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Sums of distances to the nearest integer
and the discrepancy of digital nets

by

G. LARCHER and F. PILLICHSHAMMER (Linz)

1. Introduction. The concept of digital nets provides at the moment
the most efficient method to generate point sets with small star-discrepancy
D#. For a set of points xo,...,xy_1 in [0,1)? the star-discrepancy of the
point set is defined by

)

Dy = sup‘
B

where the supremum is taken over all subintervals B of [0,1)? of the form
B = ngl[O,bi), 0 < b; <1, An(B) denotes the number of ¢ with x; € B
and A is the Lebesgue measure.

It is known that for any set of N points in [0, 1)? one has

NDy > 0.06
logN —

(see for example [1]).

A digital (0, s,2)-net in base 2 is a point set of N = 2° points xg, . .., XN_1
in [0, 1)? which is generated as follows. Choose two s x s-matrices C7, Cy over
Zo with the following property: For every integer k, 0 < k < s, the system
of the first k£ rows of C together with the first s — k rows of C5 is linearly
independent over Z,. Then to construct x,, := (:c%l), mg)) for0 <n <2°-1,
represent n in base 2:

n=ns12°" 4 ...+ 112+ no,
multiply C; with the vector of digits:
Ci(no, ... ne—1)" = 1V, ..., y7T € z3

»Js
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and set
S

(
Zgj—

It was shown by Niederreiter [8] that for the star-discrepancy of any
digital (0, s,2)-net in base 2 we have

1 3
1 ND% < = —
hence ND 1
2 li N < =0.7213. ..
@) lﬁlj:opmax log N = 2log2

where the maximum is taken over all digital (0, s,2)-nets in base 2 with
N = 2° elements.
The simplest digital (0, s,2)-net in base 2 is provided by choosing

1 0 ... 0O 0 0 ... 01
o1 ... 00 0O 0 ... 1 0
Cy=| «coiiiiiiin, and Cy= | it
0 0 1 0 0 1 0 0
0 0 0 1 1 0 0 0

This gives the well-known Hammersley point set in base 2.

The star-discrepancy of this very special digital (0, s, 2)-net was studied
by Halton and Zaremba [4], de Clerck [2] and Entacher [3]. The first two
papers are very technical and very hard to read. Indeed in [4] an essential
part of the proof (determining the extremal intervals) is not carried out in
detail. [3] uses a new approach but also essentially relies on results from [4].

In this paper we study much more generally the star-discrepancy of
digital (0, s,2)-nets in base 2.

In Section 2 (see Theorem 1) we give a compact explicit formula for the
discrepancy function of digital (0, s,2)-nets in base 2. Our approach is via
Walsh series analysis.

It turns out that this explicit formula is based on sums of distances to
the nearest integer (||z|| := min(z — [z],1 — (z — [z]))) of the form

s—1
> l12Bllew
u=0

with a real § and certain integer sequences ¢, € {—1,0,1}.

In Section 3 we study such sums on their own and we give a certain
“spectrum” result for ZZ;%) I243]| (see Theorems 2 and 3), part of which
will be needed in Section 4.

In Section 4 we use the above results to study the Hammersley point
set once more, to give a simple and now self-contained proof for the exact
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value of the “discrete discrepancy” and of the star-discrepancy of this point
set (Theorem 4). Further we show that it is the “worst distributed” digital
(0, s,2)-net in base 2 with respect to star-discrepancy and we will get that
for every digital (0, s,2)-net in base 2 we have the (essentially) best possible
bound

1 19
3 ND% < = —
and that N D .
(4) lim max —% = = 0.4808...

N—oo logN  3log2

(the maximum is taken over all digital (0, s, 2)-nets in base 2 with N = 2°
elements) with equality for the Hammersley point sets, thereby improving
the bounds (1) and (2) of Niederreiter (Theorem 5).

Numerical investigations suggest that the minimal value for

D
li N
NP Tog N

over all digital (0, s,2)-nets in base 2 is attained for the net generated by
the matrices

1 0 0 O 1 1 1 1
o1 ... 00 1 1 ... 1 0
Cy=| coiiieiiiins and Cy= | oot
0 0 1 0 1 1 0 0
0 0 0 1 1 0 0 0

In Section 5 we give bounds for the star-discrepancy of this net and we show
(Theorem 6) that for these nets

NDy S 1
log N — 5log2
holds for all N and that

=0.2885...

. NDy
lim sup <0.32654.. .,
N—oo 1OgN

thereby answering a question of Entacher in [3, Section 4].

2. The discrepancy function of digital (0, s,2)-nets. For 0 < «, 3
< 1 we consider the discrepancy function

A(e, B) :== An([0, ) x [0, 8)) — N
for digital (0, s,2)-nets xq,...,Xos_1 in base 2 (i.e. N = 2%).
Since the generating matrices C, Cy of a (0, s,2)-net must be regular,
and since multiplying C7, Cs by a regular matrix A does not change the
point set (only its order) we may assume in all the following that
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10 0 0 .
01 0 0 i o cf &
Clz ................ and C2: C% Cg Cg = 62
- - SRR ; -
0 0 0 1 s Cs Cs Cs

We assume first that o and 3 are “s-bit”, i.e.

ay as b1 bs
a=o+. o ﬁ:§—l—...+§.
For any s-bit number § = d1/2 + ... + ds/2° we write
dy
b=,
ds
and for a non-negative integer k = ks_12°"1 + ... 4+ k12 + ko we write
ko
k= :
ks—1
We need some further notation:
ga! "M
o= | =Ca+8 A= : |,
Vs Yu
ci—u+1 ch_“'H -1
Ch(w) = | oo
i Ci

