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1. Introduction and overview of the results. Nowadays, we know
that more than 41% of the non-trivial zeros of the Riemann zeta function
lie on the critical line [BCYTI], [Fenl2]. This is the best of a sequence of
results about the percentage of zeros p satisfying fp = 1/2.

Historically, Selberg was the first one to show that this propor-
tion is not zero without quantifying it. According to Titchmarsh [Tit86),
Sect. 10.9], it was calculated later on in Min’s dissertation that the pro-
portion obtained by Selberg’s method is very small. One may refer to the
introduction of [Ste07, p. 8] for numerical values. In 1974, Levinson
succeeded in proving that at least one-third of the non-trivial zeros lie on
the critical line, by perturbing the Riemann zeta function by a linear combi-
nation of its derivatives. A significant improvement, due to Conrey [Con89],
increased this proportion to more than two-fifths. In order to do this, he
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improves the general result of [BCHBS85] on the asymptotic behaviour of
the mollified second moment of the Riemann zeta function, when the coef-
ficients of the mollifier are essentially given by the Mobius function, which
allows him to work with a longer mollifier than Levinson’s one. From this
last result of Conrey and using a two-part mollifier, Bui, Conrey and Young
[BCYTI] proved that 41% of the non-trivial zeros p satisfy Rp = 1/2.

Since the Riemann zeta function is an L-function of degree one, it is
rather natural to generalise these results to L-functions of higher degrees.
For instance, Hafner has extended Selberg’s result to L-functions of degree
two. More precisely, if f is a holomorphic cusp form of even weight and
full level or an even Maaf form of full level, let N¢(T) (resp. N¢o(T)) be
the number of non-trivial zeros p (resp. on the critical line) of L(f, s) with
0 < Sp < T'. Hafner [Haf83], [Haf87] proved that there exists a positive num-
ber A such that Ny (1) > AN (T) for large T. Rezvyakova [Rez10] adapted
[Haf83] to L-functions attached to automorphic cusp forms for congruence
subgroups. Nevertheless, they do not give any explicit value for A, but by
analogy with the Riemann zeta function case this constant should probably
be close to zero.

In [Far94], Farmer applied Levinson’s method to L-functions of a holo-
morphic cusp form f of even weight and full level, and succeeded in deter-
mining the asymptotic behaviour of the mollified integral second moment of
L(f, s) when the mollifier is a Dirichlet polynomial of length less than T%/6¢,
From this result, Farmer obtained explicit lower bounds for the proportion
of simple zeros of the jth derivative (j > 1) of the completed L-function of
L(f,s) which are on the critical line. Unfortunately, the length of the molli-
fier is too small to exhibit an explicit positive proportion of simple zeros on
the critical line for L(f, s) itself. Nevertheless, even though Farmer did not
remark it, his result proves that at least 1.65% of the zeros of L(f, s) satisfy
Rs =1/2 (see Section [d).

In this paper, we exhibit a positive proportion of zeros which lie on the
critical line for L-functions of holomorphic primitive cusp forms. To get this
result, we study the asymptotic behaviour of the smooth mollified second
moment of L(f,s) following the method developed in [Youl0]. We choose a
mollifier ¢, defined on page [206] which is a Dirichlet polynomial of length

T" of the shape
_ pup (1) In(M/n)
Y(s) = n;y 1100 P( T

with M =T", 09 =1/2 — R/InT where R is a positive real number. More-
over, we introduce a smooth function w compactly supported in [T'/4, 27
with some conditions on its derivatives (see (9a)—(9d)). We prove the follow-
ing theorem.
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THEOREM 1. Let f be a holomorphic primitive cusp form of even weight,
square-free level and trivial character. If 0 < v < i;—gz and if a, B are

complex numbers satisfying o, B < L™1 with |a+ 3| > L™, then

1) | w®L(f1/24+ a+it)L(f,1/2 + B — it) |y (o0 + it) | dt

—00

= @(0)c(a, B) + O(T(In L)*/L)
where

2) o p)

11— T*2(a+5) d2 1
—14= M—Prev\ p P
7 (a+p)InT dxdy{ [S) (@+u)Ply+u) du]

r=y=0

and where 0 = T7/64 is the exponent in the approximation towards the
Ramanujan—Petersson—Selberg conjecture (see ((19)).

COROLLARY 1. Let f be a holomorphic primitive cusp form of even
weight, square-free level and trivial character. At least 2.97% of the non-
trivial zeros of L(f, s) lie on the critical line Rs = 1/2. Assuming the Selberg
conjecture, one can improve this percentage to 6.93%. In other words,

Ny o(T) S 0.0297 unconditionally,
T—o0 AU(T) o

0.0693 wunder the Selberg conjecture.

REMARK 1. As Heath-Brown [HB79] and Selberg pointed out, the study
of the second mollified moment allows one to obtain a lower bound for the
proportion of simple non-trivial zeros lying on the critical line. Unfortu-
nately, in our case, the length of the mollifier is too small to get a positive
proportion of simple zeros satisfying the Riemann hypothesis. We plan to
get back to this issue in the near future.

The method we use can also be applied to determine the asymptotic
behaviour of the smooth second moment of L(f,s) close to the critical line.

THEOREM 2. Let f be a holomorphic primitive cusp form of even weight,
square-free level N and trivial character. If a, 8 are complex numbers satis-
fying o, B < L7, then

OSO wt)L(f,1/2 + a+ it)L(f,1/2 + B —it) dt = a; OSO w(t)Int dt

+ [bf +af h(éf)] @W(0) + O(Ja+ BT (In T)* + TH/20+<)
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with
o = g LSy 1.1),
12N 5 L'(Sym? f,1) Inp  2¢'(2)
o = Ty L f’”(L(s w? f1) ”*plZNpH e )
v(N) —NH<1+1>
p|N b

REMARK 2. Our result is non-trivial only in the case |a+ 8| = o(1/InT),
and furthermore we need |a + 8| = o(1/In*T) to ensure that the term of
order T is significant.

COROLLARY 2. Let f be a holomorphic primitive cusp form of even
weight, square-free level N and trivial character. Then

ogo w(t)|L(f, 1/2 + it)[? dt = Ogo w(t) [af1n<t\2/f> 4 bf] dt

+ O(T1/2+0+5) )

REMARK 3. This corollary is in agreement with the conjecture in
[CEK*05] about integral moments of L-functions (see Section [5.2)).

In [Zha05], Zhang succeeded in determining the main term of this integral
second moment of L(f,s) (without the smooth function w) on the critical
line. Thanks to Corollary [2, we improve his result with the following more
precise asymptotic expansion. When f is a holomorphic cusp form of even
weight for the full modular group, we can also refer to [Goo82] where a
similar asymptotic expansion is given.

COROLLARY 3. Let f be a holomorphic primitive cusp form of even
weight, square-free level N and trivial character. Then

T
S |L(f,1/2 +it)|* dt = af/T'InT + [bf + afln<\2/7z>}T+ O(T/InT).
0

NotATION. If f and g are some functions of the real variable, then
f(z) <4 g(z) or f(z) = Oa(g(x)) mean that |f(z)| is smaller than a con-
stant, which only depends on A, times |g(z)| for large z. Similarly, f < g
means f(z) < g(x) and g(x) < f(z).

