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The structure of maximal zero-sum free sequences
by

GavutaMl BHowMiIk (Lille), IMMANUEL HALUPCZOK (Miinster) and
JAN-CHRISTOPH SCHLAGE-PUCHTA (Gent)

1. Introduction and results. This paper is a continuation of our
investigation of zero-sum (free) sequences of finite abelian groups (see [5]
or [3]). As is the tradition, we let G be a finite abelian group, A C G a mul-
tiset and we say that A is zero-sum free if there exists no non-empty subset
B C A such that ),z b = 0. Obviously, in a fixed group G a zero-sum free
subset cannot be arbitrarily large. The least integer n such that there does
not exist a zero-sum free set with n elements is usually called the Davenport
constant of G, for which we write D(G). For an overview of this and related
problems as well as applications see [13].

Here we consider groups of the form Z2, where Z, = Z/nZ. It is known
since long that D(Z2) = 2n — 1 (see, for example, [2] or [16]). Knowing the
precise structure of all counterexamples, i.e. zero-sum free sets of 2n — 2
elements, would simplify some inductive arguments for groups of rank > 3,
where the Davenport constant is unknown. Up to an automorphism of the
group all known examples of zero-sum free sets of maximal size are one of
the following: either (1,0) occurs with multiplicity n—1, and all other points
are of the form (a;, 1), or (1,0) occurs with multiplicity n—2, all other points
are of the form (a;,1), and we have Y ;" | a; = 1. We are thus motivated to
study the following property introduced by Gao and Geroldinger [9].

Let n be an integer. Then n is said to satisfy property B, or B(n) holds
true, if in every maximal zero-sum free subset of Z2 some element occurs
with multiplicity at least m — 2. It is easy to see that this definition is
equivalent to the statement that every zero-sum free set of 2n — 2 elements
is of one of the two forms cited above.

Gao and Geroldinger [9] proved that B(n) holds true for n < 7, and that
for n > 6, B(n) implies B(2n). Recently, Gao, Geroldinger and Grynkiewicz
[11] showed that property B is almost multiplicative, that is, if B(n) and
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B(m) hold true, then so does B(nm), provided that mn is odd and greater
than 9. Hence, combining the results of [9] and [11] it suffices to prove B(n)
when n is prime and when n € {8,9,10}.

From now on, p will always be a prime number. If one tries to prove
B(p) by sheer force, the most difficult cases are those which are close to
the known maximal zero-sums, that is, some point a has multiplicity only
slightly less than p—2, and all other points occur in one coset of the subgroup
generated by a. Further the method of exponential sums runs into serious
problems with situations in which a few points occur with high multiplicity.
Therefore, it appears worthwhile to deal with the case of high multiplicities
in a uniform way. The aim of this article is to initiate a systematic approach
to property B via the highest occurring multiplicities.

In one direction we have the following.

THEOREM 1. Let A C Z}% be a set of cardinality 2p — 2, and let my >
me > ms be the largest occurring multiplicities. Suppose that mi; < p — 3,
and that one of the following statements is true:

(1) mip =p— 37

(2) p > N and p — m1 < cp, where N,c > 0 are two constants not
depending on p,

(4) m1 4+ mg +mg >2p—5.

Then A contains a zero-sum.

Lett]l and Schmid [14] proved the existence of a zero-sum under the fourth
condition with 2p — 5 replaced by 2p — 2. Our proof of the fourth statement
does not involve any new ideas. However, using the first and third conditions
we immediately obtain a good lower bound for ms which greatly simplifies
our arguments. With more effort one can replace 2p — 5 by some other
function of the form 2p — ¢, however, we do not feel that the amount of work
necessary to do so would be justified. The fourth statement appears to be
rather technical; the reason that we still believe it to be of some interest is
that when one tries to tackle larger groups by an inductive argument along
the lines of [5], one is automatically led to situations where m; + mgo + ms
is close to 2p — 2.

In the opposite direction we combine exponential sums with combinato-
rial methods to prove the following.

THEOREM 2. There is a positive constant & such that each set A C ZIQ)
with |A] =2p —2, m; < p—3, and ma < 0p contains a zero-sum.

Gao, Geroldinger and Schmid [12, Theorem 4.1] had already shown the
existence of a zero-sum under the assumption m; < p'/4=¢.
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Fig. 1. Property B is proven if p is sufficiently large and (m1, m2) lies in the hatched area;
c and ¢ are two constants not depending on p.

We did not try to obtain a good numerical bound for §, a rather care-
less estimate shows that 6 = 4 - 1077 is admissible, which is certainly far
from optimal. However, any value of § less than 0.1 would be of little help
concerning the computational confirmation of property B, nor do we expect
much structural information for maximal zero-sum free sets from such a
small value, therefore we did not try to optimize our estimate.

For several of our results, the proof gets more and more complicated as p
becomes small. Thus, to simplify the manual parts of the proof, we verified
as many cases as possible by brute force using a computer. We also tried how
far we could get proving property B completely by computer. In particular,
we also considered the missing non-prime cases 8, 9 and 10. The following
theorem summarizes the results obtained this way.

THEOREM 3. Let A C Zg be a set, and let mi > mo > mg be the
largest occurring multiplicities. Suppose that my < p — 3, and that one of
the following statements is true:

(1) p<23,
(2) p <37 and m1 + mg +mg > 2p — 5.

Then A contains a zero-sum. Moreover, property B holds true for 8, 9,
and 10.

Part does not have any merit in itself, but is used in the proof of
Theorem [11
In view of the multiplicativity results of [9] and [II], Theorem [3| yields:

COROLLARY 4. Any n < 28 has property B.

The remainder of this article is organized as follows. In the next section,
we list some general lemmas which we will need later. In Sections [3] to[6], we
prove the different statements of Theorems [I] and [2| approximately in the
order in which they rely upon each other. Finally, in Section [7] we describe
the algorithm used for Theorem
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The following diagram describes the dependencies; A — B means that
A is used in the proof of B.

Theorem 2
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Theorem 1(2)
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Theorem 1(4) Theorem 3(1)

!

Theorem 3(2)

Note that apart from Theorem [3] there is a second place where computer
results are used: Lemma [J] below has been proven using a computer, and
this lemma is used in the proof of Theorem . However, for p sufficiently
large it can be replaced by Lemma [8] so for sufficiently large p, our results
do not depend on computer calculations.

2. Auxiliary results. Z, is not an ordered group; however, for our
purpose it is useful to view elements such as 5 and 6 as being close together,
and elements such as 2 as being small. Of course, this notion does not make
sense from a group-theoretic point of view, since Aut(Z,) acts transitively
on Zy, \ {0}. However, after fixing the generator 1, it makes sense to talk
about the distance and the size of elements in Z,. To be precise, we define
two functions Z, — Z as follows. For an element a € Z, denote by |a| =
min{|a| : @’ € Z, o’ mod p = a} the modulus of the least absolute remainder
of a, and by 2(a) = min{a’ > 0: ¢’ mod p = a} the least positive remainder
of a. When we compare elements of Z,, then we implicitly apply 2 before.
For example, for elements a,b € Z,, we write a < b to mean ¢(a) < 2(b) and
a € [z,2x] to mean 2(a) € [z,2x]. However, at some places it is important
to distinguish between ), ,2(a) and o(}_ . 4 a).

For a multiset A we denote by X(A) the set (not multiset) of all subset
sums of A, for example, X ({1,1}) = {0,1,2}, and Xy(A) is the set of all
subset sums of A of length k, for example, X({1,1,2}) = {2,3}.

We will write 7y and 7o for the projection from Z‘?J to the first and second
coordinate, respectively.

LEMMA 5.

(1) Let A C Zy, be a multiset of size k without zero-sums. Then there are
at least k distinct elements representable as non-empty subset sums
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of A, and equality holds true if and only if all elements in A are
equal.

(2) Let A C Z, be a multiset of size p + k with 0 < k < p — 2 without
zero-sums of length p. There are at least k + 1 distinct sums of p
elements in A, and equality holds if and only if |A| = p or A contains
only two distinct elements.

Proof. (1) We prove our claim by induction on k. For k = 1 and k = 2 the
statement is obvious; similarly, if all elements of A are equal. Now suppose
that A contains at least two distinct elements, and let A = {z1,..., 2}
with z1 # x9. The induction hypothesis implies that the set X of elements
representable as non-empty subset sums of x1,...,x,_1 contains at least
k elements, thus, we only have to show that (X U{0}) + {0, zx} # X U {0}.
Suppose otherwise. Then x € X, thus, the subgroup (x) generated by xy
is contained in X U {0}; in particular, —x; € X. However, this contradicts
the assumption that A does not contain a non-empty zero-sum subset.

(2) This is a result of Bollobéds and Leader [6]. m

The following is probably the first non-trivial result proved on sumsets
in finite abelian groups.

LEMMA 6 (Cauchy-Davenport). Let A, B C Z, be sets containing no
element twice. Then |A+B| > min(|A|+|B|—1, p), where A+ B is interpreted
as a set (not a multiset).

We shall repeatedly use this theorem in the following way.

COROLLARY 7. Let Ay,..., A, be subsets of Z,, and suppose that
S (IZ(A) = 1) > p— 1. Then 2(UA) = Z

Proof. We have

=(Ua)]-
The following result was proven by Olson [I5, Theorem 2].

