) WS (@) = AT LS (A AD).

This is clear from the generating function.
(3) We have the following expression for .S/, (o; w):
(1Bwi + ...+ "Bw, + )"t 1nl
Moo tr—D

where in the multinomial expansion of (*Bw; + ...+ "Bw, +a)" in (2.4) we
mean that

(‘B)? (the jth power of ‘B) = B; but (‘B)?-(‘B)* # Bj,x ifi#1.

(2.4) S, (030) =

This is shown by the following identities using (2.1):
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(—1)"tet
[[= (1 —e«)

T

e w1 GO
e—wit — 1 tr—1 HT .

=1 i=1 Ws
B F(—wit)™ ) - “(—at)*) — =
il_Il (7;0 nit (et ) (;n!( ) ) tr=t [Ty wi
— i (lel +---+rBwr+a)N(—t)N*(T*1) . 1
N N=0 N' H::1 Wi.

Although .S, («v; @) is called the r-ple Bernoulli polynomial, it is its first
derivative ,.S], (ov; w) which gives the value of the r-ple zeta function.

DEFINITION 2.4. Let a,wi,...,w, be complex numbers with positive
real parts, and set W = (w1, ...,w,). Barnes’s r-ple zeta function (.(s;a,w)
with parameters a and w is defined by

[ee)

1
r(s0,0) = f -
Cr(s50,) Z R —— or Re(s) >r

mi,...,m=0

Here u® = exp(slogu) and log u = log |u|+i argu with —7 < arg u < 7 for any
complex number v not on the non-positive real axis. We note that when r=1,

- 1 1 o
( (@) mzo (a +wimi)®  wj w1
where ((s,a/wq) is the Hurwitz zeta function.

Analytic continuation and special values are given by the contour integral
representation of ¢, (s;a,w) as in the following theorem (cf. [2, 3]).

THEOREM 2.5. (. is expressed as a contour integral:

B (1= — ST fattsfl
CT(S;O[,(A)) = & T ‘ —wit dta
2mi I(x,00) [[i, (1 —eif)
where 0 < A\ < min(|27/wyl, ..., |27 /w.|) and Iy ) is the path from +o0

to A along the real axis, going along the circle around 0 of radius A coun-
terclockwise to A, and then going back to +oco. This expression gives us
the analytic continuation of (. to the whole complex plane, and also for a
positive integer n we have

(@ 0)

1), 1 L~
(25)  ((1-nje,@) = %
_ (_1)T (lel +...+"Bw, + a)n+r—1

nn+1)...(n+r—1)-T]_;w

1=
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When r = 1, this is well known as the value of the Hurwitz zeta function:

B,
(2.6) C(l—n,a):—T(a).
DEFINITION 2.6. Let w = (w1, ...,w,) be as in Definition 2.4. We define

Barnes’s r-ple zeta function (,(s;w) with parameters @ by
o

o 1
Gr(s:8) = Z (wimy + ... +wemy)®

mi,...,mp=0

(m1,...,m)#(0,...,0)

This series is a replacement of ¢, for a = 0, and when r =1,

> 1 1

Glsi (1) = Y s = —((s),

(wim)®  wi

m=1

where ((s) is the Riemann zeta function. The function ¢, (s;@) is also con-
tinued analytically to the whole complex plane, and

(2.7) C(1— ;) = S5 (00)

n
where § = 1 for n = 1 and § = 0 otherwise. This can be shown for example
by induction using the identity

Co(5;0) = Cr(s3w1, @) 4 Groa (53 (Was - - - wy)).-

— 4,

We note that
B
(2.8) C(l—n)z((l—n,l):—F—é.
In subsequent sections we need to treat ((s) and ((s,a), and also (,

and z,«, simultaneously, so we use the following notation:

*(5,0) = { ((s,a) if Re(a) > 0,

¢(s) if o = 0;
(2.9) SO
_ ¢r(s;a,@)  if Re(a) > 0,
Glram = {270
¢r(s;w) if a =0.