From the Riemann zeta function ¢, we define, for any positive square-free

integer N,
(e =TT(1- et

pS
pIN
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2. Review of L-functions of primitive cusp forms. For this sec-
tion, we may refer to [IK04, Chap. 14]. Throughout this paper, f denotes a
holomorphic primitive cusp form of even weight k£ and square-free level V.
The Fourier expansion of f at the cusp oo is given by

Z}\f k 1) /2 2iTnz
n>1

for every complex number z in the upper half-plane with the arithmetic
normalisation Af(1) = 1. The Fourier coefficients A¢(n) satisfy the multi-
plicative relations

3) A - ¥ (%)

d\mn
(d,N)=

@) ) = 3 s (5 ) (%),

d|(m,n)
(d,N)=1

for all positive integers m and n. Since A¢(1) # 0, we may define the convo-
lution inverse (f(n)) of the sequence (Af(n)). This is an arithmetic multi-
plicative function which satisfies, for every prime number p,

5) pr(1) =1,  pr(p) = =Ar(p),

) =\ = 3,00 = {0
(6) pr(p’) =0 ifj>3.
We consider

-1
2 = A T (1= M2 4ot )
n>1

p p

) (-5

which is an absolutely convergent and non-vanishing Dirichlet series, an
Euler product on $s > 1, where yo denotes the trivial character modulo N
and af(p), B¢ (p) are the complex roots of the equation X% — A\¢(p) X + xo(p)
= 0. Moreover, the function

a9 = (P r(s+ 550 000 = el 9059

is the completed L-function of L(f,s). It can be extended to a holomorphic
function on C and satisfies the functional equation

A(f75) :5(f)A(fal _S)
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where £(f) = £1. We remark that, by the duplication formula for the gamma
function, the local factor at infinity can be written as
PNV2VNN® (s k—1\ (s k+1
W =t0=(5) (F) r(G+5)r(5+ )
3. Mollified second moment of L-functions of modular forms.

This section contains the proof of Theorem(I} We define the sequence (1(n))
to be the convolution inverse of (A¢(n))n>1, and we define a mollifier ) by

(8) W(s) = pn) o (hl(M/n))

nst1/2—00 In M
n<M

with M =TV, 09 = 1/2 — R/InT where R is a positive real number and P
is a real polynomial satisfying P(0) = 0, P(1) = 1. In addition, we choose a
function w : R — R which satisfies

(9a) w is smooth,
(9b) w is compactly supported with supp w C [T'/4,2T],
(9c) w9 (t) <; A7 for each j > 0, where A =T/L and L = InT.

For convenience, we set
oo
If(a, ) = | w(t)L(£,1/2+ a+it)L(f,1/2+ B8 — it)[b(o0 + it)|* dt.
—0o0
To study the asymptotic behaviour of If(a, 3), we need an explicit ex-
pression for L(f,s) with 0 < Rs < 1. In Lemmal[l] we get an exact formula,
also called the “approximate functional equation”, which gives an expression
for L(f,s + it)L(f,s —it) with s in the critical strip where we cannot use
the Dirichlet series. Thanks to this new relation, we may split I;(«, 3) into
a diagonal term (without oscillation) and an off-diagonal term (with oscilla-
tion). The off-diagonal contribution is bounded in Section whereas the
diagonal term is estimated in Section

LEMMA 1. Let G be any entire function which decays rapidly in vertical
strips, even and normalised by G(0) = 1. Then for any complex numbers
a, B such that 0 < |Ral, |RB| < 1/2, we have

L(f,1/24+ a+it)L(f,1/2+ B — it)

it
m
= Z Zm1/2+an1/2+,8 ( ) Va,p(mn, t)

m,n>1

—it
m
+Xa vﬁtzz 1/2 5n1/2 a<n> V_g—a(mn,t)

m,n>1
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Loo(f,1/2 4+ a+s+it)Loo(f,1/2 + B + s —it)
Loo(f,1/2+ a+it)Leo(f,1/2+ B8 —it)

2im

(10) Jap(s,t) =

(11) Vag(z,t) =

Jap(s,t)x" % ds,
o °
Loo(f,1/2 —a—it)Leo(f,1/2 — B +it)

Loo(fi1/2+ a+it)Loo(f,1/2+ B —it)’
We do not give the proof of this lemma, which is essentially the same as

in [IK04, Theorem 5.3|. Nevertheless, it will be useful to have good approx-
imations of X, g+, ga,5(s,t) and V,, g(x,t).

Xa,ﬁ,t =

LEMMA 2. For large t and for s < t° in any vertical strip, we have

B e () (1))

(13)  gasls.) = (tf)z(Ho('t))

In addition, for each integer j > 0 and for all real A > 0, we have
& CANE
iZ . L}
(14) t 9% Vaﬁ(x,t) <A,j <1 + o) ) .
Proof. We may write
v (YN 20 P(k/2 — a —it) (k)2 — B + it)
@Bt =\ "o I(k/2+a+it)[(k/2+ 3 —it)’
(5.4) = VN\ZT(k/2+a+s+it)[(k/2+ 5+ s — it)
a5 8 = Ton T2 +atiOT(k/2+B—it)
Then the first part of the lemma is a consequence of the following Stirling
formula with s = ¢ + i7 in any vertical strip:

F(S) — /271' |T’071/267g|‘r\6i(71n|T|77+%(071/2) sgn(T))
_ 2 _
NS SN
27 72

We refer to [Ten95, Corollaire 0.13]. To prove (14)), we move the integration
line to fs = A far to the right and by , we obtain the desired bound if
t? < x. In the case x < t?, the result follows easily from trivial bounds. m

Thanks to the above functional equation, we may split I¢(«,3) as a
sum of diagonal terms and off-diagonal terms. More precisely, opening the
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mollifier ¢, we may write

o N Br@ug(®) L (M /a)\ (M /b)
(15)  Ip(a,p) agM N P< T )p( L )
X L2 (0, B) + 122 (0, B) + I (0, B) + I (0, B))

with

Ae(m)Ae(n) T
Igbl(a,ﬁ): Z mlf/2+cznjlc/(2+)ﬁ S w(t) Vo g(mn,t)dt,
am=bn —00

Ar(m)As(n) ¢
I 8) = Y T s | wt)XasVop—a(mn.t) dt,

am=bn —00
Ae(m)Ap(n) T am "
ND _ ! f ar
Ia,b 1(&,5) - ; ml/2+apl/2+8 _&ow(t) bn Va,ﬂ(mn7t> dt,

Ap(m)Ag(n) T am\ ™"

ND f f

Iy *(08)= 3 s ima ) Wt Xape| 5 ) Vesalmn,t)dt.
am#£bn —00

3.1. Evaluation of off-diagonal terms. In this part, we evaluate the
size of off-diagonal terms. More precisely, we prove the following proposition.

ProrosiTION 1. If 0 < v < L—r—gz and if a,B are complex numbers

satisfying o, B < L™ then there exists € > 0 such that

5 MO (M ) (R U o)+ 100
a,b<M

<< Tl_a.

The main tool of the proof of this proposition is a theorem about shifted
convolution sums on average.

3.1.1. Initial lemmas. In order to prove the previous proposition, we
begin by getting rid of some harmless terms occurring in the definition of

I (o, B).

LEMMA 3. Lete > 0,0 < v < 1, let a, 8 < L™ be complex numbers
and let a,b <T" be positive integers. Then, for all real A > 0,

(16)  Ipy (e, 6)

_ /\f(m))\f(n) T am - d 9] T—A
= D Sams ) vO( 5] Vestmnt)dt+ 0T,
am##bn — o0
mn<Tte
e
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Proof. Firstly, by with j = 0, for all real A > 0 we get

e}

am —it T2 A

—00

As a consequence, for A > 1/2, since [Af(n)| < 7(n) < nand o, B < L1,
we may write

Ar(m)Ay(n) T am
> W_S w(t)| 3= ) Vap(mn,t)dt

am#£bn
mn>T2te
TS r(m)r(n)
e ml/2+A+Rapn1/2+A+RA
<7 Y ﬁ < T2Ac o A
h>T2+e h

Then, using for each integer j and since w)(t) <« A=/, for all real
A > 0 we have, uniformly with respect to z,
&9 (T\A
—w(t)V, t AT — ) .
S luOVesta] < a~(L)
Hence, if am # bn, after j integrations by parts we get

am

| w() <bn> _itVa,ﬁ(mn, t) dt

00 —it g 2\ A
S S (‘””) D o)V (e, 8)] dt < T<T> .
(ilnam)? 2 \bn/ O Ad[ln am |7 \mn
Therefore, with A = 1/2 + max {Ra, RG} + 0 and § > 0, using the lower
bound z/2 < 1In(1 + ) for 0 < x < 1, we have

