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Congruences of Ankeny—Artin—Chowla type and
the p-adic class number formula revisited

by

FRANTISEK MARKO (Hazleton, PA)

1. Introduction. A simple form of the celebrated Ankeny—Artin—
Chowla congruence states the following. Let K be a real quadratic num-
ber field of prime discriminant p = 1 (mod 4), h be the class number of K,
¢ = (T'+Uy/p)/2 > 1 be the fundamental unit of K, and B(,_;)/» be the
((p — 1)/2)th Bernoulli number. Denote Q = U/T'. Then

Qh = B(,_1y/2 (mod p).

Jakubec and his collaborators generalized this result to congruences for
cyclic totally real fields modulo p, p? and p? in [6-9, 12} 13} [16]. The method
developed by Jakubec was purely elementary and algebraic; no analytic
techniques were used. The purpose of this paper is to formulate these con-
gruences in full generality and to prove them using the p-adic class number
formula.

The p-adic class number formula states the following. Let K be a number
field of degree n and discriminant d(K), h(K) be the class number of K,
R,(K) be the p-adic regulator of K, xx be a character of K, and Ly(s, xk)
be the corresponding p-adic L-function. Then

PO RK) _ 1T 1
d(K) Xgl p(1Xx)

As a consequence of our work, it turns out that the work of Jakubec
et al. amounts to an elementary algebraic proof of the p-adic class number
formula modulo p? and the method of Jakubec provides a framework for
analogous proofs modulo higher powers of p.

To explain our main result, we need to introduce some notation and
briefly outline the method of Jakubec. The reader is advised to consult
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the references to fill in the missing details. Let p be an odd prime, ¢, =
cos(27/p) + isin(2w/p) be a primitive pth root of unity and n = ¢, + ¢,
L = Q(n) be the maximal real subfield of Q((,) of degree m = (p —1)/2
over Q, and K be a cyclic subfield of Q((,) of degree n over Q. Write
k = (p—1)/n and denote by o an automorphism that generates the Galois
group Gal(Q((p)/Q). Denote by Q,, the p-adic completion of Q, by K, the
p-adic completion of K, and by Q,((,) the p-adic completion of Q((,).

Let 7 be the unique element of Q,((,) which satisfies 77~1 = —p and
(p—1 = (mod 7?), and let w € Q, be the (p — 1)th root of unity given by
o(m) = wr. Then ¢, = Zf;g a;m", where a; € Q. Assign to 7 the polynomial

m—1
= E 2aiXm_1_’.
=0

Fix a unit 4 € K of index f coprime to p and write § = Z”fl xlﬁKi, where
Br = Tro,)/x(Cp) is the Gauss period of the field K. Assign to 0 the
polynomial

X) _ Z aki(w() + xlwkzi + .’L‘szki 4t xn_lw(n—l)k:i)Xn—l—i.

The following statement is the main result of our paper.

THEOREM 1.1. Let p = 1 (mod 4). Choose a unit § in K of index f
coprime to p and denote by S, the sum of the rth powers of the roots of
pr(X) and by T, the sum of the (rk/2)th powers of the roots of pr(X).
Then

h(K) n—1 , oo o Sr+ - B n—1 , oo ‘ 'Tr+ .
m P (;;(—wpg )=+ (jZOHVP’T won )
2) = jEH(Z e ke 1)")05,7»)7
where
1=0

h(K) is the class number of the field K, and Baj is the (2j)th Bernoulli
number.

Next, we will explain the connection of this result to the work of Jakubec
and describe the content of our paper. For a fixed positive integer t, the
above result implies a congruence of Ankeny—Artin—Chowla type modulo p?,
analogous to congruences derived earlier by Jakubec et al.
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Choose an integer a that is a primitive root modulo p’ such that the
automorphism o is given by o(¢,) = ¢ and denote
g= aptfl‘

In [4], Jakubec introduced an element 7x; € K such that N /g(mk,1) =
(—1)"pand o(7k,1) = gmk,1 (mod 77?;7“11) and determined the expansion of a
Gauss period S8x modulo ﬂ?{ﬁl. Later, in [5], he observed that for any fixed
natural number ¢, it is possible to define 7 ¢ € K such that Ny o(mkt) =
(—1)"p and o(7k+) = gk, (mod 773??1). In Section |2, we will show that
instead of various elements g ; of K corresponding to different values ¢ it
is more natural to consider K embedded into its p-adic completion K, in
which case all elements 7 ; are restrictions of a single element mx € K,
that satisfies 7} = —p. An explicit formula for 7x is also given.