(Ch(u) exists since by the (0, s,2)-net property the first s — u rows of C;
together with the first u rows of Cs must form a linearly independent system,
hence the matrix

s—u+1 s

€1 1

CQ (u) e
L

Further, for 0 <u <s—1 let
0 ifu=0,
mu) = 0 if (Fa)lcye) = 1,
max{l <j <w:(y(u)|Che;) =0;i=1,...,j} otherwise
(here (-|-) denotes the usual inner product in ZY, €; is the ith unit vector
in ZY, and C% := Ch(u)).
Let j(u) := u — m(u). Then we have
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THEOREM 1. For all o, 3 s-bit, for the discrepancy function A(a, 3) of
the digital (0, s,2)-net in base 2 generated by

10 ... 00
0 1 0 0
Cr=1| i
0 0 10
0 0 0 1

and Co we have
s—1
Ala, B) = Z ngﬂH(_1)(8u+1\&)(_1)(V(u)ICé(u)(c;Zﬁ“:-~~vci+1)T)
u=0
(_1)as—u _ (_1)a5+17j(u)
2

(here for u =0 we set (:y’(u)]Cé(u)(cf;“lH, )T =0 and agpq:=0).

X

Before we prove this result we give some remarks and examples.

REMARK 1. Note that A(a, 3) hence is of the form ZZ;E 124 5]|e, with
some ¢, € {—1,0,1}.

REMARK 2. Let 0 < o, 8 < 1 now be arbitrary (not necessarily s-bit).

Since all the points of the digital net have coordinates 2\ of the form a /2°
for some a € {0,1,...,2° — 1}, we then have

Ala, B) = Aa(s), B(s)) + 2°(a(s)B(s) — af)
where a(s) (resp. 3(s)) is the smallest s-bit number larger than or equal to
a (resp. ).
EXAMPLE 1. Let Cy be of triangular form

cd 7t
cs 2 1 0
02 e I T I I
k1 0 0
1 0 0 0
Then

0 0 0 1
(Y
=" 0
1 d2 du—t g

with certain d{ € Zs. Hence

Oé(u)é; = (O’ Tt 07 17 df/,-‘rQ—ia . 7dZ)T7
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and
(F(W)|CH(w)E;) = Yus1—i + Yut2—idrg_; + -+ Yud.
Therefore
max{l < j <wu: (J(u)|Chu)e;) =0;i=1,...,5}
=max{l <j<u:y41-;=0;i=1,...,7},

hence v = ... = Yyt 1-m() = 0) Yu—m(u) = 1, s0 that
Jj() =u—m(u) =max{j <wu:vy; =1} = max{j < u: (¢|a) # b;}.
Respectively
. 0 ifu=0,
i(u) = {o if (¢j]@) =b; for j=1,...,u.
Further (cijﬁ{“, .oy Cyp1) = (0,...,0), and so for o, 3 s-bit we have

(_1)a57u _ (_1)as+1—j(u)

s—1
A, ) =) |28l (=1){+1D)
u=0

EXAMPLE 2. For the discrepancy function of the Hammersley point set,
i.e. for the (0, s,2)-net generated by

1 0 ... 00 0 0 .01

01 0 0 0 0 .10
Cr=1| . and Co= | «voovevviiiin. 7

0 0 1 0 0 1 0 0

0 0 0 1 1 0 0 0

QU

because of (¢;|d) = as+1—; we obtain (for o, 8 s-bit)
—1)%s—utlst1—j(w)

2

s—1 1 _(
A, ) =Y 25|
u=0

s—1
= 12“Bll(as—u ® agr1—j(u))
u=0

(where @ denotes addition modulo 2).

ExaMPLE 3. For the discrepancy function of the (0, s, 2)-net generated
by

10 0 0 1 1 11
0 1 0 0 1 1 1 0
Cr=1| - and Cop= | «oovvvvviiiinn.
0 0 1 0 1 1 0 0
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because of (¢;|d) = a1 @ ... ® asr1—; we obtain (for a, 5 s-bit)

(_1)615711, — (_1)as+17j(u)

s—1
B) = [l2“p(=1)ttasn
u=0

For the proof of the Theorem 1 we need two auxiliary results.
LEMMA 1. Let z be of the form z =p/2% p € {0,...,2° — 1}. Then for
the characteristic function xo.) of the interval [0, z) we have

25—1

Xjo.) (@) = Y ex(z)waly (),

k=0

where waly, denotes the kth Walsh function in base 2 (see Remark 3),

2 if k=0
e {Walk@) W) i k0,

¥(x) is periodic with period 1 and

=z if 0<z<1/2,
¢(x)_{x—1 if 1/2<x<1,

and v(k) =7 if 2" <k <2rth

REMARK 3. Recall that Walsh functions in base 2 can be defined as

follows: For a non-negative integer k with base 2 representation k = k,,2" +

.+ k12 + ko and a real z with (canonical) base 2 representation = =
r1/2 4 22/22 + ... we have

Walk(:p) _ (_1)w1k0+$2/€1+---+9&m+1km _ (_1)(1;\9?)'

Proof of Lemma 1. This is a simple calculation, a proof can be found
for example in [6, Lemma 2]. m

LEMMA 2. Let ¢ be as in Lemma 1. Then

$(21B) — Z¢ (2'8) = {8} — biya.

=0
(Here {5} = 3 —[A].)
Proof. Let {8} = >72, b;27 J. Then

= i b2 = bita

j=i+1
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and therefore
l

Zﬁ;w’ﬂ) > (( 3 b2 1) = bisa)

1=0 Jj=i+1
I+1 Jj—1
SHIEE) RS SEERD SR i
7j=1 i=0 j=l+2
- i b2+ sz T=9p21B) — {8} +biyo. =
j=l+2

Proof of Theorem 1. Let I := [0,a) x [0, ). Then for y = (y(M,y®) €
[0,1)% by Lemma 1 we have

x1(y) = A) = X[o,0) (¥ S ))X[o ﬁ)( D) —ap
251

= Z cr(a)ar(B)waly(y™)wal, (y)
k,l=0
(k1)#(0,0)
251
=q Z wal; (8 P(2 (l)ﬂ)wall(y@))
251
+ 8 Z waly (o ¢(2“(k)a)walk(y(l))
251 1
v(k) v(l)
+ k;l waly (o) wal;(3) ool V(2" a)y (27 B)

x waly,(yM)waly ().