Ar(m)Ap(n) T am\ "
(nnz#bn W _L 'U)(t) % Va”3 (mn, t) dt
jam 1|57

T1+2A+5y T(m)7(n)

Aj ml/2+Ra+Ap1/24RE+A”
m,n>1

<

Since v < 1, the result follows easily by choosing j large. =

We introduce a dyadic partition of unity for sums over m and n. We fix
an arbitrary smooth function p : )0, 00[ — R, compactly supported in [1, 2]
and with o

Z p(27%z) =1

{=—00
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(see [Har03, Section 5]). For each integer ¢, we define
pe(z) = p(x/Ay) with Ay = 2277

In order to study the asymptotic behaviour of I C]LVbD (o, B), we define

(17)  Fuer (2, y)
ql/2+apl/2+p8 0 h —it zy
= i/Zray/aes | w() (1 + y> Vas <ab’t> dt X pe, () ey ()
—00
LEMMA 4. Lete > 0,0 < v < 1, let o, 3 < L™' be complex numbers
and let a,b <T" be positive integers. Then, for all real A > 0,

(18)  Ipy ()

= > > > Ap(m)A s (1) e, ey (am, br) +O(T ).
Ay, Ay, <abT?te 0<\h|<<T—’v\/Wamfbn:h
Aél XAZQ

Afl 7A€2 >TY
Proof. For convenience, we define
1/2+4apl/248 —it
a b x xy
H(z,y) = STy T | wt) (y) Vs <ab’t> dt.
—0o0
From the previous lemma and using the partition of unity, we may write

M, 8)
=33 > Am)As(m)H (am, bn)py, (am)pr, (bn) + O(T4).

1,02 h#0 am—bn=h
mn<T?te
| F—1|<T™

First, if |h| > \/Ap, Ag, T~ then
am bn ‘ _R? h?

ma; b—n—l 2 > ——1 =
U on am - ambn " Ay, Ay,

am
Secondly, if [¢1 — ¢3| > 3, for instance if ¢; — ¢5 > 3, then

am

> T2,
bn -

Y

9(l1—02)/2
am s T 1>V2-1>1.
bn 2

Therefore we may assume A, =< Ay,. Thirdly, if Ay, < T7 then
am

- - >

bn ‘ bn — 24,

Thus we may assume A,, > 77 and, in the same way, Ay, > T7. Finally,
since am — bn = h, we get H(am,bn)py, (am)pg, (bn) = Fhp, ¢,(am,bn). =

>T77.
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3.1.2. Shifted convolution sums. The core of the proof of our theorem
is the following bound, which is a generalisation of [Blo05, Theorem 2], for
shifted convolution sums on average. We define 6 to be the exponent in the
Ramanujan—Petersson conjecture, which claims

(19) A(n)| < 7(n)n’
for eigenvalues A(n) of the Hecke operator T), acting on the space of weight

0 Maaf} cusp forms of level N.

THEOREM 3. Let {1, f2, H and hi be positive integers. Let My, Mo, Py,
Py be real numbers greater than 1. Let {gn} be a family of smooth functions

supported in [My,2M;] x [Ma, 2Ms] with ||g,(f])||OO <ij (P1/My)"(Py/Ms)

for alli,j > 0. Let (a(h)) be a sequence of complex numbers such that
a(h)#0 = h < H, hi|h and (h1,h/h1) = 1.

If LyMy < £sMy < A and if there exists € > 0 such that

1
HlaX{Pl, P2}2 (€1€2M1M2P1P2)€

(20) H <

then, for all real € > 0,
H

ath) > Ap(lma)Ap(ma)gn(mi, my)

h=1 mi,ma>1
limi1—foamao=h

A o (hy, 0102)H
12,0 3/2 _a \P1, 1P2) 7
<K AY7hi|all2(Pr+Ps) [ P1+P2+<max{P1,P2}> (H_ hitito >]

X (€1€2M1M2P1P2H)6.
Proof. The proof is a direct generalisation of the proof of [Blo05, Theo-

rem 2|, so we only give an outline. We set

H
S0, by, Hoa) =Y a(h) Y Ap(ma)dp(ma)gn(ma, my).

h=1 mi,ma>1
limi1—~fomao=h

We also set A = min{ P, /({1 M), P/ (¢2M3)}, let Q > 1/A be alarge param-
eter and set § = 1/@Q, so that 6 < A. Let ¢ be a smooth function compactly
supported in [~A™', A71] with ¢(0) = 1 and such that j ||¢\) . <; A7
for all integers. Then we define

Wh(z,y) = gn(z,y)o(lrx — loy — h).

In addition, we introduce another smooth function w : R — R compactly
supported in [Q,2Q] and such that [|w . <; Q7. If  denotes Euler’s
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phi function, let

qEO [Nflfz] %2

As a result, we can rewrite

2(61, 62, H, a)
H 1
=> a(h) S Z Ar(mi)Ap(meo)e(lyma)e(—Llamoc) Wy (my,ma)e(—ha) dov.

h=1 0mi,ma>1

By Jutila’s circle method (see [Blo05, Lemma 3.1]), we build an approxi-
mation I to the characteristic function on [0, 1], which splits the a-integral
into two parts, according to whether « is in a minor arc or a major arc.
We easily estimate the contribution of the minor arcs using our bound for
the L2([0,1])-norm of 1 — I, and we can write the contribution of the major
arcs as

)

H
25%2@“” Yoow@d | Y Asma)As(ma)
h=1

g=0[N{1£2] d(q) —0 mi,ma>1

i m () s ()

We transform short sums of exponentials into long sums of exponentials by
means of a Voronol summation formula (see [Blo05, Lemma 2.2] or [KMV02]
Appendix Al). If S(m,n;q) denotes the classical Kloosterman sum, the ma-
jor arcs contribution becomes

H d
1
mza(h) Z w(Q)Se(—nh)

h=1 qEO[N£1£2] -4

XY Ap(ma)Ap(ma)S(=h, Lamg — Lymy; )Gy (ma, ma) dn
my,ma2>1
where
Am2010y T

Gonn(1,m2) = —5— | | Wi(ts, t2)e(Crtin — Latan)

q 00
4Aml t 4ml t
< u nq/:cl 1>Jk ( u 2\q/562 2> dts dt.

X Jr1

We split this sum according to the value of fomo — ¢1mq. The diagonal
contribution when #1mq = fomso is easily bounded. It remains to estimate
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the off-diagonal contribution when f9mg # ¢1m1, which can be rewritten as

§ cooo H

W?A& VIV anne® ) >0 Ap(ma)ds(mo)

-0 0 h=1 r#0  1<mi1<M;
1<ma< M,
lomo—Limi=r

_h o 4m+/h
S ‘w@tm(W;ml,mg,r,h>dt1dt2dﬁ
q

g=0[N{1£2] q

where
anty 82 (0) = a(h)e(=nh) Wy (t1, t2)e(litin — Latan),
Qx J <x61m>J <$€2\/m2t2>
-1 1| ——
Vhlr| Vhlr| Vhlr]

Q*P3k? Q*P3k?
M= "pnr M
14 24442
The asymptotic behaviour of G, allows us to restrict the sums over my
and ms to mp < My and moy < Ms. Applying the Kuznetsov trace for-
mula (see [Blo05, Lemma 2.4] or [DI83, Theorem 1]), we decompose this
off-diagonal term as a sum of three terms: the contribution of the discrete
spectrum, of the continuous spectrum and of the holomorphic cusp forms.
All of them will be evaluated by means of large sieve inequalities (see [Blo05,
Lemma 2.5] or [DI83, Theorem 2]). In the discrete spectrum, there may be
exceptional eigenvalues even though Selberg’s conjecture predicts that they
do not exist. We prove that the contribution of the non-exceptional eigen-
values, called the real spectrum, is bounded by

¢t1,t2 (.1‘7 mi,ma,T, h) =

and

(b1l My Mo P Po)®, Mo =

(£1€2M1M2P1P2)6.