LEMMA 8. Let A C Zjy, be a set with all elements distinct and |A| = s.
Suppose that for alla € A, —a & A; in particular, 0 € A. Then

2(4)| > min<p‘;3,8(3;” +5>,

1 Z(A) +-- +E(Ak)]>m1n<1+2|2 |—1)) p.
i=1

where
5= 1, s=0 (mod 2),
10, s=1 (mod ?2).
As shown by A = {1,...,k}, for large p this estimate is optimal up
to the value of § for odd k. For small p however, the estimate is far from
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optimal due to the term (p + 3)/2; this deficiency causes some trouble in
our treatment of small primes, which motivated us to prove the following
using computer calculations [4].

LEMMA 9. Let A C Z, be a set with all elements distinct and |A| =
s < 7. Suppose that A is zero-sum free. Then |Y(A)| > s(s+1)/2+ 1.

The following is a simple consequence of the lemma of Olson.

LEMMA 10. Let A C Z,, be a set consisting of n+1 different elements, or
a set consisting of n different elements and not containing 0. Then |X(A)| >

min(p,n(n +2)/4 —1).
Proof. Tf A contains 0, then remove that element. Now partition A into

two sets B and B’, with [n/2] and [n/2] elements respectively, which both
satisfy the prerequisites of Lemmal§] Using it and Cauchy—Davenport, we get

min (p, g <g + 1) — 1) if n is even,
Y(A)>

I (n—1)(n+1)  (n+1)(n+3) o
mln(, 3 + 3 +1—1> if n is odd.

Both cases imply the claim. =

The following is due to Dias da Silva and Hamidoune [7].
LEMMA 11. Let A C Z, be a set, k an integer in the range 1 < k < |A].

Then
|Z4(A)| > min(p, k(4] - k) +1).
Moreover, if |A| > £:= |/Ap — 7| + 1 and k = |[{/2], then Xy (A) = Z,.
The next result is a special case of a theorem due to Gao and Geroldin-
ger [10].
LEMMA 12. Let A C ZZ be a zero-sum free subset with 2p — 2 elements.
If x,y € A, then they are either the same element of ZZ, or linearly inde-

pendent.

The following lemma says that to check that a set A satisfies property B,
it is sufficient to check that all its elements lie in a subgroup and one coset
of that subgroup.

LEMMA 13. Let A C Z2 with |A| = 2p—2 be a zero-sum free subset such
that there exists a subgroup H < Zz2v H = 7Z,, and an element a € ZIQ, such
that AC HUa+ H. Then A contains an element with multiplicity > p — 2.

Proof. Suppose that no element occurs p—2 times in A. Set s = |[ANH|,
t=|AN(a+ H)|. If s > p, then H N A contains a zero-sum, hence we have
s < p —1 and therefore t = p + k with £ > —1. Using Lemma [5], we find
that there are at least k + 1 distinct elements in H representable as sums of
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elements from AN (a + H), none of which is zero, and there are at least s
non-zero elements representable by elements in ANH. Since (k+1)+s = p—1,
we find that either there is some element b € H which is representable by
elements in AN (a+ H), such that —b is representable by elements in AN H,
which would yield a zero-sum, or we have equality in both estimates, that
is, all elements in A N H are equal, and either £ < 0 or there are only two
distinct elements in AN (a+ H). If £ <0, then s > p — 2 and B(p) holds.
Otherwise, up to linear equivalence, A is of the form {(1,0)*, (0,1)™, (z,1)"}
with 1 <z <p/2.

If z = 1, we have the zero-sum n-(1,1)+ (p—n) - (1,0) + (p—n) - (0,1),
since

min(¢, m) = {+m—max({,m) > {+m—(p—3) = (2p—2—n)—(p—3) > p—n.

Otherwise consider the set U = {(—s,0) : 1 < s < £} of inverses of elements
representable as non-zero subsums of AN H, and the set V = {(vz,0) :
p—m < v <n} of elements in H representable by elements in AN (a+ H).
Since A is zero-sum free, we have 0 ¢ V, and U and V are disjoint. Since
|U|+|V| = p—1, this implies that V' = H\ ({0} UU); in particular, there ex-
ists only one r € Z,, such that r ¢ [p—{, p] but r+z € [p—¥¢, p]. However, we
can easily find two such elements and thus get a contradiction. If x < ¢, take
—¢—1and —¢—2; thisworksasx # 1l and £ < p—3. If x > ¥, take —z and
—x — 1; this works as ¢ # —1 and £ # 0. Hence our statement is proven. m

The following is a variant of a result of Gao and Geroldinger [§].

LEMMA 14. Let S C Zjy, be a subset with |S| > p/4W, where W > 1 is
an integer and p > 64W?2. If every element in S has multiplicity < p/40W?2,
then S contains a zero-sum.

Proof. Suppose that S is zero-sum free, and let m be the maximal mul-
tiplicity of elements of S. Let us first treat the case m = 1. Then Lemma
implies p — 1 > |X(S)| > |S] - (|S] +2)/4 — 1, which yields

2
p
4p > 18]+ (1814 2) > SI* = 155

which contradicts p > 6412,

Now suppose m > 2. Choose disjoint subsets S1,...,S,, of S, each one
consisting of ||S|/m] different elements. The zero-sum freeness of .S implies
> (2 (Si)|—1)+1 < |X(S)] < p, hence there exists an i such that |X(S;)| <
(p — 1)/m+1 < p/m~+1. Now Lemmalg|implies |S;|(|S;| + 1)/2 < p/m~+1 (as
(p+3)/2 > p/m+1). Using |S;| > |S|/m—1 > p/4AWm—1 > 10W -1 > 9W,

we get

2 ~ 8m’
which, using m < p/40, yields a contradiction. m

21>
m
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LEMMA 15. Suppose that A C Z, satisfies A+ [0,m] = Z,. Then there
is a subset A" C A of cardinality |A'] < 2[(p+1)/(m + 2)| — 1 satisfying
A" +10,m] = Z,.

Proof. We can assume that 0 € A. Then define a sequence a; € N as
follows: Set a; = 0, and choose a;+1 € a; + {1,...,m + 1} maximal such
that a;11 mod p € A (which is possible by assumption). For any ¢ we have
a;+2 —a; > m+ 2, as otherwise a;+1 — a; would not be maximal, so agy_1 >
(m+2)(k—1) for k> 1. We set k = Hy’;ﬂ and A" = {ay,...,a9,-1}. Then
A" +[0,m] = Zy, as

+1
a2k_1+m>(m+2)<“;+2-‘ —1> +m>p—1. =

The previous lemma can be applied to give the following, which proves
to be useful if we have many different elements in A.

LEMMA 16. Let A C Z2 be a subset. Suppose that B :={(1,0)™,(0,1)™2}
C A. Suppose moreover that we can partition A\ B into two sets U,V such
that

U™ =2 EmO> (2] 25 1) -,

Then A contains a zero-sum.

Proof. Applying Lemmal[l5|to X (m2(U)) (with m = my) yields a set W C
S(ma(U)) with W 4 2({(0,1)™2}) = Z, and [W| < 2[5 — 1. Then for
each element s € Y (V) there is some element w € W such that ma(s + w) €
[p—ma, p]. Hence, either we obtain a zero-sum, or 71 (s+w) € [1,p—mq —1].
If this holds true for all s € X(V), then 71 (X(V)) C [1,p—my — 1] =71 (W).
However, the right hand set contains at most (2] nf;b] —1)(p—my — 1)
elements, hence our claim follows. =

3. The two largest multiplicities of a zero-sum free set in Zg. In
this section, we prove Theorem .

Let m1, mo be the two largest multiplicities, and set k; = p — m;. We do
not assume my > my in this section, in this way we obtain more symmetry.

We will repeatedly use the following argument, which for the sake of
future citation is formulated as a lemma.

LEMMA 17. Let A be a zero-sum free set, E C A, and suppose that
Y ccp€=k-a for someac ZIQ, and some k € N.

(1) If {a*~'} C A\ E, then AU {a*} \ E is zero-sum free.

(2) If |A| = 2p — 2 and {a™¢=LIP/21-DY C A\ E, then |E| > k.

Proof. (1) Write A = A; UE U {a*"!} and suppose that AU {a*}\ E =
A1 U{a?*71} contains a zero-sum By U{a’} with By C A; and ¢ < 2k —1. If
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¢ <k — 1, then this is already a zero-sum of A. Otherwise, By U{a' ¥} UE
is a zero-sum of A.

(2) If {a*~1} C A\ E this follows from the first part. Otherwise k — 1 >
[p/2] —1 and {a!P/?1=1} C A\ E. But then EU{a?~*}, which has sum zero,
is a subset of A:

p—k<p—I[p/2]-1<[p/2] -1 =

We now fix coordinates in such a way that (1,0) occurs with multiplic-
ity mq, and (0,1) with multiplicity mo in A. Note that in particular, by
Lemma [12] A does not contain any element (k,0) or (0, k) for k # 1.

LEMMA 18. Suppose that B = {a1,...,a,b1,...,b;} < A\ {(1,0)™}
for some k,1 > 1, with y = m2(>_, a;) = (>, b;). If —y € X(m(A\ B)),
then Y, mi(a;) — > ;m(b;)| < p—mq — 2. In particular, this is true if
k+1<p—mj—1. The same is true with coordinates exchanged.