Hence
251 251
(a,B) =« Z wal; (8 (l)ﬂ) Z wal;(y;)
i=0
251 251
+ ﬂ Z Walk Z Walk
251 251
u(k) ) (2v (D)
+ kgl walg (a)wal; () i O 21/’1)( 5) z; walg (x;)wal; (y;).

(Here the net consists of the points x;, ¢ =0, ...,2° — 1, with x; := (x;,y;).)
Since x;, ¢ = 0,...,2% — 1, is a digital (0, s,2)-net, for all 0 < k,1 < 2°
we have
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251 251

Z Walk(xi) = Z Wall(yi) =0
i=0 1=0

(see for example [5, Lemma 2]).

We now consider Z?i walg (z;)wal;(y;) with z; := a: /2+ .—|—£EZ(-S)/25
and y; := y /2 +...+ yis)/ZS. We identify (z;,y;) with

(:1:5 )7 cee 7371(‘8)7%(1)7 s 7yz(8))T € (22)28
and we define
(zi90) & (hoyl) = (o) + Vg ).
Further waly, (x4, y;) := walg(z;)wal;(y;), hence
walk((zi,y5) @ (25, 47)) = waly (i, yi) waly, (25, y;),

i.e. walg; is a character on ((Z2)%, ®).

The digital net xg, ..., X2s_1 is a subgroup of ((Z2)?*, ®), hence

251

Z waly, () wal (i) = {g ftggjég?,yi) =1foralli=0,...,2°—-1,

J )

(For more details see [5] or [7 g
Now waly (i, y;) = (—1)* +T17) = 1 for all i = 0,. —1iff
(k|Z;) = (f!yl) foralli=0,...,2°—1,
(by the definition of the net) this means
(ki) = (I|Cyi) foralli=0,...,2°—1,
and this is satisfied if and only if
k=C3l=: k().
Further
wal) (@)waly(3) = (=) FOIDHD = (1)) = wal, ()

(see notations).

So
. s—1 w(QU/B) qutl_q S S w(2v(k(l))a)

s—1
=23 ()
u=0

1 21 2v(k(D) o)

_ 1o+ FHlu—1va w(
gz ,22; =y 2u(k(D)
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(here I :=lg + 112 + ... + 1,2% note that (—1)%+1 = (—1)C+11@)(_1)but1
and (2°8)(—1)"«+ = ||245])).

We now consider

2utl_g
Y= — Z (_1)l071+---+lufl'7u w(2v(k(l))a)
T & 2u(k(D)
_ u+l_1
1 s—1 zp(2“’a) 2
— 2_u Z 2w Z (_1)l071+---+lu—17u.
w=0 [=2"

v(k(l))=w

For 2% <[ < 2¥*1 the condition v(k(l)) = w means that there are ko, ...,
kw—1 € Zs such that

CFl'= (ko ... kw1,1,0,...,0)7,
that is,

(5) cilp+ ...+ Culy_1 + Equl =koe1 + ...+ ky_1€y + €w+1

where €; is the ith unit vector in Z3.
Since €1,...,Cy+1,€1,--.,Cwt1 by the (0,s,2)-net property are linearly
independent as long as (u+ 1) + (w + 1) < s we must have u + w > s — 1.

Hence
utl_q

2%«
e ¥ R Y et

w=s—1—u =24
v(k(l))=w

In the following we are concerned with evaluating the last sum in the above
expression which equals

2v—1 2¥—1
Yg = Z waly(7y) = Z walcy ()
1=0 Chl=0
v(k(l42v))=w v(k(Chl+2v))=w

(here C stands for C%(u); see notation). Now v(k(C4l + 2%)) = w means

ko
ol :
1 kwfl
eyl o =] 1
: 0
0 :
0

for some k; € Zo. This is equivalent to
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ko
D .

10 0 0 kw'fl Cut1
0 1 00 .

................ : CZ—H
00 1 0 :
0 0 0 1 0

with
C% C’b
D= «-ciiiiiiii.. C”,

Ci_u CZ_U

i.e. an (s — u) X u-matrix.

Let s — u = w+ 1. We first show that in this case equation (6) has a
solution /. This is equivalent to showing that system (5) has a solution, i.e.,
that there are lg,...,ly_1,k0,...,kw_1 in Zo such that

clog+ ...+ Cly-1 + 5u+1 +e1ko + ...+ Eukw_1 + €w+1 =0.

Since s = v + w + 1 the vectors ¢1,...,Cyt1,€1,.-.,Ey+1 are linearly de-
pendent, and hence we can find lg, ..., l,_1,lu, ko, . . ., kw—_1, kw 10 Zg not all
zero such that

clo+ ...+ Culy—1 + Eu—l—llu + évko + ...+ Epky_1 + €w+1kw =0.

Assume that [, = 0. Then ¢,...,¢Cy, €1, ..,€Ewt1 are linearly dependent.
But this contradicts the (0, s,2)-net property since €1, ..., ¢, are the first u
rows of the matrix Cy and €1, . .., €y,41 are the first w4+ 1 rows of the matrix

Ci and v+ w+ 1 = s. Hence [, = 1. In the same way one can show that
ky = 1. This shows that system (5), and hence also (6), has a solution.

Now the unique solution [ of (6) is given by

l == (CZ:'_’I{J’_:L’ ey CZ+1)T.

