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Note on a theorem of Rockett and Sziisz on
a diophantine equation z? — dy> = N
by

RyUTA HasHimoTO (Nagoya)

1. Introduction. Let d be a non-square positive integer. We denote the
simple continued fraction expansion of v/d by

Vd = lag,a1,...] = [ao, a1, i),

where [ is the length of the period, that is, the least positive integer such
that agy; = a, for any k > 1. Define the sequences { A }x>—_1 and {Bj }r>_1
of rational integers by

A1 =1, Ay=a9, Ap=arAr_1+ A2 (k>1),
B_1=0, By=1, Bp=apBr_1+Br_2 (k>1).
Throughout the paper, g denotes (1 + v/5)/2.

Rockett and Sziisz “proved” the following claim which was first an-
nounced in [3].

CrLAM ([4, Theorem 1V.2.3]). The positive integer solutions of % — dy>
= N, where 2K;V/d < |IN| < 2Kovd and K; < Ky are positive constants,
have the form

T = Cn+1An + Cn+2An+1 +...+ Cn+mAn+m—17
Yy = CnJran + Cn+2Bn+1 +...F CnerB’rH»mfl’

where cpy1’s satisfy 0 < cxe1 < apq1 for k> 1,0 <c¢1 < aq, and ¢, =0 if
Crr1 = agy1. Moreover, m satisfies

%(log(lwﬂ)(Kl) —1) <m < 3(log, (2K, + 1) + 3).
Unfortunately, this claim has counterexamples. Two examples are given

below. Example 1 shows that a solution (z,y) does not necessarily have the
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form as above when y is not large enough. Example 2 shows that the upper
bound on m is not large enough.

ExAMPLE 1. 22 —61y? = 705. The table of the simple continued fraction
expansion of /61 is as follows:

V61 =[7,1,4,3,1,2,2,1,3,4,1, 14]

k1012 3 4 5 6 7 8 9 10
Ar | 7 8 39 125 164 453 1070 1523 5639 24079 29718
By |11 5 16 21 58 137 195 722 3083 3805

A solution (z,y) = (407,52) has the form y = 2B4 + 2B,. But © # 244 +
24, = 406.

EXAMPLE 2. 2% — 2801y? = 1225. The table of the simple continued
fraction expansion of /2801 is as follows:

V2801 = [45,T,1,1,1,1,1,1,1,1,1, 90|

k o1 2 3 4 5 6 7 8 9 10
Ag | 45 46 91 137 228 365 593 958 1551 2509 4060
B, 1 1 2 3 5 8 13 21 34 55 89

Since 1225 < 2K51/2801, we can take Ky = 12. Then 3(log,(2K5 + 1) + 3)
< 5. A solution (x,y) = (4197,92) has the form x = A3+ A9, y = Bs+ Bio.
So m = 8. Hence m < % (log,(2K> + 1) + 3) does not hold.

The aim of this paper is to state and prove a correct version of the
claim by Rockett and Sziisz. Section 2 is devoted to reviewing the concept
of Ostrowski representation. In Section 3 we obtain the following theorem
on the form of the solutions:

THEOREM 1. All positive integer solutions of x?> — dy?> = N have the
form
T = Cn+1An + Cn+2An+1 +... .+ Cn+mAn+m—1 + xl’

Yy = Cn—l—an + Cn+2Bn+1 +...+ Cn—l—mBn—l-m—la
where cpy1 # 0, Cpam # 0, 0 < ka1 < aggq fork > 1,0 <1 < a1, and

ck = 0 if cgr1 = agr1. In particular, ' = 0 if y is sufficiently large (say,

y > |N|/(2eV/d), where e = min(v/d — ag,1/(2v2), (1 + ap — Vd)/V/2)).

