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Small prime solutions of ternary linear equations
by

JiaNyA Liv (Jinan) and KAl-MAN TSANG (Hong Kong)

1. Introduction. For any integer n, we consider the ternary linear
equation
(1.1) a1p1 + azp2 + azps = n,

where p; are prime variables and the coefficients a; are non-zero integers.
A necessary condition for the solubility of (1.1) is

(1.2) a1 + az + a3 = n mod 2.

We also suppose

(1.3) (ai,a;) =1, (aj,n)=1 forl1<i<j<3,

and write A = max{2,|a1],|az|, |as|}. The main result of this paper is the
following.

THEOREM 1.1. Assume (1.2) and (1.3).

(i) If a1,a9,as are not all of the same sign, then (1.1) has solutions in
primes p; satisfying
lajlp; < |n| + Alaragas|®?1og? A.
(ii) If a1,ae,as are all positive, then (1.1) is soluble whenever
n>> A(a1a2a3)5/2 log?¢ A.

It follows from the above theorem that, in case (i), (1.1) has prime solu-
tions satisfying p; < |n| + A'/210g?® A, and in case (ii), (1.1) is soluble in
primes p; if n > Al7/210g20 A.

This problem was first raised and investigated by Baker in his well known

work [1]. In the case when condition (1.3) is relaxed to that any three of
a1, a2, as,n are relatively prime, the problem was settled qualitatively by
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M. C. Liu and Tsang [10]. In Choi [2] the bound A*!%° was obtained in place
of those in our Theorem 1.1. The number 4190 was subsequently reduced
to 45 by M. C. Liu and Wang [12], and then to 38 by Li [8]. Under the
Generalized Riemann Hypothesis, Choi, M. C. Liu, and Tsang [3] reduced
the constant to 5 + €.

We prove our theorem by the circle method, and the idea will be ex-
plained in §2. At this stage, we point out that in contrast to the earlier
works [2], [10], [11], [12], which treated the enlarged major arcs by the
Deuring—Heilbronn phenomenon, we show that under the stronger condi-
tion (1.3), the possible existence of Siegel’s zero does not have special influ-
ence and hence the Deuring—Heilbronn phenomenon can be avoided. This
observation enables us to get better results without using heavy numerical
computations.

NOTATION. As usual, p(n), pu(n) and A(n) stand for the functions of
Euler, M&bius and von Mangoldt respectively, and 7(n) is the divisor func-
tion. We use y mod ¢ and x° mod ¢ to denote a Dirichlet character and the
principal character modulo ¢, and L(s, x) is the Dirichlet L-function. r ~ R
means 2 < r < 2R. The letters ¢ and c¢; denote absolute positive constants,
but the value of ¢ without subscript may vary at different places. The letter
¢ denotes a positive constant which is arbitrarily small.

2. Outline of the method. Denote by r(n) the weighted number of
solutions of (1.1), that is

r(n) = > (log p1)(log p2) (log p3),

n=aipi+azp2+asps
M<|ajlp; <N
where M = N/200. We will estimate r(n) by the circle method. To this end,
we set

(2.1) P=(N/A?®,  L=1logN, Q=N/(PL?.

By Dirichlet’s lemma on rational approximation, each a € [1/Q,1 + 1/Q)]
may be written in the form

(2.2) a=alqg+ A, | <1/(qQ),

for some integers a,q with 1 < a < ¢ < @ and (a,q) = 1. We denote by
M(q, a) the set of o satisfying (2.2) and write 9 for the union of all these ma-
jor arcs, that is, those M(q, a) with 1 < a < ¢ < P and (a,q) = 1. It follows
from 2P < @ that these major arcs M(a, q) are mutually disjoint. Define,
as usual, the minor arcs m to be the complement of 9 in [1/Q,1+ 1/Q].
Let
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Si(a) = Z (logp)e(a;pa).

M<]a;|p<N
Then we have
141/Q
(2.3) rin)= | Si(a)Sa(a)Ss(a)e(—na)da = | +1.
1/Q mom

The integral over the major arcs 91 causes the main difficulty, which is
handled by the following.

THEOREM 2.1. Assume (1.3). Let P, Q) be defined by (2.1). Then

(2.4) S)gn51<a)52(oz)S:-;(cv)e(—m) da = &(n, P)3(n) + O<W)’

where &(n, P) and J(n) are defined in (2.5) and (2.6) respectively.