If s — u < w, then the 247 ~5 solutions therefore are given by

T w1 w—+2 s T
l = (l[), PPN 7lu+w7(s+1)7 Cu+1 @ 1, Cu—i—l P ,Cu+1)
with lo, ..., lyjw—(s41) arbitrary in Zs.
Hence for w > s — u we have
22 — Z (_1)(’7(”)‘Cé(l()v""lu+w—(s+l)’05:11@1’051—127"'7ci+1)T)

lO:-~~7lu+w—(s+1) €Z2
2u+wfs_l
1T = w+1 w2 s T
= ()TN0 0O ) Y sl (G5 (W),
=0



390 G. Larcher and F. Pillichshammer

The last sum is a sum over all characters of ((Z2)“T%~% &), and is therefore
gutw=s if (CTF(u)|€;) = 0 for all i = 1,...,u+ w — s (& is the ith unit
vector in Z§) and it is 0 otherwise.

Further, if (C5T¥(u)|€;) =0 for all i = 1,...,u+w — s (we will call this
the condition *,), then

(Co"FI0, -, 0, & LY - eipn) )
= (Y(u )|02(CZ:T+17 cee CZ+1)T) + (’7(“)‘Cé€u+w—s+l)v
so that altogether we have
5, = 2i (—1)TICHETT )T (),
where

flu) = 2(2° " ta)

n SE L L (2%a)(—1)T@ICEw—st1) if %, holds,
0 otherwise,

and therefore
anu 1)) 1) TG e ) £ (),

It remains to show that
(_1)as—u _ (_1)as+1—j(u)

2
By the definition of m(u) we have (Y(u)|C5€1) = ... = (Y(u)|Cs€nu)) =0
and (Y(u)|Cy€m(u)41) = 1, hence %, holds iff u +w — s § m(w). So finally
s—u+m(u)
fu) = 2¢(25_“_1a) + Z (2¥a)(-1) (V(w)|CoEutw—s+1)
s—u+m(u)—1
= 2¢<23—u—1a) + Z ¢<2w0‘) o ¢(2S_u+m(u)a)
s—u—2 s—u+m(u)—1
= ¢(28—u—1a) — Z (2% a) + Z Y(2%a) — w(25—u+m(u)a)
w=0 w=0

= Q= Us—y — Ot Q1 (u—m(u)) = Ts+1—(u—m(u)) ~ ds—u
(_l)as—u _ (_1)as+1—j(u)
B 2

where we used Lemma 2 and j(u) = u — m(u). The result follows. =
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3. A spectrum result for sums of distances to the nearest inte-
ger. Here we study sums of the form ZZ;IO ||I2%5]| for B € R, especially for
s-bit 3, and we derive results which are of independent interest and/or will
be used in Section 4.

The essential technical tool is provided by

LEMMA 3. Assume that 3 = 0.b1by ... (this always means base 2 repre-
sentation) has two equal consecutive digits bibi11 with i < s—1 and let i be
minimal with this property, i.e.

B =0.01...0100b42... or
B =0.10...0100b42... or
B=0.01...1011b;42... or

B=0.10...1011b;42 ...
Replace B by

v=0.10...1010b;42...  resp.
~v=0.01...1010b;42...  resp.
~v=0.10...0101b;42...  resp.

~v=0.01...0101b;45...
Then

s—1 s—1
S 20 = 3 20 + {
u=0 u=0

where T := O.bi+2bz‘+3 NN

—(=1)¥/2)(1 —7) in the first two cases,

in the last two cases,

—
[
—
|
—
~—
<.
~
N}
=
~—
\‘

W= W=
~—~

REMARK 4. In any case we have Y2570 [|2%y|| > S2°71 |24 with equal-
ity iff 7 = 1 in the first two cases and iff 7 = 0 in the last two cases.

Proof of Lemma 8. This is simple calculation. We just handle the first
case here:
s—1

> (12l = 11281)

u=0

i T T
~ vl - 161+ (5 - )
(1 1 1 T T
—<§< W)‘Qm)‘i

:%<1+%>(1—T).

The other cases are calculated in the same way. =

We immediately obtain a corollary which is useful in Section 4.
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COROLLARY 1. Assume that 8 = 0.1bobs ... has two equal consecutive
digits bibiy1 with 2 < i < s —1 and let i be the minimal index with this
property, i.e.

8 =0.101...0100bj42... or
£ =0.110...0100b;42... or
B8 =0.101...1011bj42... or

6 =0.110...1011b;45 ...
Replace B by

v =0.110...1010b;42 ...  resp.
v =0.101...1010b;42 ...  resp.
v =0.110...0101b;42 ...  resp.
v =0.101...0101b;42 ...
Then
s—1
v+ 1124l
u=0
s L1 — (=112 —7) in the first two cases
:5_'_2"2”5" + ? i—1 /oi—1 .
e (1= (=172 )7 in the last two cases,

where 7 := 0.b42b;13 ...

Proof. This follows from 8+ ||| = v + ||7|| = 1, by applying Lemma 3
to ﬂ/ :=0.bgb3... =

We obtain

THEOREM 2. Consider 3 € R with the canonical base 2 representation
(i.e. with infinitely many digits equal to zero). Then there exists

9 9.25
and it is attained if and only if B is of the form By with

=30 (5)) o oass(-(5))

REMARK 5. Note that
20, (_1 N {0.1010...101 if s is odd,
3 2 ~ 1 0.1010...011 if s is even,
Ty (1Y) _ [00101...011 if s is odd,
3 2 ~ 1 0.0101...101 if s is even.
Proof of Theorem 2. For any v = 0.c1ca...CsCs41 ... with fixed ¢1,...,¢
the sum ) > ||2“’y|| obviously becomes maximal 1f cs = 0 and cey1 =

i1 s 1 1
max U3l = =+ - — (—1)°
2 ;H Bl 3 (-1
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Cs42=...=1,orif ¢, =1 and ¢s41 = cs42 = ... = 0. Hence by Lemma 3
the supremum

s—1
sup Y _[|124]
B =0
can only be attained, respectively approached by
£1=0.1010...10111... or
(bs is the last zero)
B =0.0101...01 or
B3 =0.1010...11
(bs is the last one)
if s is even, and by
B4 =0.0101...10111... or

B5 = 0.1010...01 or
B = 0.0101...11

if s is odd.
Now we check easily that
s—1
s 1 1
ugl =2 Z_(=1)8
u=0

for i =1,...,6 and the result follows. =

The next theorem gives the result which we call the “spectrum” result
(see Remark 6).

