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(24-results of the error term in the mean square formula
of the Riemann zeta-function in the critical strip
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1. Introduction. Let ((s) be the Riemann zeta-function. In 1922, Lit-
tlewood [11] established the following mean square formula for {(s) on the
critical line:

T

V1¢(1/2+ iw)|? du = Tlog(T/(2m)) + (2y - VT + E(T) (T >2)

0
with E(T) <« T3/4+¢ Here ~ is the Euler constant. The upper bound for
E(T) is now improved but it is still quite far away from the conjectured
upper bound E(T) < T'/4*t¢. This is believed to be a difficult problem.
Nevertheless, research on E(T) is still active and a lot of papers (for exam-
ple, [1], [3]-]7], [11], [15], [18]) are devoted to problems concerning various
properties of E(T). For T'> 2 and 1/2 < ¢ < 1, an analogue of the above
mean square formula on the line Re s = o exists, viz.,

)zg—1 ¢(2 - 20)T2—2a
2—20

V 1¢(o + iw)|? du = ¢(20)T + (27
0

+ B, (T).

Studies on E,(T'), parallel to that of E(T'), have been carried out by various
authors (see, for instance, [8], [12], [13]). Excellent surveys are given in [10]
and [14].

In this paper, we shall investigate {24 -results of E,(T") for 1/2 < o < 3/4.
For the case 1/2 < o < 3/4, Matsumoto and Meurman [12] have proved that

Eo(T) = 24(T%/*7 (log )7~ 1/%),
while Ivi¢ and Matsumoto [8] have showed that
E,(T) = 2_(T%* 7 exp(C(loglog T)°~Y*(loglog log T)? ~5/4))
for some positive constant C'. Here the (2_-result is weaker than the (2, -
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result. Our purpose here is to bring the {2_-result up to the same strength as
the §24-result and, furthermore, to extend the validity of these (2. -results
to the case 0 = 3/4. We shall use two different approaches to these two
cases. The case 1/2 < 0 < 3/4 will be treated by a method based on ideas
of Szeg6 [17] and Hafner [2]. For the other case (o = 3/4), we shall use the
idea in Tsang [19]. This method enables us to tell more about the location
of these large values.

2. Main results
THEOREM 1. For 1/2 < o < 3/4,
Ey(t) = 24 (¥ (logt)7~1/*).
REMARK. Unlike E(t), E,(t) (for 1/2 < 0 < 3/4) can attain large values

of the same magnitude in both the positive and negative directions.

THEOREM 2. For all sufficiently large L and T, we have

sup +E;3/4(t) > /log L
te|T,T+LVT]

where the implied constant is absolute.

COROLLARY. Es/4(t) must have a sign change in every interval [T,
T+ C\/T] where C > 0 is a suitable constant.

3. Some preparations. Throughout this paper, T is a sufficiently large
number, 1/2 < o < 3/4 and 0a(n) = }_,,, d* for each natural number n.

LEMMA 3.1. Suppose 1/2 < o < 3/4. There exist two positive constants
K1 and Ko, depending only on o, such that

(1) for any x > 1,

01-20(n) o—1/4
Z nd/4—o < Kz ’

n<x

(2) for any V > 1 and for all sufficiently large x > xo(V'),

Gl—zﬂ(n) —2n?n/x og— —272
Z W@ 2 / SKQ(VI‘) 1/46 2 V.

Vax<n<z3

This follows from the estimate ) . 01-2+(n) <, x and integration by
parts for Stieltjes integrals. -

LEMMA 3.2. For all sufficiently large k, let 0 < x = o(kY/3) and § be
any real number. Then
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1

R ey 2kt cos(4my/zu + Br) du

O!,ﬁg

= %6_2”2‘” cos(4mVkx + ) + O(k~1/?)
where the implied constant in the O-term is absolute.
Proof. By putting u = vkw and using
Dk +1) =V2rkF1/2e k(14 0(k™Y)),

we have
1 T e
(3.1) CE) S e~ kL cos(dmy/zu + ) du
0
Lz % ,
— Re ezﬁﬂ wkek(lfw)+47m kxw dw (1 +0 kfl )
el Y du (1+ Ok ™))