The proof of this theorem forms the bulk of this paper, in §§3-5. The
quality of our bounds in Theorem 1.1 depends on the size of our major
arcs which, as can be seen in (2.1), are quite large. The key observation is
that under the assumption (1.3), we can save one negative power of ry in
Lemma 3.1 below. With this saving, (2.4) can be derived from a hybrid esti-
mate for Dirichlet polynomials (Lemma 3.4 below), Heath-Brown’s identity,
Gallagher’s lemma, and classical results on the distribution of the zeros of
L-functions.

To derive Theorem 1.1 from Theorem 2.1, we need to bound &(n, P)
and J(n) from below. For x mod ¢, define

q
_ ah
Cloa) =3 xme( D), Cla.a) = 0o
h=1
If x1, x2, x3 are characters modulo g, we write

q
h
B(Qa X1, X2, X3) = Z e(_?n>C(X17 CLlh)C(XQ, a2h)C(X37 a3h)7

h=1
(h)=1
_ 0.0 .0 _ B(qg)
B(q) = Bla:x"x"»x ),  Alg) = 2

Note that the functions B(q) and A(q) depend also on aj, ag, ag and n,
which are fixed throughout, but we do not make this explicit for simplicity.
Finally, define

(2.5) S(n,z) = Ag).
q<z
The following two results are Lemmas 4.4 and 7.2 of [10].
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LEMMA 2.2. Assuming (1.2), we have &(n,P) > ¢ for some absolute
constant c1 > 0.

LEMMA 2.3. Suppose (1.3) and
(i) the a;’s are not all of the same sign and N > 3|n|; or
(ii) the a;’s are all positive and N = n.
Then
N2
2.6 J(n) = 1= .
(2.6) (n) > (a1 a2aa]

aimitagma+azms=n
M<laj|m;<N

We now derive Theorem 1.1 from Theorem 2.1 and Lemmas 2.2 and 2.3.

Proof of Theorem 1.1. We start from (2.3) and let N; = N/|a;|. To
estimate the integral over m, we appeal to Lemma 7.1 in [10]:

(2.7)  Ss(a) < L*(NsP~/2|ag|'/? + N;/° + N3/2Q'/?) < NL*/\/]as|P.

Also, we have the following mean-value estimate:

1+1/Q
| 1Sj(@)?da < LN,
1/Q
which in combination with Schwarz’s inequality gives
1+1/Q
LN
(2.8) | 151(0)S2(a)| da <

1/Q Viewaa]
It therefore follows from (2.7) and (2.8) that
N2LP
[
|a1azas| P

The contribution from the major arcs is estimated in Theorem 2.1 and,
together with (2.9), gives

(2.9)

r(n)zG(n,P)ﬁ(n)—l—O( N? NPLP )

+
lajagas|L V/|arazas|P
With conditions (i) or (ii) in Lemma 2.3, we deduce from Lemmas 2.2, 2.3
and the above formula that
N2

r(n) > ———
la1azas|
provided that P > L'%%4|ajasas|, or equivalently, N > AL%|ajaza3|/?.
This proves Theorem 1.1. =
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3. Proof of Theorem 2.1: preliminaries. In this section, we give
four lemmas pertaining to the proof of Theorem 2.1.

LEMMA 3.1. Let q and m be positive integers.

(i) If x mod q is a character, then

1C(x,m)| < (g,m)"2¢"/2.

(i) Let xj mod r; with j =1,2,3 be primitive characters, ro = [r1,r2,r3),
and X° be the principal character modulo q. Then

2
r
Z ’B(q7X1X07X2XO7X3XO)’ < 0 V <w,7’0) 10g2 xz;

= ©%(ro)

Tolq

©*(q)

here and throughout w = |ajazasn|.

Proof. (i) Let x mod ¢ be induced by the primitive character x* mod ¢*.
Write ¢ = q1q2 with (¢2,¢*) =1 and p|q1 = p|¢*. Then, by [6, p. 450],

Coom) =x" ((mn?q) >Y* (q*(sl, q))” <q*(§% q)) w(J((sl), q)) coc )

if ¢* = q1/(q1, m); otherwise C'(x, m) = 0.