Proof. Let ¢ be a sum of elements of A\ (BU{(1,0)™ }) with m2(c) = —y.
Then ¢+ ), a; and ¢+ >, b; both are of the form (z,0). Such elements can
be completed to a zero-sum by copies of (1,0) unless 0 < < p — my. The
statement follows.

If k+1<p—mj—1,then |[A\ (BU{(1,0)™})| > p—1, so X¥(m2(A\B))
contains the whole of ((0,1)). =

Our argument will have a recursive structure. For ki,ks > 3 denote
by B(p, k1, k2) the statement that there does not exist a zero-sum free set
AC Zg with |A] = 2p — 2 and maximal multiplicities p — k1, p — k2. Note
that this statement is false if one of k1, ke equals 1 or 2, while it is trivially
true if one of k1, k2 is < 0. When proving B(p, k1, k2) for some pair (k1, k2),
we may assume that this statement is already proven for all pairs (kf, k%)
with k1 + ko > k| + k), such that none of k7, k) equals 1 or 2.

LEMMA 19. Let A C ZZ be a zero-sum free set with |A| = 2p — 2, and
suppose that A contains elements with multiplicities p — k1, p — ko, where
3 < ki,ka < p/3. Then all elements of A different from (1,0) and (0,1)
are of the form (z,y) with 1 < x < k; —2, 1 <y < ko — 2, of the form
(p—z,y) withl <z <k —2,1<y<ky—1, or of the form (x,p—y) with
1§£C§k‘1—1, 1§y§k,‘2—2.

Proof. Suppose that (z,y) € A with 1 < y < kg. Our aim is to show that
|z| < k1 —2. (Together with the same argument with coordinates exchanged,
this implies the lemma.) We apply Lemma |18 to the sum ma(y - (0,1)) =
m2((x,y)), and deduce that

2] = |mi((2.y) = Yo m((0,1)] < ki — 2,
=1
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provided that —y € X(ma(A \ {(0,1)¥,(z,y)})). Hence, from now on we
assume that this is not the case.

If there were an a € A with ke < i(m2(a)) < p — y, then this element
together with (0, 1)P~*2~¥ would represent —y, hence there is no element in
this range. Denote by B the set of all a € A\ {(1,0)P=%,(0,1)P~*2 (z,%)}
with 2(m2(a)) >p—y, and by C the set of all a € A\{(1,0)P~*1 (0,1)P=*2 (z,y)}
with ¢(m2(a)) < ko. Then —y is representable as subsum of m(B) together
with a certain multiple of (0,1), if >, 5(p — 2(m2(b))) > y, and —y is rep-
resentable as subsum of m3(C) together with a certain multiple of (0,1), if
Y ccc t(m2(c)) > ko in particular [B| <y —1 and [C] < ko — 1.

We now form the sum s of all elements in B. Then we have p—1(ma(s)) =
Y pep(P—1(ma(b))) <y—1<p/3, henceif ), p1(m1(b)) > k1, we can add a
certain multiple of (1,0) and (0, 1) to s and obtain a zero-sum. In particular,
|B| < k1 — 1.

This implies |C] > k2 —2, as |B|+|C| = k1+k2—3. Since ) . 1(m2(c)) <
ko — 1, we deduce that C' contains at most one element ¢y with ma(cg) # 1,
and, if it exists, this element satisfies ma(co) = 2.

Similarly, |C| < ko —1 implies |B| > k; —2 > 1, and therefore B contains
at most one element by with 71 (by) # 1, and this element satisfies 71 (bg) = 2.

In particular, B and C are both non-empty.

Suppose that C' = {cg}. Then ky = 3 and |B| = k; — 1, therefore k; =
1Bl +1 <y < kg —1 = 2, contrary to the assumption k; > 3. Hence
there exists ¢ € C' with ma(c¢) = 1. Choose any b € B. Then b + ¢ can be
combined with certain multiples of (1,0) and (0,1) to a zero-sum, unless
7T1(C) S [1,k1 — 2]

Consider again the sum s of all elements in B. This sum satisfies m1(s) €
{k1—2,k1—1}, ma(s) € [p—y+1,p—|BJ]. Hence, adding ¢ we obtain a zero-
sum, unless 7 (c) = 1 and 71(s) = k1 — 2. In particular, |B| = k1 — 2, |C| =
ko — 1, and bg, cp do not exist, that is, all elements in C' are equal to (1,1).

If z € [p—|C|,p], we add p — x copies of (1,1) to (z,y) to obtain
(0,p +y — ) as the sum of p — x + 1 elements. Hence, we can replace
p—x+ 1 elements of A by p—x +y copies of (0,1), which gives a zero-sum,
unless y = 1, which is impossible, since |B] < y — 1. If z & [p — |C|, p],
we add all copies of (1,1) to (x,y) and obtain an element s with m(s) €
k1 — 14 |C|,p] C [k1,p], m2(s) € [y + k2 — 1,p] C [k2,p]|, hence, s can be
combined with a certain number of copies of (1,0) and (0,1) to produce a
Zero-sum. m

Note that the three rectangles from Lemma/[l19|are disjoint. From now on
we will denote the set of points in A\ {(1,0)™*,(0,1)™2} of the form (z,y)
by B, the set of points of the form (p — x,y) by C, and the set of points of
the form (xz,p —y) by D (z < k1,y < k2).
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0 2 ki p—l
[ Fp—1
No element by Lemma 20 £
D
No element by Lemma 21 %\?
p—ko+21
No sum
No element by Lemma 19
Z k2
k2 =21 —No element by Lemma 20
B F2
0 C
ma 2L / -0
my/ k1—2 p—k1+2

Fig. 2. What we know about A\ {(1,0)™*,(0,1)™}

Our next result further restricts elements in C' and D. At this place we
use induction on k1, ko for the first time.

LEMMA 20. Let A C Z2 be a zero-sum free set with |A| = 2p — 2, and
suppose that (1,0), (0,1) are the elements with highest multiplicity p — k1,
p — ka, respectively. Let A\{(1,0)™,(0,1)™2} = BUCUD be the decompo-
sition as above. Then C does not contain an element (p — x,y) with x < y,
and D does not contain an element (xz,p —y) with y < x.

Proof. Suppose that (p—z,y) € C with y > z. Apply Lemmato E =
{(p—=,y),(1,0)*}. We conclude that the set A* = A\ EU{(0,1)¥} is zero-
sum free. If y > x + 1, then |A*| > 2p — 2, which is impossible. If y = x + 1,
then A* has cardinality 2p — 2 and maximal multiplicities p — k1 — y + 1,
p — ko + y, hence, by our inductive hypothesis we obtain p — ko + y €
{p—2,p—1}. Thus all elements a in A different from (p — z, y) satisfy m1(a) €
{0,1}. If B is non-empty, say, b = (1,z) € B, we can apply Lemma [17] to
E :={(p—y+1,y),(1,2),(1,0)Y"2}, and obtain a contradiction. Hence,
|D| > k1 + ko — 3 > k1. The sum s of k; elements of D satisfies m(s) = ki,
hence either we obtain a zero-sum, or ma(s) € [1, k2 — 1]. The latter is only
possible if the average value of p — ma(d) taken over all elements d € D is
larger than 2. Hence, we can choose a subset D’ of D with sum s satisfying
m1(s) € [1,y/2], ma(s) € [k, p—y]. But then s+ (p—y+1,y) can be combined
with some multiples of (1,0) and (0, 1) to give a zero-sum. m

Now, we can remove the apparent asymmetry in Lemma [T9

LEMMA 21. C does not contain an element ¢ with ma(c) = ka — 1, and
D does not contain an element d with m(d) = k1 — 1.

Proof. By symmetry, it suffices to prove the statement for D.
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Suppose that d = (k1 — 1,p — y) € D. By Lemmas and we have
k1 —1 <y < ko — 2. Suppose that D contains another element (z/,p — /).
Then we obtain the zero-sum (2/, p—y')+ (k1 —1, p—y)+(p—2'—k1+1)-(1,0)+
(y'4+y)-(0,1). Next, suppose that B contains an element (2, ). If y/ < y, we
obtain the zero-sum (', y')+(k1—1, p—y)+(p—a'—k1+1)(1,0)+(y—y')(0, 1),
thus all elements b € B satisfy ma(b) >y + 1 > k.

Let s be the sum of all elements in B and C. If 53 := Y __p o t(m2(e)) >
k2 +vy, we can choose some subset sum s’ satisfying ma(s’) € [ka+y, 2ka+y).
Then 7o(s), ma(s'+d) € [ka, 3ka] C [ko, p], hence either we get a zero-sum by
adding a certain multiple of (1,0) and (0,1), or w1 (s"), m1(s'+d) € [1, k1 —1].
But this is impossible since 71 (s’ 4+ d) = m1(s’) + k1 — 1. Hence, so < ko +y.

Denote by C the set of all ¢ € C' with ma(c) = 1, and by Cs the set of
all ¢ with ma(c) > 2. Then

s2 2 (y+ D[B|+|C| +[Co| = y[B| + |Cof + k1 + k2 = 3,

thus, for |B| > 1 we obtain the inequality k; — 3 < 0, which is false. Hence,
B =10, and |Ca| <y + 3 — kq, thus,

’01’=k1+k2—3—|02’22k1+k2—y—62k1—1.