3. Reciprocity laws for simple Dedekind sums. In this section we
prove the reciprocity law for Apostol sums (Theorem A in Section 1) and
for shifted Dedekind sums by using the double zeta function. Then from the
double zeta function with a Dirichlet character, we define Dedekind sums
with a character and prove the corresponding reciprocity law. Throughout
this section and the next, k£ and h are relatively prime positive integers.

First we show that Theorem A is equivalent to the following Theorem 3.1
when n is odd.
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THEOREM 3.1. For any positive integer n, we have

L B Ba
hk n+1 n

~ 1

C(1—n;(k,h))=— {h"_lsn(k:, h) + k"~ g n(hyk)} —
n

where § =1 when n =1 and 6 = 0 otherwise.

Proof of the equivalence when n is odd. It suffices to show that for n odd

(‘Bk — 2Bh)"™*' B,
n(n+ 1)kh n

(3.1) Go(1 = n; (kb)) = — 4.

The identity

t _ t t
(1 —e k) (1 —eht)  1— ekt - (1 — e kt)(1 — eht)

implies

When n is odd with n > 3, B,, = 0, 50 25,,(0; (k,h)) = —B,, —25,,(0; (k, —h))
for n odd with n > 1. Then from (2.4) and (2.7), we obtain (3.1). =

Now we give a proof of Theorem 3.1.

Proof of Theorem, 3.1. Firstly we deform C(s; (k, h)). We have

[ee]

Ga(s; (kb)) = D m

m,n=0
(m,n)#(0,0)
k—1h—1 0o

_ZZ Z ha—}—k‘b+hk:(m +n'))s

a=0 b=0 n’,m’=0

by setting m = b+ hm’ and n = a + kn’ and varying a from 0 to &k — 1 and
b from 0 to h — 1, respectively. Here 3. means that we sum over all pairs
of non-negative integers (m’,n’) except for (m’,n’) = (0,0) when a = b = 0.
Set m’ +n' = N; then

k—1h—1 oo

_ ) N+1

Co(s5 (K, h)) =

2 ;;%Nz:: (ha + kb + hkN)*
k—1h—1 oo

1 ' N+1
Wy (g )

-3

/
a=0 b=0 N=0 (

™

where Z/ means that we sum over all non-negative integers N except for
N =0 when a = b = 0. Hence we have
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- G Zi,{(%ims—l " (1_%_9(%—2’“’%1\0}

b
k—1h—1
1 ha + kb a b ha + kb
= (s—1 1—2_ 2
(hk)saozyo{c <S " hk >+( k h>C (S’ hk >}’

where (*(s, ) is the function defined in (2.9).
Put s =1 — n into the equation, and use (2.6) and (2.8). Then

(32)  Go(1—mn; (kD))
n-1 i a
(hk) ZOZ <h —i—kb)
yi- 1 k=1h
S (- ()

In order to compute sums on the right hand side of (3.2), we need the
following lemma.

LEMMA 3.2. (1) The Bernoulli polynomials By, (x) satisfy the difference
equation

Bn(x+1) = By(z) =na™ ' if n>1.
(2) For real x and a positive integer N, we have
N-1 . =
— i B, (Nzx)

In particular,
N-1 .
— ) B,
Bn ~ T A 5
£ <N> N1 T

where n = 1/2 when n =1 and n = 0 otherwise.
(3) Let x be a Dirichlet character of conductor f. Then for any multiple

Fof f,
F
B, — Fn-1 Zx(a)3n<%>.
a=1

Proof. (1) and (3) can be easily shown from the generating functions.
As for (2), since both sides have period 1/N, it suffices to prove it for
0 <z < 1/N. But then it is well known (cf. [15]). =
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Now we go back to the identity (3.2). For the values of a and b in our
sums of (3.2) we have
ha + kb

a ha + kb
W —E <2 and

b
< —
0= h hk

+ £1.