We first establish our assertion in the special case that ¢ is a power of a
prime, say ¢ = p®. In this case we must have ¢; = p® and g2 = 1. Let ¢* = p°
and p? || m. We may suppose v < a, since otherwise p divides m/(m, ¢) and

hence
m
X ——= ] =0,
((m,q)>

which gives C(x,m) = 0. Also, we only have to consider the case ¢* =
q1/(q1,m), that is,

5:C¥—’}/,

since otherwise we have C'(x, m) = 0 again. Finally, we have

(6%
Clvm)l < 22D o, 1)) < 72 = /22 = (g m)t2g 2
e(p*7)

This proves our assertion in the special case ¢ = p®.

The general case can be established by decomposing C(x,m) accord-
ing to the canonical factorization of x mod g and then using the Chinese
remainder theorem.

(ii) By Lemma 4.5 in [10], we have

B(q, x1x", x2x" x3x°) = B(ro, xax", x2x", x3x°) B(q/r0)

if (ro,q/ro) = 1; and it vanishes otherwise. Here we note that the moduli of
the principal characters in the above functions B(-) on the right hand side
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are 1o and q/ro respectively. It therefore follows that

1
B1) Y =B xaix" xex’ xax°)|

= )
rolq 1
= 300 B(ro, xix% xax® xax”)l Y [Ag)l-
7 q<z/ro
(ro,q)=1

Now the argument of Lemma 4.4(1) in [10] gives
(3.2) Z |A(q)| < log? z.

q<z

It remains, therefore, to estimate B(rg, x1x°, x2x°, x3X°)-
By the definition of C(x, m), we have C(x, mh) = x(h)C(x, m). Conse-
quently,

B(ro, x1x°, x2x°; x3x?)

0 nh
= > 6(_%>C(X1X07alh)C(X2X07a2h)C(X3X07a3h)
h=1
(h,ro)=1
= C(x1x°, a1)C(x2x"s a2) C(xsx", as) C (X1 X2 X3x"s —n).
Now (i) and (1.3) gives

|B(ro, x1x", x2x”, x3x")| < 15/ (a1, 7o) (az, 0) (a3, 7o) (n,70) = 131/ (w0, 7o),
which together with (3.2) and (3.1) yields the desired result. m
Recall Nj = N/|a;| for j =1,2,3, and set

M
Mj:m, V(A= > elaymh),
J M<|ajlm<N
and
(3.3) Wi, A)= > (logp)x(p)elasph) =& > elaym),
M<laj|p<N M<lajlm<N

where 6, =1 or 0 according as x is principal or not. Define

(3.4) D Z max W06 Al

R ST/
and for any positive integer g,

33 Kem = NEE S mepa)

r~R xmodr |A<1/(rQ)
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where Z; modr 18 over all the primitive characters modulo r. To prove our

Theorem 2.1, we need the following two key lemmas which will be proved
in §5.

LEMMA 3.2. For P, QQ satisfyz’ng (2 1), we have

(i) Kj(g,R) < g~ '/ (@, 9)7(9)7(@)VN |a;| 'L if R< P,

(it) Kj(g,R) < g~ 'V(@,g)7 \/_Iagl 'L if R< NV,

LEMMA 3.3. Let P, Q be as in (2.1). We have

(i) J;(R) < 7(w)R™Y*Nla;|~'L¢ if R< P,

(i) J;(R) < R~Y4N|a;|~' L™ for any large constant cz if R < N0,
These two lemmas depend on a hybrid estimate for Dirichlet polynomials

(Lemma 3.4 below). Let X%/° <Y < X and Dy, ..., Dyg be positive integers
such that

(3.6) 270y < Dy---Dyg< X and 2Ds,...,2D10 < X'/5.
For j =1,...,10, define

logm ifj=1,
(3.7) bj(m)=141 ifj=2,...,5,

w(im) if j=6,...,10,

where p(n) is the Mobius function. For any Dirichlet character y and com-
plex variable s, define the functions

fls = 3 WA
m~D;

and

(3.8) Fp(s,x) = fi(s,x) -+ fio(s, x),

where D = (Dy,...,Djyp). The following hybrid estimate for Fp(s,x) is
Lemma 2.1 in [9]. The parameter d in (3.9) is crucial for our iterative argu-
ment in §4.