Choose a subset C' C Cy with ) .o 2(p —m1(c)) > k1 — 1 and |C’| minimal
with this property, and let s be the sum of all elements of C’. Then 71 (s+d) €
[p— k1,p], and ma(s +d) € [p —y + 1, p], hence s+ d can be combined with
certain multiples of (1,0) and (0, 1) to produce a zero-sum. m

LEMMA 22. Suppose that B is empty. Then there is a zero-sum.

Proof. Suppose both ) .~ (p —2(m1(c))) >k1—1and ) ;. p(p—1(m2(d)))
> ko — 1. Then we can choose a subset C’ C C such that the sum s¢

of all elements in C’ satisfies m1(s¢) € [k1,p — k1 + 1]. We may suppose
mo(sc) < ko — 1; otherwise we get a zero-sum. Analogously, we may choose
a subset D’ C D whose sum sp satisfies m1(sp) < ki1 — 1, ma(sp) €
[k2,p — ko + 1]. Hence, s¢ + sp yields a zero-sum. So we may suppose that
Y agep(® —1(ma(d))) < ko — 2. In particular, this implies » ;. p (71 (d)) <
k1 — 1 (otherwise we get a zero-sum), and therefore

‘C| =ki+ko—2— ‘D| > k1+k2—2—min(k2—2,k‘1 —1) = max(kl,kzg—l).

There cannot be both an element ¢ € C' with m2(c) = 1 and an element d € D
with 71(d) = 1; otherwise, we get a zero-sum using ¢ + d and some copies
of (1,0) and (0,1). Thus .~ #(m2(c)) > ko, since otherwise |C| = ka — 1,
|D| = k1 —1, ma(c) =1 for all c € C and m1(d) =1 for all d € D.

If there are two elements c1,co € C with me(c¢;) > ka/2, then we can
combine ¢; + ¢z with a certain number of copies of (1,0) and (0,1) to give
a zero-sum, as m(c; + c2) > p — 2(k1 —2) > k1. We now enumerate the
elements in C as cq,... NeTelr where ¢; is the element satisfying ma(c1) >
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k2/2, if such an element exists. Set s; = Z;Zl cj, and let ig be the largest
index with ma(s;) < k2. As ) c-(m2(c)) > ko, we have ig < |C|. Now
Sip+1 can be combined with (1,0) and (0,1) to produce a zero-sum, unless
71(8ig+1) € [1, k1 — 1]; moreover, we have ma(sjo4+1) < 3k2/2 —1 < p/2 — 1.

Suppose that p—z(m(sio))—i—zgc‘loﬂ( 1(m1(c5))) > p, and let iy be the

greatest index satisfying p — o(m1(s4,)) + Zj ior1(@ —2(m1(c))) < p. Then
Si;+1 together with a certain number of copies of (1,0) and (0, 1) yields a
zero-sum, unless > " AN 2(772(0])) > p. But then we would have

Z 1(71'2(63‘)) >p— Z(7T2(8i0+1)) — 7T2(Ci1+1) > g _ @

= 2
J=10+2

> = >/€1—1> Z —zmcj))
Jj=to+2
which is impossible, since by Lemma [20[ we have p — 2(m1(c)) > 2(m2(c)) for
all ¢ € C. Hence, p — 1(m1(s4,)) + Z] i1 (P —u(mi(c)))) <p.

Now suppose first that all elements of C' satisfy ma(c) > 2. Then for any
set C' C C with |C'| > kg/2 we have Y v t(m2(c)) > ko; thus either we ob-
tain a zero-sum, or for each such sum we have ) - (p —1(m1(c))) > p— k1.
So, for every set C" C C with |C"| < |C|—=ky/2 we have Y v (p — 2(71(c)))
<k —2

As |C] > ki1, we may take for C” the k1 — [k2/2] elements of C' with
maximal p—1(m(c)). In this way we deduce that C' contains at most ka/4—1
elements with p—(m1(c)) > 3. Thus (this time using |C| > ko — 1) there are
at least 3ka/4 elements with p — 2(m1(c)) < 2. Now take a minimal subset
of these elements such that the sum s satisfies ma(s) > ko; this exists as
ma(c) > 2 for all ¢ € C. Then m1(s) > p — ko, and s can be combined with
copies of (1,0) and (0,1) to yield a zero-sum.

It remains to treat the case where C' does contain an element ¢ with
ma(c) = 1. In that case, D does not contain any element d with m(d) = 1,
for otherwise, ¢ + d and some copies of (1,0) and (0,1) would yield a
zero-sum. As Y, po(mi(d)) < ky — 1, we get |[D| < (ky —1)/2, so |C| >
ko + k1/2 — 3/2.

Now the same argument as in the previous case works; we only have
to exchange some values. We need |C’| > ko to infer Y- v 1(ma(c)) > ko,
hence we get the condition on the sum of C” provided that |C"| < |C| —
We get at most k1/4 — 1/4 elements with p —¢(m1(c)) > 3 and thus at least
ko + k1/4 — 5/4 elements with p — o(m;(c)) < 2. Again we take a minimal
subset of these elements such that the sum s satisfies m2(s) > ko. This time
we only get 71(s) > p — 2k, but this is enough to get the zero-sum. m

We can now finish the proof of Theorem .
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We first treat the case that both C and D are empty, that is, |B| =
ki + ko — 2.

Suppose there are (not necessarily disjoint) subsets By, By C B satis-
fying > pcp. 0(mi(b)) € [ki, 2k;] and g o(m3—i(b)) < p for i = 1,2. If
> ben, Ums—i(b)) > ks—; for some i, then B; yields a zero-sum. Otherwise
the sum of the union By U By lies in [k1,3k1 — 1] X [kg, 3k — 1] and we get
a zero-sum. Hence we may suppose that no set of the form B exists.

Now let B’ C B be any subset of cardinality k1 — 2. Let B” ¢ B\ B’
be minimal such that its sum s” satisfies mo(s”) > ko. (Such a B” exists
since |B\ B'| = ky.) We have 71 (s”) € [1, k1 — 1], otherwise we would have a
zero-sum. Suppose that Y, g 2(m1(b)) > k1 — 2. Let b” € B” be an element
with 7o (0”) maximal, and take a minimal subset B” C B’ whose sum s"”’
satisfies either m1(s") > k1 — 1 or ma(s") + ma(b") > ko. If m (") < k1 — 1,
then B U {b"} satisfies the properties of Bz excluded above. Otherwise,
m1(s" + ") € [k1,3k1 — 3] and ma(s") + ma(b") < 2k — 1. Our choice of b”
implies ma(s”) € [ka, ko + (V") — 1], so ma(s” + ") € [ka, 3k2 — 2] and we
get a zero-sum. Hence ), p 2(m1(b)) < Ky — 2.

Since |B'| = k1 — 2, we get m1(b) = 1 for all b € B, and since B’ was
arbitrary, this holds for all b € B. Now we are done by Lemma

Hence, we may assume that C is non-empty. Fix elements b € B, ¢ € C.
Consider the sets S = X' ({(1,0)™, (0,1)™2,b,c}), "= X ({(1,0)™1, (0,1)™2,
b—(1,0),c+ (1,0)}). Then

ScSU{b+(—1,t):0<t<mo}U{c+(mi+1,t):0<t<mo}
(*)
{0,b4 ¢} + X({(1,0)™,(0,1)™}) C S.
(%)

Since my,my > 2p/3, we see that () is contained in (xx), and so &' C S.
Hence, if A is zero-sum free, the set A’ obtained by replacing b by b — (1,0)
and ¢ by ¢+ (1,0) is also zero-sum free. We can repeat this procedure, until
one of b,c is contained in ((0,1)). If the element obtained in this way is
not equal to (0, 1), we can replace it by at least two copies of (0, 1), which
is impossible. If it is equal to (0,1), our claim follows from the inductive
hypothesis, unless the resulting set contains an element with multiplicity
> p — 2. Since the element with multiplicity > p — 2 is necessarily (0, 1),
and (1,0) € A, we find that all elements different from the elements b and
¢ chosen at the beginning are contained in {(0,1)} U (1,0) 4+ ((0,1)). In
particular, C' = {c} and ma(c) = 1. If D # (), we obtain in the same way
d € D with m1(d) = 1, but then ¢ + d plus some copies of (0,1) and (1,0)
yields a zero-sum.

and
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Hence, it remains to consider the case |B| = k1 +k2—3, C = {c}, B\{b} C
(1,0) 4+ ((0,1)). Moreover, since |B| > 2, we could use any element b € B
in the argument above and find that all elements in B satisfy m(b) = 1.
Hence, replacing ¢ by ¢+ (1,0) and b by b— (1,0) yields a zero-sum free set
of cardinality 2p—3+m2(b), thus B = {(1,1)*+k273} But then we can form
the zero-sum (k1 + ko — 3)(1,1) + (p — k1 — k2 + 3)((1,0) + (0,1)). Hence,
the theorem is proven.