H(hy, 014
A2 all2hf (Py + P2)3/2< P+ P+ (1’12))625

hil16o
whereas we bound the contribution of the exceptional eigenvalues by
H(hy,0142)\ .

hytly £y '

In addition, we show that the contributions of the continuous spectrum and
of the holomorphic cusp forms are bounded by

AV al(Py + P (14

H(hy, 014
AV |allo(Pr+ Po)*?(V/Pr+ Po+ H(hy, babp) o°,
hit142
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which is smaller than the estimate of the real spectrum. The result follows
easily from the last three estimates.

REMARK 4. In [Blo05], a factor (%)9 appears, which could become

(m)e in our theorem, and which comes from the contribution of pos-
sibly exceptional eigenvalues in the discrete spectrum. However, we only find

9
(7im)

Let us determine the required bounds for the test function in our case.

LEMMA 5. Let o, f < L™ be complex numbers and let o be any positive
real number. For all non-negative integers ¢ and j, we have

4 '8,~+ij'€ . a 1/24+Ra+o b 1/24+RB+0 ‘
i ity (L — T2 (InT)
Ty 8x’8yﬂ (x) y) <<17j (Afl) <A£2> ( n ) )

and the implicit constant does not depend on h.

Proof. Let By(Y) = 1 and P;(Y) = [[J_5(Y — ¢) for j > 1. Let Rs =
o > 0. Then

Y 59]] ( V) (1 +n/y) " gas(s,t) dt)
R

w(t)ga,5(s, 1) (1 + h/y) " Q;(t) dt

J

R .
= | LR 8J[ (t)ga,p(s,t)Q;(t)] dt

R

[iln(1+ h/y)])) Ot
where Q;(t) = Zi o )P (it) Pj_p(—it)(1 4+ h/y)~U~"). Since

i
7" forr<j

r h
Q< ‘1 —i—/hy/y

and %[w(t)gaﬁ(s,t)] L T?° A" we get
aj 20 !

)05, Q1) <oy T |11

1+h/y

and the implicit constant depends polynomially on s. Since h/y < T~ in
our range of summation, we have

(InT)’

(21) yj;yjj ( Vw) @+ n/y) " gas(s.t) dt) <oj T2 (InT)
R
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and the implicit constant does not depend on h. Writing

1/24a+s 1/2+B+s —it
<a> <b> Jw) <1+h> Ga.s(s,1) dt ds,
) y

T Y

Fry, 0,(2,y) =
Pl (‘r)pfz(y) S G(S)
20 ) S

the result follows easily from the Leibniz formula and the bound . "

REMARK 5. The trivial bound for shifted convolution sums, namely tak-
ing absolute values and applying the Ramanujan—Petersson bound on aver-
age, is given, for all € > 0, by

(22) > Ap(ma)Ap(ma)gn(ma, me) <e min{My, My} (M My)*.
l1m1—famo=h

The trivial bound and Lemma [5| imply the following corollary.
COROLLARY 4. For all € > 0, we have

14 (o, B) < min{a, b}T' .

REMARK 6. This trivial bound of 1 (JZV bD (e, B) fails to prove Proposition
In other words, taking care of the oscillations of the Hecke eigenvalues is
required. First, we apply the following bound, proved by Blomer [Blo04], for
shifted convolution sums.

THEOREM 4 (Blomer [Blo04]). Let ¢ > 0, and let ¢1, {2 and h be
positive integers. Let M1, Ms, P; and P be real numbers greater than 1.
Let g, be a smooth function supported in [My,2M;] x [Ma,2Ms] such that

Hg,(lij)Hoo < j (P1 /M) (Py/M3)? for alli,j > 0. Then

Z Ap(m)Ap(ma)gn(my, ma) <epy pyNge (1M1 + lo M)/ 2H0F=,

l1m1—Llamo=h
This bound is uniform in f1, €2, h, and the dependence on Py, P>, N and k

is polynomial.

REMARK 7. Remembering the trivial bound , this theorem agrees
with the square-root cancellation philosophy.

Theorem [4] and Lemma [5] imply the following proposition, which gives a
first admissible bound, and which will be improved in Proposition

PROPOSITION 2. Let o, B < L1 be complex numbers and a,b be positive
integers. For all € > 0, we have

INbDl (o, B) <o (ab)3/4+9/2T1/2+9+5.
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Proof. By Theorem [4] Lemma [5] gives

> A (m)As(n) Fhg, g, (am, bn)

am—bn=h

o \ V/2HRato oo\ 1/24 R840
< () <) TH_QU(lnT)H(Agl +A€2)1/2+0+€
Ap, Ay,

where k is a constant. Thus, thanks to Lemma |4 and with 1/2 4+ 60 + ¢ —
Ra — RB — 20 > 0, we get
ND
Ia,b ! (aa /8)
< TV T27(InT)"

a 1/24+Ra+o b 1/24RB+0o
)Y e
Agy Ag, LabT?te g t2
Agl XA(2
Ay Ay >TT
< T177+2U(ab)1/2+o (11’1 T)n Z Aél/2+9+sf§Ra7§RBfQU
T < Apy <VabT1+e/2
& TP 240+ (p)3/4+0/2 > 1.

TV Ay, <VabT1+e/2

Hence ZT‘/<<A51<<\/@T1+E/2 1= 213241/2<<\/@T1*7+5/2 1 < InT'. Finally, the
result easily follows from the choice y =1 —¢. =

REMARK 8. We are tempted to solve the shifted convolution problem
on average (over h) and to take care of the resulting additional oscillations
of the Hecke eigenvalues. For instance, using [Ric06, Theorem 6.3], one can
check that, for all £ > 0,

INP! (@, B) < (ab)¥/4H0/2T3/2 0%,

It turns out that this bound is not admissible. This is due to the fact that
the length of the h-sum is very small. That is why we need a bound for short
sums of shifted convolution sums, which is given by Theorem [3]

PROPOSITION 3. Let o, B < L™ be complex numbers and a,b be positive
integers. For all € > 0, we have

INP (0, B) < (ab)T+O/2T /2404
Proof. We apply Theoremwith H =T7-/4, A, hy =1 and

i <
a(h):{l if h < H,
0 otherwise.
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From Lemma [ we get

o \V/2HRato oo\ 1/24R6+0
presn< X () () meeaen
’ ZQ

2+4e Agl
Agl Ag2 KLabT
Agl XAgQ
Agy Ay >TY

A ! H
1 _
X [vlnT—i- <lnT> ( + ab)]
< (ab)1/2+9T1+20+6—7/2 Z Ag—(éﬁa‘i‘%ﬂ-ﬁag)

TV A LVabT1+e
< (ab)(1+€)/2T177/2+9+5‘

Finally, the result follows for y =1 —¢. un

COROLLARY 5. Let a, 8 < L™ be complex numbers and a,b be positive
integers. For all € > 0, we have

INsz (Oé, 6) <L (ab)(1+0)/2T1/2+9+€'

Proof. Set

t

wi(t) = w(t) <t*2/f> e (1 L ile? 52)>.

Thanks to (12), we may write

Ae(m)Ap(n) T am ¢
ND f f
Ioy (o, B) = Z A2 Apl2a S w (%) o V_g —a(mn,t)dt
am#bn —o0
1 [Ag(m)As(n)|
+O<T Z ml/2—RBp1/2—Ra |
mn<T2+e

The error term becomes O(T*) and since w; satisfies f we may apply
Proposition [3| up to replacing w by wy and («, 5) by (=5, —«). =

Proof of Proposition[l. Using Proposition [3]and Corollary 5], we trivially
bound the off-diagonal term by

g (B (S
a,b<M

L TV N (ab)?? < TV,
a,b<M

Thus, if v < 1229 the off-diagonal part of I(c, 8) is bounded by T'¢. u
4420 f
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3.2. Evaluation of diagonal terms. For¢=1ori=2, let

We consider the dlagonal part [ ]]?(a, B) of the mollified second moment.
Thus,

(24) 1P (o, B) = I (0, B) + 17 (e, B).
In this section, we prove the following proposition:

PROPOSITION 4. Let 0 < v < 1. For complex numbers o, B < L™' such
that |a+ B] > L1, we have

Lﬂamzwmdmm+mﬂmmwm
where c(a, B) is defined in
3.2.1. Initial lemmas.
LEMMA 6. Let 2,3 be the set of vectors (u,v,s) in C3 satisfying
Ru+ Rv > —1/2,
Rs > —1/4 — Ra/2 — RB/2,
Ru+ Rs > —1/2 — R,
R+ RNs > —1/2 — RNB.
Then
> pp(@)py (0)A;(m)As(n)

al/24+vpl/24upm1/2+atsy1/2+8+s
a,bmn>1
am=bn

L(f x fl+a+B+28)L(f x fil+u+v)
Lifxfil+at+u+s)L(fx f,1+B+v+s
where Ay g(u, v, s) is given by an absolutely convergent Euler product on {2, 3.