THEOREM 3. (a) The mazimum

1
9.2

max Z 26 = 5 + 5 (-1

ﬁs-bt

1s attained if and only if B is one of the By from Theorem 2.
(b) We have

and this second successive maximum is attained if and only if B is of the
form ' with

0.010101...01101  or

0.01101010...101  or
ﬁ N {
0.10010101...011
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if s is odd and
0.100101010...101  or

0.010101...010011  or
0.101010...101101  or
0.011010...101011

if s is even.

REMARK 6. Let

2u _ 21!,
52%2” Bl = ZII Bo(s

Then by Theorem 3 we have

lim (Z [260(s)]) — max Z 1281 =
ﬁ#ﬁo( ) “
So one may ask the further usual “spectrum questions”.

Proof of Theorem 3. (a) follows from Theorem 2.

Concerning part (b) it follows from Lemma 3 that it must be possible to
reach one of the 3y by applying a single transformation of Lemma 3 to [’.

For s odd this means (s even is handled quite analogously) that

B —0.1010...101
by the first or third transformation, i.e.
3 =0.0101...01001010...10101 or
B '=0.0101...10110101...10101,

or that
3 — 0.0101...011
by the second or fourth transformation, i.e.
B '=0.1010...010010...1011 or
#'=0.1010...101101...1011.
Further the double blocks b;b;+1 must be placed so that the “error term” in
Lemma 3 becomes minimal. We carry this out for the two transformations
yielding
B — 0.1010...101
(the second case is treated quite analogously).

If
B '=0.0101...01001010...10101

then the “error term” has the form

%(1 - (—21)i>(1 —7) =: E(i)
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with

2 1
7=0.1010...101 = §<1— 25_@.),

and 7 is odd. Hence

E(i):%<1+%> <1+2%)

which becomes minimal for ¢ = (s — 1)/2, with value

1 1 2

If
B =0.0101...10 11 0101...10101
then A
N1 (—1)
with

1 1
7 =00101...10101 = o <1 - 28_i_1>,

and 7 is even. Hence

r0-3(-4)(0- ).

which becomes minimal for ¢ = 2 and for i = s — 3 (note that i = s — 1
would give one of the §y and E(i) = 0), with value

which is smaller than the E above.

By also dealing with the second case we find that this is the minimal
possible value for £ and we have found the first two values of 4’. The third
value for 3’ is found by treating the second case.

The minimal error term FE also determines the value for

s s s 1 1 1 8
E 2u " = E 2“ — F=— — - 1= =
u=0 u=0

S 1 7

The case of s even is dealt with quite analogously. =

We again obtain a corollary:
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COROLLARY 2. The maximum

s—1
S 7 1

ou ):- L c1)y—
E@%(ﬁJF;)H Bl =3+5+ D g

1s attained if and only if B is of the form

s+1 s
r3(-(4)") = a4
REMARK 7. Note that here
Bo =0.110101...101 or [y =0.101010...011
if s is even and
Bo = 0.101010...101 or [p=0.110101...011
if s is odd.

Proof of Corollary 2. If § < 1/2 then we replace § by 8+ 1/2 and
we obtain a larger value for the sum in question. So we can assume (3 =
0.1b2bs . .. bs, and we note that 5+ ||3]| = 1 always. So we have to maximize
Zi;% I2%(28)||. By Theorem 3(a) the result follows. m

For later use (proof of Theorem 4(a)) we need a further type of “spec-
trum” result, namely Lemma 5. To prove it, we will use Lemma 4.

LEMMA 4. Let 0 <k < 1. Then

(a) The maximum
s—1
u VK
g o+ Srrt) -3
s attained by
3= { 0.1010...1011 for s even,
0.1010...101  for s odd.

(b) The mazimum
s—1
— 2 ) = 37"
,5233%( F&ﬂ+§ll Al s

s attained by

3= 0.0101...0101 for s even,
~ 1 0.0101...011  for s odd.

Proof. (a) We must have b; = 1, otherwise 1 — [ gives a larger value
than 8. We proceed by induction on s. For s = 1,2, 3 the assertion is easily
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checked. Now (since b; = 1)
s+1

$F .= max </€ﬁ+ZH2u5H>
=0

B s+2-bit

K41 S r—=1 > ,
= —_— 2 .
ﬁ’gr-l&-ai}—(bit< 2 +ﬂ< 2 >+§H Al
Now (k —1)/2 < 0, so b} must be zero, otherwise 1 — 5" would give a larger
value. Hence 3’ = 3”/2 with 8" s-bit, and therefore

-1
K k1 nfk+1 . w
= m Ey— E 2 .

By the induction hypothesis the result follows.
(b) Set v =1 — (. Then

s—1 s—1
—vh+ Y 12"y = =k + 6B+ (28]
u=0 u=0

and by part (a) the result follows. =

The next lemma is of independent interest. Note for example that 1/4 is
the “average value” for |z||.

3 s-bit
0<ug<s—1 u=0
uFug

Proof. For ug fixed let

s—1 s—1
1
u u
LEMMA 5. max E 1248 = Bms%)i(t;_o 1248 — 1

s—1

Sug(B)i= D 1281 and Sug(Bo) i= max Tuy().
u=0
uFug

By Lemma 3, By must be of the form
,80 =0.0101... bu0+1buo+2 e bs or ,30 = 0.1010... bu0+1bu0+2 e bs.
Let i _
BO = 0b1 e buOJrl and ﬂo = 0.bu0+2 e bs.
Then

up—1 s—1
Suo(B0) = Y 12Boll + wBo+ Y 124Boll
u=0 u=up+1
ug—1 _ s—ug—2 _
= N 129 Bol + wBo+ S (2Bl
u=0 u=0
with k= > 10 (—1)b/2u0+2=¢ If b, = 0 then x > 0, if by, = 1 then x < 0.
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So by Lemma 3 (see also Theorem 3) the form of 3,, and by Lemma 4
and by by, the form of §y is determined (note that the form of by,y; must
be different from b,,, and hence is 0 in any case).