Also we note that

ha + kb i )
< < =< — <1 < — .
{{ oy }‘a,bEZ,O_a<k,O_b<h} {hk‘O_z_hk 1}

Let S denote the set
(33)  S={(a,b)€Z*|0<a<k,0<b<h,a/k+b/h>1}

Then sums in (3.2) can be simplified by using Lemma 3.2(1), (2). For ex-
ample we obtain the following identity:

—= a b ha + kb
22 (i) (M)

a=0 b=0
k—1h—1 n
a b\=s [(ha+kb a b
= 1—=——=|)By| ——— | — —4+--1
Y3 (g p)m () (i) e
a=0 b=0 (a,b)eS
_ Bu 1 §nbp (K
(hk)n=1  fn—1 "\ h
b=0
k—1 n
1 a = (ha a b
- hn12§3n<?> —n Y (‘Jrg—l) )
a=0 (a,b)eS
where p = —1 /2 when n = 1 and p = 0 otherwise. This p comes from
B1(0) = B1(0) — 1/2.
Thus

Ga(1 = m; (k, )
S (l:zkf;l{i%i +(nt+1) > (% - % —~ 1)n}

(a,b)es
(hk)" ' ( Ba 1 b (kb
- nfl_kn—IZEBn ;
n | (hk) b:O

1 =y ha a b "
— E - B, — ) - E —+-—-1 —
a=0 (a,b)es

_ 1 Bpyr B 1., .
= T Tk Tt sak h) + KT s (b k)Y =0

This completes the proof of Theorem 3.1. =m
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Next we consider shifted Dedekind sums.

DEFINITION 3.3. Let « be a real number. We define shifted Dedekind

sums sp(a; (h,k)) by
B kil ¢y (@ + he
B —k " k ’

These sums have been considered in far more general settings, and the
relevant reciprocity laws were obtained (see Section 1).

THEOREM 3.4. Let « be a real number such that 0 < o« < h + k. Then
for any positive integer n,

%{hn*snm; (k, b))+ k"L (s (h, K))}

_ 1 Bun( (1___>§Aay+03h+23k+awﬂ
hk  n+1 hk n n(n + 1)hk
Proof. First we note that by (2.5),
('Bh+ 2Bk + a)"™! 35! (a; (k, h))
n(n+ 1)hk n

Similarly to the proof of Thorem 3.1, we derive

Ca(s; v, (K, (hk)s kZthl{ < %>

c=0 d=0

« c d he+ kd + o
+(1_%_E_E>C(S’T)}'

Now put s = 1 — n into the equation. By (2.6),
(1 —n;a, (k h))

_ ' Uihz:l he+ kd + o
n+1 n+1 ]{7

c=0 d=0

"1%:%2:1 _g_g_éB he+ kd+ o
hk k k)" hk '

c=0 d=0

=G —n;a,(k,h)).

For the values of ¢,d and « in the above sums we have

g hethkdta _c d o
hk ~k  h  hk

and we may have (hc+ kd + «)/(hk) = 1 for some ¢, d. Let S” denote the
set

r_ 2
S —{(c,d)GZ rtatan 2

0<c<k 0<d<h, +d+— 1}
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We note that

a . he + kd
hk hk

c,dEZ,0§c<k,0§d<h}

« )
g _ _— <‘< - .
{{hk—i-hk}‘@_z_hk 1}

hi n—1 kflhfl_ h kd
alt-nia(km) = - B3 B, (R

0
h kd "
_|_(n_|_1) u_1> }

1
+ E{hnflsn(oz; (k,h))+ k‘"*lsn(a; (h,k))}. m
Next we consider Dedekind sums with a character.

DEFINITION 3.5. Let x be a Dirichlet character defined mod ! with I | hk.

The double zeta function Co(s; (k,h),x) with parameters (k,h) and x is
defined by

o0

~ x(km + hn)
(k. h = A2 ————
C2(87( ) )7X) n%:zo (k:m—i—hn)s
(mn)#(0,0)

From the following identities, zg(s; (k,h),x) can be analytically continued
to the whole complex plane:

k—1h—1 o)
~ n x(h(a+kn') + k(b+ hm'))
4
(B4)  Gls: ;O;n;[] (kb4 ha + hk(m/ +n'))*
k—1h—1
=> ) x(ha + kb)¢5 (s; ha + kb, (hk, hk)).
a=0 b=0
Also the Dedekind sum s, (x; (h,k)) with a character x is defined by
k=lh-l,

e a b
sn(x; (k,h)) =k 122 x(ha + kb) B (k+ﬁ>'

a=0 b=0
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We note that for the principal character xg,
sn(x0; (k,h)) = sn(k, h)

from Lemma 3.2(2).
The following reciprocity law holds:

THEOREM 3.6. For any positive integer n and X # Xo,

%{hn 1 (X, (k,h) + k" sy (x; (ho k)

_ i x(ha + kb)(*Bhk +?Bhk + ha + kb)"** 1 Bni1y = By

n(n+1)(hk)? TRE Tl n

Proof. We put s =1—n in (3.4) and use (2.5). Then since x(0) = 0, we
have
(3.5) C (1 —n;(k,h), kz:l hz:l (ha + kb) 2S! (ha + kb; (hk, hk))
) 5 > :OX !
Y X (ha + kb)(!Bhk + 2Bhk + ha + kb)"+1
+ 1)(hk)? :

M

a=0 b=0 n(n

On the other hand, by setting m’ +n’ = N in (3.4) we have

i Sk | hat kb
Cols; (R, h), X hk szha+kb{ < ahk >

a=0 b=0

b\ ./ ha+kb
*(1‘%7)4 (S’ h >}'

Put s =1 — n into the previous equality. Then

1k 1h—1
~ ha + kb
&1 — s (ko 1), x) = — §:§;xha+kb nﬂ( s )

(hk)n~1 { ’“Zl ’LZI ha + kb
— x(ha + kb)B n+1
n+1 P e hk

ha + kb "
+(n+1) > Xha+kb< — —1>}

(a,b)es
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k—1h—1
) a b= [(ha+kb
(h Eb)|1——-——)B,

a b "
—n > x(ha+ kb) (E+E_1> }

(a,b)es

where S is the set in (3.3). From Lemma 3.2(3) we have

k—1h—1
— (ha+ kb B
E E ha + kb)B,, = X

a=0 b=0

So we obtain

(1 — s (K, h), X)

_ 1 Bn+17x Bn,x 1 n—1 n—1
Y ——) = —{R" s (X, (ks ) + K" sa(x, (s K))

which together with (3.5) completes the proof. m

As a special case, take Y = x1Xx2, where y1 and o are characters defined
mod k and h, respectively. We define

E=1h=1
b
sn((X1, k), (X2, h)) = k" 1ZZhX1 )x2(b <k+h>'

a=0 b=0

Then if we put u = x1(h)x2(k), we have

STL(XIX27 (k7 h)) =u- Sn((le k)? (X27 h))
When n = 1, Theorem 3.6 is simplified as follows: From (3.5),
k—1h—1
~ ) b? a® ab b a
0; (k, h = g E b —+ — — = — =5
C2(05 (k, h), x1X2) ua:O 2 x1(a)xz( ){ + 252 + 22 7 kh  h k}

Now

a=0 a=0
k—la 1
— — —o(k f =
azokX1(a) 260( ) I X1 = Pk,
- -l
ZEM(G) if x1 # o,
a=0

where @y, is the trivial character mod k and ¢ is the Euler ¢ function.
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Since we have Bj ,, = 0 when x; = ¢,

k—1 .
> xila) = { so(k) if xa = g,
k Biy, i x1 # ¢k

a=0

Similarly

k 2
a“x1(a k .
k-1 " Z o) _ §‘P(k) if x1 = or,
B21X1 = kle(G/)BQ(E) = Zi? 2
a=0

a a ]
TNk, i #
a=0
SO
@ B R o) if vy =
szl(a): { 27X1+§S0( ) 1 X1 = Pk,
a—=0 Boy, + kB, if x1# k.
Thus 52(()’ (kv h’)v X1X2) = UAa where
Bix, Bix. if x1 # ¢r and x2 # ¢,
£h) g if Y1 # or and x2 =
(3.6) A={ 5 Bexa X1 # ¢r and X2 = @n,
k)B h)B
WBos | e WBo

2h 2k
Therefore we have the following corollary.

COROLLARY 3.7. Let x1 and x2 be characters defined mod k and h, re-
spectively. Then
1 . B27X1X2

s1((x1, k), (x2,h)) + s1((x2,h), (x1,k)) = —_ ]
where uw = x1(h)x2(k) and A is defined in (3.6).