Proof. Set

)Aaﬂ(u, v, S)

p= Y py(@)py (0)Ar(m)As(n)
o = al/2+vpl/2tum1/2+atsyl/2+B+s "
am=bn

Using , for any prime number p such that pt N, we get

$ Ar@)A (™) A0 Ar(@)? 1 A @A)

/s /s s (s )

>0 p £>0 p v’ £2>0 P
ArOA P, (09?2 Ap(p) = AN (p )
Z pﬂs - )\f (p ) Z pés - s Z pfs

>0 >0 >0
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Thus, we deduce

—1
(25) Z /\f(pg))‘f(pm_l) = \s(p) <1 + 1> Z )‘f(pe)2’

(s S (s
>0 p p S0 P
Ar(p)Ar (0" 2) 1\ oy 1 Ar(ph)?
(26) Z /s = |1+ s )‘f(p ) B Z /s "
>0 p p p >0 p

In addition, since

(1/2+v)p22(1/2+u)p53(1/2+a+s)pf4(1/2+ﬁ+s)

01 2\ ¢ (pf3 )\ ¢ (4
=TI pp (T ) (p72) Ap (p%) A (p™) >

P 41,f2745754>0p
L1+l3=la+1y

using and @ we get

p)? 1 Ar(ph)?
P = H [( 1+u+v + p2(1+u+v)) Z Hl(l+atf+2s)

>0 P

1 1 1 Ar () ()
- )\f(p) <p1+v+5+s + p1+u+a+s> (1 + p1+u+v> Z p£(1+a+ﬂ+2s)
>0

1 1 Ar(0ON (ptt2
+ ( 2(14+v+B+s) + 2(1+u+a+s)> Z fﬁ((]i—za-{éf—%) ):|
p p >0 p

XH > N®)* M) > A (')
1+u+v p1+a+u+s p1+ﬁ+v+s ((14+a+p+2s) |

o P

Thus, it follows from and that

=L(f><f,1+a+ﬁ+2s)H[1+;‘f(p)2_ Ar(p)? )‘f(P)Q]

14u+v p1+a+u+s pl—l—ﬁ—i-v—f—s
pIN

Ar(p)? 1 1
X pE[V [(1 + pltutv + p2(1+u+tv) 1- p2(1+a+f+2s)

1 1 1 1
2
—As(p) <1 - p1+a+,3+25> <p1+u+ﬁ+s + p1+u+a+s) <1 + pl+u+v>

1 1 1 1
+<1—1++5+2)(Af(1’2)— TrataT2 )( 2 t5a )]
plta s plta s D (1+v+B+s) p (1+u+a+s)

=L(fxf,1+a+p+2s)
» H[l n M) M) At (p)?

pltutv — pltatuts — pIF+uts + XU(p)EP]

p
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E_1[1_ 1 _Af(p)2<1+1><1_ 1 >
p—p2 p2(utv)  p2atf+2s) ps puta  puts putv  potft2s
+Af(p2) < 1 N 1 ﬂ

p25 pQ(u+a) p2(v+,3)

Ar(p) 1 1 1 1/ 1 1 1
+p3+a+ﬁ+3s putv \ puta +pv+ﬂ e p2(uta) +p2(v+6) - putvtatfts

1 1 1 1
+ p4+2(a+5+25) |:p2(u+oz+s) + p2(v+l3+s) o pQ(u+v):| ’
Since the Rankin—Selberg L-function L(f x f,z) admits, for £z > 1, the

Euler product
L(f x f.2) IIL (f x f,2)

with
Ly(f % f,z) = <1 — W)l <1 B ozf(p)zﬁf(m>2 <1 - 5f(f)2>1
- (1 - Aflzfy + xo(p) [2 +§;(p)2 _ A;gi)Q N :LD*’

we may write

i) Ap(p)? Ar(p)?
L+ pltutv — pltafufs — pI+ffots + Xxo0(p) Ep

Lp(fo,1+u+U) %
Ly % FUFutact s)Ly(7 x .1 v 46 +3)

Qg
1+Lp(fxfal+u+a+s) (fxf,1+v+ﬁ+s ZZ r+XTZuva,,3S):|
r=2 ¢

where the sum over ¢ is finite, X, ¢ are linear forms in u, v, o, 8, s, and a, ¢(p)
are complex numbers with |a, ¢(p)| < 1. As a result, we obtain

L(f x f,1+a+B8+4+2s)L(f x f,1+u+v)

P xfiratut)Lfx fl+h+0ts)

a,8(U; v, 5)

where

1
Aap(u,v,s) H[1+ZO< r+XTg%u§Rv§Ra%6§Rs)>:|

Then A, g(u, v, s) is an absolutely convergent Euler product in {R(ov + u + s)
> —1IN{R(B+ v+ s) > —1}NN,. {Xr e (Ru, Rv, Ra, RB, Rs) > 1—r}. Mak-
ing explicit all the linear forms Xé,g, we obtain { X5 (Ru, Rv, Ro,, RB, Rs) >
—1} = (2, 3. Similarly, writing out all the linear forms X, s, we prove that
for (u,v,s) in 2, g we have X, ;(Ru, Rv, R, RB,s) > —r/2>1—7r. As a
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result, A, g(u,v,s) is an absolutely convergent Euler product on 2, s and
defines a holomorphic function on (2, 3. =
LEMMA 7. We have Ag(0,0,0) = 1.

Proof. Thanks to Lemma [6] if s > 0, we may write

gy @)y (D)As (M)A s (n)
Aoos,si8) = ) T/2ts
abmn>1 ambn) /2
m
- Z f 1+25 Zufam/n)\f()
a,m>1 nlam

Since (u¢(n)) is the convolution inverse of (A¢(n)), we have
> up(d/m)As(n) = 6(d).
nld

Thus Ag (s, s,s) = ur(1)Af(1) = 1. To conclude, we extend this relation to
s = 0 by continuity in the half-plane s > 0. =

LEMMA 8. For all non-negative integers a, we have

3 W(ln]\f) Hes, g}(%{z; f:5) § T(l M> dr + O((In M)®).

n<M

Proof. We may find in [Ran39| the following asymptotic behaviour:

After one integration by parts, we get

> AR (1 M) Rt W) 5 1w ) s omane,

n
n<M n<M

n<x

Finally, the Euler-Maclaurin formula gives

) e somar
1

n<M

3.2.2. Estimation of 1}131 (a, B). For positive integers i and j, and for
any positive real 4, let
(27)  Ja,(i.d)
_ 1 S S A L(f x f,1+u+v)Ass(u,v,0) du dv
(2im)? L(f x f,1+a+u)L(f x f,1+ B+wv) uitl pitl’
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LEMMA 9. Let o, < 1/L be complex numbers. For positive integers i
and j, we have

1

o M)iti—1 2 ' .
(1 M) +J d [Max+ﬁy8(w+u)z(y+u)j du]
0

B i'j'Ress—1 L(f x f, s) dxdy

Foa (i ) (1 (1))