We discuss a “periodicity” of the solutions in Section 4. In Section 5, the
length of the form of a solution is estimated. We obtain
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THEOREM 2. Under the same notation as in Theorem 1, assume further
that ¥’ = 0. Then

L -log ] <m<max<3 3+ log \/5+log m)
log(1 + ao) + (log2)/l *® 4v/d 208 9 Ja)
In the final Section 6, we show that the above theorems are useful to
examine whether 2 — dy? = N has an integer solution.
Throughout this paper, we use the following notations. For a real number
«, | ] denotes the floor of «, that is, the largest integer which is not greater
than «, while [a/] denotes the ceiling of «, that is, the least integer which
is not smaller than a.

2. Ostrowski representation of integers. The discussion in this sec-
tion is valid not only for the continued fraction expansion of v/d but also
for that of an arbitrary real number which is not rational (cf. [4, Chap. I
and IIJ).

As in [4, Chap. II, §4], every positive integer y can be represented
uniquely as

(1) y= cr1B,
k=0

where the coefficients cj41 satisfy the following
COEFFICIENT CONDITION (abbrev. CC).
e 0<cpp1 <agyr fork>1,0<c <ay;
® if cpy1 = akt1, then ¢ = 0.

This representation was used by Ostrowski in [1]. Hence it is natural to
call (1) with CC the Ostrowski representation of y with respect to V.
We define sequence {Dj}r>_1 of real numbers, by

Dy = BpVd — Ay,
We set
Ck = [ak, Ak+1, - - ]
We have the following lemma on Dy’s:
LEMMA 1. (i) Dy = apDy—1 + Di—2 for k > 1.
(11) Dk = (—1)k/(Ck+1Bk + Bk—l) fOT’ k Z 0.
(iii) ng,1 < D2k+1 <0and0< D2k+2 < ng f07’ k > 0.

(iv) 1/(Bg+1+Bk) < |Dg| < 1/Bj41 for k > 0. In particular, |Dy| < 1/2
fork > 1.

Proof. See [4, Chap. I, §4]. m
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The following lemma is a more precise version of Lemma I1.4.1 in [4],
and plays an important role in the discussion of Sections 3 and 5.

LEMMA 2. Assume that ciy1’s satisfy CC. Suppose that integers ng and
ny satisfy 0 < ng < ny and cpy4+1 # 0. Then we have:

(i) If no is odd, then

n1
(2)  (Cngr1 — D)Dpg = Dgy1 > Y ck1Dk > nyy1Dng — D1,

k:’ng
1 o 1
3 — > cxr1 Dy > — ,
(3) Bryy2 + Bt k;g k+1Lk B,
ni .
-1/2 if ng > 1,
(4) 0> Z Ck+1Dk > { —(\/E — ao) ano =1.

k:’ng

(ii) If no is even, then
ni

(5) (Cn0+1 - 1)Dno - Dn0+1 < Z C/f+1Dk < Cn0+1Dno - Dn0+17

k:no
1 - 1
6 < cri1 Dy < ,
(6) Byyy2 + Bt kz;() k+14k B,
n1 .
1/2 if ng > 0,
(7) 0< ZCk+1Dk<{1_(\/a_a0) if no = 0.

k‘=7lo
Proof. We prove (i); (ii) can be proved similarly. So suppose that ng is
odd. Since the case ng = np is easy, we consider the case where ng < nj.
By Lemma 1, we have
1

-1)D,,—D <-D < — < 0,
(Cno+1 ) Dy no+1 no+1 Brose + Brgt
1
Cn0+1Dno - Dn0+1 > an0+1Dn0 - Dn0+1 - _Dng—l > _B )
no
and
> —1/2 if ng > 1,

Cn0+1Dn0 o Dn0+1 > _Dno—l { — —(\/a— ag) if ng = 1.

