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Transcendence results on the generating functions of the
characteristic functions of certain self-generating sets, II

by

PETER BUNDSCHUH (K6ln) and KEIJO VAANANEN (Oulu)

1. Introduction and results. A few years ago, Dilcher and Stolarsky
[4, Definition 5.1] introduced the two power series

F(z):=142+22 425 +285 4284204210420 4222 ..
GR2) =142+ 422+ 22+ 204212 4 B 410 L7
with coefficients 0 and 1 only, defining holomorphic functions on D :=
{z € C : |z| < 1}. Here the infinite sequences of integers appearing in
the exponents are examples of so-called self-generating sequences.

The main aim of the present paper is to study the transcendence degree of
the field C(2)(F(z), F(z*), G(z),G(2*)) over C(z), and the analogous ques-
tion over Q if the variable z is specialized to non-zero algebraic points «
in D. By virtue of the relation

(1.2) F(2)G(z") — 2F(zYG(2) = 1,

which is formula (5.8) in [4], we immediately obtain the right-hand inequality
in

(1.1)

2 < trdegg(,) C(2)(F(2), F(zY),G(2),G(zY) < 3.
The left-hand inequality is a consequence of the algebraic independence over
C(2) of the functions G(z) and G(z*) proved first by Adamczewski [1], or
of that of F(z) and F(z*) obtained in [3, Theorem 1.11].
As our main result, we shall subsequently establish the following sharp-
ening of the algebraic independence results just quoted.

THEOREM 1.1. The functions F(z),G(2),G(z*) are algebraically inde-
pendent over C(z).

Clearly, by (1.2)), the same statement holds if we interchange F' and G.
Also, equivalent to Theorem is the following symmetrical formulation.
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THEOREM 1.2. One has
trdeg@(z) (C(Z)(F(Z), F(Z4), G(Z)v G(Z4)) = 3.

Combining this second formulation with a suitable algebraic indepen-
dence criterion, we can demonstrate the following arithmetical application
of our main result.

THEOREM 1.3. For any non-zero algebraic o € D,
trdegg Q(F(a), F(a¥), G(a), G(a®)) = 3.

This theorem together with implies that, for every non-zero alge-
braic a € D, any three of the four numbers F(a), F(a?),G(a), G(a?) are
algebraically independent. Moreover, it simultaneously improves on Adam-
czewski’s result in [I, Proposition 3.1] that, for the same «’s, the numbers
G(a) and G(a*) are algebraically independent, as well as on our F-analogue
in [3 Theorem 1.12].

Our paper is organized in such a way that we first prove Theorem in
Sec. 2. Next, in Sec. 3 we provide several preliminary results for the proper
proof of Theorem in Sec. 4. This proof uses an extension to three func-
tions of the elementary (or poor man’s) method we already applied in [2]
Theorem 1.3] and in [3, Theorem 1.11] to show the algebraic independence
of two functions over C(z). In the case of the function pairs F(z), F(z*), or
G(z),G(z*), one could use instead (as done in [I] for the second pair) the
procedure of Nishioka [5, Theorem 5.2] which is limited to only two functions.

To conclude this section, we briefly comment on some of the questions we
asked in [3, Problem 1.15]. Clearly, the algebraic independence of F(z) and
G(z) over C(z) is contained in our Theorem and its arithmetical ana-
logue in Theorem Nevertheless, one may be interested in direct proofs,
i.e., without detour via algebraic independence of more than two objects as
in the above theorems.

2. Proof of Theorem This proof essentially depends on an al-
gebraic independence criterion of Nishioka [0, Theorem 4.2.1] from whose
formulation we quote here only the homogeneous version.

LEMMA 2.1. Let K denote an algebraic number field, and let t € Z>o.
Suppose that fi,..., fm € K|[z]] converge in some disc U C D about the
origin, where they satisfy the matriz functional equation

T(fiE) - () = AR) - T(f(2), - fm(2))
with A(z) € Maty, (K (2)), T denoting the matriz transpose. If o is a non-

zero algebraic number in U such that none of the ot (j=0,1,...) is a pole
of the entries of A(z), then

(2.1)  trdegg Q(fi(a), ..., fm(a)) > trdegg () K(2)(f1(2),- .., fm(2)).