Proof. We use the Dirichlet series of L(f x f,s). Moving either the u or
the v integration line far to the right, we obtain

n)2
Ja i, j) = Z M

n
n<M
1 M\ (M2 +u+v))Ags(u,v,0) du  dv
3G =

Ja,ﬁ(iaj)

r=y=0

e ) W\ FxFltatwl(fx f1+B+0v) uitl ol
Let
(i) (4 ) = MNP (M@ + u+v)Agp(u,v,0) 1
R L(f x f,l14+a+u)L(f x f,1+ B +v) uitloitl’

We consider the contour v = v; U~y Uys with ¢ >0, Y > 1 large and

y={ir:|7| > Y},
v2={oc+iY : —¢c/InY <o <0},
v3={—¢c/InY +ir:|7| <Y}

By the standard zero-free region of L(f x f,s), we replace integration over
Ru = Rv = § by integration over . Thus,

1 i
(2im)2 ) ) 7”((l,é)(u,v) dudv
(6) (9)
1 i . -
= Resy—0 — S Téfé)(u,v) dv+ —— S S Té:é)(uw) dv du

2
2im Ro=0 (2”() uey Rv=4

_ (i.d) 1 (i.d)
Resy=v=073 (u,v) + Resy—o v Uéﬁ/ To (u,v) dv

1 (i.9)
+ Resy—o %im S ra’é (u,v) du +
uecy

1 (i)
@in)? S Sraﬂ (u,v) du dv.
vy
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e We begin with the estimation of Res,—g ﬁ SUG,Y rg’g)(u, v) dv. We ex-

press the residue as a contour integral over a circle of radius 1/L. We get

) i ! (M/n)"
Resy—o % S Ta,g’ (u,v) dv = (2’L'7T)2 vév L(fx f,14+5+4v)

vey
" § M YCN©2(1 +u+v)Ans(u,v,0) du  du
L(f x f,1+a+u) witl pitl’

n
D(0,L-1)

Furthermore, since |¢V)(2(1 4 u + v)) A4 5(u,v,0)] < 1 in our range of
integration and since
1

L(f x f,1+a+u)
we obtain

<a+u< L™l because u =< 1/L,

(M /n)*v dv
2im 3 P voy LU X 14 B4 0)] ot

As —L'(f x f,2)/L(f x f,2) =>,51 Af(n)/n* with A¢(n) > 0, we deduce
(cf. [Ten95, Section 3.10] and [IK04] Section 5.3]) that

1 irj -
Resy—0 — S r ’j)(u,v)dv<<LZ 1 S

1
1
I < foo+in) Sl

and it follows that

(28) S (M /n)% dv
S TEF > F14 BT o)l o™
0
Int do
ITI>Y —c/InY
M\ =¥ dr
— Iny - .
* ( n > . S |7 —ic/InY |+l
ITI<Y
InY (M TEY
- J+1{ =
<55t (InY) < - ) :
As a result, we get the bound
1 (4,9) i—1 1 (MY
(29) Resu—o 5~ véﬂ/ P (w0) dv < L7 Y- ( oo+ (In Y)Y ( — .

e Since rg’é) (u,v) = réj ’(i) (v,u), the previous bound immediately yields

1 (i.4) 1 1 (M TRY
(30) Resvzozmu;raﬂ (u,v)du< L/ InY - W-|-(lnY)Z — .
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e By 1} we bound S,Y Sﬁ{ rg’g;)(u, v) du dv:

1
(31) in)? “ré 6)(u v) du dv
v

1 MY (M2 +u+v)) A s(u,v,0) du dv
- (2im)? §§<n) L(f x f,1+a+u)L(f x f,14 B +v) utleit!
< S (M /n)? dv S (M /n)% du

SLE X S+ B o) P J LG X fi 1+ oot )] ful

InY - M\ &Y InY - M\ &y
j+1 i+1
< ( ~+(InY) <n > ) ( . L (nY) <n> >

1 M\ Ry
<<(lnY)2<YZ.+j + (InY)"* <n> )

e In addition, for any positive integer ¢, let

c

W, = ZAfn (+(1 y)! <J‘Z>'Y>

n<M

We can bound

Ml X MOy xRy

n<—M_____ " — M <n<M "
—(viny)tnY)/e (v In vl Y)/e ==
L Ae(n 2
<= +my) 3 2 3 £(n)
<g< (¥ inY) M <n< M n
0<d<—.3 (2d+1)fInY)/c =""= (2d)l(InY)/c
+1

As a consequence, by .—n, we obtain

Ag(
Jaﬁ 1 j f Resy=y= OT((X%’)(U U):|

O(L"~ 1W Y + L77'W;InY + Wiy ;(InY)?)

Ar(
s Resu o= 07“((1 é)(u v)]

W[
s

n<M

—I-O[Li_llnY-(}fj—i-(lnY)j)—l—L] Iny . (}f (lnY)>

+ (InY)? <YiL+j + (In Y)i+j)] :
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Choosing Y = L, which is allowed, yields the error term O((L‘~! + (In L)?)
x (L7714 (In L)?)). Then

- Af(n)? (i.9)
(32) Ja (i, J) = n<ZM [n Resy=v=07, 5 (4, v)

ron (i ) (1 ()

e We finish with the estimation of Res,—y—g r((j’g,) (u,v). To do so, we

again express the residue as a contour integral over a circle of radius 1/L.
Thus

+v
(i) _ 1 M
Resu:v:o Ta,ﬂ (U,U) - (2Z7T)2 § § (n>
D(0,L—1) D(0,L—1)

(M (2(1 + u + v)) Aq p(u, v, 0) du dv
L(f x f,1+a+u)L(f x f,1+ B +v) uitl vitl’

Furthermore, since v < v < 1/L, we have

(MR +u+v) =M@ +0(/L),
A1, 0,0) = Ag(0,0,0) + O(1/L),

1 a+u
L(fxfil+a+u) ResszlL(f><f73)(1+0(1/L)),
: brv 14 o0/L)).

L(fx f1+8+v)  Rese1 L(f X f,5)
With Lemma [7} we obtain

C(N)(Z(l +u+v))Aqs5(u,v,0)
L % L+ atwk(f x f,1+F+70)

¢M()
[Ress—1 L(f x f,s)]

= (a+u)(B+) >+ 0(1/L%).

Then

¢M(2)
[Ress=1 L(f x f,s)]?

1 M\"a+u 1 M\"B+wv
o, b G el 3 () e

D(0,L—1) D(0,L71)

Resy—v—0 rg”g) (u,v) =

+ O(Li+j_3).
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In addition, thanks to the Cauchy formula, for any positive integer ¢,

1 M\“a+u
% § (n> A du
D(0,L-1)

_dfen (MY
dx | 2im nC ) wt
DO,L-1)

_ii az _|_1Me
_E!dace v nn

Then we can write

-

_ el d[(M "
o dz “Cnat |\ n© =0

4 /—1
= 1[a<1nM> +€(lnM> }
o U n n

¢M(2)
ilj![Ress=1 L(f x f,s)]?

i+ i+j—1 i+j—2
x[aﬂ(lnM> ]—l—(az’—l-ﬁj)(lnM) ’ +ij(lnM> ’ }
n n n

+ O(Li+j_3).