LEMMA 3.4. Let Fp(s,x) be defined as above. Then for any 1 < R < X?

and T > 0,
< + it, X>‘dt

39 > Z S
2
<<{R—T+ R T1/2X3/10+X1/2}1og X.

r~R xmodr T
d|r
d d1/2



86 J. Y. Liu and K. M. Tsang

4. Proof of Theorem 2.1: an iterative method. Introducing Dirich-
let characters, we can express the exponential sum S;(«) as (see for example

[4, §26, (2)])

h C(q,a;h 1
5,5 +3) = CEE v 4 o B Ol W) =Ty + Uy
q e(q) plg) =
xmodgq
say. Thus,
(4.1) | S1(e)Sa(a)Ss(a)e(—na)da =Ty + I + Iz + I,
m

where Iy, I1, Is, I are the contributions from, respectively,

TT>Ts,

U ToT5 + ThUSTs 4+ T ThUs,

U UT5 + UyThUs + T1 U5 Us,

U UUs.
We shall now show that Iy contains the main term for ng and Iy, 15, I3
constitute the error term.

LEMMA 4.1. For j =1,2,3, we have

O | V)P dr < Nlag| %,
[AI<1/12a;]

) | VO)2dA< N
[AI<1/2

Proof. By definition of V;(\),

N.
| viyPa= > | elm=mha;))dr < ’—J’
AT/ 120, Mj<m,m'<N; \<1/|2a;] “

Part (ii) follows from (i) and the fact that V;()) has period |a;|7!.

LEMMA 4.2. For (2A)~! < |\| < 1/2, we have

max ([la;All) > 1/(24).
7j=1,23
Proof. For j =1,2,3, let 3; = |la;A|| and aj\ = nj £ (;, where n; are
integers. If the three rational numbers n;/a; are all the same, then since
(a1,a2,a3) = 1 they must be all equal to an integer k. Furthermore k& must
be equal to zero, for otherwise, from
B b1

A=2 A 22
al al al
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we have |\| > |k| —1/2 > 1/2, which is a contradiction. Hence

B = |a;A| >%, j=1,2,3.
This yields the desired bound.
On the other hand, if the three rational numbers n;/a; are not all the
same, ni/a; # na/ag, say, then

b B2

ai a2

max(&ﬁﬁ(i " i) >

la1|  laz]) ~ laras|

The desired bound again follows in this case. »

Hence

By definition, I is equal to

(42) Zﬁ% [ ViOVaOVa(W)e(—nA) .
q<P [A<1/(qQ)

We begin by extending the above integral to the interval [—1/2,1/2] in
two steps. First, by the obvious bound V;(\) < |la;A|™! = |a;A|7! for
|IA| <1/(2A), we have

| Vi()Va(W)Va(A)e(~nA) dX

1/(aQ)<IN<1/(24) d\ (4Q)?
S < a

< .
) larazaz|\® " |aiazas]

1/(aQ)<[A<1/(24
In view of (2.1) and (3.2), the error this contributes to Iy in (4.2) is
< N?(Llajagas])~!, which is acceptable. Next, by the bound Vj(A) <
la; A"t and Lemma 4.2, we have

| Vi) )Va(Ne(—nA) dA
1/(24)<|A|<1/2
<A ) | Vi)V dx < AN,
1<i<j<3 |A[<1/2

by Lemma 4.1(ii) and Schwarz’s inequality. Clearly, the contribution of this
to (4.2) is negligible. Hence we find that

_ B(q) o N2
o= q;) e KSW Vi Va(A Vs (A)e(—nA) dA + O <7Lla1a2a3| )

In view of (2.6) and (2.5), this yields the main term on the right hand side
of (2.4).
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We now turn to the terms in I, Is, and I3. The main feature in these
terms is that each of them has at least one factor of U; and this is precisely
the source of the saving of a factor L™ in Lemma 3.3(ii). We explain our
strategy below by treating in detail the most complicated case, viz. I3, and
then indicate briefly the treatment for I and I;.