Transcendence results related to self-generating sets 241

Proof of Theorem 1.3. According to [4, Proposition 5.1], the functions F’
and G satisfy the system of linear homogeneous functional equations

F(z) = p(2)F(2") = 2*F ("),

2.2

22 2G(2) = p(2)G (1) — G(=19)
in D with

(2.3) p(z) =1+ 2+ 22

Set F(z*) =: I(2), G(z*) =: H(z). Then ({2.2) is equivalent to the matrix
functional equation

with
0 0 0 1
1

0 -z p(») 0

-z 0 0 2z7(2)
Thus, we may apply Lemma with K = Q, m = 4, (f1, fo, f3, fa) =
(F,G,H,I), t =4, U =D to obtain, for every non-zero algebraic o € D,
(24) trdeg@ Q(F(a)a F(Oé4), G(a)v G(Oé4))

> trdegg(.) Q(2)(F(2), F(z*), G(2), G(z")).
This concludes our proof of Theorem if we observe first that, according
to (1.2), the left-hand side of (2.4) cannot exceed 3, while the right-hand
side remains unchanged if we replace Q(z) by C(z) in both places, and
subsequently use Theorem .

3. Some preliminaries to the proof of Theorem [1 Recall that,
by the definition of H(z) after (2.3 , the second equation in , and equa-
tion (|1.2)), we have

G(z") = H(z), H(z")=—2G(2)+p(2)H(2),
(3.1)

with p(z) defined in . In this section, we consider the polynomial se-
quences (am (2))m>-1 and (b (2))m>—1 defined by

a— 1( ) 1 b_l(z) = 0,
ami1(2) = —2b(21), bpai1(2) = am(ZY) +p(2)bm(2Y)  (m>—1).

We note that if £(2) = @ (2)G(2) + b (2)H(2), then £(2*) = ami1(2)G(2)
+ bmt1(2)H(2), by (3.5)). In fact, this is the motivation for the above defi-

(3.2)
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nition. We also introduce the notation
(3:3) by = am(2)z + bm(2)y € Clz,2,y]  (m > -1),
in particular, /_; = x and £y = y. Moreover, we note that the substitution
z—= 24 =y, y— —zx+p(2)y in Ly, gives 1.

The following three lemmas will be useful.

LEMMA 3.1. We have ged(am(2),bm(z)) =1 for all m > —1. Moreover,
the degrees of am(z) and by, (z) are strictly increasing with m (> 0).

Proof. The claim concerning the degrees follows immediately from (|3.2)).
Further, z does not divide any b,,(z) (m > 0), and, by assuming

ged(am (2),bm(2)) =1,
we therefore obtain
8ed(am41(2), bn+1(2)) = ged (= 2bm (2), am (2*) + p(2)bm(2*))
= gcd(am(z4), bm(24)) =ged(am(2),bm(2)) (m=>0).
Thus ged(am(z), b (2)) = 1 for all m > —1 by induction. =

Before formulating the next lemmas, we note that if P(z, z,y) € Clz, z, y]
is homogeneous in z, y and non-zero, then also P(z*,y,¢1) # 0. Indeed, if

P(:.2.9) zpk ol kgt 20,

then, after some computatlons

SRy ZZ () (2429 p(z)F Tl yt =

k=0 j=0

L—k+ N
—Z(Z e P L e A T
k=0 “5=0

and so the assumption P(z% y,¢;) = 0 implies pr(z*) = pr_ 1( H=...=
po(z*) = 0, leading to P(z,x,y) = 0, a contradiction. Thus P(z%,y, 1) # 0

LEMMA 3.2. Assume that the polynomial P(z,z,y) € Clz,z,y] \ {0} is
homogeneous in x,y. Then Ly, | P(z,2,y) if and only if L1 | P(2%, 5y, 01).

Proof. If P(z,2,y) = {mP1(z,2,y), then P(2*,y,01) = b1 PL(24, y, 1)
as noted above. Thus, each factor ¢, of P(z,z,y) produces a factor £,,41
to P(z%,y,/1). Assume now that P(z,x,y) does not have a factor ¢, and
P24 y,01) = b1 Po(2z, 2, y) with some Py(z,2,y) € Clz, z,y].

Let
N

P(z,z,y) = ij(z)xij_j with all pj(z) € C[z].
j=0
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If x is not a factor of P(z,z y) then po(z) # 0. But this means that in

2y, 0) ij (—zz + p(2)y)"

the term 2V has a non-zero coeﬂ"l(:lent, and so y does not divide P(z*,y,¢1).
Thus m = —1 leads to a contradiction. Further, if y is not a factor of
P(z,z,y), then pn(z) # 0, and this means that all terms in the above sum
except pn(21)yY # 0 are divisible by /1. So we have a contradiction also if
m = 0.