4. The largest multiplicity of a zero-sum free set in Z%. In this
section let A C Zf, be a zero-sum free set with |A| = 2p — 2 and maximal
multiplicity p — 3. Denote by m the second largest multiplicity in A. We
may assume that (1,0) occurs in A with multiplicity p — 3, and (0, 1) with
multiplicity m. Moreover, by Theorem 3(1) we may suppose p > 29. By
Theorem 1(3), we get p —m > 29/3, thus m < p — 10.

LEMMA 23. Suppose that (x,y), (2',y) € A. Then |zr—2z'| < 1. Moreover,
there are no two disjoint pairs a,a’ of elements in A with a # a’, ma(a) =
mo(a'); in particular, the maximal multiplicity of ma(A \ {(1,0)P73}) is at
most m + 1.

Proof. The first claim follows from Lemma if we can show that
—y € X(m2(A) \ {y?}), which in turn is implied by the Cauchy-Davenport
theorem. For the second claim suppose that ai,a}, a2, a}, are elements of A
with a; # af, m(a;) = m(a;). Then we apply Lemma to a1 + as,
a} + al,, where we may assume |mi(a1 + a2) — m(a) + d})| = 2. Note
that S = ma(A\ {a1,as,a},ah, (1,0)P~3}) contains p — 3 non-zero elements,
hence, the Cauchy—-Davenport theorem together with Lemma [8] implies that
Y (S) = Z, unless all elements in S are equal with at most one excep-
tion, that is, my(A) contains some non-zero element y with multiplicity
> p—5> 2p/3+2 > m+ 2. Using the first part of the lemma, we
get {(z,9),, (x + 1,9)"'} C A for some z € Z, and I,I' > 2. Now we
replace ay,ag,a},a, by two pairs (z,y), (r + 1,y) and do the same ar-
gument again. As a result, we get A = {(1,0)773, (z,9)", (z + 1,y)", a}
with I + 1" = p and both < m < 2p/3. But this contains the zero-sum
L (xyy)+1-(L,0)+U - (z4+1,y). =

LEMMA 24. If m < p/6, then A contains a zero-sum.

Proof. Tt suffices to show that ma(A\ {(1,0)?~3}) contains three disjoint
zero-sums: these zero-sums generate three elements in ((1,0)), hence, to-
gether with some copies of (1,0) we obtain a zero-sum in A. By Lemma
we may choose a € A such that S = ma(A\ {(1,0)?~3,a}) has maximal mul-
tiplicity (at most) m. Then we can split S into subsets of given cardinalities,
each having no multiple elements, provided that each given cardinality is at
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most 6. We do this in the following way: Set d = |p/3] and r = d mod 6.
We form 3 - |d/6] sets of cardinality 6, and 3 (possibly empty) sets of car-
dinality . Then we group these small sets into three sets Si,Ss,S3, each
being the union of |d/6] subsets of cardinality 6 and one of cardinality .
If we can show that each S; contains a zero-sum, we are done. If one of
the small sets contains a zero-sum, then so does each larger set, hence, we
may assume that each of the small sets is zero-sum free, and we can apply
Lemma [9] Thus S; contains a zero-sum provided that

d r(r+1)
1 - 21+ ——=~ >
R Y
The left hand side is equal to
d—r r(r+1) 7 |p rir—6) _ 7 4  r(r—=6)
1 .21 T £ I A I A U
LG T T3 M+ 5“6’ 372

This is minimal for r = 3, so the inequality holds provided that p/6 >
4/3+9/2,i.e. p > 35.

For p = 29 or 31, we apply the same argument but decompose S differ-
ently. If p = 29, then m < 4, and we can choose three 9-element sets S; each
one consisting of one set of 7 distinct points and one pair of distinct points,
which suffices. If p = 31, then m < 5, and we obtain three 10-element sets
consisting of 6 distinct points plus 4 distinct points, which also suffices. =

Define k = [p/m]. Note that by Lemma only the values 2 < k < 6
are left. The introduction of this parameter turns out to be useful for two
reasons: first, it distinguishes several cases for which we shall use differ-
ent arguments, and second, we will apply Lemma which involves k:
In the present case, the condition on V' of Lemma (16| becomes | X (71 (V)]
> 4k — 1. Verifying the condition on U is facilitated by the following simple
observation.

LEMMA 25. Let U C Zj be a set satisfying |u| < m for allu € U. Then
X{1™}UU) = Zy is equivalent to Y, ¢y |ul >p—m — 1.
Proof. If x,y,u € Z, satisty |u| <(y — x), then
{z,z+1,...,y +ul, o(u) = |ul,
z,x+1,...,y}+{0,u} =
{ y} { } {{ﬂf—u,I—U+1,...,y}, z(u):p—\u|

Our claim now follows by induction on |U]|. =

LEMMA 26. Suppose that k = 2 (i.e. m > p/2). Then A contains a
zero-sum.

Proof. Every subset V' C A\{(1,0)?3,(0,1)™} with |V/| = 6 satisfies the

condition of Lemma As A contains at most one element a with me(a) = 1
different from (0, 1), and at most two elements with m2(a) = —1, we see that
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by putting these elements into V' we may assume that all elements of U
satisfy |u| > 2. Since m > p/2, we can apply Lemma and our claim
follows, if

p—m—1<Y |m(u)] > 2|U| =2(p —m —5),
uelU
which is true since p—m > 9. n

LEMMA 27. Suppose 3 < k < 6. Then A contains a zero-sum.

Proof. Define E = A\ {(1,0)?~3,a}, where a is chosen such that the
maximal multiplicity of o (E) is at most m. As p/m > k—1, we can partition
mo(E) into |p/(k — 1)] subsets S;, each consisting of k — 1 distinct elements,
and leaving p mod k — 1 elements unused. Let ¢ be the number of sets 5;
containing a zero-sum.

Note first that if £ > 3, we are done: each zero-sum comes from a sum s
of elements of A with m3(s) = 0; together with the elements (1,0)P~3, this
yields a zero-sum. If ¢ < 3, we apply Lemma to the set A’ which has
been obtained from A by removing the pre-image of each set S; containing
a zero-sum, and adding ¢ copies of (1,0). If A’ contains a zero-sum, then so
does A, so we are done if we can find sets U, V satisfying the prerequisites
of the lemma.

Let m’ be the multiplicity of (0,1) in A’, and set k' = {75,112] The
condition on V is [ X (V)| > (2K’ — 1)(2 — £); this is satisfied for any set V
with |[V| > (2" — 1)(2 — £). Note that ¥’ < [(p+1)/m] = [p/m] = k as
m’ > m — 2 and m does not divide p.

Set o = (k — 1)k/2; by Lemma [J] each set S; has a sumset of cardinality
at least o + 1, so by Cauchy-Davenport, to get X(ma(U) U {1™'}) = Z, it
suffices to ensure that m (U U{(0,1)™}) contains at least [(p — 1)/c of the
sets S;. Thus we can have all prerequisites of the lemma satisfied if there
are at least [(p—1)/o]| + £ sets S; in mo(F) and at least (2K — 1)(2 — ¢)
additional elements in A\ {(1,0)?~3}. In other words, we have to check the
inequality

() (Pg_l-‘+£>-(k—1)+(2k’—1)(2—€)§p+1.

g

As k' < k, we may replace k' by k. After that, one sees that the worst case
is the one with ¢ = 0, so the remaining inequality is

() {p_114k—n+4k—3gp

(o

Estimating [(p—1)/0] < (p+ 0 —2)/o (and using the definition of o)

ields
Y 5k2 — A — 4

>
Pz
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ie.p>29fork=3,p>30fork=4,p> 33% for k=5 and p > 38 for kK =6.
Thus it remains to check the cases (k,p) = (4,29), (5,29), (5,31), (6,29),
(6,31), (6,37). One checks case by case that (xx) holds in each of these cases
with the exception of k = 6, p = 29. In this last case, we have m = 5 and
K < [mjfglfﬂ = [-2%]. If £ < 2, this is equal to 5, and if £ = 2, then &’ does
not appear in (), hence in (*) we may replace k¥’ by 5, £ by 0 (which again
is the worst case), and we get [28/15] - 5 + 9 -2 < 30, which is true. =

Theorem [I|(1) now follows from Lemmas and

5. The three largest multiplicities of a zero-sum free set in Zz%'
In this section we prove Theorem .

Let A be a zero-sum free sequence, my, mo, mg be the three largest mul-
tiplicities, let ai, a2, a3 be the elements with these multiplicities, and let
d = 2p—2—mq1 —mgo—mg3 be the number of remaining elements (0 < ¢ < 3).
We will prove our theorem by a series of restrictions on the possible shape
of A, each stated as a separate lemma.

In view of Theorem [I(1), we will always suppose max(m1,ma,m3) <
p— 4.

LEMMA 28. We can suppose that p > 41 and that min(mq, mg, mg) > 13.

Proof. The case p < 37 is Theorem 3(2) (which has been done by com-
puter). Note that we only have to choose three multiplicities and up to six
elements in ZIQ), hence these computations are feasible even for rather large
value of p. The total computation time was 20 minutes.

The lower bound for min(mq,mg, m3) follows from the fact that the
largest multiplicity is at most p — 4, and the second largest is less than
2p/ 3. =

We will not in general assume that m; > mo > mg, but will impose
different conditions on these integers to exploit symmetries more efficiently.
Choose coordinates such that a; = (1,0), ag = (0,1). With respect to these
coordinates we can represent as as (z,y); without further mention we fix
this meaning of z, y.