In [6] and [§], the elements 7 1 together with the existence of a certain
morphism were used to derive congruences of Ankeny—Artin—Chowla type
for cyclic totally real fields K modulo p. In [7], these congruences were
extended modulo p? with the help of an obscure map ®. The clarification of
the role of @ for congruences modulo p? was given in [12], modulo p? in [16],
and the general case was settled in [17]. In [9], a connection of this approach
with expansion of (, modulo 72P~1 was revealed. Motivated by this, the
expansion of ¢, modulo 73P~2 was found in [10]. In our p-adic setting, this
expansion of (, is given as ¢, = Zf;g a;mt for a; € Qp. Expansions of ¢,
modulo p’ can be derived explicitly by truncating the Dwork series E(X) =
exp(mX — 7XP). In Section |3| we show how the expansion of ¢, modulo p’
follows from the Gross—Koblitz formula and illustrate it explicitly modulo p?.

In Section [4] we derive generalized Kummer congruences using p-adic
interpolation, and in Section [p| we identify one side of the congruences of
Ankeny—Artin—Chowla type derived by Jakubec as a product of the p-adic
L-functions corresponding to nontrivial characters y of the field K consid-
ered modulo appropriate powers of p. The other side of these congruences
is identified in Section [6] with the p-adic regulator of K. This explains how
the p-adic class number formula is related to the method of Jakubec.

Under some simplifying assumptions, the method of Jakubec provides
a simple and purely elementary proof of . An elementary proof of
modulo p? was established in [9] and [12], and modulo p? in [16] and [13].
Undoubtedly, an analogous elementary proof of exists modulo higher
powers of p.

Finally, to illustrate the above results, an explicit formula for a quadratic
field K and an explicit congruence modulo p* for a cubic field K are given
in Section [8



284 F. Marko

2. Elements mg. In this section only, assume that K is an arbitrary
subfield of Q((p). Recall that n = [K : Q] and kn = p — 1. The
prime p is totally ramified in Q({,) and factors as p = pP~!, where
p=(1-¢). Thus p is totally ramified in K and p = p} for a unique
divisor px of K.

Recall the previous definition of ¢ and denote g, = g* so that ¢ =
(mod p') for each n dividing p — 1.

[4, Theorem| and [5, p. 106] show the existence of elements mg; € K,
unique modulo p}‘(tﬂ, satisfying

(1) Ngjo(rre) = (=1)"p,

(ii) o(mr+) = gnmi (mod 77?“[1), and

(iii) Bx = > 1y ﬁﬂ}(’t (mod 77}?;1).

[16, Lemma 1.1] asserts that additionally, if K; and K are two subfields of
Q(Cp) of degrees n; and ng respectively such that K; C Ky and g, ; and
Tk, satisfy (i)-(iii), then

_ _ma/n1
TKt = 7TK27t (

Observe that @, contains all roots of unity of order n because n divides
p— 1.

LEMMA 2.1. There is a unique element mx € K, satisfying ny = —p and

Bk = E?:_Dl (kil),ﬂ}{ (mod p). Moreover, Ng, /g, (TK) = (=1)"p, o(mk) =
Wik and T, = ﬂ?é/m for subfields Ko C K1 C Q((p) of degrees ny and nq,

respectively.

Proof. First we show the existence of a unique 7 € Q,((,) that satisfies
w1 = —pand (, — 1 = 7 (mod 72). By [1} p. 158], we have W =-1
(mod p). Applying [I8, Lemma 5.30] with m =p—1,a =p, b = 1 — (,
n = —1 and ¢ = —p we obtain the existence of II € Q,((,) satisfying
IIP~1 = —p. There are p — 1 elements IT satisfying ITP~! = —p; they dif-
fer by scalar factors that are (p — 1)th roots of unity (belonging to Q),
and they are permuted by the automorphism o. The element 7 is then
uniquely determined by the requirements that 77! = —p and Gp—l=mn
(mod 72).