To evaluate the integral, we split it into three parts,
0 1-p 14+p [e%s}
(3:2) f=1+1+ =n+n+5,
0 0 1-p 14p
say, where p = 2k~%/12. Using the trivial bound and replacing w by
(1 — p)w/k, we obtain
1-p k
(3.3) LI S wheF =) duy < =Rk (1 — p)eP)k S whe™ dw
0 0
<k V(1= p)et)F < kL
Here we have used S’g wre~" dw < I'(k + 1) and the estimate
((1 = p)eP)k = ek(p+log(1-p))  o—kp®/4

Similarly, by replacing w by (1 + p)w/k, we have
(3.4) Iy < k=" ek (1 4 ple Pk S whe ™ dw < k2e Mt « |1
k
The second integral is evaluated as follows. We expand the integrand
around w = 1 and then apply the formula

o0

| exp(At — Bt?)dt = \/m/Bexp(A?/(4B))

— 00

for Re B > 0. Then

p
(35) Iy = 647m'\/H S 6—(k+wi\/ﬁ) v?/2—2mi kzv(1+0(k|v|3)) dv

-p
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oo
. . 2 .
— edrivkz S 6—(k+7r2\/k:w)v /2—2miVkzv dv
—o0

+ O(Ogoek“z/Q dv +k § |v|3e*k“2/2 dv)

p —-p

; 2m 12 2m2kx
= 64WH(—) ex <—7> +O(k™!
k+ mivks P\ hemivis) TOR
_ mk—1/26—2w2z+4m\/ﬁ + O(k—l)’
as = o(k'/?). Our result follows from (3.1)-(3.5).

LEMMA 3.3. Let a be any real number and 1/2 < o < 3/4. As & — 0+,

Z (—1)”w6_2“2”5 cos(4mar/En — w/4)

nd/4—o

oo

_ QI_ZUWI/Z_QUC(ZU)§1/4_U S o= 2w’ ,20-3/2 cos(daw — w/4) dw
0

+ 0(5073/4 + ‘a‘€1/4+5).
Proof. First we quote the following result of [9]. Define
Al_gg(l}, 1/2)

20 2—20
— Z 0.1 20 ) o %’U o 220’—2 %UQ—ZJ + E1720(0’ 1/2)7

n<v
where E1_5,(0,1/2) is independent of v. We have
(3.6) Al (v,1)2) < vt/ AFa0)+e,

Then we express the sum in the lemma in terms of integrals as

37 > )

n<g—3
5—3
= S 7B/ Aem2m cos(dmar/Ev — /4)
=
x (2729¢(20) + 22772¢(2 — 20)v 727 dv
-3

+ S o5/ cos(dmar/&v — m/4) dA1_54(v,1/2).
-
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After integrating by parts, the second integral in (3.7) is
5—3
<1+ S 6_27r2£v|A1,20(U, 1/2)|(,Ua—9/4 + ‘a|fva—7/4 _'_51)0—5/4) dv
e
<1+ ‘a‘§1/4+a’
by (3.6). The contribution due to v1727 in the first integral of (3.7) is
g3
< S 071/470'672772&) dv = 0(5073/4).
-
By the change of variable mv/év = w, we see that
g3
S o5/ 4em2m ey cos(4mar/Ev — 7w /4) dv
-
i~ 2
= 2771/2_2‘751/4_”{ S w27 322V cos(daw — 7/4) dw
0

/€ oo
+0 S + S e 2w 27 3/2 gy )
(75 )
The last O-term is O(£77/4) as € — 0+. Our result whence follows.

LEMMA 3.4. Let h be a real-valued integrable function defined on an in-
terval I. If

3/2
url( w3 < o(|r7{ n2
for some 0 < 1, then

1—0\"* 1/2
> —— “H\n?) o
sgp(:l:h) > ( 5 > (\I\ §h )
This is [19, Lemma 1].

4. A convolution of E,(t). The aim of this process is to shorten the
series representation for F,(t) by convolving E,(t) with the kernel

sin 27 Bu \ 2
K(u) = 2B<727TB’U, )

where B > 0 is large. It is easy to see that

1 47 B ’y‘
4.1 K(u) = — 1— 2L et
( ) (u) 2 _4S7rB < 47rB>e dy,
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o
S K (u)e™™ du = max (O, 1-— %),
— 00
. i L
| Ker du= oS 1y 1 oy 2BL Y,
|u|>L y

Suppose that B < LY* < T1/16, To simplify the argument, we assume
that BL is an integer (by slightly varying the value of B) so that K(+L) = 0.
Hence '

| K(ue™ du=0(y*BL™).
|u|>L
Suppose /T/(2n)+ L <t < /T/m— L and 1/2 < 0 < 3/4. Proofs of both
Theorems 1 and 2 are based on the following useful formula:
L

(42) #2792 | E,(2n(t +u)?) K (u) du

—L
=v2 > (-1)" (1 - g) %j_(f) cos(dmy/nt — m/4) + O(1).
n<B?