We may now assume that m > 1 and

P(z,2,y) = 2'y" Y q;(2)aly™

where ¢;(z) € C[z] satisfy qo(2)qam(z) # 0 for M = N —t — u. Since we
assume that £, 1| P(2%,y, 1), we necessarily have M > 0. We may now

write
M

P(z,2,y) = 2"y qu (2) [ [ (= + 4;(2)v),
j=1
where the A;’s are non-zero algebraic functions. Since ¢, is not a factor of
P(z,z,y), we have

(3.4) A(z) #

Now we get

pemir=taor - e (501 )
j= J=

Since £,11 | P(2*,y,¢1), there must exist an index j such that
_(p(z) 1 o ben(e) (p(2) | am(2Y)
! < s zAj<z4>>y‘“ T L R W ey A
where we used definition (3.2). This gives A;(2?) = by (2%)/am(z?) and
therefore A;(2) = by, (2)/am(z), contradicting (3.4)). =

The following result is a consequence of the proof of [3 Theorem 1.11]
as we explain below.

LEMMA 3.3. Assume that P(z,z,y) € Clz,z,y]\ {0} is homogeneous in
x,y and

P(z,z,y) =Y pr(2)a" P,
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where ged(po(2),...,pr(2)) = 1. If L > 1, then the equality
s(z)P(z,2,y) = P(z",y,01)
with a polynomial s(z) is not possible.

Proof. A sketch of this proof is given at the end of [3]. Namely, the stated
equality is equivalent to

G5, |
(s = (0 (25T e oy = o.....)

as we saw before Lemma [3.2] By using these equalities and our assumption
on the coprimality of the p’s, we get the divisibility relation

s(2)| 2"

— see the Sketch of the proof of the G-analogue of Theorem 1.11 at the end
of [3]. This leads to a contradiction as in the proof of [3| Theorem 1.11] if we
just replace equation (5.9) there by our (3.5) and follow the proof there. m

4. Proof of Theorem Assume the contrary of Theorem
namely that the functions G(z), H(z) (= G(z%)), and F(z) are algebraically
dependent over C(z). We shall deduce a contradiction in four steps.

STEP 1: basic construction. By our assumption, there exists an irredu-
cible polynomial P(z,z,y,w)€C[z,z,y, w| such that P(z,G(z), H(z), F(z))
= 0. Let

U
P(z,z,y,w) = Z Pi(z,z,y)w®  with Py(z,x,y) # 0.
k=0
Since G(z) and H (z) are algebraically independent over C(z), we have U > 1.
Moreover, it follows from the transcendence of F'(z) that deg, , Px(2,z,y)
> 1 for at least one k. We now use to obtain

P4, G(Y), H(4), F ("))
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This yields another polynomial Q(z, z,y, w) with Q(z, G(2), H(z), F'(z)) =0,
namely

U
Q 2L, Y, W Z-Pk 25Y, =T +p(Z)y) (Z‘T)U k(yw - ]')k
U ,U-k .
- <Z 07 (Y )P R s plel) )t
k=0 " j=0

U

= Z Qk(zv z, y)wk
k=0

Note here that Qu(z,z,y) = yYPy(z*,y,41) # 0 by the remark before
Lemma Thus, there exists a polynomial S(z,z,y) # 0 such that
S(Z? $7 y)P(Z7 x? y7 w) = Q(z? x? y? w);

in particular,

(4.1) S(z,2,y)Pu(z,2,y) = y" Pu(z*,y,61)
and
(4.2)
S(vaa y)PU—l(Z7xay) = _UyU_lpU(Z47 yagl) + zny_lpU—l(Z4a 9751)-

By these two equations, we see that deg, , S(z,7,y) = U and

(43) S(Z,ﬂf7y) (yPUfl(vaay) + UPU(vauy)) = Zl‘yUPUfl(ZAuyaél)'

STEP 2: equation . To study (4.1)) in more detail, we separate the
homogeneous terms in S(z,z,y) and Py(z,x,y). So let

S(z,z,y) ZSzxy Py(z,z,y) ZPUszy

where Sj(z,z,y) and Py ;(z,x,y) are homogeneous of degree j in z,y (or
vanish), and Sy (z,z,y) # 0, Pyyv(z,z,y) # 0. Then (4.1)) gives

