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Euler sums with Dirichlet characters
by

MINKING EIE and WEN-CHIN Liaw (Minhsiung)

1. Introduction and statement of the main result. For a pair of
positive integers p and ¢ with ¢ > 1, the classical Euler sum is defined
as

1
(1.1) %g:gjﬁ
=1

The number w = p + ¢ is called the weight of S, ,. The evaluations of
Sp,q in terms of values at positive integers of the Riemann zeta function
are known when p = 1 or (p,q) = (2,4) or (p,q) = (4,2) or p = q or
p + ¢q is odd. The following theorems are classical and both due to Eu-
ler [10].
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THEOREM A. For each positive integer n with n > 2, we have

(1.2) S, = t2

n—1
w= "2 )~ 5 S Cn 1 -0)
=2

Here ((s) is the Riemann zeta function defined by
[ee]

C(s) := Z%, Res > 1.

n=1

THEOREM B. For a pair of positive integers p and q with p,q > 2 and
an odd weight w = p + q, we have
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Here ((s) is the Riemann zeta function and ((0) = —1/2.

The evaluation of Euler sums has a long history. The problem of eval-
uating such sums was first proposed in 1742 in a letter from Goldbach to
Euler. In 1775, Euler [10] himself proved Theorem A, but gave (an incorrect
version of) Theorem B without proof. By using a partial fraction decom-
position, Euler first derived linear relations among Euler sums of the same
weight and then obtained his evaluation of Sy ;, by solving a system of linear
equations. He then computed many examples for weight not exceeding 13
and conjectured the general formula. N. Nielsen [13] was the first to fill in the
gap by giving the correct version and a proof. The sums S, , have since been
re-evaluated time and again [2, 6, 11, 16]. For a discussion of earlier works
and references prior to 1985, the readers are referred to [1, pp. 252-253].

There are many interesting generalizations for the classical (double) Eu-
ler sums, for instance, extended or truncated double sums [7], alternating
double sums [9], or sums on arithmetic progressions [8]. There are also gen-
eralizations to multiple zeta values [4, 12, 19] or k-fold sums [3] in connec-
tion with Vassiliev knot invariants of knot theory and Feynman diagrams
of perturbative quantum field theory in physics (see especially [4, 19] and
references therein).

In this paper, we shall follow Euler’s original approach, which was also
taken up in [2, 4, 12, 13], to study another generalization of Euler sums,
to which we refer as “Fuler sums with Dirichlet characters.” There is also
recent work [5, 14, 15] in this direction.

Recall that (see [17]) a Dirichlet character modulo N is a multiplicative
group homomorphism x = xn : (Z/NZ)* — C* and extended to Z by
letting x(a) = 0 if ged(a, N) > 1. Note that y is then periodic of period N.
Also, x is called even if x(—1) =1 and odd if x(—1) = —1.

Now we are ready to define Euler sums with Dirichlet characters. For
a pair of positive integers p and ¢ with ¢ > 2 and a Dirichlet character x
modulo N, we define

(1.3) Sp,qI ((w) + ¢(p)¢(q)

S x(k) g~ 1

X .
(1.4) Sp,q T ka A
J=1

k=1
Here is our new theorem concerning the evaluation of Sy,.
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MAIN THEOREM. Given a pair of positive integers p and q with q > 2
and a Dirichlet character x modulo N. Then the sum Sy defined in (1.4)
can be evaluated in terms of values at positive integers of Hurwitz zeta func-
tions either when x is even and the weight p + q is odd, or when x is odd
and the weight p 4+ q is even.

REMARK. Although we state the Main Theorem only for the sum Sy,
it holds for a more general double Euler sum with two Dirichlet characters.
See the concluding remark at the end of the paper.

This sheds some light on the reason why such evaluations exist in the
case of classical Euler sums. It also unfolds the other side that Euler had
the opportunity but missed to discover.