We have .
-1 (—1)s—u0—
Po=3 (1 - W)

_ Iy _ I ey
P\ T Taw ) o P U T e

according to which value for 3, is chosen from Theorem 3.
Since we want to maximize

up—1 s—ug—2

Yy (Bo) = ZHQ"ﬁoHJrﬂﬁoJr Z 12“Boll,

and

only the larger first value for K is of relevance. Insertmg it yields

max (Z 12281 = Zuy (50))
! <5+ o, et (_1)3_1)

18 25711,071 2372

which attains its minimal value 1/4 for ug = s —2 if s is odd, and for uy = 1
if sis even. =

4. The discrepancy of the Hammersley net and an improved
upper bound for the discrepancy of digital (0,s,2)-nets. In Theo-
rem 1 for a, 3 s-bit we have given an explicit formula for the discrepancy
function

A(avﬁ) - A25<[07a) X [O7ﬂ)) - 280‘/8
of a digital (0, s,2)-net in base 2.
Take now arbitrary o/, 3’ with

1
o — > <o <a and ﬂ——<ﬁ < pB.

Then (since all coordinates of the points of a digital net are s-bit) we have
A/, 8') = A, ) = 2° (/8" — ap),
hence for the star-discrepancy D7; of the net we have

1
DY — — A .
N Jmax (o, 0)| < NN

(note that N = 2%).
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We will call )
— max A(a,f)=: Dy
a,3 s-bit

the discrete discrepancy of the net. D%, differs from D3} at most by the
almost negligible quantity 2/N and seems for nets to be the more natural
measure for the irregularities of distribution.

For a sequence of digital (0, s,2)-nets, s =1,2,..., N = 25 we have
DA ND¢
lim su N — Jimsu N
1Naoop log N 1Naoop log N

(the same holds for liminf and for lim if it exists).

But if we want to obtain “exact results” the quantity D?V in spite of the
minimal difference is much easier to handle than DY.

This is clearly illustrated by the proof of the following theorem, in which
we give the exact value of Djiv and of D} for the Hammersley net and the
exact places where they are attained. For D?\, we moreover give the “second
successive maxima” and the exact places where they are attained. The proof
for D?V is much shorter than the one for DY.

In [4] Halton and Zaremba claim that they give the exact value of Dy,
but they only give a vague hint on how to prove the extremality of the
extremal intervals. Entacher [3] uses their result.

THEOREM 4. (a) For the discrete discrepancy D?V of the Hammersley
net with N = 2° points we have

s 1 (=1)
ND$ = A =2 4-—
s, A d) =545 -5
and the maximum will be attained if and only if a, B are of the form «q, By
with:
e for s odd,

ap = 0.0101...1011, By =0.1010...0101

or
ap = 0.1010...0101, By =0.0110...1011,

e for s even,
ag = Pp =0.1010...1011  or ag= By =0.0101...0101.

The second successive mazximum for A(a, 3) (o, B s-bit) is given by

S 1 7
A S AR
Jpax Al f) =g+ 50— (D) g
(avﬁ)#(a(hﬁo)

and the places where this is attained can easily be obtained from the proof
and from Theorem 3(b).
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(b) For the star-discrepancy Dy of the Hammersley net with N = 2°
points we have

s 13 4
NDy ==+ ——(-1)°
vEgty Ve
and the mazimum is attained if and only if «, B are of the form ag, By with:
e for s odd,

oo = 0.1010...10111, Bp=0.1101...01011
or
a9 = 0.1101...01011, fBp=0.1010...10111,

e for s even,
ag = [Bp =0.1010...01011 or ap= [y =0.1101...10111

for s > 4. For s < 3 the extremal values (ao,Bo) are (1/2,1/2) (s = 1),
(3/4,3/4) (s =2) and (7/8,7/8) (s =3).

Let us first draw a further consequence from the result and let us defer
the proof of Theorem 4 to the end of this section.

As an almost immediate consequence we get the following bound for the
discrepancy of digital (0, s, 2)-nets in base 2, which improves the bounds (1)
and (2).

THEOREM 5. For the star-discrepancy DYy of a digital (0,s,2)-net in

base 2 we have 19
s
NDy < -+ —
NE3Tye
This bound is (by Theorem 4(b)) up to the summand 19/9 (which could be
improved to 15/9) best possible.
In particular,
ND3; 1
li IV = = 0.4808...
N X logN  3log2 04808

where the mazimum is taken over all digital (0, s,2)-nets in base 2.

The value 1/(3log2) is attained for example for the sequence of Ham-
mersley nets.

Proof. We have

2 1
Ds <D
N N+N N27

hence by Theorems 1 and 3,

s—1

19
ND}y <2+ max Z 1246 —

<24
25—3 9°
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From this and from Theorem 4,

. NDy 1
lim max = . m
N—o0 logN  3log2
For the proof of part (b) of Theorem 4 we need some notation:
REMARK 8. For
a=0.a1...a¢...as, [B=0.by...bs_s...bs

we define
ap 1= 0.&1 .. Ay ﬁt = 0.b3+1,t e bs,
a; :=0.a¢41 ... as, Bt = 0.b1...bs_¢.
Further, set

s—1
Se(a, 8) =Y _[12Bllo(u) with  o(u) = e u ® ayp1—ju).
u=0

In o(u) we usually set a,y1_j,) = 0 as long as j(u) = 0. If in this case
we alternatively set a,y1_j(,) := 1 then we denote the corresponding sum
by £l(a, 8).

Further we define

Ts(a’ﬂ) =a+ 8+ Zs(aa ﬁ)
For k,7 € R we more generally define
T7% (o, B) == Ta+ kB + Ls(a, B).
Now
Ts(avlg) =a+ 8+ Es(a718)

s—t—1 —1\but1 »
=a+ B+ Sei(@r, B) + B Z (251% o(u) + X, Br).
u=0

Here it(at,ﬁt) is either Et(at,ﬂt) or E% (Clt,,ﬁt).