Set mg = mF. Then 7k is a root of the polynomial X" + p that
splits completely over Q,(mx) because Q, contains all roots of unity of
order n (since n divides p — 1). Since [Q,(7x) : Qp] = n, we obtain
K, = Qp(7x) and 7 € K,. Moreover, T generates the local ideal pg,
of Kp.
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Define a character 6 by 0(g) = o(m)/m = w, wP~! =1, and the corre-
sponding Gauss sums by 7(6%) = Zp 201(5)¢]. Write G = Zf:_g a;m and
compute the trace of the expression

1—1 —2
;(Cp—ao—alﬂ—---—ai_lﬂ ):ai+ai+17r+---+ap_27rp

Using Ter(Cp)/Qp(ﬂi) =0fori=1,...,p— 2 we find that (p — 1)a; =
7(67%) /', Then [2, Theorem 11.2.10] (a p-adic version of Stickelberger’s

congruence) implies ¢, = > 1~ 02 Zl,w’ (mod p). Finally, taking the trace of the

last expression we conclude that Sx = Y 1 01 0 k]z),w % (mod p). The remaining

assertions are immediate. m

The previous lemma shows that the main result of [4] is essentially a
“disguised” Stickelberger’s congruence. It also implies that Ng,)/x(m) =
(_1)k+17rk.

The connection between the elements 7, [I6, Lemma 1.1] and Lem-
ma which is the p-adic version of [16, Lemma 1.1], is explained in the
next lemma.

The number E = ({, — 1)P~!/p is a unit of the field Q(¢,) such that
E =1 (mod (¢, — 1)) and EP' =1 (mod p’) for each natural number i.

t—1_ ...
LEMMA 2.2. We have g = (—l)kHNQ(gp)/K((Cp — 1)EP At
and lim;_,o Ti 1 = T with respect to the p-adic metric.

Proof. Using [I1, Lemma 1] we verify that m = (¢, — 1)EP" +-tptl
satisfies conditions (i)-(iii) for the field Q(¢,) and 7¥~!' = —p (mod pt).
Moreover, the congruences EP' = 1 (mod p) imply that 7, = 7, (mod p't)
for t > t1, showing the existence of the p-adic limit lim;_,oo m = IT € Qp((p)
for which ITP~* = —p and (, = 1 + II (mod II?); this proves the claim in
the case K = Q((p). In the general case, Tx; = (—1)"‘+1NQ(CP)/K(7T,5) and
Wé{t = 7F (mod p') by [16], proof of Lemma 1.1]. This implies lim; TRt =
T =TK. n

For this reason, it is more natural to work in the p-adic completions K,
rather than in K itself.

3. Expansions of (;, modulo powers of 7. Define
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In the proof of Lemma it was established that ¢, = Zf:_oQ %,77Z
(mod 7P~1). Papers [9] and [I0] give explicit congruences for ¢, modulo
7%~1 and 7372, respectively.

Recall the definition of the Dwork series E (X) = exp(nX — nXP).
By [14, Theorem 14.3.2], we have E (1) = (,. To obtain a representa-
tion for ¢, modulo a power of p, it is possible to appropriately truncate
the above Dwork series. For example, according to [14, Lemma 14.2.2],
to obtain a congruence modulo p? it suffices to truncate E,(X) modulo
X2(p+1)+1

A more explicit approach is to use the representation

A W AW
Cp—;<p_1 ! >7T
derived earlier and the Gross—Koblitz formula. According to [2], (11.2.12)],
this formula states that 7(0~%)/n* = —Fp(p%l), where I)(z) is the p-adic
Gamma function.
To explain this approach, we now derive an explicit congruence for ¢,
modulo p*. For simplicity assume that p = 1 (mod 4). Then L,—1 = 0
(mod p) and also H,_; =0 (mod p). Furthermore, since

S | g
— — 2
2Ap_1 = Z (Z + > = pz m = _pHp—l =0 (mod P ),

—1
i=1 p i=1

we also have A, 1 =0 (mod p?).