(44) SU(vaay>PU,V(Z7$>y) = yUPU,V(ZLlayagl)'
We may now write
SU(Z, x,y) = S(Z)yjo Z Sj('z)xij_JO_J = S(Z)?JJOSU,O(ZJU?J),
j=0
V—ko

Puy(z,2,y) =p(2)y™ Y pi(2)aly’ T = p(2)y* Pyyo(z, 2, y),
i=0
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where jo, ko are non-negative integers with jo + ko = U, and s(z),
p(2),sj(2),pj(z) are polynomials with ged(so(2),...,su—j,(2)) = 1 and
ged(po(2), ..., pv—iy(2)) = 1. Then (4.4) implies

(4.5) s(2)Svo(z, 2, y)P(2) Puvo(z,2,y) = Dz Puvo(*, y, 01).
If kg = 0, then jo = U and Syo(z,x,y) = 1, hence (4.5)) has the form
(4.6) s(2)p(2) Puvo(z, ,y) = (") Puvo(z*, v, &1).

Since ged(po(2), - -+, Py ko (2)) = 1, this gives p(2?) | s(2)p(2), say s(2)p(z) =
S(2)p(z*) with S(z) € C[z] \ {0}, whence
S(z)Puyo(z,2,y) = Puyo(zt,y, 01).
By Lemma this is possible only if V"= 0 and Py yo(z,z,y) = 1. Thus,
in the case kg = 0, we have
(47) SU(Z,Z’,Z/) = S(Z)yU7 PU’V(Z,Jf,y) 25(2)7 S(Z)ﬁ(Z) :]5(24)
In the case ko > 1, from (4.5) we obtain

Svo(z,2,y) = 6! Sua(z,2,y),  Povo(zz,y) =6 Puva(zz,y),
where j1 + k1 = ko (k1 = 0if V = ko); note here that ged(—z,p(z)) =1 for
the p(z) from (2.3)). By .,

(48) 3( )SU,l(Z,.%',y) ( )PU,VJ(Z,x, y) = ﬁ(24)£§1PU,V71(Z4,y,£1).
If ki = 0, then ji; = ko = U — jo and Sya(z,z,y) = 1. If k1 > 1, we
may continue in the same way to get a sequence of positive integers k; >

+ 2 km—1 such that if jo = k1 — k2, ..., jm—1 = km—2 — km—1, Jm = km—1
(= km—1 — km, where k,, = 0), then

SUJ(Z,ZL‘,y) = 6322 o 'EzTL"L? PUJ/}l(Z,ZL‘,ZU) = €]2€2 o 'Efnﬂi_llpU,V,m—l(zawvy)'
This holds since U = jo+ko =jo+j1+ki=-=Jotji+ " +Jm-1+Im
and ged(am(z), by (z)) = 1 for all m, by Lemma Now ([4.8]) implies
s(2)p(2) Puyvim—1(z,2,y) = p(z") Puvim—1(z*,y, 1),

but this is analogous to (4.6)), and therefore Lemma gives a contradiction

unless V — kg —--- — ky,—1 = 0, and in this case Py y,m—1(2,x,y) = 1. Thus,

we must have

(4.9) m

SU(Zaxvy):S(Z)y th PUV(Z z y ko Hé ﬁ(2’4),
=1

where jo+ -+ jm = U, kg + -+ + k1 = V. Next we shall use these
representations with . From the relation Py_1(z,x,y) # 0 is ob-
vious. Let us denote deg, , Py-1(2,z,y) =t N. If N <V —1, then is
impossible, whence N > V —1 holds, and we first deal with the case N > V.
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STEP 3: equation , case N > V. Note that in (4.7), V = 0, and
therefore the above condition N > V holds in this case. Let
N

Qn(z,7,y) = q(= Z 2)alyN T = q(2)Qn,-2(2, 7, y)

=0

be the highest homogeneous term in Py_q(z,z,y), where ¢(z) and the g;(2)
are polynomials with ged(qo(2),...,qn(z)) = 1. Then (4.2) gives

SU(Z, x, y)éN(Z7 x, y) = nyU71©N<z47 Y, 61)
The above equation and (4.9) mean that z is a factor of QN _2(z,z,9),
and so we may write QN —2(z,2,y) = QN —1(z,z,y) with a polynomial
QnN,—1(z,z,y), whence

m(HWI) 2QN,-1(z,2,9) = 2¢(")y" Qn -1 (2, y, 40).
Since U — jo = ko, we get Qn,—1(2,2,9) = y*™Qno(2,2,y), and therefore
(Hfﬁ) 2)Qno(z 2.) = 2 Quo(=" v, ).