To prove this, we consider separately the cases 1/2 < o < 3/4 and
o = 3/4, according to the available formulas for E,.

CAsE (i): 1/2 < 0 < 3/4. We use the following Atkinson-type formula
for E,(t) which is given in [12]. Let

() 1 T +7T
r,n)=zlog — —x+ —
g\zr, g27m 1

f(x,n) = 2z arsinh /72T_n + (m*n? + 27””)1/2 _ %’
x

m\ Y e\ Y2 ™m\
e(x,n)z(l—i—g) (%> <arsmh1/%> ,

where arsinh(z) = log(z + Va2 + 1). Define

z \ /4 o1_25(Nn
Yio(x) = \/5( ) Z(—l)";;i:(a)e(a:,n) cos f(x,n),

2
n<T
(4.3) B B
T 1/2 g 0_1_20-<n> T 1
Yoo () :2<%> Z nli_,,<10g %> cosg(z,n),
n<B(z,VT)
where

X2 x  X2\'? z  (X\ Xx)°
Bz, X)= —+2 —x(Z 42 i fE e (2) 20 ).
(@ X) =52+ <27r+4> ( { 27r+<2> 2})
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By [12, Theorem 1], we have, for ¢ in our given range and |u| < L,
(4.4) E,2n(t+u)?) = 1,2t +u)?) — To o (27(t +u)?) + O(log T).
REMARKS. The following straightforward estimates are easy to obtain.
Denoting by 9,, = 8/0u and 92 = §%/0u? the partial differential operators
of the first and second order, we have
(1) e(2m(t +u)?,n) =1+ O(nt=2) and d,e(2m(t +u)?,n) < nt=3;
(2) for n < 12,

f@r(t+u)?n) =dny/nlt+u) — /4 + 00> *71),
=v/n

N
2(t+ u)

Ouf(2m(t +u)? n) = 87 (t + u) arsinh
and
D2 f(2m(t +u)?, n) < n®/%73;
(3) we have
Dug(2m(t 4+ u)?,n) = 4n(t + u)log((t + u)*/n),
02927 (t +u)?,n) = 4w log((t +u)?/n) + 8;
(4) B(z, X) is an increasing function in x. Moreover,
B(2n(t +u)?,VT) < 0.064447T and B(2n(t + u)?, VT /2) < 0.135T
for t and u in the given range. Also, y = B(27(t 4 u)2,/T) is equivalent to

t+u=+vy+Vyl.

In view of (4.4), in order to prove (4.2) we first evaluate

L

| Zoo@m(t+u)*) K (u) du.

~L
We split the sum for Xy , in (4.3) into parts with n < B(2r(t—L)?,v/T), and
n lying between B(27(t — L)?,v/T) and B(2x(t + L)?,v/T). Both subsums
involve the following integral. Let F' = max(—L,Vn + vnT —t). Applying
the inversion formula (4.1), we have

X(t + u)l_%(log W) ) cos(g(2m(t +u)?,n)) K (u) du

F
47 B
_na Y|
_R627T X (1 47TB>
4nB

L 2 —1 )
% S(t + u)1—20' <10g (t + u) > 6i(g(27r(t+u) n)—uy) du dy
n
F
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4w B 1
_ 1 |y 1-20 (t+ u)2
= Re 57 S (1 47TB> (t+u) log -
—47 B
u=L

dy

u=F

2 -1 )
X <47‘r(t + u) log M _ y) ei(g(Qﬂ(t""u) u")—uy)
n

A7 B

X % <(t+u)1_2" <1og (ttbu)z >_1 <4W(t+u) log & J;“)Q - y>_1> du dy.

Since (t +u)? > 0.159T and n < 0.06445T, for |y| < 47 B we have

d t+u)2\ ! t+u)? \ 7!