Hence it is enough to show (2).
Let n) be ny if ny is even, and n; — 1 if ny is odd. By Lemma 1 and CC,
we have

n1
Z Ck+1Dk < Cno—l—ano + Cn0+2Dno+1 + Cn0+4Dn0+3 +...+ Cn’lJran’l

k:no
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< Cng41Dng + (@ngy2 — 1) Dpgy1 + @ngraDngyz + .o+ anr 1 Dpr
= Cng+1Dny — Dng+1 + (Dng+2 — D)

+ (Dnot+a — Dygt2) + .. + (Dpgp1 — Dy 1)
= (eno+1 = 1)Dny = Dingr1+ Drnr g1 < (g1 — 1) Dy — Dy

Next, reset n} = ny if ny is odd, and ny — 1 if n; is even. By Lemma 1 and
CC again, we have

n1
5 ckJrle > CnoJrano + Cno+3Dn0+2 + cno+5Dno+4 +...+ Cn’lJran’l
k‘:no
> Cn0+1Dn0 + an0+3Dn0+2 + an0+5Dn0+4 +...+ an’lJran'l

= CnoJrano + (‘Dn0+3 - DnoJrl)
+ (Dn0+5 - Dn0+3) + PP + (Dn/1+1 - Dnllfl)
— C’I’L()JrlD’no - D?’L0+l + Dn/1+1 > Cnngano - D’I’L0+1'

Thus we complete the proof. m

3. Form of the solutions. Assume that positive integers x and y sat-
isfy 22 — dy? = N. We have the Ostrowski representation of y with respect

to \/E:

Yy = anran + cn+2-Bn+1 +...+ Cn+mBn+m717
where cj11’s satisfy CC, ¢,41 # 0, and ¢,q # 0. Let 2/ be the integer
defined by
¥ =a— (CnJrlAn + Cn+2An+1 +...+ Cn+mAn+mfl)~

Then we have

(8) yVd -z = Z CnykDpyr_1— 2.

k=1
We investigate the range of x’.

3.1. Case N > 0. Set ¢ = min(1/2,v/d — ag). The condition N > 0
implies that = > yv/d. Since = — yvd = N/(z 4+ y\/d), we have

(9) 0 < N/(2z) <z —yVd < N/(2yVd).
First, assume that n is even. Then (7) yields

m
0< ch+an+k—1 <l-—e.
k=1

This inequality and (8) show that
¢ —(1—e)<z—yJd<z'
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Comparing this inequality with (9), we have 0 < z’ and 2/ — (1 —¢) <
N/(2y\/d), which implies

1<a’ <[1—e+ N/(2yVd)].

In particular, it turns out that n cannot be even when 1 > 1—e+N/(2yVd),
that is, y > N/(2eV/d).
Next, assume that n is odd. Then (4) yields

m
—-1< ch+an+k71 < 0.
k=1

Together with (8), this shows that
¢ <x—yVd<a +1.
Comparing this inequality with (9), we have
0<a’ <[N/(2yVd)).

In particular, it turns out that 2’ = 0 if y > N/(2V/d).
Hence we obtain

THEOREM 3. All the positive integer solutions of x> — dy?> = N with
N > 0 have the form

T=cpi1An+cnioAnii+ .o+ CnimAnim_1 + 2,
Y= cpy1Bn +cni2Bni1 + ..+ cnimBnim—1,
where cxy1’s satisfy CC, cpy1 # 0, Cnam # 0, &' satisfies
0<a' <|l—e+N/(2yVd)],

and ¢ = min(1/2,Vd — ag). In particular, ' = 0 if y > N/(2eV/d). More-
over, ¥’ = 0 implies that n is odd.

3.2. Case N < 0. Set &’ = min(1/2,1— (v/d—ag)). The condition N < 0
implies that 2 < yv/d. Since yvd — x = —N/(yV/d + ), we have

(10) 0<—N/(2yVd) < yVd —x < —N/(2z).
First, assume that n is odd. We combine (4), (10), and (8) to obtain
—(1— &)+ N/(20)] <0’ < —1.

In particular, n cannot be odd when z > —N/(2¢’).
Next, assume that n is even. Then (7), (10), and (8) lead to

[N/(2z)] < 2’ <0.
In particular, ' = 0 if x > —N/2.