PROPOSITION 3.1. Let p =1 (mod 4) be a prime. Then

p—2
G = Zcp,l,mz (mod p*),
i=0
where
. i . 2 . Z(Z B 1) 2
¢ =il(=1)"(1—ipW +p*| —iW + TW

.
. <1 —}-p(iAi_l NG . )ZAp_1>

. Sf A2 Hiq\  (i—1)i(2i—1)
+p? (zAi_l +22< 5 L 5 > — 1 Hp_1>

A? H;_ A3 A, 1H;—y L
3(:4. -2 i—1 1—1 .3 i—1 4l 1413—1 i—1
+p <1A2_1—H < 5 5 >+z ( G 5 + 3 )))
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Proof. 1t is enough to find certain values of p-adic Gamma functions
modulo p*. We have

F(l—i) F<1+w>—F(1+i(1+p+p2+p3))
p—1 p—1 P
i(14+p+p2+p?)
=— J] J modp?)
j=1

) j)=1
We write ®.3)

IR T
jH(2p3+1p2+1p+d)

p d=1
= i!(l + ipA;_1 + ip2Ai_1 + izp ( A Hz 1) +ip Az 1
+14%p? (3 A7 tH; 1) +i3p ( A§—1 - %Ailez’fl‘F%Lifl)) (mod p*)
and
p—1
1] (ap® + bp* + cp+ d)
d=1
=(p-— 1)!(1 + cpAp—1 + bp2Ap,1 + 2p? ( A Hp 1) + ap Ap 1
+bep® (3451 — 3 Hp1) + PP (5451 — %Ap—al—l T %LP—1)>
= (=14 pW)(1+ cpAp—1 — c2p2%Hp_1) (mod p*).
Next,
i—1 p—1
HH ip® + ip? + cp + d)
c=0d=1
i—1
= (—1+pW) z1_[ (1+ cpA,— 1 —p 2Hp 1)
c=0
: 11— 1) 1—1)i(2¢ —1
= (-1+pW)’ <1 + (2)pAp_1 - ()é) zéHp-1> (mod p*)
and
p—1p—1 p—1
H H(ap3 +bp?Fep+d) = (=14 pW)P H (14 cpAp_1 — Pp*LH, )
c=0d=1 c=0
= (=1 +pW)? (mod p*).
Consequently,

i—1p—1p—1

H H H(ip3 +bp* 4+ ep+d) = (=14 pW)P (mod p*)
b=0 c=0 d=1
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and
i—1 p—1p—1p—1

TTIT T T (@’ + b9® + o+ d) = (=1 + pW)*" (mod p).
a=0b=0 ¢=0 d=1
Combining all together we get

i
rn(1—
p( p—1>

| L e
= —(-1 +pW>“1+p+p2>z'!<1+ ( . iy, - E-Di&i-1) )p2§Hp1>

6

: (1 +ipAi_ +ip* Ay +i7p? (3AT — LH ) +ipP A

+4i%p? (347 - $H, 1) + i3p3(%A?_1 — 1A, 1 Hia+ %Lz’—1>) (mod p?),
and the statement follows. =

Using [14, Theorem 14.1.3], which implies I}, (5;57) Ip(1 — 547) = (—1)%,
we see immediately that the above proposition extends the expansions of ¢,
obtained in [9] and [10]. Hence the representation of ¢, modulo p’ follows
from the Gross-Koblitz formula.

4. Generalized Kummer congruences and p-adic L-functions. In
this section we derive a formula relating values of p-adic L-functions at 1 to
generalized Kummer congruences.

PROPOSITION 4.1. Let x = 0% be a nontrivial character corresponding
to a field K (that is, 1 < j <n—1). Then

[e.9]

o s 1
Ly(1,Y) 223_0:(_1)8j<j D
where
_ _ZS C1ys—I( S Biktip-1) _ ik H-D)-1y = o (1 s

1=0
Proof. From the construction of the p-adic L-function (see [19, Theo-
rem 5.11]) corresponding to y we have
B ; .