Indeed, the theory we develop here can be applied to determine whether
an analogous Euler sum can be evaluated or not. For example, the extended
or truncated Euler sums

. %) 1 nk 1 n
(1'5) EI(MI) = Z H Zj_p’ p,q = Z k4 Z jp
k=1 j=1

as considered in [7], both can be evaluated when the weight p + ¢ is odd.
On the other hand, the alternating Fuler sum

00 k

1
+— ._E : il
(1.6) Gpq = 2k; + 1 q jP’
k= O j=1

as considered in [9], can be evaluated when p + ¢ is even.

The organization of the paper is as follows. In Section 2 we decompose
Spq into elementary building blocks Hj 4(a/N,b/N), derive basic properties
of these building blocks, and develop relations among Hj ,(a/N,b/N). Sec-
tion 3 contains algebraic preliminaries. The proof of the Main Theorem is
divided into two cases according to the parity of the characters. We deal with
Euler sums with even characters in Section 4. The case of odd characters is
harder, and is treated in Section 5.

2. Elementary building blocks of Euler sums. Throughout the
paper, we will fix a positive integer N and a Dirichlet character x of conduc-
tor N. For a pair of positive integers p and ¢ with ¢ > 2 and another pair
of positive integers a and b with a,b < N, we define

k

a b — 1 1
21) Hpq(N N) . kzzo (kN +b) ZO (jN +a)’

J
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where

~_{k if a <0,
k—1 ifa>b.

Such kind of sums were first introduced in [8] in an attempt to produce
analogues of classical Euler sums. They play a role of “building blocks” or
“atoms” in expressing various kinds of Euler sums. For example, we have

N N 0 b
(2.2) Spq = Z Z Hp,q(ﬁ’ N)’

a=1 b=1

(2.3) SX —ZZX <% N)

a=1 b=1

N a N
N) _
(24) Ez(uq) = § :Nqu,q<N’ N>7
a=1

N N b
N
(2.5) ng,q) - ZNpHp,q<Nv N)
b=1

The sums Hpq(a/N,b/N) satisfy the following reflection formule when
pq =2

b b b
(2.6) an(%, N) + H‘”’(N’ %) — N—(p+q)c< ’ %>C<q’ N)

when a # b, and
a a a
— H - =
’N>+ ‘”’(N’N)

o2 o)}

Not all of Hj, 4(a/N,b/N) can be evaluated individually even when the
weight p + ¢q is odd. However, it turns out that linear combinations such as

(2.8) Hy4(a/N,b/N) £ Hp (N = a)/N,(N = b)/N)

(2.7) Hpg(

=] =

can be evaluated, and so can the sum Sy, as we shall see in Sections 4
and 5. Here we begin with the cases when p = 1.

The Kronecker limit formula for the Hurwitz zeta function is given by [18
p. 271, §13.21]

(2:9) sﬂl&“”*iéi}:_n@’
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where ((s, z) is the Hurwitz zeta function and I'(x) is the well-known gamma
function. For convenience’ sake, we shall employ the familiar notation

(2.10) b(z) = 1;((;)

The Kronecker limit formula has the following corollary:

(2.11) géo{j]\fl—l—a_j]\fl—i-b}:%{_w(%>+w<%>}7

valid for positive integers a and b. For = > 0, we also have

(2.12) Y1) = 1+ (a),

a direct consequence of the functional equation of the gamma function.
Now we are ready to develop relations among Hy ,(a/N,b/N).

PROPOSITION 2.1. For a positive integer a with a < N and a positive
integer n with n > 2, we have

N a n a a a

n+1 R el el el
(2.13) N Hl’"<N’N> 5 C(n—l—l,N) —i—C(n,N){w(N) +7}

—lnfg LEV¢(n+1-1,2
2 &~ "N "N )
Proof. By definition, we have

N a 1 I 1 1
N 2= =)= Nt - - - L
b (N’N) Z kN+a)”Zj Z(l<:+r)nZ "

where 7 = a/N. Rewrite the above series as

with a change of variable k = k' + j and still using k instead of &’. In the
light of the partial fraction decomposition