Since x = /dy? + N, we obtain
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THEOREM 4. All the positive integer solutions of x> — dy?> = N with
N < 0 have the form

T=cpi1dln+cnioAnii+ .o+ CnimAnim_1 + 2,
Y =cCpt1Bn +cni2Bni1 + ..+ cnimBnim—1,
where cxy1’s satisfy CC, cpy1 # 0, Cnam # 0, o' satisfies
[—(1—-¢")+ N/(2y/dy? + N)] <2’ <0,

and & = min(1/2,1 + ag — V/d). In particular, ' = 0 if \/y2 + N/d >
—N/(2¢’V/d). Moreover, 2’ = 0 implies that n is even.

COROLLARY 1. Under the same notation as in the theorem above, we
have ' = 0 if y > —N/(2eV/d), where

e=¢'/V2=min(1/(2v2), (1 + ag — Vd)/V?2).
Proof. Since 0 < ¢’ <1/2 and N < —1, we have
VI+4(E)?/(-N) < V2.
Then y > —N/(2¢v/d) implies that
—N N2 /(_
y > m\/1+4(5) /(=N),

which is equivalent to the inequality \/y% + N/d > —N/(2¢'/d). =

Theorem 1 is a consequence of Theorems 3, 4, and Corollary 1.

4. “Periodicity” of the solutions. Before investigating the length of
the form of the solutions, we discuss some property of the solutions.
We need the following lemma:

LEMMA 3. Ak+l = AkAl—l + dBkBl_l, Bk+l = BkAl—l + AkBl—l-
Proof. By equation (3) in [2, §12] and (11 = & = 1/(Vd — ag), we have
Vi — GaAr+ A At (Vd — ag)Ai—1
GrBi+Bi-1 B+ (Vd—ag)Bi_1

)

which leads to
dBl_l = Al — agAl_l and Bl — agBl_l = Al—l-

Hence Lemma 3 is true for k£ = 0. With the definition of {Ax} and {B},
we can easily complete the proof by induction on k. m

The discussion of #? — 77y? = 37 in [4, Chap. IV, §2] suggests that the
following theorem holds. Here we prove it by using the lemma above.

THEOREM 5. Assume that n > 1. Then the following statements are
equivalent:
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(i) The following x and y satisfy v® — dy? = N:
T =cpi1An + cnioAni1 + .. + CnemAntm—1,
Y= cCpy1Bn +cni2Bnt1 + ...+ ChirmBntm—1-
(ii) The following x and y satisfy x> — dy* = (—1)'N:
T =cpr1An—i + cni2lnt1i—1+ ...+ CnemAntm—1-1,
Y= cpy1Bn_1+cnroBnri—i1+ ...+ cnimBrim—1-1-
Proof. Suppose that (i) holds. Then

N = (chJrkAn%,l)z - d(zanrkB’rHchl)z
k k

= E Cn+kCn+k’ (AnJrkflA’rH»k’fl - dBnJrkle’rH»k’fl)-
kK’

By Lemma 3 and the well known fact that A? | — dB? | = (—1)!, we have

An+k71An+k/fl - dB’rH»k:lenJrk/fl
= (Apsr—1-14i-1 + dBryr—1-1Bi—1)(Apntrw—1-1A1-1 + dBpy i —1-1B1—1)

— d(Brtk—1-141-1 + Apyr—1-1Bi—1)

X (Bpak'—1—-1A1-1 + Apyrr—1-1Bi—1)
= Apgh—1-1Anpr—1-1(A} | —dBf )

— dBpik—1-1Bnyr—1-1(Aj, —dBf )

= (D" Angr—1-1Antk—1-1 — dBpir—1-1Bnir —1-1)-
Hence

!
N = ch+kcn+k’(_1> (Antk—1-1Antr—1-1 —dBpig—1-1Bnir—1-1)
ke

= (_1)l{ ( Z Cn+kAn+k717l) ’ - d( Z Cn+an+kflfl) 2}. =
k k

Theorem 5 will be used in the next two sections.