Lo(1 = (ns )k, ) = = B (1 g8,
The sequence of negative integers {—us; = 1—(ns+j)k = 1—jk—(p—1)s}32,
is dense in the set Z, of p-adic integers. Therefore L,(X,x) is the unique
continuous function f(X) on Z, that satisfies

B jk+(p—1)s i “1)s—
1 k -1 — __IrmpTl)S kt(p—1)s—1y
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Using p-adic interpolation as in [3, pp. 322 and 333], we obtain
f(X) - ZKSQS(X)7
s=0
where
Py(X) = (X =14jk)(X =1+ jk+(p—1))- - (X =1+jk+(s—1)(p—1)),
Py(1 —jk —s(p—1)) = (=1)’sl(p — 1)°,
Py(1—jk—1l(p—1)) = (=1)'Ii(s = D(p - 1)°,

_ Py(X)
Q:(X) = 5% =T
and
_ S Ps(lfjkfs(pil)) o )
- 1=0 P (1—jk—1(p— 1))f(1 jk—1(p—1))

__y Ul o 1) Bty jhHp-1)-
L (=D)(s = Dp — 1)® jk i—;(p = 1)(1 — pIhHe=D=1)

=0
=y ()
— l)jk+1lp—1)

In particular,

_ (Uk)(GE+kn) - (jk+(s—1)kn)
Qs(1) = (—1)s1(kn)®
and

sJU+n)---(+(s—1)n)
slns

= (-1)

(J+n)--(+(s—1n)
slns

Ly(1,x) = £(1) = Y (~1)*2 C,.

s=0

The generalized Kummer congruence (see [3, Corollary 6 of Theorem 7])

- s(T Bl s(p—1 —1+s(p— T
S0 (1) e () =0 (mod )
5=0

which is valid for [ not divisible by p — 1 concludes the proof. m

5. p-adic logarithms. In [7], [9] and [13], explicit formulas for specific
sums of roots of polynomials corresponding to expansions of (, were ob-
tained. We will show how these expressions correspond to p-adic logarithms
of units.

Let p(X) = aoX? + a1 X% +--- + aq be a polynomial of degree d that
has roots Ay, ..., Aq. For each j, define s; = A + --- 4+ X}, to be the sum of
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the jth powers of the roots of p(X). Recall that in the Introduction we have
assigned to a unit 6 € K the polynomial px (X) and have denoted by S, the
sum of the rth powers of the roots of px(X).

LEMMA 5.1. Let § € K be a unit such that 6 = dy + dywg + -+ +
dn_lﬂ?{l, where d; € Kp, and p(X) = do X" V4 dy X" 2 4o +dy_q be
the corresponding polynomial of degree n — 1. Then

oo

;S
S, = _1)d r+jn _ rkzl 50’
= S M

forr=1,....,n—1.
PTOOf. For i = 0’ s 1 let )\17i7 ceey )‘n—17i be the roots Of
pi(X) = do)(n_1 + dlwkan_Q 4t dn_lw(n—l)ki

and s;; be the sum of the jth powers of these roots. Using Newton’s formulas

and induction we verify that Srtjnyi = sr+jn70wk” fori,r=1,...,n—1 and
each j. Lemma implies 67" = d()(l —Aimi) - (1= Ap—1,imk ). Then
) n—1 oo 7_[_ 0o 7'("7
log, (07") = log,(do) + Y ZA % =log,(do) + ) sji—
=1 j=1 j=1 J
Sn,0 252n,0 i 554n,0
e 1 d —pn—= — . _1 I 2S5 .
ng(o)+< p— =+ (1P it >
n—1 oo s
J j 2l+gn,0 lkl l
S S
=1 5=0
Since Zz "o w* =0 and ¢ is a unit, we obtain

0= log,(1) = Zlogp(éai)

S S . .8,
= nlog,(do) +n(_p:{0 —i—pQ% 4o g (_1)]])]%;0 +>

Therefore we can write simply

n—1 oo

Sl 0 i
logp 60’ ZZ ] j +]7l wlkzﬂ,lK

=1 j=0

and

0
S

Z rkzlogp 50 :nz ] j Sr+jn,0 TK .