1
+ E BLXle + 4,

4. Reciprocity law of r-ple Dedekind sums. In this section we
define our r-ple Dedekind sums and prove the reciprocity law for them. As
we mentioned in Section 1, Halbritter has already defined sums of type (1.1)
as multiple Dedekind sums in [11].

Let r be a positive integer.

DEFINITION 4.1. Let z1,...,%-_1 be non-zero complex numbers, and
set z = (z1,...,2,—1). For a positive integer n, the r-ple Dedekind sum
(S;),,(k, h; 2) with parameters k, h and Z is defined by

iy k z z
. o v / v . 1 r—1
(ST)"(k’h7E)_b§0hTS”({hb}(l’_h’”" - ))

When r = 1, from Remark 2.3(1) we have (S1),,(k,h) = sp(k, h).
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The main theorem which gives the reciprocity law of our r-ple Dedekind
sums is the following:

THEOREM 4.2. Let z be as in Definition 4.1. For a positive integer n,

(1) RIS, (1) + B L(S,), (i 3)
= 7”+IS¢,7,(0; (ka h7 Bly--- 727'71))
1

- E T+IS;L(]-; (]—7 ]-7 21y ey 27’71)) + T'S;L(O7 (]—7 21y Z?”fl))-
Proof. First we prove the following lemma.

LEMMA 4.3. Let a,w1q,...,w, be complex numbers with positive real
parts. Then for ¢ with 1 <1 <,

(42) <T+1(S; o+ wj, (wl, cey Wil Wiy Wiy Wigd, .- ,wT))
)

= X o
(a +miwy + ...+ myw,)?

mi,...,my=0

for Re(s) >r+1.

Proof. From the definition of ¢,41,

CT+1(S; a+ Wi, (wla ceeyWi—1, Why, Wiy Wid1, .- 7wr))

[eS)

)> :

[~ (04w +miwy + ...+ miw; +mlw; + ...+ mpw,)®
mi,...,m;,m; ,...,my=0

[eS)

)> 1

[~ (a+miwi +...+ 1 +m+m)w; + ...+ myw,)*
mi,...,m;,m; ,...,my=0

Here we set m; = 1+ m) + m!. Then this is reduced to (4.2). =

Now we begin to prove Theorem 4.2. We first assume that each z; has a
positive real part, and use Barnes’s (r + 1)-ple zeta function

g’r—}—l(s; (kv h7 Blyevey Z’I"—l))

o0

1
N Z (mik +mah +msz1 + ... +Mmpg12,1)°

my,...,Mpp1=0
(ma,...;mr41)#(0,...,0)

As in the proof of Theorem 3.1, we set m1 = b+ hm/ and my = a + kml,
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and let a,b vary from 0 to kK — 1 and from 0 to h — 1, respectively. Then
k—1h—1

G (i (ko bz, zpon)) = DY

a=0 b=0

/ 1
Z o (kb+ ha + kh(m + mb) + maz1 + ... + myy12,-1)°

where >’ means that we sum over all non-negative integers m/, m}, ms, . . .
..., myyq except for (mf,mh,ms,...,myy1) = (0,...,0) when a = b = 0.
By setting m} + mf = N, we have

Zr—‘,—l(s; (k7 hv Zlyeens Z’r—l))
k—1h—1 0o

) , N1
=20 > SR ha + kAN + .+ myazr1)”

a=0 b=0 N,mg,...,m,,»_._l:

k—1h—1 oo/ 1
=Xy 2 :

a _1\s—1
a=0 b=0 N,ms,...,myp1=0 E%f?"*']v'+'---+'ﬂ1r+1 o )
. 1

(kh)s(E5Fhe 4+ N .+ mpp 252)°
__kb%—ha 1
(kh)stt (kbha & N 4 4 megs 55t)°
__ril Z4 M2 }
— (kh s+1 (kb]:—hha +N+".+mr+1z;z1)s
k—1h—1
1 kb + ha 21 Zr—1
= fls—1; 20 (1,2
(kh)s;§<T<s ' kh < kR kR ))
k—1h—1
1 kb+ h —
+ (kh)s ZC:(S; ];'—h a? (172_27"'7Zkh1>>
a=0 b=0
k—1h—1
1 kb + ha kb + ha 21 Zr—1
— “| s; 1,—, ...
(k:h)s;bzg( kh )CT(S’ kh ( kR kR ))
R k—lh—lr—lfi
(kh)s a=0 b=0 i=1 k
¢ Sﬁﬁ+ha+a ]>ﬁ_ Zi Zi Zr—1
r+1 ) kh 3 7kh7"'7kh7kh7"'7 kh

from Lemma 4.3, where ( is the function defined in (2.9).
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We set s = 1 —n for a positive integer n. Then by (2.5) and (2.7), we
obtain