— <(t+u)1_2" <log t+w” > (47T(t+u) log (t+u)?” —y) > <t 1720,
du n n

Together with the estimates in our remarks, this integral is equal to

| 4B )\ & .
. - z(g(27r(t+u) ,n)—uy)
Resr | < > §

u=1L
dy+O(BLt~1727)

u=F

4B

—20 1 Y — —iu

o> s | (1= Jaso(sl e
—4

< K(L)t™2° + BLt™1720 if F = —L,
Bt—2 otherwise,

_ {BLt12‘7 if F=—L,
Bt—2° otherwise.

Hence, by (4.3) and according to the splitting,

L
(4.5) S oo (2m(t +u)?) K (u) du
~L

< {BLt_l_z" S 4Bt Z*}al,%(n)n”‘l <1,
nLT n

where the sum Y7 is over B(27(t — L)2,V/T) < n < B(2x(t + L)?,VT).
(Note that in this range, n < t?> and the number of n’s is < tL.)

We now split X1 ,(27(t + u)?) into Y, o ga + 2. gaen<r- The second
sum is handled by a similar argument as follows. Note that, for |y| < 47 B,

m ((t u)? T e(2n(t +w)”,n) (%f@ﬂ(t +u)?,n) - y> l)

< nl/241/2-20
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Hence, by (4.1) and integration by parts,

L
(4.6) S (t 4 u)® 2727 e(2n(t + u)?,n) cos(f(2m(t + u)?, n)) K (u) du
~L

47 B
_ lyl 3/2—2¢ 2
= Rey— SB (1 5 )+ e(2m(t +u)?,n)

u=L

B -t .
X(aﬂzw(tmﬂn)) (14 O(lyln/2))eerter iz gy
u=—1L

+O(BLn~1/21/2720)
< B2n-143/2-20 | prpn-1/241/2-20
In the last step, we have used the fact that K(£L) = 0. Thus, the contri-

bution of the sum over the range B* < n < T is
L

@n | V2w (—1)nwe(2w(7g+u)2,n)

nd/4—o
-L Bt<n<T
x cos(f(2m(t 4+ u)?,n))K (u) du < t3/%2727,
For n < B*, we deduce from (4.3) together with Remarks (1) and (2) that

L
(4.8) S V2(t 4 u)3/27% Z (—1)”0-1%:_(?)6(27((154-’11,)2,71,)
—L n< B4 n

x cos(f(2m(t 4+ u)?,n)) K (u) du

L
= V2132720 N (—1)"%4"_@ | cos(dmy/n(t +u) — w/4) K (u) du
ng B4 —L

+O<t1/272(f Z n1/4+001_20(n))

ng B4

= V20322 S () (1 - @> 71-20(n) cos(dm/nt — m/4)

—, B nb/4—o
n_

+ O(t3/2_20).

Since log T < t3/2727 in view of (4.3)-(4.8), the proof of (4.2) for 1/2 <
o < 3/4 is complete.

CASE (ii): o = 3/4. The proof of (4.2) in this case is quite similar, but
instead of (4.4) (which is not sharp enough for our purpose), we use the
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following result. Define

\/_Z LO_ 1/2 )wl(n)e(%”) cos f(z,n),

(49) n<T
L\ /4 o190 N
Yo(x) = 2<27T> Z nii/i)wg(a:,n)<log %> cos g(z,n),
where
1 if n < T/4,
wi(n) = {2(1 —/nJT) ifT/A<n<T,
if n < B(x \/T),
wa(z,n) = {x/(wx/_)—2 WJT —1 if B(z,VT) < n < Blz,VT/2),
otherwise.

Then [12, (7.1)] gives
E34(2n(t 4+ u)?) = Z1(2m(t + u)?) — Do (2m(t +u)?) + O(1).
Recall that |u| < L and \/T/(27) < t+u < \/T/7. Plainly we (27 (t+u)?, n)

is a continuous function in u, and, apart from the two turning points,
9 2
%wz(%r(t +u)?,n)
— {4(t+u)/\/ﬁ if Vo +vVnT/2 —t<u<vn+VnT —t,
0 otherwise.
Hence, for |y| < 47 B,

ey

a% ((t +u) " Py (27 (4 u)?,n) (log n

2 -1
X (47T(t + u)log (D y> > < n V232,
n

Thus, similarly to the proof of (4.5), we have

L 2\ —1
S (t+u) " 2wy (27 (t+u)?, n) <log w> cos(g(2m(t+u)?, n)) K (u) du
-L

< BLn71/2t73/2 +B2t75/2‘
Hence, from (4.9),

L
(4.10) | Zo@m(t+u)®)K (u) du < 1.
—L
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Next, we estimate the integral

L
S e(2m(t + u)?, n) cos(f(2m(t + u)?,n)) K (u) du.
-L

Using the first order approximations for e(27(t+u)?,n) and f(27(t+u)?,n)
in Remarks (1) and (2), we find that

L
| e@m(t+uw)? n)cos(f(2n(t+u)? n))K (u) du
-L
= max (0,1 — v/n/B) cos(4ny/nt — w/4) + O(BL™'n=t 4+ n®/2t71).