Resy—vy=0 T’S”é) (u,v) =

From and by Lemma |8 we get

-1
ot = B M)

M

o) ) ) (o2 ) )2

Fopra (i ) (1 (12))

Changing the variable 7 to u with 7 = M=% concludes the proof. =

LEMMA 10. If 0 < v < 1 and o, < L™ are complex numbers with
la+ B| > L~ then

w(0) d? [M"H’By § Pz +u)P(y + u) du}
(a+ B)In M dxdy 5 Y x=y=0

o)

Proof. We use the Mellin transformation to write

A 7! 1 M\’ dv .
<1n<M/a>>Z: (mM)27r(§)<> gt Hlsa<d,

In

190, B) =

0 if a > M.
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Set P(X) = 308" ¢, X, Thus, from ,

b g T w1 AGE)
If (o, B) = S w(t) Z (In M)i+i (2ir)3 S S S gap(s:1)
—00 2,7>1 1) (1) @)
X Z 1 2Mf(f)2ﬂf(b)1)\£(m)/\f1(? dul C'lvl dt.
e al Pupl 2R 2o 1 /2 Ty it
am=bn

Due to Lemma |§|7 we can write

I (o, B)

(e 9]

aaziljl 1 MU+ G(s)

- S w(t) Z (In M) i (2im)3 S S S fgang(sj)Aa’g(u,v,s)
1@ @A)

L(fx f,l1+a+p+2s)L(f x f,1+u+0v) du dv gt

L(fx fil+a+u+s)L(fx f,1+B+v+5s) i+ it 4

We specialize G to

—o0 ij>1

2la+B)? = (25)
(a+ B

As a result, G(s)L(f x f,1 4+ a+ B + 2s) is an entire function. First, we
move the integration lines from Ru = Rv = 1 to Ru = Rv = § with § small,
to ensure the absolute convergence of A, g(u, v, s). Secondly, we move the
integration line from Rs = 1 to Ns = —d + € with 0 < € < 9, crossing a pole
at s =0. Since t < T, v < 1 and g, 5(s,t) < T?%, we can bound

G(s)=e

[e.9]

aiaji! ! 1 MU—H}G S
S w(t)z(lnM)fﬂ oy VY s()gaﬁ(s’t)

-0 1,7 Ru=§ Rv=0 Rs=—75+e¢
L 1 2s)L 1 d d
o s(ng) TS QB RL b us) | du o
’ Lfx f,l4+a4+u+s)L(f x f,1+f4+v+s) wtlyitl
00
< S |w(t)|dt T2(—5+6)M26 < Tl—(2—21/)5+e < Tl—¢
-0

for sufficiently small €. Then, using some previous notation, this estimate
gives

IfDl(Oé’B) = w(0)L(f x f,l—i—oz—i—ﬁ)z

1,J

a;a;ily! o _
W&Lx,b’(%]) +0(T"°).

Thanks to Lemma [0 and since
Ress—1 L(f x f,s)
a+p

Lfx f,l1+a+p8)= +0(1),
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we get
Dy P Ress=1 L(f X f, S) 1
Iy (o, B) = w(())[ a+ T O(D} [Ressl L(fx f,s)InM
d2 1 (111 L)4

<oy M PP ]| o ¥) ] o

@(0) 42 ;

_ aw+d
~ (a+B)InM dady {M i y(S)P(““)P(““)d”} 2=y=0

n 4
+o<£i$é)+owm>

We conclude using the assumption |a+ 3| > L™, =

REMARK 9. Sometimes, it may be useful to consider the relation

—_

d2

(33) dxdy

P (S] P+ u)P(y + u) du] —

1

= | (P'(u) + aln MP(w))(P'(u) + 81n MP(u)) du.
0

LEMMA 11. If 0 < v < 1 and o, 8 < L™ are complex numbers with
la+ B] > L™ then

1P2(a, 8) = T2 [P (—3, —a) + O(T/L).

Proof. We write

m n) ¢ 2(a+h)

am=bn —00
[As(m)Ar(n)|
o )
77’L07LLZL<_T27‘LFE

Let a’ = a/(a,b) and b/ = b/(a,b). Then, for all § > 0, the above error term
becomes

[Ag(m)Ag(n)| 1 1 Te
Z ml/2—Bpl/2—a < (a’b’)1/2—5 Z kl—a—pB-26 < JY
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Therefore, if wa(t) = w(t)(@)ﬂ(oﬁﬁ), we may write

o= I M0 () ()

a,b<M

Ae(m)A¢(n) T
X [ > M | wa(t)Vop—a(mn, 1) dt]
am=bn —00

1
ofr > 1)
oy VabVa't!
We also have
1 1 1 ( M)2 5
Z Z Z — Z —(In— | < (InM)
a,b<M Vaby/a'y albl k<M a,b<M/k ab k<M k &

and since wy satisfies f, up to replacing w by we and (a, ) by
(=8, —a), Lemma [10| gives
1

w(0) d [M—ax—ﬁy S Pz +u)P(y +u) dU}
0

(—a—pB)In M dxdy
+O(T(InL)*/L).

I?Q(G,ﬁ)::

r=y=0

Finally, due to the support of w, we can write (#)_2@&6) = T—2at+h) 4
O(1/L), which gives @y (0) = T2+AG(0) + O(T/L). =

Proof of Proposition . From and using Lemma we can write

1P(a, 8) = 17 (@, B) + T~ [P (=, —) + O(T(In L)* /L)

= I{ (o, B) + I (=B, —a) + I (=B, —a) [T 24D — 1]
+O(T(InL)*/L).
Finally, using and Lemma we have
1P (0, B) + TP (=B, —a) = B(0) + O(T(In L)*/L).

Combining these relations, we get the result. m

4. Effective proportion of zeros on the critical line. In this sec-
tion, we prove Corollary [I] From Theorem [I| we may deduce the following
theorem about the mollified second moment of L(f,s) and its derivative.

THEOREM 5. Let QQ be a polynomial with complex coefficients satisfying

Q0) =1. Let
V) = Q- g 42 )EU)
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. 1-26
Then, if v < 700 We have

T
| Vip(o0 +it)]* dt = c(P,Q,2R,v/2) + o(1)
1

1
T
where

11
(P.Q.rE) =1+ é f{exrs in (€765 Q(s + £2) Pz + )
00

We do not give the proof of this theorem, which is essentially the same
as the one in [Youl(, Theorem 1]. We refer to [Youl0, Sections 2 and 3] for
more details. Now, () is a polynomial with complex coefficients of the shape

2
] duds.
x=0

M
(34) Q(z) =1+ " A [(1 - 22)" — 1]
n=1
where M is a positive integer and (A1, ..., A\y) € RM.

Let N¢(T') (resp. N¢o(T)) be the number of non-trivial zeros p (resp. on
the critical line) of L(f,s) with 0 < Sp < T for f a holomorphic primitive
cusp form of even weight, square-free level and trivial character.

PROPOSITION 5. For f a holomorphic primitive cusp form of even weight,
square-free level and trivial character, and Q) as in , we have

T
3 1 Nf’U(T) 3 1 1 N 2

Hence, using Theorem [5], we get

.. Npo(T) .1
1 f—= >1— inf —Inc(P 2).
LN 2 AR @ R

The work of Kim and Sarnak [Kim03|] gives § = 7/64, so Theorem [5| gives
v = 5/27. The Ramanujan—Petersson conjecture (6 = 0) gives v = 1/4.

LeEMMA 12 ([Con89, Sect. 4]). We have

.1 1 1+ |w(1)? Aa
£~ Ine(P 2) = =1
el QR y2) =g n( 2t

where w(r) = ef*Q(r), A = Sé]w(m)ﬁd% B = S(l)w(x)w’(x) de, C =
Sé lw'(2)|2 dz and o = \/(B — B)? + 4AC/(24).

For empirical reasons, we restrict ourselves to polynomials @@ with real
coefficients of the shape

N

(35) Q(z) =1+ hy[(1—22)*" " 1]

n=1
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where N is a positive integer and (hy,...,hy) € RY. Then we get
Nyo(T 1 1 1)? AC
(36) lming 20 Sy ln< J”;( ) VAC )
tanh(g\/g)

T—o0 Nf(T) Qreal,R R
To obtain Corollary (1, we choose N = 4, R and @ as in where R, h1,
ho, hs, hy are given in the following table.

v=1/6 v=>5/27
R 6.6838894702116801322  6.4278834168344993342
hy  1.6017785744634898860  1.5898336242677838745
hy  —3.0362512753510924917  —2.8999828229132398066
hs  3.0757757634512927939  3.0171733454035522056
hy  —1.1407980564855935531  —1.1164150244992046552

v=1/4
R 5.6503610091685135131
h1 1.5369390514358411982
he  —2.7929104872905007806
hs 2.7758193765120241770
hs —1.0187870607687957034

5. Non-mollified second integral moment. This section contains
the proof of Theorem [2| For convenience, we set

Mya(o, 8) = | w(t)L(f,1/2+ o+ it)L(f,1/2 + B — it) dt

—0o0
where w satisfies f. Applying the approximate equation (Lemma [1])
and using previous notation, we can write
Mf72(a7 B) = IlD,ll (av ﬁ) + Iff (a7 /8) + If\,llDl (a7 ﬁ) + If\,llDQ (a7 ﬁ)
Proposition [2| and Corollary [5 allow us to bound the off-diagonal contribu-
tion so that
(37) Mya(o, ) = I} (@, B) + I} (o, B) + O(TV/240%%),
5.1. Diagonal contribution. We begin with a useful lemma.