, = r+jn
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We will apply the previous lemma to the case when K = L and § =

Cp—i-Cpl Since § = 713, where 1y = C(p 1/2+§p+1 /2 , we have
m—1 m—1 - WQT p—1 ' .
w P og,(67) = Y w i log, (8" ) = 52w M log,(n3)
i=0 i=0 i=1
p—1
x(2 ‘
= XS ) o (G772 + 1),
j=1
where w?"" = y(2¢) for a nontrivial even character x = 62" belonging to L.

Rewrite the expression

p—1
X(;) X()logy (G772 + /%)
j=1
p—1
= X33 oy 1 ) ~ o1 - )
7j=1
p—1
- & —1) D _x(5)log,(1 - () = e ; = T?)f) fr(1:x)
7j=1

according to [19, Theorem 5.18].

Assume now that ¢, = Zf:_oQ a;m'. Then ¢, + (1 = S agimh and
p(X) = apX™ 1+ asX™ 2+ ..+ ag;,_o is the polynomial corresponding to
d. According to Lemma [5.1] applied to L and 4, the corresponding S, equals

A T e = SR (2 e

by [19, Lemmas 4.7 and 4.8] and the Gross-Koblitz formula.
We have proved the following proposition.

PROPOSITION 5.1. Let ¢, = ffg a;m, let M, ..., Am—1 be the roots of
p(X) =2a0X™ 1 + 205 X™ 2 -+ 2a9,, 9 and let s, = N] + -+ N4
Then forr=1,...,m —1 we have

e St 2r _ p2r r
Sy S B EE (2 g

T+ Jim p—1 p—1

j=0

= (07(2) — 07" (4))azr Lp(1, 6%").
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6. p-adic regulator. In Proposition [5.1] we have applied Lemma[5.1] to
the field L and explained the appearance of p-adic L-functions in the context
of Jakubec’s work. We now apply Lemma to the field K and a suitable
unit € to obtain a relationship to the p—adic regulator of K.

Assume as before that ¢, = Zl 02 am Using the properties of the ele-
ment 7, we see that Sx = kzz o kT

n—1

PROPOSITION 6.1. Let e = """, xiBK be a unit in K of index f,
X) = k?zaki(ﬂﬂo FawF 4 g g MOk 1

d(K) be the discriminant and R,(K) be the p-adic requlator of the field K.
If n is odd, then

n—1 oo n—1
_ o Sey R,(K)
1 (n—1)/2 | | § —1)ipJ Sr+jn — f P .
) e j:O( ) r+jn n"2? | Jd(K)

If n is even, then
- %> n—1
per iy S _ I Ry(E)
(-1 ( >1;[g r+jn  nn2 d(K)

Proof. Since

e=k Z agi(zo + $1wki + wa%i + -+ xn,lw(”_l)ki)ﬂi

K>
the polynomial p(X') corresponds to e. By Lemma
o0
j j Srtin (g oi
—1)7p? = 6~ "%(g") 1
jgo( )pr—i-jn nmhe Z J10g,(<”)
1
=— D x(p)log,(<")
K peGal(k/Q)
for r =1,...,n — 1, where x(c?) = #7"%(g") is a nontrivial character corre-
sponding to the field K.
Therefore
n—1 oo n—1

[T > - ] — () log, €”).

r=1 5=0 r=1 K peGal(K/Q)
If n is odd, then the last expression equals

— n—1 R K
I (n 1)/2 H Z x(p)log,(e”) = (—1)( 1)/2:;1_2 Z( K)
XK #1 p€Gal(K/Q) (K)

n’l’b
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by [19, Theorem 3.11, Lemma 5.26 and p. 74]. As usual, since R,(K) is
determined only up to a sign, we can choose it suitably and obtain the
desired equality.
If n is even, then
n—1

il 11 1 1 —I(1/2)

T (P (2T
by the Gross-Koblitz formula and [2, Theorem 1.3.4] because 7(0™) = |/p.
The second statement follows. m

We remark that I3,(1/2) is a fourth root of unity which is a primitive
root in the case p =1 (mod 4).