(43) 5’!’4’1(1_”; (kvha Zl)"-aZTfl))

k—1h— 1 r ’ kbt+ha. 21 Zr—1
_ ZZ S (s (L 7 - 7))
1 n 1
a=0 b=0 n

MH

ISR e b))
a=0 b=0

(kh)lin a=0 b=0 h n
1 k—1h—1r—1 5
"~ (kh)Tn ;ZZE
a=0 b=0 =1
D)™ S (e W e )

)

n
where 6 =1 when n = 1 and § = 0 otherwise.

Before proceeding with the proof, several lemmas are needed.

LEMMA 4.4. Let x,wy,...,wr-—1 be complex numbers with each w; # 0.
Then the following difference equation holds:

(44) rS;(z—i—l;(l,wl,...,wr,l))
=50 (z; (L, w1,y wr1)) + 1S (25 (W1, wr1)).
Proof. This is shown by the following identities:

(_1)7‘t6—(m+1)t (_1)7“te—wt
(IT—et)...(1—ewr1t) (I—et)...(1—e w1t
_ (_1)r71tefa:t
(I —ewrt) (1 — e wrt)’

From Definition 2.2, by comparing the coefficients of ¢t above, we ob-
tain (4.4). m

LEMMA 4.5. Let x,w1,...,wr—1 be as in Lemma 4.4 and N be a natural
number. Then
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(45 > (x + % (1,wi, ... ,wT_1)>

= N'"".8 (Nz; (1, Nwi, ..., Nw,_1)),

wo S ({re e o)

= N8, ({Na}; (1, Ny, ..., Nw)).

Proof. (4.5) can be shown from the generating function.

As for (4.6), since both sides have period 1/N, it suffices to prove it for
0 <z < 1/N. But then it is just (4.5). m

LEMMA 4.6. Let A,wq,...,w, be complexr numbers with each w; # 0,
and set w = (w1, ...,wy). Then

T
(4.7) Zwi Srp1Sp (At wis (Wi, W W Wi - W)
i=1
n

— A S (AD) — ——

r ;L+1(A§¢~U)-

(=1)"te=4
(1—e=w1t).. . (1—e—wrt)

Proof. We compute the derivative of
to t. Then

d —1)"te=At
(48) dt ((1 — e—ilt)). (1= e—‘”rt)>
1 (—1)"te=At (—1)"te=At
T A—ewt) . (I—ewt) T (l—ewit). . (1—e =)
(—1)"H wite— (Atwit

* ; (1 —ew1t) . (1 —ewit)2(1 — e witit) . (1 — e wrt)’

with respect

d (=t
(4.9) i <(1 —ewit) . (1— ewrt))

3 CD - A +Z )" SAE)
k=2

tk (n—1)!

By comparing the coefficients of ¢ in (4.8) and (4.9), we obtain (4.7). =

We now return to the proof of Theorem 4.2. Let S denote the set as
n (3.3),ie. S ={(a,b) €22 |0<a <k, 0<b<h,alk+b/h > 1}.
By (4.4) and (4.6),
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k—1h—1
b o (kb+ha [ = Zro1
(4.10) _Zﬁrsn( - (1kh h))

k—1h—1
a kb—+ ha 21 Zr—1
4.11 e N [
( ) k5”< kh 7(’kh’ " kh >>

a=0 b=0
kb + ha z1 Zr—1
_111—m / . ~L
=Sk + Y T 19, ({ - }(kh s
(a,b)es
Also by (4.4) and (4.5), for a, w1, ...,w,_1 with each w; # 0,
k—1h—1
kb + ha o w1 Wy—1
4.12 S’ N
( ) Z S”( kh’( "khTT kh ))
a=0 b=0
kb + ha « w1 Wr—1
_ ’ °. Wi
= ) .9, ({ }+kh,<1,kh,..., o >>
(a,b)¢S
kb + ha «@ w1 Wy_1
/ — —_—
+ Y .S ({ } Rt (1 T
(a,b)es

—kz:lhz:lS' k:b+ha Y Y
- kh? 7kh7"‘7

a=0 b=0

kb+ ha « w1
/ R e S
s s<{ p }+kh,<kh,...