5. Length of the form of the solutions. In this section, j is any
positive integer if [ is even, and any positive even integer if [ is odd.

We investigate the length of the form of the solutions, which we denote
by m in the preceding theorems. The number of the cases when ' # 0 is at
most finite. Hence we discuss the solutions with x’ = 0.

T )
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be the kth Fibonacci number, that is, Fy =0, 4 =1 and F, = Fp._1+Fp_»
(k > 2). We have the following:

LEMMA 4. For 0 < ng < nq,
Fp—pys1 < Bn,/Bny < (1+ag)™ " .9l (n1—no)/1]

Proof. We assume that ng < n; because the case ng = n; is obvious.
For the upper bound, we note that

B, B “ apBr_1+ Br_o a3

n — < 1).

B, 11 B, 11 Br_1 I (a+1)
k:n0+1 k=n0+1 k=n0+1

Moreover, the argument on Lagrange’s algorithm (cf. [4, Chap. III, §1])
shows that ap < v/d (i.e. ap < ag) if I1k or k = 0, while a, < 2V/d (i.e.
ar < 2ap +1) if I | k. So we have
2&0 + 1 + 1 [(n1—no)/1]
ap+1 >
On the other hand, we can obtain the lower bound as follows:
Bn1 > Bn1—1 + Bn1—2 > > Fnl—n0+an0 + Fnl—nang—l
B B e B
Z Fn17n0+1- L]

B,
- < (a0+1)n1—no< = (ag+1)"r "0 . 2l (n1=n0)/IT

B,,

Suppose that

m m

33:5 CntkAnyk—1  and y:E CntkBnik—1
k=1 k=1

are a solution of 22 — dy? = N. Then
(11) Bn + Bn+m—1 S y < Bn+m-
Moreover, Theorem 5 shows that
;= Z CntkAntk—145 and y; = ch+k3n+k—1+jl

k=1 k=1

are also a solution of 22 — dy? = N.

5.1. Case N > 0. Theorem 3 tells us that n is odd. Inequality (3) yields

. 1
—yVd=—=Y copkDnip-1 > 5.
vy kzlc Rk Byt + Bt
By (9) and (11), we have
N 1

—_— > x—\/&>Bnm7+Bn—
7 y(z —yvVd) > (Buym-1 )Bn+2+Bn+1
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_ Bn+m—1/Bn+2 + Bn/Bn+2 1 . Bn+m—1
14 Bpt1/ By 2 Bpip

that is,

>
\/E Bn+2
Assume that m > 3. Then Lemma 4 leads to

1 <1+\/5>m‘3<F N
m

N e < —.
2 2 >

V5 Vd
Taking logarithms to base g = (1 4 v/5)/2, we obtain

N Bnerfl

m—3—logg\/5<logg %
On the other hand, (3) yields
x—yVd < 1/B,.

Since (9) shows that

N/2 < z(z —yVd) = (z — yVd)? + yVd(z — yVd),
we have

N/2—1/B2 < N/2 — (x — yVd)? < yVd(z — yVd).
By (11) and Lemma 4, we have

N —2/B2 1
=T ey —yVd <Boim— < (1+a m glm/I1,
S <= V) < B < (14 a0)
A similar discussion of (z;,y;) gives
I < (] 4 qp)™ - 2Im/1
2\/3 —( 0)

for any j. Since By increases to 0o as k goes to oo, we let j — oo to obtain

Taking logarithms to base e, we have

N
log —= < mlog(1l + ag) + % log 2.

4v/d

Hence we obtain

THEOREM 6. Assume that a positive integer solution of x? — dy?> = N
with N > 0 has the form

T = CnJrlAn + Cn+2An+1 +...+ Cn+mAn+m717
Yy = Cn+1Bn + Cn+23n+1 +...+ Cn+mBn+m—1,
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where cpy1’s satisfy CC, cpy1 # 0, and cpim # 0. Then n is odd, and
1 N
- log

log(1 + ag) + (log2)/1 4v/d
5.2. Case N < 0. Theorem 4 tells us that n is even. By (6), we have

1 = 1
- <yVd-z= CntkDnyr—1 < —.