Since a = o + %Et and B = 3, + 25%1& we get
TS<OC, 5) = T;;lt(ah Bt) + j;tlﬁt (th, 5t)7
where T is defined via ¥ instead of &, and 7 = 1/2, and

1 s—t—1 (_1)bu+1
ft =g+ pre=aiOF
u=0

Here it is important to note that s only depends on the form of @; and 3.

Let us consider for example t = 6. Then it is an easy task to show with
the help of MATHEMATICA that for all d € {0,...,25 — 1} we have

1,d/26 ~1,d/26
| max Ty ¥ (ag, B5) — glaﬁxTﬁ ' (ag, B5)| < 1/2°.
6,76

6,06
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Hence for all
| max TGI’H(QG,/QG) — m%XfﬁLR(OdG,ﬁGM < 1/25.
«6,06

6,96

Further we need the following lemma:

LEmMA 6. If

Ts(w, Bo) = %a@tT( . 3),

then By has at most three consecutive equal digits b;b;11b;12, © > 2, in its
base 2 representation.

Proof. First we note that the first digit of By must be one, otherwise
replacing By by o + 1/2 and choosing a suitable « gives a larger value T'.
Then we note that, as is easily calculated, the special choice

o' =0.101...1011, B =0.101...1011
if s is even and
o =0.1101...1011, B =0.1010...0111

if s is odd gives the value
s 13 1 4 1
Ty(,f)=+—4+ ——(-1)° = - —.
Assume now on the contrary that (§y has at least four equal digits
bibir1b;1abiys, © > 2, in its base 2 representation. Assume these are ones

(the other case is handled in the same way). Then

s—1
To(c, Bo) <1+ Bo+ > [12Boll-
u=0
Now we can apply some of the transformations from Corollary 1 to By until
b;bi+1 is the first block of equal digits (with ¢ > 2). Therefore
s—1

Bo+ Y 112“Boll

will not decrease. Now we can apply two times one of the last two transfor-
mations from Corollary 1 to b;b;+1 and then to b;11b;+2. Note that 7 > 3/4
in the first application and 7 > 1/2 in the second. Therefore

s—1

Bo+ Y 112“Boll

increases at least by

L 3(0- G) 34 ) - e

Hence we have, by the remark at the beginning of this proof and by Corol-
lary 2,
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s 13 1 41
S (-1 = <T
3ty te (g 5 =Tlaofo)

s—1 3
<1 u >——
<1t max (543 [12°0]) - ¢

u=0

5 s 7 2
=242 (=1)"
statot (Vg

hence

1 1 2
— 4+ —(1-2(-1)7) <
24+28( 5 )>—O’

REMARK 9. It is easy to show with the help of a C** program that the
assertion of Theorem 4(b) holds for s < 11.

In fact it is not difficult to prove (with the help of Lemmas 5 and 6)
that the extremal values «yg, By from Theorem 4(b) must have the property
that as—y @© asp1_j) = 1for allu=0,...,s — 1. Hence for every 3y there
is only one possible ay. So it was easily possible to carry out the numerical
calculation with MATHEMATICA.

a contradiction. m

Proof of Theorem 4. (a) We use Example 2. For a given (3 the value

s—1
A, ) =D 1128l (@s—u @ ass1j(u))
u=0
always becomes maximal if « is chosen such that as—., @ as1_j) =1 for
all u. Hence D?V is attained for the § maximizing

s—1
> 124l
u=0

(those are provided by Theorem 3) and the corresponding «.. This gives the
values claimed in the result.

For the second successive maximum there are principally two possible
cases: either as—,, @ agy1_j,) = 1 for all u, and then 5 must be of the form
from Theorem 3(b), or as_, @ Ust1—ju)y = 0 for some u. But comparing
Theorem 3 and Lemma 5 shows that only the first case can give the second
successive maximum.

(b) For a, 8 s-bit A(a, 5) always is positive by Example 2. Hence D},
will certainly be attained for intervals of the form

[0, —1/2°] x [0,8 — 1/27]
with «, 8 s-bit, and therefore
NDy = max (A(a, ) +a+ () —1/2°

a,3 s-bit
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(see Remark 2). By Remark 9 it suffices to assume that s > 12. Let a(9), ()
be such that

Ty, 80y = max Ty(a, 3).

a,3 s-bit
By Lemma 6, 50 has at most three consecutive equal digits (after the first
place) and the first digit b; of B is 1. Assume there is a u < s — 12 with
o(u) =0 (see Remark 8 for the notations here and in the following), and let
up be maximal with this property. Then change as_y,, ..., a7 so that o(ug)
becomes 1 and o(up+1),...,0(s—7) remain unchanged. Thereby kg changes
at most by 1/25767% < 1/26, Finally choose ag,...,a; and bs_s,...,bs SO
that 76 (o, 35) becomes maximal for the new values o/, 3. Then (see
Remark 8),

1/,—1 7 =1,k¢
To(o/, 8) = T (@5, B6) + Tg ™ (o, B5)
(note that we obtain a new summand of value at least 1/4,
but o may decrease to almost zero)

_ 1 ~
> Tg(@y ), Bg) + 5 =7 — I — ol + Ty ™ (0, 65)

(by the numerical result in Remark 8; note that the tilde
on T is here related to o/, 3 and in the following line to

a(O)jg(O))
1 ,—(0) (0 1 I 1k, (0) A0
> T @) By) + = 5 T el ) — 55
1 4
> Ts(a(o),ﬁ(o)) + ? — 2_6
= Ty(a0, 5),
a contradiction. Hence

s—12

7,00, 580) = 5O + 3 2250
u=0

I o 0 = 0) (0
+ of1 0‘§1) + O‘gl) + E11((34§1)v §1))-

Therefore by Corollary 1, bgo), ce bgcl)n and ag), e a§°> must be of the form
(we concentrate on “s odd”, “s even” being carried out quite analogously)

3% —o0.110101...01, @ =o0.0101...0111

or
319 =0.1010...011, @} =0.0101...011.