7. p-adic class number formula

PROPOSITION 7.1. Let p =1 (mod 4) and p(X) be a polynomial corre-
sponding to Ny, k(¢ + Cp_l) and s, be the sum of the rth powers of its roots.
Then

° . Spliin - r 1 r .

>0y 2 )~ 0 2)) 1 () 1,0

§=0

If n is odd, then
n—1 oo
e R 1

1)(n-1/2 H Z(_l)Jp]r—F;H = T3 H Ly(1,xK).

r=1;j=0 XK #1

If n is even, then

n—1 oo
( n/21—1 ( > H Z 5r+]'n _ 2n_11 _ H Lp(l,XK).
=120 r+Jn n N
Proof. If (, = Y '~ OQaZ ¢  then the polynomial pr(X) = 2aoX™ ! +
200 X™ 2 4+ 4 2a9m_2 Corresponds to ¢ + C L Denote the sum of the
ith powers of its roots by sz, ;. Using Newton’s formulas and Lemma m we
verify that s, = (k/2)sp kr/2 for each 7 = 1,...,n — 1. Therefore the first
statement follows from Proposition
According to [14, Theorem 14.1.3], the condition p = 1 (mod 4) im-
plies that [['Z] I},(r/n) equals (—1)»~1Y/2 if n is odd, and it equals
(—1)"271T,(1/2) if n is even. Since [T e (4)—xx (2) = 17=; W w2k km)
=nand 1/I,(1/2) = —I,(1/2), the claims follow. =

7.1. Proof of Theorem According to [15, Theorem 1], it is pos-
sible to choose a unit € € K of index f coprime to p. (If n = [ is an odd prime,
then K has a Minkowski unit of index 1, that is, its conjugations generate
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the group of units of the field K modulo +1.) Therefore the existence of a
unit § from the statement of Theorem is guaranteed.
For equation use Propositions and and the p-adic class num-

ber formula

on— lh(
d(K) = 11 2030
XK #1

(see |19, Theorem 5.24]). Equation ({2 follows from Proposition n

7.2. Elementary proof of equation of Theorem We will
give an elementary proof of following an idea of Jakubec. For this
part, for simplicity, we will also assume that every nontrivial nth power
residue is congruent to a power of 2 modulo p. This guarantees that nx =
Np/r(p+¢, 1) generates the group of cyclotomic units of K. In particular,
if g = 2 is a primitive root modulo p, then by [19, Proposition 8.11], the
unit

=2 1- Cp?
p 1— Cp

generates the group C(L) of cyclotomic units of L.

Proof of (l) The unit nx = Ny k(¢ + ¢, 1) generates the group of
cyclotomic units of K and the group <n{<> generated by conjugations of nK

is contained in the group (J) generated by conjugation of §. Moreover, the
index e equals [(6) : (€)] = f*2h(K) and if we write

77{( _ 5000.(5)01 . ‘O_n—Q((S)cn,g’

=P+ ) = (I G2

then [15, Lemma 1] implies e = ‘H?;ll a;|, where

a; = co+ Wk 4 4 cp_gw IR

For the polynomial p(X) assigned to 77{0 we compute the quantity

n—1 ') s )
(—1)Ip? )
I (S

On the one hand, it is equal to
n—1 , o T
n—1 jj trtin
_1)ipI )
TS )
r=1 “j=0
On the other hand, since each s; equals «;S;, it also equals

oS ) - = T(Ser 22) -

Jj=0 7=0
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If n is a prime, it is possible to remove the ambiguity of the sign in
Theorem 1.1] (see e.g. [6]). Also, if n is a prime, then K contains a Minkowski
unit ¢ (for which f = 1) and Theorem is equivalent to the p-adic class
number formula. The advantage of this refomulation is that it is possible to
find its elementary and explicit form modulo powers of p, in particular [9]
contains its explicit form modulo p? and [13] modulo p3.

In [9], Jakubec formulated the basic idea of his elementary approach to
Theorem modulo p? with the help of some obscure map ®. An explicit
formula in the case modulo p? was subsequently obtained in [I2]. Exten-
sion of this result to the case modulo p was prepared by [16] and carried
out in [I3]. The reference to the map ® was removed in the general case
modulo p’ under some natural integrality conditions in [I7].