Byy2 + Bnta Y kZ::l nEREnEL S B,

Since (10) yields

—N/2 > (yVd - 2)z = yVd(yVd — z) — (yVd — x)?,

N
<m<max<3,3+logg\/5+loggﬁ>.

we have
—N 1 —N
T—i_? > T—I—(y\/a—x)Q >y\/a(y\/a—:r)
By (11), we have
—N +(2/B2)
— s y(yVd — g
N7 y(y )
1 1 Bn+m—1
> (Bpitm-1+ Bn > - :
(Butm-1 )Bn+2 + Bt 2 By
Assume that m > 3. Then Lemma 4 yields
—N +2/B2 S Bhim—1 SF
\/E Bn+2
A similar discussion of (z;,y;) gives
2
—N + 2/Bn+jl S F,
Vd
for any j. We let j — oo to obtain
-N 1 (1+/5\"°
N (1)
Vd VB 2

Taking logarithms to base g, we have
—-N
logg\/g—i-logg— >m — 3.
Vd

On the other hand, (10), (11), and Lemma 4 show that
-N 1
— < Vd =) < Bpim— < (14 ag)™ - 2m/H1,
9V y(y ) tmp ( 0)
Taking logarithms to base e, we have

-N m
log —— < mlog(l +ag) + — log 2.
Pwr g( 0) 7 log
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Hence we obtain

THEOREM 7. Assume that a positive integer solution of x? — dy? = N
with N < 0 has the form

Tr = Cn+1An + Cn+2An+1 +...+ Cn+mAn+m—17
Yy = Cn+an + Cn+23n+1 + ...+ Cn+mBn+m—17
where cpy1’s satisfy CC, cpy1 # 0, and cpim # 0. Then n is even, and
1 —-N
-log
log(1 + ag) + (log2)/1 4d

Theorem 2 is a consequence of Theorems 6 and 7.

—-N
< m < max (3,3+logg\/5+logg ﬁ)

6. Application. In this section, let j be 1 if [ is even, and 2 if [ is odd.

It is known that only finitely many checkings are necessary to find
whether 2 — dy?> = N has a positive integer solution. That is to say, the
following proposition holds:

PROPOSITION 1. There exists a finite set S of integers such that the
following two conditions are equivalent:

(i) There exists a pair (z,y) of positive integers satisfying x> —dy* = N.

(ii) There exists a pair (x,y) of positive integers satisfying x> —dy?> = N
and y € S.

For example, the discussion in [5, §34] shows that we can take

5_{{y|0<y§Bj/zm/N} if N >0,
W {y|V/-N/d<y<Aj_1/-NJd} if N<o.

The concept of Ostrowski representation yields another choice of S. Fix
no such that if (x,y) is a solution of 2% —dy? = N and y > B,,, then 2’ = 0,
where 2’ is as in Theorem 1. If 22 — dy? = N has a solution, then it is well
known that there exist infinitely many solutions, and Theorems 1, 2, and 5
imply that 22 — dy? = N has a solution

T = anrlAn + CnJrZAnJrl +...+ Cn+mAn+m717
Yy = CnJran + Cn+2-Bn+1 +...+ Cn+mBn+m717

where ¢y 1’s satisfy CC, ¢pi1 # 0, ¢pam # 0, m is bounded by d and N,
and n satisfies ng < n < ng + j'l.
Our discussion shows that we can take

S = { Z CntkBnir—1

k=1

no <n < ng+ 7'l Mmin <M < Mpax,
Cntk's satisfy CC, ¢pq1 #0, Cppm #0 )7
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where
1 |N|
- log ,
log(1+ao) + (log2)/l 7 4Vd

N
Mmax = Max (3, 3+ 10gg \/g + IOgg ’—\/E|> .

Mmin =
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