LEMMA 13. The Laurent series of the meromorphic function s +—
LUXSS) ahout s = 1 can be written as
¢V (2s) N

L(fx f,1+5)

¢CM(2(1+s))

- “fs/2 +by/24 O(s).
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Proof. We have
L(fx f,1+s) 1 C(1+5) .
CWW%1+@)_ILW(L+T%)g@u+s»L@y Jils)

( s}j———~+0 )(L$ym2ﬁ1)+syﬁwm2ﬁ1y+0@%)
» (1_2%“)(5 ) (3+9+06)

¢(2)

An easy calculation gives the result. =

LEMMA 14. Let o, 8 < InT be complex numbers. Then

Dy B @ L(fx f,1+a+ 5+ 2s)
Iii(a,p) = Ié{w(t) Ress:o[ s Gou3(5:1) (M1 4+ a+ B+ 2s))
+0(TV?).

Proof. By the definition of Iff (a, B), we can write

Ap(m)As(n)
= R

= Sw(t)i S G(s)gaﬁ(s’t) Z M ds dt.
R

s mltat+B+2s
(o) m>1

Since L(f x f,s) = (™ (2s) Y om>1 Af(m)?/m?, for all positive real o we get

Dy B 1 G(s) L(f x f,14+a+B+2s)
1171 (o, B) = S’w(t) S S ga,ﬁ(s,t) C(N)(Q(l f o+ B+2s))

50 dsdt.
R (o)

If a + 8 # 0, we specialise

2 (a+B)%—(25)2

e P

) = 0. We move the integration line from Rs = o
+ (« + B /2, crossing a pole at s = 0. Thus,

Uxﬁ1+a+ﬁ+%)
dm@ﬂ+a+ﬁ+%»

G(s
in order to ensure GG ( —5
to s = —A with A = 1/4

IlD,ll (a7 ﬂ) = Ress 0[

+ O(T1 QA). n

In order to calculate the residue at s = 0 in the previous lemma, we split
our proof according to the multiplicity of this pole.

Double pole case. In this subsection, we assume a + 8 = 0. Then the
pole at s = 0 in the previous lemma has multiplicity 2.
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LEMMA 15. We have

G(s) L(f x f,1+a+ B+ 2s) ar tvN bs

R, §= )t =—1 R —_
“ 0[ s s N i atpry ) 2 M ) T2

Proof. We compute the following asymptotic behaviour at s = 0:

tVN\L(f x f,1+25)
("5 ) ot a0y

_UA%XEHP+2MnC;y>+O@%}FZ?+bM2+O@ﬁ
=”ﬂ+¥m0fv

These results prove Theorem [2] when o + 8 = 0. More precisely, by
1| and since Ifll(a,ﬂ) = Ill?f (v, B) in the case under consideration, the
ollowing corollary follows from Lemmas [14] and

>+?+O@J

COROLLARY 6. Let a« < L™1 be a complex number. For all ¢ > 0,
M¢o(o, —a) = ay S w(t)Intdt + by S w(t) dt + O(T1/2+9+5),
R R

Simple pole case. In this subsection, we assume that o + 5 # 0 and

G(s) = 682%. We also set w(t) = w(t)(#)_%ﬂrﬁ).

LEMMA 16. Let a, 3 < L™! be complex numbers. For all € > 0, we have

CL(fx fil+a+p) . Lifx f,l—a—-p) .
MpaleP) =i tatp) "0 a0 —a-p)

+ O(T1/2+9+6).

Proof. Since the pole at s = 0, which appears in Lemma is simple,
we have

G(s) L(fxfl+a+B+2s)]  L(fx[f1+a+p)

(ME1+a+rpf+2s)] 20 +a+s)’

Res,—g 9a,8(5,t)

Then, by Lemma [14]
Lifxfil+a+8) . 1
1P} (0, B) = ’ 0) + O(TY2).
Up to replacing w by ws, we have Iff(a, B) = Ill?ll(—,é’, —a), thus

IPH016) = Lo 0) + O(T2).

As a result, we obtain Theorem [2] when a + 8 # 0.
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COROLLARY 7. Let a, 8 < L™ be complex numbers. For all ¢ > 0, we
have

M;o(a, B) = ay jg:ow(t) Intdt + [bf +ay 1n(‘§)}@(0)

+O(|a + BT (InT)? + T/2+6+),
Proof. Thanks to Lemma the previous lemma gives

My s (a, B)
= 22 (@(0) - 20) + L (@(0) + D2(0) + OTha + 6] + TH20+9)
Furthermore,

()

w(t (1—2 a—i—ﬁ)ln(t;/f

= ©(0) — 2(a + ) | w(t) 1n<t*2/7iv
R

0=1e0
Hi >+O(|a+ﬁ]21n2t)>

) dt + O(ja + B> T In T).

An easy calculation gives the result. m

We remark that, up to replacing A = T/InT by T/(InT)?, we obtain
Corollary [3

5.2. Conjecture of Conrey, Farmer, Keating, Rubinstein and
Snaith. We can find in [CFK™T05] numerous conjectures related to integral
moments of L-functions. In particular, Conjecture 2.5.4 predicts the asymp-
totic behaviour of any even integral moment of a primitive L-function on
the critical line.

CONJECTURE 1. Let L(s) be a primitive L-function. Let k be a positive
integer. Then for any “suitable” weight function g, we have
oo o
| lca/2+a)Pgtydt = | Po(wn(@¥*t/2))(1+ O(t/*<))g(t) dt
—0o0 —00
where w and Q) are respectively the degree and the conductor of L, and Py
is an explicit polynomial of degree k>.

In this paper, we consider L-functions of holomorphic primitive cusp
forms of even weight, square-free level N and trivial character. The degree
of such an L-function is w = 2 and the conductor is Q = v'N /7 (cf. )
The following conjecture is a simple rewriting of Conjecture [1] in this case
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for the second integral moment and when ¢(t) = r(¢/T") with r a smooth
function compactly supported in [1,2].

CONJECTURE 2. Let f be a holomorphic primitive cusp forms of even
weight, square-free level N and trivial character. Then, for any ¢ > 0, we
have

_OSO |L(f,1/2 +it)|?g(t) dt = _ogo P, (2 ln<t\2/§)>g(t) dt + O(T"/%+¢)
with

_ L(f x f,1421—2) (22—21)*

Pi(@) = Gy by (M1 +2 —2)) 2123

|z1]=r1 |22]=r2

e3(1722) do dzg

for any small positive real numbers r1 and ro (namely rq + ro < 1).

In order to compare our Corollary [2| with this conjecture, we have to

. . (22—21)2 _ 1 2 1
compute P;. Choosing 1 # 19, and since e T + 2 we have

2 Lifx f,l+2z—2 1
Pl(x):(gmy § § (f xf 1 — 22)

|z1]=r1 |22]=r2 C(N)(Q(l + 21— 22)) 2122

_i § L(f x f,1— z9) ,%22@
2 (21— 2)) P

|z2|="T2

e3(:1722) g0 day

Moreover, since

L(f x f,1—2) —Zay _ —ay/2 22 _x, 2
(@1~ ) ¢ ‘< P A 2))(1 2+ 0 2)>

_ —ay/2 by xay 2
= +<2+ 1 + O(z3),

we obtain

a
Pl(.%') = Efa;‘ + bf.

To conclude, we can see that the main terms in Corollary [2]and Conjecture 2]
are similar and, assuming the Ramanujan—Petersson conjecture, the error
terms are also equal.
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