LEMMA 29. We have y # 1 (and, analogously, x # 1).

Proof. We first show that (x,y) = (1,1) is impossible. We try to form
the zero-sum ms(1,1) + (p — m3)(1,0) + (p — m3)(0,1), which is possible
unless mg3 + min(my,my) < p, that is, max(mi,mq) > p—1—06 > p — 4;
since (x,y) = (1,1) we still have one symmetry at our disposal and may
suppose that m; > ma. By part (1) of Theorem [} we get m; = p — 4 and
J=3.

Suppose first that there is an element a € A different from as, ag satisfy-
ing m(a) = 1. We apply Lemma [18| to the equation m2(a) = m2((0,1)) and
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obtain a contradiction, unless |m(a)| < 2. The same argument applied with
(1,1) instead of (0,1) yields |mi(a) — 1| <2, thus a = (2,1) or a = (—1,1).
If there were such an element, we could form the zero-sum

m3(1,1) + a+ (p—ms —1)(0,1) + (p — m3 — m1(a))(1,0);
note that the required multiplicity of a; poses no problem, since
my=p—4>p—m3z—mi(a).

We now apply Lemma (18| to the equation m2(3(0,1)) = m2(3(1,1)), and
obtain a contradiction, provided that

-3 € E({1m2+m3_6} Uma(A\ {a]", a5, a5"})).

Let b1,b9,b3 be the three elements in A different from aq,as,as. Since
ma+m3 —6=p—7>p/2, we get our contradiction unless either mo(b1) +
ma(b2)+ma(b3) < 3 (which is impossible), or one of the three elements, say by,
satisfies ma(b1) =: —k € {—1, —2}. Applying Lemmato E = {by, (1,1}
yields a contradiction, unless we have b; = (1, —k). However, even in these
cases we can apply part (1) of Lemma thus, A’ = A\ {by,(1,1)*} U
{(1,0)**1} is zero-sum free. Since msz > 3, we find that all elements in A’
satisfy ma(a) = 0, 1. However, by and b3 contradict this.

Hence, the assumption (x,y) = (1,1) leads to a contradiction. Moreover,
we can change the roles of ay and a3 and find that (z,y) = (—1,1) is also
impossible.

Thus, m; = p — 4, and |z| > 2. From Lemma (18 we immediately find
|z| < 2, and exploiting the symmetry between ay and ag we may assume that
z = 2. We now apply Lemma [1§] to the equation m3(2(0,1)) = ma(2(z, 1)),
and obtain a contradiction, provided that —2 € X(m2(A)\ {1%}). But m2(A)
contains 1 with multiplicity > p — 5, hence we are done unless there is an
element in A with mo(a) = —1. But then we can replace a and one copy of
(2,1) by at least three copies of (1,0), and therefore obtain a zero-sum. =

LEMMA 30. We have y # —1 (and, analogously, © # —1).

Proof. We now replace one copy of (0,1) and one copy of (z,—1) by one
copy of (x,0), until we run out of elements of the form (z,—1) or (0,1).
In this way we obtain min(msg,ms) elements (x,0), hence for A to be zero-
sum free it is necessary that {11, z™*("2m3)1 he gzero-sum free. But my +
min(mg,m3) > p — 1, thus, this set is zero-sum free if and only if it is
constant, that is, z = 1, and we are in the case covered by Lemma "

LEMMA 31. FEach of mi1,ma, ms is less than p — 5.

Proof. Suppose otherwise, i.e. m; € {p — 5,p — 4}; this implies p — 1 <
mg + mg < p+ 3. We assume that mg > ms; thus mg € [(p —1)/2,2p/3]
and mg € [p/3—1, (p+ 3)/2], and in particular mg > 13. We will show that,
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for any z,y, the sequence {i(x,y) : 1 < i < mg} contains an element of
[5,p] X [p — ma, p] which thus yields a zero-sum. Set I := {i € {1,...,m3}:
iy € [p—ma,pl}.

If I contains three consecutive integers, then we get a zero-sum as |z| > 2.
We claim that |y| > p/6. Suppose first that y > 5p/6. Then 3y > (p+1)/2 >
p —ma, so {1,2,3} C I. Now suppose y < p/6. As y < (mg + 1)/3, a triple
in I can only be avoided if (mg — 2)i(y) < p — m2. But using y > 2, this
would imply p > 2(mg —2) +mg > p+ ms3 — 5, contradicting mg > 13. This
proves the claim.

Next, suppose |z| < 4. Consider the set J :={i e N:2 <i <2+p/|y|}.
Using |y| > p/6, we find that any i € J satisfies i < 8 < mg. The size
of J has been choosen such that J - y necessarily contains an element in
[(p+1)/2,p], so in particular J NI # (). However, for iy in this intersection
we get 6 < ig|lx| < 32, which yields a contradiction using p > 41. Hence
|z| > 5.

On the one hand this implies y < p — mo < 2p/3; on the other hand, it
now suffices to find two consecutive integers in I to get a zero-sum. If y >
p/4, then 2y > p—may, so {2,3} C I is such a pair. Iif y < p/4 < (ma +1)/2,
then the inequality (ms — 2)u(y) > p — mgo which we used to find a triple
in [ still yields a pair. Hence our claim is proven. =

From now on we shall assume that mgs is the least of the three multi-
plicities. We continue to assume a; = (1,0), a2 = (0,1) and a3 = (z,y),
and we choose a1, ag in such a way that x > y. Note that the upper bound
max(mq,my) < p — 6 immediately implies the lower bounds ms > p/3 + 1
and min(mq,ma2) > p/2.

LEMMA 32. We have y > (m1 +mo —p+2)/2 > (p—4)/6; in particu-
lar, y > 1.

Proof. The second inequality follows from mj+mg > 2(mi+ma+ms)/3
> (4p — 10)/3.

For the first inequality, we distinguish the cases |z| < y and |z| > y.
Suppose first |x| < y. By our general assumption x > y, we have p —z < y.
Let k be the smallest integer such that ky > p — mo. Since y > 2 and
mg > p/3, we have k < mgs. Assuming y < (m; +ma —p + 2)/2, we want
to show that k(p—z) < mj and ky < p to get a contradiction. By p—x < y,
it suffices to show that ky < mi. But ky — mi < p—mo+y —my <
(p—m1—ma+2)/2<0 for p> 16.

Now suppose |z| > y. Set k = [(p —m2)/y] and [ = min(ms, |p/y]).
Then k <1 as mgy > (p/3+1)2 > p—ma, so it makes sense to consider the
expressions k- (z,y)+ (p—ky)-(0,1), (k+1) - (x,y) + (p — (k+ 1)y) - (0,1),
o l(x,y)+(p—ly)-(0,1). By the choice of k and [, each of these expressions

is contained in X'({a5"?,a3*}), and each has second coordinate zero. Hence,
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we obtain an arithmetic progression in ((1,0)) of length I — k + 1 with
difference |z|. This implies (I — k)|z| < p — m; — 2. We obtain

(o ) [5]) 5r-m

which by |z| > y implies
min(yms +me —p —y,mp —2y) <p—my — 2.

If the first term in the minimum is smaller, we deduce (using y > 2) that
mi+mao+2ms < pn, which is impossible. Hence, y > (m; +ma +2 —p)/2. =

LEMMA 33. (Recall that we are supposing that ms is the least of the three
multiplicities, and that x > y.) We have y > 3p/10.

Proof. For p > 41, we have (p —4)/6 > p/7, hence, in view of Lemma
we may assume that y > p/7. Call an integer k obstructing if k < mg and
ky mod p € [p — ma,p]. This definition is motivated by the fact that if & is

obstructing, then
E—1
T a a p—my
— € l I FREEA )
P <k k + kp )

that is, we obtain obstructions to the possible values of  (see Figure [3]). For
different ranges of y, we obtain different obstructing integers, and we will
obtain a contradiction by showing that no possibility for « remains.