This is good when n is small, say n < B*. For n > B* we follow the
argument that leads to (4.6) and prove

L

| e@r(t +u)? n) cos(f(2m(t + u)*,n)) K (u) du

-L

< B*n '+ BLynt 3.

Using these two estimates and in view of (4.9), we have

L
| Zi@n(t+w)?) K (u) du
—L

_\/_Z S VEL )<1—%)COS(ZI’/T\/ﬁt—TF/ZL)—FO(l).

n< B2

Together with (4.10), this completes the proof of (4.2) for o = 3/4.

5. Proof of Theorem 1. Equation (4.2) is proved under the assump-
tion B <« LY* « TV, Letting B = T/6900 and L = T/190  we may
make use of (4.2) for a wide range of values of T' (the value of T" in (4.2)).
In particular, for T%/12 < ¢ < T'2, we have

(5.1) 120732 | By (2n(t +u)*) K (u) du = V2S(t) + O(1)

—L
where
Sity=3 (-1)" (1 - g) % cos(dmy/nt — 1 /4).
n< B2

Let k satisfy TV/5 < k < T?/5. Let ¢ be any positive constant and & =
c(logT)~!. Lemma 3.2 yields
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e 2u2k+15(u\/g) du
_ 1 2{: n 0120 ) 1_ lii
- TL5/4 o B

n<B2

k:+1

O!,ﬁg

X {6_2”2"’5 cos(4m\/kné — w/4) + O(k~/%)}.

Note that, estimated crudely (by an argument similar to that in Lem-
ma 3.1), we have

L1/ Z 01-25(n) < T—1/10+1/6000 - 1,

5/4—0o
n<B?2 n®/
Y e
£73<n§32 n
and
0’1_25(71) \/ﬁ
Z ns/Ai—o B <L
n<E—3
Hence
1 T 2
(52) m S e u u2k+ls(u\/g) du
0
1 n01-20(10) _orine
=3 Z (=" i cos(4my/kné — w/4) + O(1).
n<E—3
Define

g(a) = S e~ 2o —3/2 cos(daw — 7/4) dw
0

It is known that (see [16]) when o > 1/2, there exist real numbers a4 and
a_ such that g(ay) > 0 and g(a—) < 0. We choose two large constants U
and V such that

(5.3) (UK +e 2% VI,)Vo1/4
< 2737712729 ¢ (20) min(g(ay ), [g(a-)]),

where K7 and K5 are those that appeared in Lemma 3.1.
Let R = [V¢~1]. By Dirichlet’s theorem on simultaneous approximations,
there exists [ such that

TV <1< (14 @r0)®TYY and ||Ivn] < (4nU)"! for1<n <R.
Set now the constant ¢ = 12V 1og(4nU) in the definition of & and put
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kx = (V2ayx +167/2)2. Then from the range of I, we see that T'/° <
ki < T2/5. Since

9o —1/4 S 2w 20 3/2 cos(4V2 aw — m/4) dw = g(a),
0
by Lemma 3.3,

(54) 25/4730’71_1/2720'4(20_)9(0/:‘:)51/470’

- Z (—1)"%&7(‘?)@_2“2"5 cos(4m\/kin& —77/4)‘

n<g—®

nUI*QU(n) —272ng
Z (_1> nd/4—o ¢

X (cos(4mV2 ax/En — m/4) — cos(dm/kinf — w/4))| + O(£773/4),

In the last series, the subsum » 5 _,, -3, by Lemma 3.1(2), contributes no
more than K2V0*1/4e*27r2‘/£1/4*". For n < R, we note that
|cos(4mV/2 ax\/En — m/4) — cos(dm/kiné — m/4)| <UL
Hence, by Lemma 3.1(1),
DI AU
n<R
Combining all these, we see that the right hand side of (5.4) is
< (U*1K1 + 672W2VK2)V071/451/470' + 0(5073/4)
< 320 R 220 (20) ming(a) oo )€V,
by our choice of U and V in (5.3). In other words,

n? g —272n g
+ Z 7115/24 0)6 208 cos(dm/kené — m/4) > €1/

n<E—3
Hence, by (5.2),
1 T 2
I R — —u”, 2k++1 locT 071/4'
T 1) Se u S(ur/€) du > (logT)