. . . . =1
So it remains to maximize T} (a1, B11)-



Sums of distances to the nearest integer 405
In the first case we have
1 1
in the second case we have
1 1 1 1
Fo3\t o) S e

so it suffices to maximize

~1,—£(1-1/212) ~1,5(1-1/212)

Tll (Clll, ﬂll) respectively Tll (0111, ﬂll)-
This is easily done with a MATHEMATICA program and the result follows. =

1

<ﬁ,

5. A class of nets with smaller star-discrepancy. We have seen in
Theorem 5 that the Hammersley net essentially is the “worst” distributed
digital (0, s,2)-net in base 2.

We will show here that the star-discrepancy of the nets generated by

1 0 ... 0O 1 1 ... 1 1
o1 ... 00 1 1 ... 1 0
Cr=1| . and Cop= | «ooevveviiiann.
0 0 1 0 1 1 0 0
0 0 0 1 1 0 0 0

is essentially smaller. Indeed it seems, by numerical experiments carried
out by Entacher, that these nets are the essentially best distributed digital
(0, s,2)-nets in base 2. We have

THEOREM 6. For the star-discrepancy DYy, of the digital net in base 2
generated by

10 ... 00 11 ... 1 1
01 ... 00 1 1 ... 1 0
Cr=| «oieri and Co=| «oveeiieiiin.
0 0 1 0 1 1 0 0
0 0 0 1 1 0 0 0
we have
*
(7) NfN>o.2

for all N (N = 2%) and

ND*
(8) lim sup —2 < 0.226341. ..

N—oo S

REMARK 10. Hence for these nets we have

*

1 .. .NDy . NDY
0.2885... = ——— < liminf < limsup — < 0.32654. ..
5log2 = N—oo log N Neooo log N
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Indeed we conjecture that
N D3
im N ! ,
N—oo log N  bHlog?2

and that this is the best possible value at all, i.e.

. . NDy 1
lim min = ,
N—o0 logN  5log2

where the minimum is taken over all digital (0, s, 2)-nets in base 2.
Proof of Theorem 6. We will show that the lower bound even holds for
max Ao, §),

«,f3 s-bit
and also for the upper bound it suffices to consider A(a, 3) for «, 3 s-bit.
Recall from Example 3 that for a, 8 s-bit we have
— (_1)as+1—j(u)
2

s—1 (_1)as_u
Ale, B) = Y [|12"B(—1)FFase
u=0

s—1
= 2Bl (~ 1) F O (g B ag ),
u=0

where
0 ifu=0,
ju):=¢0 ifar®...®asy1—j=>bjfor j=1,...,u,
max{j <u:a1 ®...®as1—; # b;} otherwise.

We set a; :=a1 @ ... D as+1—; and a :=0.a; ...as. Then

Qst1—i = a; ® aiJrlv As41—j(u) = Zir(u) S ar(u)—l—lv

where
0 if u=0,
r(u) =< 0 ifbj=a;forj=1,...,u,
max{r <wu:bj #a;} otherwise,
and where we have to set a,(,) © ap(y)41 := 0 if r(u) = 0 and asy1 := 0.
Then
s—1
Ala, ) = [12“Bllo(u) =: §(a, B),
u=0
where

Q(’LL) = (—1)au+2 (Ziu+1 D Ayt P ?ir(u) D 5T(u)+1).
To obtain the lower bound consider

B =0.00100010001...bs, o = 0.10001000100...as
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with the exception that by = 1 instead of 0 if s =4[+ 1 or s = 41 + 2. Then
-1 ifu=4l+3,
o(u) = { 1 otherwise
with the only exception that o(s — 1) = 0 if s = 4{. Then

[s/4]-1 1 b
p= ; 5473 T 95

hence

[s/4]—1

u 1 bs
128l = > s oo
i=[u/4—1/2]
for u # 4l 4+ 2 and it is 1 minus this quantity if u = 4] + 2. So
[(s—5)/4]
5@, B) =Y (12"l +12*18Il + 124 28] — 12*+28]) + R,
=0

with

1/2 if s =4l +1,
R=1{3/4 ifs=4l+2,
7/8 else.

Inserting for ||2%3|| and evaluating the resulting finite geometric series then
yields

2/25+17/8 if s =4I,
5(3. ) = 4fs=1] 1l — 1 f(—11/50) +1/2 if s =4l +1,
5 4 16ls/4] (=7/100) + 3/4 if s =4l + 2,

1/200+7/8  if s =4l +3.

Now it is a simple task to check that in each of the four cases d(a, 3)/s is
decreasing to 1/5, and so the lower bound follows.

To obtain the upper bound consider for given r» € N the quantity

r—1

8, :=sup » _o(w)|2“A],
B u=0

where the supremum is taken over all 5 € [0,1) and over all r + 1-bit

a =0.a1...a,41. (Note that this means that a,; is not automatically set

to 0 as is done for r-bit a.)

This supremum is obviously attained (respectively approached) in the
following form: let ug be the largest index such that p(ug) # 0; then p(ug) = 1.
Further the supremum is attained for some 3 with b,41 =b,yo0 = ... =0if
buo+1 = 1 and it is approached by 8 with b,4+1 =byy2 = ... =1if by,41 = 0.
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So it can be shown for example with MATHEMATICA that

5099
011 = 0 — 248975 . ..
179048 8975,

and this value is attained with b,,4+1 = 1.

Now for s with s = 11g + w, 0 < w < 10, for all &, 8 we have §(a, 3) <

qd11 + w, hence

d(a, B)

S

gé[ji-QA&W5”.+

10
11 ’

which tends to 0.226341... as s — 0o, and the result follows. =
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