Reducing the characters in I3 into primitive characters, we have

q,X17X2,X3)
Bl=|> > > X T
q<P x1 modgq x2 modq x3modgq
x| W0, MWalxe, A Wa(xs, Ae(—nA) dA
IAI<1/(¢4@Q)
<

B’
> Z Z! 7, x1x°, )((;)X ,x3XY)|

r; <P x;modr; ¢<P

Tolq
L IGax® MWl M Ws(xax®, A dA,
IAI<1/(qQ)
where
IIED DD IED SN D DD )
ri <P r1<Pro<Prs<P xi mod r; x1 modry x2 modra x3 modrs
X" is the principal character modulo ¢ and 79 = [r1,72,73]. For ¢ < P

and M < |ajlp < N, we have (¢,p) = 1. Using this and (3.3), we see

that W;(x; X% N = W;(x;j,A) for the primitive characters x; above. Conse-
quently, by Lemma 3.1(ii) we have

@3) <Y Y Vo 00, MW, A Ws(xs, A)l dA
ri<P x;mod i [A[<1/(roQ)

B 0 0 0
« 3 |B(q, x1x", x2x”s x3x")|

3
= ©*(q)
Tolq
\/ 1 70)
<LPy Y
r; <P

x Y S (W1 (x1, A)Wa(xz, A)Ws(xs, A)| dA
x: modr; [A\|<1/(roQ)

< L% max I3(Ry, Ry, R3),
R1,R2,R3<P

where
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(44) L(RLBRu Ry =Y. > Y Vi@ o)

ri~Rj ro~R2 r3~R3

< > b IWila, AWalxe, AWa(xs, )] dA.
xi modr; |A|<1/(roQ)

Without loss of generality, suppose R; > Rp,R3. In the integral in
I3(R1, R2, R3), we take out |[Wi(x1,A)| and then use Schwarz’s inequality
to get

(4.5)  |I3(R1, R2, R3)|
W A
<Y 3 e Wi, Al

r1~R1 x1 modry

> Z*{ | wateypa)”

ro~Ry x2modry  |A|<1/(r2Q)
@,70) 1/2
o EDL S ez}
rg~Rs x3modrz  [A<1/(r3Q)
‘We now consider two cases.

Cask (I): Ry > NY/10 The innermost sum over rs in I3(R1, Ro, R3) is
Ks([r1,72], R3). Applying the bound in Lemma 3.2(i) twice then yields

(4.6)  I3(R1, Ra, R3)
< Z Z max |W1(X17)\)‘

ALl
ri~R1 x1 modry A=t/

D S

ro~R2 xamodry  |A\<1/(r2Q)

o Y@ lrural) oo VN
[7“1,7"2] |as]
< 7( Z Z IAISI?ﬂ}T(lQ) |W1(x1, )| Ka(r1, Ry)

ri~R1 x1 modr

ZV )OS e (W)L

< 73 (w)
[A<1/(mQ)

’(Iz&g’ ri~Ry x1 mod ry
In the above, we have used the fact that 7([r1,72]) < [r1,7m2]° < Rj.

The last double sum above is Ji(R;1), which we estimate by the bound
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in Lemma 3.3(i). This leads to
N2 N2—a
< ,
larazas| — |aiazas]

I3(R17 R27 R3) < 7—3(73)R;:71/4

in view of 7(w) <« w® <« N¢ and our assumption that R; > N/10 in this
case.

CASE (II): Ry < N'/19. The procedure here is the same as in Case (I),
except that we use the alternative bounds in Lemmas 3.2, 3.3 in which 7(w)
does not appear. In this way, we get

N2
I3(R1, Re, R3) < —————
3(Fu, Bg, By) < |ayagas|Le3

for any constant c3 > 0.

Inserting these two cases into (4.5) and then into (4.3), we obtain
N2
I3 < ——r
5™ Jajagas|L’
as desired.

The treatment for the terms in Io is similar. For instance, the contribu-
tion of U115Us3 is

@n <y Y 7”?,7“,)

r<Pr3<P

< >3 W NV W, ) da

x1modry xz3modrs [A|<1/(r'Q)

( 7’) * *
<P max 303 YT 3TN

ri~R1 r3s~R3 x1 modry x3 modrs

X S (W1 (x1, A)Va(A)Ws(x3, A)| dA,
M<L1/(r'Q)

where r' = [r1,r3]. Without loss of generality, assume R; > Rs. Then the
inner integral is

9 1/2
(4.8) < omax N [ 1o)Pa
AI<1/(r1Q) NS1/Q

1/2
X { | |W3(X3,)\)\2d)\} .
IN<1/(rsQ)
By Lemma 4.1(i) (note that 1/Q < 1/|2az|) we see that the right hand side
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of (4.7) is

s VN
<1l laa| ReSii<P Z Z \)\|<1/ |W1(X1’ MK (r1, Ry),
r1~R1 x1 modry

which can be handled as before by considering separately the cases R; <
N0 and Ry > N1/10,

The treatment of the three terms in I; is even simpler, requiring only
Lemma 4.1(i) twice and Lemma 3.3. This completes the proof of Theo-
rem 2.1.