Since S(uy/€) < B*~1/2 < B,

T1/11 0o

S T P
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We can, therefore, conclude that sup,cpri/jiz pi/s) £5(t) > (log T)7~1/4.
Then from (5.1), there exist ty € [T'/12, T'/?] such that
L

\ E,2m(ts +u)?) K (u) du > (logts)” /%,
—L

:l:tQG 3/2

As L = 0(t1/2) and T — oo, this completes the proof of Theorem 1.

6. Proof of Theorem 2. In this section, we take B = [L7/%]/L ~ L'/6
so that BL is an integer and 1 < L < TY4. For \/T/(2n) + L < t <
\/T/7 — L, we proved in (4.2) that

L
(6.1) \ Espu(2m(t+u)®)K (u) du = H(t) + O(1),
~L

where

Z ann~ 2 cos(4my/nt — /4),

n<B?2
an = (=1)"V2(1 = vn B~ )o_y/5(n).

We shall prove below that, for any interval I inside [\/T/(27) + L, /T /7n—L]
of length L,

(6.2) 117\ H(t)? dt > log L,
I
(6.3) 17 H ()P dt < 1.
I

Then by Lemma 3.4, when L is sufficiently large,

sup£H(t) > /log L.
tel

Taking I to be the interval [\/T/(27) + L,/T/(2m) + 2L], we infer from
(6.1) that

L
sup+H(t) + O(1) < sup+FE3/4(y) S K (u) du < sup £FEs3,4(y),
tel y o y

where y = 27(t 4+ u)? lies in [T, T 4 72L+/T)]. This is our Theorem 2, except
for the condition L < TV4. However, if T*/* < L < T'/2, then certainly

1
sup > sup > logT/4 >4/ =logL.
te[T,T+LVT) te[T, T+T3/4] 2
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When L > T'/2 we have, by our above result for L = /T,

1 T+ LVvT
sup > sup > \/5 log <%\/_> = +/log L.
VT]

te[T, T+LVT]) te[(T+LVT)/2,T+L

This completes the proof of our Theorem 2.

It therefore remains to prove (6.2) and (6.3).
Consider first (6.2). By squaring out H(¢) and then integrating the dou-
ble sum term by term, we find that

SH(t)2 dt = L Z C\L;L:_n”; §cos(47r(\/_— Vm)t) dt

I m,n< B2
1 ana
- " \sin(4 Vm)t) dt.
+2mn<32\/7%§sm( m(v/n +v/m)t)

The diagonal terms in the first sum (that is, those with m = n) contribute
S|, <peazn™t > |I|log B, since Y, . 0_1,5(n)’n~t ~ logz (see [12,
p. 374]). For m # n, by a crude estimate,

| cos(dm(vn — vm)t) dt < [vn— vm|™' < Vn+ vm.

I
Hence the non-diagonal terms’ contribution is < B3. Since |I| = L > B3,
(6.2) follows readily.

For the third power moment of H(¢) in (6.3), we use similar argument.
Multiplying out H(t)® and then integrating term by term, we see that the
contribution of the non-diagonal terms is

< Z |amanag|(mnk)~Y2/m + vn — VE| 7t < BS,
Vim/n#EVE
m,n,k<B?

by observing that |/m + v/ — vVk| > max(m,n, k)~3/2 when /m + /n —
VEk#0,and Y2, _ g |an| < B2

When /m + /n — VEk = 0, we must have m = sa?, n = sb® and
k = s(a + b)?, where s is square-free and a, b are natural numbers. Hence
the sum of diagonal terms is equal to

3\/§|I’ Z Aoy, A, Ok
8 m,n, k< B2 Vmnk

Vm+vn=Vk

< || Z §73/2 Z | @502 Qsp2 s (a10)2 | (abla + b)) 7T
s a,b
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Since a, < nf, the sums over s, a, b are all convergent and therefore
§, H(t)*dt < |I|, as desired.
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