Sy UL = W N
|

0 — |— — — — — — H|+ —

1 T
7 10

o
(SIS
Ut
0|~y

—_

Fig. 3. Obstructions to z/p for m1 = p/2 and different k

We first deal with the range p/7 < y < p/5. Then 4, 5 and at least one
of 3, 6 are obstructing. Using the bound m; > p/2 and = > y > p/7, we
deduce that z/p € (4/5,7/8), and that not both 3 and 6 can be obstructing.
If y < p/6, this implies that ma < 4p/7, z/p € (5/6,7/8), and m; < 2p/3.
Hence, 2p — 5 < 2p/3 4+ 8p/7 = 38p/21, which is impossible for p > 41. If
y > p/6, we obtain z/p € (4/5,5/6), and m; < 3p/5, hence ma > 4p/5 — 5.
For p > 41, we obtain mg > 2p/3, which implies that 2 is obstructing, and
gives a contradiction.
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Next, suppose that p/5 < y < p/4. If mg > 3p/5, then 2,3 and 4
are obstructing, and we immediately obtain a contradiction. Otherwise, 3,
4 and 8 are obstructing, and we obtain z/p € (3/4,2/3 4+ (p —m1)/3p).
Suppose that y < 2p/9. Then 9 is obstructing, and we see that the intervals
(2/3,2/3+(p —m1)/3p) and (7/9,7/9+4 (p — m1)/9p) overlap, which is only
possible for m; < 2p/3. But then

2p 6p 28p
D 5_m1+m2+m3_3+5 5
which fails for p > 41. If y > 2p/9, then 2 is obstructing, unless mg < 5p/9,

but then 5 10 6
p P p
2p—5 < < Z 4 T2
1% _m1+m2+m3_4+ 9 36
which is also impossible.
If p/4 < y < 3p/10, then 2, 3, 6 and 10 are obstructing, which implies
z € (7/10,3/4) and my < 3p/5. If y < 2p/7, then 7 is obstructing, and we
obtain my < 4p/7, which gives
3p 4p 53p
2p—5 < < |—= 2| =— | < —.
D _m1+m2+m3_{4J+ \‘7J_28
For p > 43 this estimate gives a contradiction, while for p = 41,43 we
compute explicitly the rounding errors and obtain a contradiction as well. If
y/p € (2/7,3/10], then 5 is obstructing, which yields a contradiction, unless
mg < 4p/7. But then mi + mg + ms < 61p/35, which is impossible. m

We can now finish the proof of Theorem .
Consider the set

I'={iy:1<i<mg, iymodp>p—ma}.

If |I| > p — my, then the set {i(z,y) : 1 < i < m3} contains some element
b satisfying 71(b) € [m1,p], m2(b) € [p — ma,p|, and this element can be
combined with some copies of (1,0) and (0, 1) to produce a zero-sum. Hence,
|I| <p—m; — 1. Hence,

J={iy:1<i<mg,iymodp<p—may}

satisfies |J| > m1+m3—p+1> p—4—mg, that is, there are at most three
values in the range [1,p — mg — 1], which are not in J.

Suppose first that y < p — mo. Then none of the elements —ky mod p,
1 < k < p— mg, can be contained in J, for otherwise we could represent
0 modulo p as ly with 1 <[ < p, which would imply that y = 0, which is
impossible. In this range, there are at least |(p —ms3 — 1)u(y)/p] indices k
for which —ky mod p is in [1, p — mg — 1], since this is in particular the case
for those values k for which |ku(y)/p] differs from |(k 4+ 1)2(y)/p]. On the
other hand, we know that J misses at most three values, which together
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with Lemma 33| and m3 < %(2}9 — 2) yields

— —1

3> vp s )Z(y)J > 10.3(p —ms —1)] > [0.1(p — 1)] > 4.
p

If y > p—mg, then £ < p—my < p/2. By our assumption we have y < z,

hence 2y < p, and we obtain a zero-sum, unless 2z < p — mj. But then

y < x < p/4, which contradicts Lemma Hence, Theorem is proven.

6. Asymptotic estimates

6.1. Lower bounds for the largest multiplicities. We first establish
the following, which is a strengthening of the bound for m; implied by
Theorem [21

THEOREM 34. For every € > 0 there exists some & > 0 such that for
every sufficiently large prime number p and every multiset A C ZIZ) such that
no element of A has multiplicity > 0p, the following holds true:

(1) If|A| > (1 + €)p, then A contains a zero-sum of length < p.
(2) If|A| > (2+ €)p, then A contains a zero-sum of length p.

We will need the following lemma.

LEMMA 35. There exists an absolute constant W such that the following
holds true: If p is a sufficiently large prime, and A C Zf, s a set with
|A| > p/4, and if for each affine line L we have |[ANL| < |A|/W, then there
exists some n such that

| Za(A)] = p*/2.

Proof. The proof follows closely the lines of the induction step in Sec-
tion 2.3 of [I]. In fact, the only changes necessary affect the choice of s in
[1, equation (7)], which we have to choose < p/24 to ensure that after using
3s elements the remaining set A’ still has the property that for each affine
line A" we have |[A'NL| <2[A'|/W. u

Proof of Theorem [3]. Define W as in Lemma [35] We distinguish two
cases, depending on whether there exists an affine line containing at least
p/W elements of A or not. Suppose first that no such line exists. Choose sub-
sets A1, Ao C A with |A;| = [p/4]. Then both A;, Ay satisfy the conditions
of Lemma hence there exist some nj,ny < p/2 such that | X, (4;)] >
p?/2. For statement (1) this is already sufficient, since X, (A1)N (=2, (As2))
# (), and we obtain a zero-sum of length ni + ns < p. Note that ny,ns can-
not be zero, that is, this zero-sum is in fact non-trivial. For statement (2)
we choose p — nj — ng arbitrary elements in A\ (A; U Ay), add them up to
obtain an element s, and use the fact that X,, (A1) N (—s — Xy, (A2)) # 0
to find a zero-sum using ny elements in Ay, ns in As, and p — ny — ne in
A\ (A1 U Az). Hence, in this case our claim follows.
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Now suppose that there exists a line L with |[AN L| > p/W. For state-
ment (1), if this line passes through 0, we obtain a zero-sum using Lemma
provided that § < 1/40W?2. For statement (2) we can add a vector to all
elements in A without changing the statement, hence in both cases we may
assume that L = {(1,¢) : t € Z,}. If § < ¢/100W?, then from AN L we can
choose | e2p/400W | sets B; containing 100e W different elements each, and
set B = |J B;; note that |B| < pe/4. From Lemma [11|it follows that

| X(B;)| > 2500 2 W2,

where k = ||B;|/2]. Hence, upon putting N = k|e*p/400W | it follows
from the Cauchy—Davenport theorem that X' (B) contains the whole line
{(N,t) : t € Zy}. Hence, our claim follows if we can show for statement (1)
that every element of Z, can be written as a subset sum of m;(A \ B), and
for statement (2) that every element in Z, can be written as a subset sum of
m1(A\B) of length p— N. Suppose that this is not the case. For statement (1)
this implies that 71 (A \ B) contains less than p non-zero elements. However,
in this case m1(A\ B) contains 0 with multiplicity at least 3ep/4, so we may
apply Lemma once more to obtain a zero-sum. For statement (2) note
that N ~ ep/4. Hence, we obtain a zero-sum, unless there is some element
a € Zp such that A contains at least (1 + €/2)p elements mapping to a
under 7. But then we find a zero-sum of length p within this set in the
same way as for statement (1). m

We now turn to the proof of Theorem [2| Assume that (1,0) is the point
with the highest multiplicity m; in A. If m; < (1 —€)p — 2, set A’ =
A\ {(1,0)™}. Then by Theorem [34] we see that A’ contains a zero-sum,
unless the largest multiplicity of A’ is at least dp for some § depending on .
Hence, it suffices to consider the case m; > 0.9p.

Choosing W as in Lemma[35] we find that A’ contains a zero-sum, unless
there is a line L with |A'NL| > p/W. Again as in the proof of Theorem [34] we
see that for § sufficiently small we can find a set B C AN L with |B| < 0.1p
such that X'(B) contains some line L' = {(a,b) + (x,y)t : t € Z,}. Suppose
first that (z,y) is not collinear to (1,0). Then ((z,y)) contains at most &
elements of A, hence in A\ B we find p — 1 elements not collinear to (z,y).
Thus we can find an element s € Y (A \ B) with —s € L’; together with
some elements in B, this yields a zero-sum.

Now we suppose that L’ is parallel to ((1,0)). We obtain a zero-sum if
Y(ma(A\ B)) = Zj. Since A\ B contains at least 2p —2 —0.1p —m; > 0.9p
elements, this is certainly the case unless there is some a € Z, such that
|(A\ B)N7y ! (a)| > 0.8p. Thus we may assume that A contains at least 0.8p
elements a with ma(a) =1 (and (1,0) with multiplicity > 0.9p).

For § sufficiently small we can easily find p/20 pairs aj,as in A such
that ma(a1) = ma(az) = 1, and |71 (a1) — 71 (az)| > 10. If there is a pair with
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|m1(a1) — w1 (az)| > 0.1p, we are immediately done by Lemma [18] Otherwise
we take N = |(p —mq — 1)/2| < p/20 such pairs. Since there are

— -1
2p—2—m1—2V?”;1J >p—1
elements in A which are neither in one of the pairs chosen nor equal to
(1,0), there is an element s with ma(s) = —N, which can be represented

using elements not in one of the chosen pairs nor equal to (1,0). Choos-
ing one element of each pair and adding them to s yields an element of
((1,0)); by using different choices, we obtain a sequence of N + 1 elements
(0,0),...,(xN,0) € (AN {(1,0)™}) with 10 < x;41 — x; < 0.1p. This
yields a zero-sum unless 0 < xgp < zxy < p —myq, i.e. we get 10N < p — mj.
But 10N > 5(p — m1) — 10, which contradicts p — m; > 3.

If the reader has the impression that our dealing with constants in the
proof of Theorem [2| is quite wasteful, she is certainly right. However, the
real loss occurs in the use of Lemma and we did not try to improve a
constant which will still be too small to be of much use.