5. Bounds for K; and J;. Let
Wi06A) = Y (Am)x(m) — dy)e(a;mA).
M<|ajlm<N
Then
(5.1)  W;(6A) = Wik A)

==> > (logp)x(p)e(a;p*)) < /Nj.

k>2 M<‘aj ‘kaN

The contributions of this error term /N; to J; and K are

<<\/F]Z V (w,r) and RN Z

r~R r~R
respectively. Estimating these by using (5.8), (5.9), (5.20) and (5.22) below,
we see that these are negligible in comparison with our bounds for J; and K.
We shall henceforth replace W; by W; in J; and Kj.

Proof of Lemma 3.3. To the sum
(5.2) S Am)x(m), u< N,

M;ij<m<u

in J;, we apply Heath-Brown’s identity (see Lemma 1 in [7]) with k = 5,
which states that

5
5) P
A(m) = Z (]) (—1)j 1 Z (log ml),u(mjurl) e ﬂ(mgj).
i=1 mi---moj=m
’ mg‘+1,-~7m2]j§u1/5

Dividing the summation range for each m; into dyadic intervals of the form
(Dj,2D;), where Dq,..., Dy satisfy the conditions in (3.6) with ¥ = M;



92 J. Y. Liu and K. M. Tsang

and X = Nj, we see that the sum in (5.2) is equal to > o(u; D) with

o(u; D) == Z Z bi(m1)x(ma) - - bio(mio)x(mio).
mi~D1  mio~Dio
Mj<mi--mio<u
Here the functions b; are defined in (3.7) and )y is the summation over
all the vectors D = (D, ..., Djo) which satisfy (3.6). By the definition of
Fp(s, x) in (3.8) and by using Perron’s summation formula (see, for example,
Lemma 3.12 in [14]), we have

141/ L+4T s s
u® — M; 9
o(u;D) = — S F(s,x) —=ds+ O(L?)
211 ] S
141/L—iT
where T' = Nj.
As usual, we shift the path of integration to the vertical line Re(s) = 1/2
(note that Fp(s,x) is a Dirichlet polynomial and hence has no poles) and
estimate the contributions on the two horizontal segments as

N«

UO'
ma; F + T, — K ma;
x |Fp(o X)| T < N T

1/2<0<1+1/L
on using the trivial estimate
Fp(o +iT, x) < |fi(o £4T, x)| - [fio(o £ T, x)|
< (Dy7°L)Dy ™7 -+ Dyy7 < N °L.
Then we find that

1 T 1 1/ 2+t _ /2t
. ‘D)= — 2 — ) J L2 .
(53)  o(wD) = _ST D<2+n,x> T dt + O(L?)

We may assume that R > 1 so that the primitive character xy mod r is
not principal and d,, = 0. Then

N;
Wi = > Am)x(m)e(amd) = > | e(azu) d(o(u; D))
M;<m<Nj D M;
15 1 v - it
= XD: o _STFD (5 +it, x> ]é u™ P e(auN) du dt

()

+ O{(1+ [A|N)L"?}.

The inner integral over u is equal to

N; ;

S u%e (— logu + aj/\u> du,
27

M;
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which we now estimate by means of Lemmas 4.3 and 4.5 of [14]. Let T =
47 N/(RQ) = 4nPL/R. Since

(s Eoasls
—( =—logu+aju || =|— +a;
du\2r 81T oru 7 = 4N,

for |t| > Tp, and

d? B ¢
T2 —logu~|—aj)\u = "5

2]
el 29
27rNj

we have
N;

_ t
(5.4) S u 1/26<%10gu+aj)\u> du

J

< VN /It + 1 for |t| < To,
Vv N;/t] for Ty < |t| < T.
Therefore,
dt
(5.5) max (G| < /N Z{ S < + it, X> ‘ —_—
IAI<1/(rQ H<To Vit +1
dt NL'?
Fp t —_—
+ (2“ X) |1t|}+ RQ
To<|t|<N;
Thus,
(5.6) Y > max W)
rf\‘JR x mod r M<1/( TQ
d|r