8. Explicit formulas

8.1. Quadratic field

PROPOSITION 8.1. Let p =1 (mod 4), K be a quadratic field and € =
T +U,/p>1 beits fundamental unit, and let Q = U/T. Then

vt . & (F)
h(K)szHpJ =2 i K
=0 =0

where

J .
B 4 .
s ) j7+21

Proof. Following [7, p. 297], use Propositions and u Theorem
and Proposition .

If we consider the above proposition modulo p, we obtain the classi-
cal Ankeny—Artin—Chowla congruence (see the introduction above or [19,
Theorem 5.37]). Explicit versions of the above congruence modulo p? was
obtained in [I2] and modulo p? in [13].

8.2. Cubic field. As an illustration, we give an explicit congruence for
a cubic field K modulo p?.
PROPOSITION 8.2. Let p =1 (mod 4), n = 3 and § = Z?:_ol xiﬁ}f(i be
a unit of K of index f coprime to p. Set
xo + xlw(pfl)/'?’ _|_ $2w2(p71)/3 X0 + x1w2(p71)/3 _|_ $2w(p71)/3
e = s €9 = 5
! xo+ X1+ X2 2 xo + X1+ T2

and denote by J a Jacobi sum J(H_(p_l)/g,H_(p_l)/?’) corresponding to a
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cubic character 0~ ®=1/3_ Then
h(K)
/
- [e1 +p(Jef + defes + 207 1e3) + p*(J2e] + TJefes + 1defes + 7 terel)

+p(Jter! + 11J%eles + 44.J%e]e3 + TTJeles + b5eies + 11T tered)]
- [Je + 2e2 + p(J?e} + B5Jetes + Beres)

+ p2(J3el + 8T%€8es + 20J¢el el + 16263 + 2T Led)

+p3(Ttert + 11.7%ees + 44.J%e]e3 + TTJeles + b5eies + 11T tered)]

B, 1 B By 2 ( By By . Bry
i_k:+3m<k 4]<;>+9m<k 24/&7/@)

B B B B
81<8k gk | g DTk 10k>:|

k 4k Tk 10k
[ Bay, <sz B5k> 5 (BQk o Bsk B8k>

ok 5k Bk % “hk sk

40 (B B B B
+ — (%—35k+38k— Hk)] (mod p?).

Proof. Using Theorem we can compute S; from the quadratic poly-
nomial

X2 4 T,(1/3)e1 X 4 I)(2/3)ea = X2 +ye1 X — eyt
where v = I},(1/3). Since 7 = J, Newton’s formulas imply
_Slf)/_l = €1,

Soy = Je% + 2e9,
1

9

Syyt = Jel +4edey + 27713,

—S5y = J?%3 + 5Jeles + bepes,

L= Sl 4 TJeled + 1463l + 1T ered,

=57y
Sgy = J3e§ + 8.J%eSes 4 20.Jeled 4 16€2e3 + 27 Les,
S1077 ! = J2el® + 10028 ey 4 35J€0e3 + 50etes + 25 Lees + 20263,
—S11y = Jrell +11J3eJey + 44%e]e3 4 TTJee3 + 5beies + 117 Leqes,
and the claim follows. =

There are similar formulas modulo higher powers of p that relate h(K), f,
Bernoulli numbers, e, eo and the cubic Jacobi sum J. The cubic Jacobi sum
is determined explicitly in [2, Section 3.1] as J = (r3 +is3v/3)/2, where
4p =13 +27s% and r3 = 1 (mod 3). Additionally, J =1 = (r3 —is3v/2)/(2p).
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8.3. Other fields. To obtain explicit congruences for fields K of higher

degrees n, we need to understand the fundamental units of K. This is known
only for special types of fields of degree higher than 3, say for quintic fields
of Lehmer’s type. Congruences modulo p? for these types of fields were
investigated in [12]. As in the case of the cubic field K above, the explicit
congruences involve coefficients

xo + T1wh + zow?Fi 4. 4 xn_lw(”_l)ki
To+ -+ Xp-1

and Jacobi sums of order n.

(10]
(11]
(12]
(13]
(14]
(15]
[16]
(17]

18]
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