6.2. Upper bounds for the largest multiplicity. In this section
we prove Theorem . Let p be a prime number and let A C Zg be a
zero-sum free set with |A| = 2p — 2 and maximal multiplicities m; > mao.
We may assume that the elements with maximal multiplicity are (1,0) and
(0,1), and that A contains no other element of the form (x,0) or (0,y). Set
d = p — my; in several places, we will suppose that §/p is sufficiently small
(but independently of p). We will moreover use the following definitions:
is the maximal multiplicity of ma(A \ {(1,0)™}), and k = [p/ma] is the
“number of times one would need the elements (0,1)™2 to fill an entire Z,”.

We do already have a lower and an upper bound for ms: by Theorem ,
we may suppose mg < 2p/3. On the other hand, for ¢/p sufficiently small,
Theorem ] yields:

LEMMA 36. We have ma > 80, and in particular k < p/44.

We will now first get precise statements describing the rows ANy Ly);
the important result here is Lemma which bounds the number of el-
ements of each row. Then we use the method of Lemma [16] to finish the
proof.

We proceed by induction in the following way. Let A’ be another set with
cardinality 2p — 2 and maximal multiplicities p — 3 > m/ > m. We suppose
that the claim is true if mj > my, mby > mg and (m1,mg) # (mf,m)).
Moreover, for B C ZZ consider the sum

S(B):= > z)

(z,y)eB
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We also suppose that the claim is true for A’ if m} = m; and mf, = ms and
S(A) > S(A).

Using this induction hypothesis, we show:

LEMMA 37. Suppose (z,y),(z',y) € A with y > 2. Then v — 2’ €
{~1,0,1}.

Proof. Suppose otherwise. After possibly exchanging z and z’, we may
suppose 1(z' —x) < p—3&+1. Then ({(1,0)P7%, (z,y), (2, y)}) contains the
whole interval (z,y)+{0,1,...,2(2' —2)+p—3d}-(1,0). In particular, if we
replace (z,y) and (2/,y) by (z+k,y) and (' —k, y) for some 0 < k < o(a’'—2),
then we get a new set A’ satisfying X'(A") C X (A). Thus it suffices to prove
that A’ contains a zero-sum. If +(z) > +(x), then choose k = 1. As

Wz 4+ 1)+ (2’ — 1) > o(x)? + o(2')?,

the set A’ contains a zero-sum by induction. If +(z’) < 2(x), then choose
k =1(2’). Then A’ contains (0,y), which is impossible. =

LEMMA 38. We have p < mg+ 4§ — 2.

Proof. Let B := ma(A\ {(1,0)?7°}), and let y be an element of maximal
multiplicity of B; we assume that this multiplicity is at least mg + 6 — 1.
By Lemma [36, my > 6, so we may set B’ := B\ {y?*~2}. We claim that if
XY (B’) contains —(6 — 1)y, then A contains a zero-sum.

Choose an element a € X(A) with me(a) = —(6 — 1)y, and form § — 1
pairs (z;,y), (¢}, y) € A with x; # z}, that is, z; = 2} 1. We have

Xz —2;:1<i<§—1})| =6,

thus by taking a and one element of each pair, we get § different sums in
((1,0)). Together with (1,0)P~%, one of them yields a zero-sum. This proves
the claim, hence it remains to show that X'(B’) contains —(6 — 1)y.

As |B'| = p—§ we have Y (B') = Z, unless B’ contains an element 3’
with multiplicity at least p — 2 + 2. As this is more than |B|/2 and y was
chosen maximal, this implies ¥’ = y; thus B contains y with multiplicity at
least p.

If y # 1, then there are only § — 2 elements left in A which might be
equal to (0,1). This contradicts Lemma so we have y = 1, and our
task simplifies to proving that —(§ — 1) € X(B’). If B = {1P72%9} then A
contains a zero-sum by Lemma so we may suppose » ;. 1(b) > p—d+1.
If B’ does not contain any element in [p — § + 2,p — 1], then this together
with the high multiplicity of 1 in B’ already implies —(§ —1) € X(B’), which
is what we had to show.

So now let d € A be an element with m2(d) > p — § + 2. Consider the set
S of all elements reachable from d by adding p — «(m2(d)) elements a € A
each satisfying m2(a) = 1. By Lemma [17] any s € S satisfies 1 < m(s) <
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p—1(m2(d)), which is only possible if the set of elements in A with ma(a) = 1
takes the form {(0,1)™2,(£1,1)*7™2}. As pu > p, we may form the sum
ma-(0,1) 4+ (p—ma) - (£1,1) = (Fme,0). Together with copies of (1,0) this
yields a zero-sum as § < mg < mq. =

Recall that we defined k = [p/ma| and that we already proved k < p/44.
LEMMA 39. The set A contains a zero-sum.

Proof. We will apply Lemmal[L6] We will decompose A\{(1,0)™, (0,1)™2}
into two subsets U and V with |V| = (2k—1)(d—1); this implies that V' satis-
fies the condition of that lemma. We claim that by choosing U appropriately,
we may ensure that the maximal multiplicity of U’ := mo(U U {(0,1)™2}) is
at most mg. Indeed, using u < mg + 0 — 2, there are at most

2p—2—(p—9) p
a2 S0=2. < (@-2k<(Zk-1E-1)

(0-2)-

elements which we are forced to include in V.
We have

\U'| =p—2ké + 2k + 25 — 3,

and we want to show X (U’) = Z,,. For any fixed constant ¢y (say, co = 10),
k < ¢o implies |U’| > 5p/6 if we choose ¢ /p small enough. Using mo < 2p/3,
we see that X(U') = Z,,.

Now suppose k > 11, i.e. ma < p/10. Then we can partition U’ into
subsets consisting of 10 different elements each, leaving at most 9 elements
unused. Each of these subsets has a sumset of cardinality at least 29 by
Lemma [10} and the total number of sets is ||U’|/10]. Now k < p/4§ implies
\U'| > p/2, so using Cauchy-Davenport, we obtain X(U’) = Z,, provided

that
p
— 129 >p—1
{20J9—p ’

which is certainly true for p > 100.

7. Algorithms to check B(n). We now describe the algorithm used to
prove Theorem [3| All three statements ((1), (2) and the “moreover” part)
essentially use the same algorithm. In this section we work in Z,, for n not
necessarily prime (because of the cases 8, 9 and 10).

To reduce computation time in the case that n is prime, we will need
the following lemma:

LEMMA 40. Suppose A C Z2 contains {(1,0)™, (z1,)%, (x2,y)*} where
|21 — 22| <m+1, p—k-|x1 —xo| <m+1 and |A| > 2k+m+n—1. Then
A contains a zero-sum.
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Proof. By the two prerequisites concerning |x1—x2|, any interval [a, a+m]
C Zjp contains an element of the form [ -z + (k —1) - x2 with 0 <1 < k;
thus 2({(1,0)™, (21, )", (z2,%)*}) contains the whole coset Z, x {ky}. By
the last prerequisite, we can find a subset of A\ {(1,0)™, (z1,y)¥, (z2,9)*}
whose sum s satisfies ma(s) = —ky; this yields a zero-sum. =

The algorithm to check property B in principle just tries every possible
multiset A C Z2 consisting of 2n — 2 elements and having maximal multi-
plicity at most n — 3 (and which, for statement , satisfies the additional
condition concerning the three maximal multiplicities); however, we need
some good methods to reduce the computation time. There are several such
methods which only work when n is prime; as the non-prime cases we are
interested in are relatively small, this is not a problem.

Let us first suppose that n is prime. Then we may assume that the
two elements with maximal multiplicities m1 > mgy are a; = (1,0) and
az = (0,1). The algorithm has two outer loops to try all possible values m;
and mg and then recursively adds other elements with smaller multiplicities.
This is done in the order of decreasing multiplicity, as elements with higher
multiplicity tend to yield contradictions more quickly.

During the computation, we always keep an up-do-date copy of the sum-
set X(A). Moreover, for each element z € Z2 which is not yet contained
in A, we store an upper bound for the multiplicity that z can have in A.
These bounds are updated each time a new element a is added to A:

e No negative of any existing subset sum may be added anymore. (The
corresponding upper bounds are set to zero.)

e No other element of the subgroup (a) may be added anymore by
Lemma 12

e Applying Lemma with (z1,y) = a yields upper bounds for the
multiplicity of several elements of the form (x2,y).

Using these upper bounds, after each addition of an element we try to es-
timate whether there is still enough room for all remaining elements to be
added (and stop if this is not the case). If we are adding elements with
multiplicity k£ right now, and there are [ cyclic subgroups left which are not
yet completely forbidden for new elements, then we have space left for ki
elements at most (again using Lemma .

If n is not prime, we can apply neither Lemma [I2| nor Lemma [0} More-
over, we do not know whether the two elements with maximal multiplicities
a1, az generate the group. However, we may always apply a group auto-
morphism such that mi(a;1)|n and m2(a1) = 0; moreover, if m(az) # 0 we
may apply a second group automorphism, fixing a; and such that ma(ag) | n
and 7y (ag) € [0,m2(az) — 1]. Thus if n is not prime, the algorithm has ad-
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ditional outer loops iterating through all aq, a2 which are possible after the
application of such automorphisms.

Verifying (2) of Theorem 3 took 5 minutes. For (I]), the total computation
time (distributed on several computers) was 2 hours for all cases up to n =
17, 31 hours for n = 19, and 196 days kindly provided by the Rechenzentrum
Universitat Freiburg for n = 23. The “moreover” part (n = 8,9,10) took
4 minutes.
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