< mLzD;{%cTZ S0 A

(2 + it X> ’ dt
r~R xmodr |¢t|~Y

d|r
<2+zt X>'dt}+ o0 1

T0<Z<N Z Z Z S
Applying now Lemma 3.4 with X = IV;, the above is

r~R xmodr |t|~Z
d|r

R? R 45
. — VIoN; + — N N; | LC.
Notice that for any function H(r),
V(w,7r) 1
(5.8) > S H() < 3 > VA |H(r)
r~R dlw r~R

d<R d|r
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Hence by (5.7) and the definition of J;(R) in (3.4),
1 TON ) 4/5
Jj(R)<<EZ<\/ - R?+ RN, —I—\/_N>

< 7(w)(y/RPN; + N;° + R™Y2N))L°

In view of the assumption that R < P < N, ]2 / 5, this yields the bound in
Lemma 3.3(i).

To prove the alternative bound for J;(R) in Lemma 3.3(ii), we note
trivially that

(5.9) r (@, r) < r V2
Hence by (5.7) and definition (3.4),
Ji(R) < R™V*{R*\/TyN; + RN,/® + N} L*
< {R\/PN; + VRN + RTV2N;} L.

This yields the desired bound in Lemma 3.3(ii) provided (in addition to
the condition R <« NV 10) that R is greater than a sufficiently large power
of L.

It remains, therefore, to consider the situation when R < L% for any
large constant c4. In this case we shall obtain the bound

(5.10) Ji(R) < |£e><p{ cL'/PY,
a;

which is good enough.
We begin with the explicit formula (see [4, pp. 109 and 120])

(5.11) W;UA )= u—lle:T“—;+o{ (%H) 1og2(ruT)},

where ¢ = (3 4 i7y is a typical non-trivial zero of the function L(s,x) and
T is a parameter satisfying 2 < T' < w. Taking 7" = M, in (5.11) and then
inserting it into W;(x, A), we get

Nj
(5:12) WA = § elaun)a{ 3 (Am)x(m) -6, |
M, n<u

=- > g u?te(ajul) du+ O{(1 4 [\[N)L?}.
|v|<T M;
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The last integral is bounded in the same way as in (5.4) and we have

N;j N;j
S ug—le(aju)\) du = S uﬁ—le<2llogu+aj)\u> du
M; M; "
B NPJVITHT if || < T,
NP/l if Ty < |y < T,

where, as before, Ty = 47 N/(RQ). Applying this to (5.12) we have

(5.13) )<Y ST Ao W50V

r~R x modr

Yy Yy A

r~Rxmodr |y|<Ty
g

* N;
2,2, ) prRRD
r~R xmodr To<|y|<N; h/|

=t Y Hi+ Y Hy+RPL?
r~R r~R

say. The last term above is clearly acceptable.

Vinogradov’s zero-free region (see Satz VIIL.6.2 in Prachar [13]) states
that for any x mod r, there exists a constant ¢5 > 0 such that L(o+it, x) # 0
in the region
Cs

oc>1-—
logr + log/>(|t| + 2)

except for the possible Siegel zero. However, for r < L the Siegel zero does
not exist. It follows that L(s,x) is zero-free for o > 1 — n(7) and [t| < T,
where 1(7) = ¢5/(2log?® 7). Consequently, the inner sum in Hy is

1
< N1 n(N;) Z < Nj exp{——log1/5N},
[v|<N; ’ | 3

and
Hy; < N; exp{——logl/5 }
Recall that R < L, so the contribution of Hy to J;(R) is acceptable.

Finally, we bound the remaining sum involving H;, by using the zero-
density theorem that
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S N(x7) < (rr)* 1=/ (log pr)?,

x mod r

where N(x,7) denotes the number of zeros ¢ = [ + iy of L(s,x) with
o< pB<1, |yl <7.Then

H, <<Lgl§a7337 Z Z Nﬂ

xmodr |y|~Z
1 1-n(2)
10 - o 3(1-0)/(2—0)
< L glgajg(c) 77 S N7 (rZ) do,
1/2
by Stieltjes integration. The exponent of Z here is

31—0) 1

$o)=——— 3

which is positive when o < 4/5 and is negative when o > 4/5. Thus, by
dividing the above integral at the point 4/5, we have

4/5 1—n(To)
(5.14) o<t N1y do+L¢ | NYdo.
1/2 4/5

The second term here, by definition of Ty, is

which is good enough. For the first integral in (5.14), since Tp < P < N2/5

it is

4/5 4/5
(5.15) < | NP9 dg < | N do,
1/2 1/2
where
1 6(1-0)
hlo) =5+ 5a =0

The maximum value of ¢1(c) for o € [1/2,4/5] is ¢1(4/5) = 4/5. This
leads to the bound N;-L/5 for the integral in (5.15). In view of (5.13) and the

assumption that R < L, the desired bound (5.10) follows. This finishes
the proof of Lemma 3.3. =

We now come to prove the bounds for K; in Lemma 3.2.