= (kh)' ™8 (a; (1, w1, ... wr_1))

kb—+ ha « w1
/ it et
> HS”({ kh }+kh’<kh""

(a,b)eS

Wr—1
kh
Wr—1

" kh

)
))

)

)
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since

{{kb+ha}‘0§a<k,0§b<h,a,bez}

kh
1
=< — <1 < —15.
{kh‘o_z_kh }

By using (4.12) three times and also by (4.10) and (4.11), the iden-
tity (4.3) becomes

(413) g’r-f—l(l_n; (kaha Zlv"'vzr—l))

- (kh)ln(n+1>{<kh) TSn+1(07<17 1ye-vy r—l))

kb+ ha 21 Zr_1
} : / roTmRa (A
* “&5%+1<{ kh }’<kh“'” kh >)}
(a,b)eS

+ %{(kh)lnr%(o; (Lzt,.. oy 20-1))
e 2 s G )
S Gl

) {k “"(Sy)n(k, h;Z)

b ’ kb+ ha . Z1 Zr—1
(a,b)es

+ 0 (S0 )n (B, ki 2)

a , kb+ ha | z1 Zr—1
+ 2 kTﬁ%<{ kh }’(kh“‘“ ML>>}
(a,b)es

r—1
—-1)" Zi —n
+ U{Sl)ilznn |: Z k_{(kh)l 7'+1S;’L(zi; (17 Blyee ey RiyRiyeney Zr—l))
i=1

kb + ha Z5 Z1 Zi 2 Zr—1
i RN el 3 ket “r—1
o > s e mae 1))

(a,b)eS

Now we use Lemma 4.6. By replacing r with » — 1 and taking {kb]j—hh“}
as A and z;/(kh) as w; in (4.7), we have



376 Y. Nagasaka et al.
r—lﬁ g kb+ ha +ﬁ' Z1 Zi % Zr_1
— kh T kh kh'\ kh’ T kh’kh’ T kh
_ [kb+ha g kb+ha | (21 Zr—1
D T kh [ \kh' " kh
_n g kb+ha\ (2 Zr—1
n4 171t kh ['\kh'" 7 kh ))

From this the sum of Z(a,b)ES’ in (4.13) becomes 0. Also by taking 0 as A,
1 as wy and z; as w;41 in (4.7), we have

r—1
1S (L Lz zem)) + ) 2 1Sy (zis (L 21 200 Zis o0 20m1)
i=1
n
= =g S 0Lz z).

Substituting this into (4.13), we obtain

Crp1(L—n; (kyhy 21,y 20m1)) = (—;)T SO (L) — 8
- %hn_l(sr)n(kz,h;z)
- %knl(sr)n(ha/ﬂ;i)
L e, L)

On the other hand, by (2.7),
(_1)T+1 7’+1S7/1(0; (k7 h7 Zlyenns Z?‘*l))

Er-l—l(l_n; (k7h7217"~7z7“—1)) = n _67
and thus the law (4.1) is obtained when each z; has a positive real part.
Since both sides of (4.1) are rational functions in z1, ..., z,—1 with only

21 ...2r_1 in the denominator, the law is valid for any z with each z; # 0.
This completes the proof of Theorem 4.2. m

REMARK 4.7. When 7 = 1, Theorem 4.2 coincides with Apostol’s reci-
procity law (Theorem A). This is because 25/, (0; (k,h)) = n-(a(1—n; (k, h))
+ 4§ and

n

25, (1;(1,1)) = Tnrl 1S;1+1(0; (1)) = —

n
n+1

Bn+1

by (4.7).
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