By using the fact j1+k1 = ko, we may now write Qno(z, z,y) = €’f1QN,1(z, x,y)
and
mn .
s(2)(TT4")a(2)Qualz,2,9) = 2a(=)6 Qi (24,9, 60),
i=2
Repeating this (and recalling j,, = k;,—1) we come to the equation

5(2)4(2)QNm—1(z,2,y) = 2q(z")Qnm-1(z",y, 01).
As in the case of (4.6 ., we now apply Lemma [3.3] E toobtain N =1+ko+---
+kn1=V+1and Qnm— 1(2 x,y) = 1. Therefore s(z)q(z) = zq(z*) and,
by ({ . or ., we have s(2)p(z) = p(z*). If we denote, for a moment,
deg s(z) = d, degp(z) = p, and degq(z) = ¢, then d+p =4p and d+ q =
1 + 4q. This implies 3(p — q) = 1, a contradiction.

STEP 4: case N =V — 1. In this case, by (4.2]) and (4.9),

Ay (T16)@ntz ) + Uy 5 [T 4 = 2y Qn (4 . ).
i=1 i=1
Therefore @N(z,x,y) = y”UQ*N,O(z,:c,y), where ng > U — 1 — jg = kg — 1
and y is not a factor of Q}k\w(z, x,y). Thus
(4.10) m
s(z)y™~ kOH(HWZ)QNO(z z,y)+Up(z Hf = 2wl Qy o(2 Ly, b).

=1
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Let us assume first that ng = ko +J, J > 0. Then deg, , Q} o(2, z,y) =
N—-—ky—-J=V—-k-1-J=k+- --+kn1—1—J. By j1+ k1 = ko,

1' implies that Q}‘\Lo(z, x,y) = Zlle"]‘m(z, x,y), which is possible only if
ko+- -+ kn_1—1—J >0, otherwise we have a contradiction. Substituting

this to (4.10) we obtain
- ;. « ~ i ki *
sy (T16) Qrazmy) + UG [T 67 = 2ot Qi (2., 1),

i=2 i=2
Let t be the greatest index such that k; + -+ 4+ k-1 — 1 — J > 0 (then
certainly t < m — 1). By continuing as above, we get

Qn1(2 2, y) (ka)QNt 1(z,2,9),

degaz,y Q?V,t—l(z’xay) = kt +--+ k’m,1 -1-J< kt,

and

m

S(Z)yHJ(Hfﬁ)QNt 1(z,2,y) + Up(z Hf o

i—t
ki—1 x
= ng{gtt 1QN,t—1(Z47ya£1)-

Thus Eft must divide Q% ,_;(2,z,y). But this is impossible since we have
deg, , Q}‘M(z,x,y) < k. Thus, the assumption ng > kg gives a contradic-
tion.

Our final task is to prove that also the case ng = ky — 1 leads to a

contradiction. In this case, (4.10) has the form
(4.11) m
(Hﬁﬁ)QNo(z 2,y) + Up(z Hé =zl Qo2 y ),

where y is not a factor of QN’O(z, z,y). By Lemma we know that ¢; is
not a factor of Q}"V’O(z‘l, y,01). Thus QY o(z, 2, y) = élfﬁl@N’l(z, x,y), where
Qv 1(2,7,y) is not divisible by ¢1. By (4.11)),

m

s(2)(T16") Qualz..m) + Upz zlﬂw b= sl Qua iy ),

=2
where /(5 is not a factor of Qu1(2% y,¢1) by Lemma Repeating this
argument we obtain

m—1

Quaza.y) = ([T 47" Qvm-a(z2.0).

=2
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where the polynomial Qy m—1(z,x,y) is not divisible by £,,_;. By substitut-
ing this into the above equation we have

S(z)ezﬁn@]\ﬂm—l(zv z, y) + Uﬁ<24)£1 o gm—lgﬁlm_l
= ngfnm_l_léN,m—l(z47yagl)'

This is a cogtradiction since j,, = km—1, and Lemma (3.2 says that £, is not
a factor of Qu m—1(2%,y,¢1). Thus, Theorem is proved. =
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