Proof of Lemma 3.2. First, by Gallagher’s lemma (see [5, Lemma 1]),
we have
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(5.16) | Wit AP da
A<1/(rQ)

<(m) V] X aomxom-sofa

-0 v<|ajm<v+rQ
M<lajlm<N

< (%)2 ng( 3 <A(m)x(m>—5x)(2dv.

M—rQ v<|ajim<v+rQ

M<|ajlm<N
Thus, in view of the definition (3.5)
(5.17) )< VN Y VTl g )2
' r~R TQ
X Z max‘ Z — 0y) s
x mod r mel,

where the maximum is over all intervals I, lying in [Mj;, N;] of length
< rQla;j|~t. For the sum > mer, in (5.17), we apply Heath-Brown’s iden-
tity in the same way as for J; in (5.2)—(5.3). If we write I, = (Y, X] where
M; <Y < X < Nj, then as in (5.3),

S A(m)x(m) = 3 o(u; D)

mel, D

X 1/2+it _y1/2+it
= — +it, X) . dt+O(L12).
LY § w20

The factor (X/2Fi# — y1/2+)(1/2 4 it)~! inside the integral is clearly
< /N;/|t| for |t| > Ty and is

Y rQ
\/7 \/7|a]|

for |t| < Tp. Here Ty = N/(RQ) is the same as before. Therefore,

max| 3~ (A(m)x(m) = 8y)|
<<Z\/Wt|§T (1+zt x)‘dt

mEI'r
L. dt 12
+2 VN § o[ g it m+L
D

To<|t|<N;

X
< ‘ S w2t du‘ <
Y
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Similarly to (5.9) and applying Lemma 3.4, we have

(5.18) Z Z max’ Z 5x)’

r~R xmodr mel,
< + it x) ’ dt

d|r
2
( + it, X)‘dt—i—%Lm

YAy Y

r~R xmodr [¢t|<Tp
d|r

+%:\/ELTOE]-ZE%§N ZZ Z S

r~R xmodr |t|~Z
dlr

R v/ N
11 /— 3/10 J
<l ( +\/dTNJ' P )

To prove Lemma 3.2(i), we observe that

Sl Gy

and hence, for any function H(r),

(5.20) ZV g’ \H )| < wg)Zh\/EZ\H(T)\.

r~R

Using this and (5.18) we deduce from (5.17) that
(5.21)  Kj(g,R)

\/— SV 3 h\/_<hk i N3/10+\/ﬁj>

R2Q il VhET, 7 Ty
hk<2R
(@, 9) ;¢ P ( 2 iﬁ 3/10 \/]7])
< p Ler(g)1(w )RQ\/W R” + N]- —I-R—TO
(@,9) ;¢ ( P VP 310 \/N>
L N ~y
< . 7(9)7(w) /_|aj|+ i ”
« V29 pergyr(em) L,
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on recalling that Ty = N/(RQ) and P = (N/A)?/> < N]-Q/E’. This proves the
bound in Lemma 3.2(i).

To prove the bound in (ii), it is sufficient to use, instead of (5.20), the
cruder inequality

(5.22) ZV g’ D \pr ()

\/ g, T
2 = % (= <g,r>) she
_ V(@9 v Vi) H )
PR D
V“gZWZw
dlg r~R
d<2R d|r

for any function H(r). So, parallel to the deduction of (5.21), we have
(5:23)  K(9,R)

- ‘/( LH Z \/—,/ ( n R N3/10+\/Nj>
g R3/2Q) VTod 7 To
d<2R
\/ LC \/NN R2 /10+ RN]
9 pirg ro i T

Viail  laj] 7 |ajl

1/10

<<7(w’g) Lcr(g)<P\/E+ VP N3O Nj).

Since P < N2/5 and R < N

ma 3.2(ii). ThlS completes our proof of Lemma 3.2. =

the above yields the bound in Lem-
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