1 1 (1 1 iy 1
2.14 S — S— _
(2.14) (x + a)"x a”{x x+oz} lz; al(x + a)rti=t’

we are able to rewrite N""1Hy ,,(N/N,a/N) as

o0 o < 2ENNe olNe o]

=1 1
Zm;{}_k+y+r} 222 (k+7)! k‘—l—]+r)"+1l

k=0 1=1 k= 091
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The first term in the above is equal to

[e.e]

1

m{¢(k+1+7“)+7}>

k=0
or as

(2.15) N, (X/ z@ C( z@{w(%)”}

by repeatedly using (2.12). The second term is equal to

_Ti{ii I 1~ +11_C(”+17r)}
= Ui== (k+r)ik+j+r)
__ arnAl a a
N Hl,n(NaN)

n—1
n+1 a a _ i
—N"S Hypgao l<N N>+(n 1)C<n+17N>-

=2

With the reflection formula (2.7), the above is equal to
n 4 _ yntt a a
(2.16) 2<<n+1,N> N Hl,n<N7N>

12 a a
—§§(<Z,N>C<n+1—l,ﬁ>.

Our assertion then follows from the addition of (2.15) and (2.16). =

In a similar way, we obtain the following propositions.

PROPOSITION 2.2. For positive integers a and b with 1 < a < b < N
and a positive integer n > 2, we have

(2.17) N”“{Hm(N ;)*HL%%’%}CL)}
—C( bNa){_w(%)—i—?/f(%)}
re(m ) o (1-8) o5

= b b—a
_lZ;C(l’N)C("H_Z’T)'

"))




Fuler sums with Dirichlet characters 105

PRrROPOSITION 2.3. For a positive integer a with a < N and a positive
integer n > 2, we have

(2.18) N”“{Hm<%,%>+H1,n<¥,%>}
= c(n+ 1,%> - c(n%> {w<1 - %) +7} —jz:_;l((l)(<n+l _z,%)

3. Algebraic preliminaries. In the sections that follow, we shall need
the following identities on binomial coefficients, whose proofs are easy and
may be found, e.g., in [2, 4].

LEMMA 3.1. For0 < pu,v < m,

W S C0-6)

In particular, setting u = m gives
- m—k\ (m m
(32 S (") (1) = 0
k=0

We shall consider matrices of dimension r, i.e., r by r matrices, where
r=w — 3, and w = p + ¢ is the weight of Euler sums.

NOTATION 3.2. Let I be the identity matrix of dimension r, B =

[Bijli<i,j<r with
By = (—1)it! <]>
7

and J be the permutation matrix of dimension r with 1 on the reverse
diagonal and 0 elsewhere, viz.,

LEMMA 3.3. We have
(i) J2=B%*=1 for anyr.

(i) (JB)?>+ (BJ)? = JB+ BJ if r is even (i.e., if w is odd).
(iii) (JB)? — (BJ)? = JB — BJ if 7 is odd (i.e., if w is even).
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Proof. Denote by (A);; the (i, j) entry of a matrix A. Note that (J);; =
di+jr+1, where 0 is the Kronecker delta. An easy calculation using (3.2)
shows that J2 = B2 = I. Note that multiplying J from the left (resp. right)
has the effect of changing the index i — r+ 1 —i (resp. j—r+1—7). It
follows that

B = () e = o (),

r+1—1 )
and hence

(3.3)  (JB+(=1)BJ);; = (—1)H’{ (r +{ - Z) - <r + 1 N j) }
On the other hand, by (3.1),

- oy Z (::i:’:)(i)

k=1

e L AN AN
)07
(=, = o (L) - ()
and

(34) ((JB)?+ (=1)"(BJ)?);; = HW{ (T ;i - z> B <T : 1 _j> }

Parts (ii) and (iii) then follow from (3.3) and (3.4). =

COROLLARY 3.4. Let U =JB+BJ and V =J + B.

(i) If r is even, then (U + I)(U —2I) =0 and (V2 —1)(V? —4I) = 0.

In particular, U and V are invertible in this case.

(ii) If 7 is odd, then (U—1)(U*—4I) = 0 and V?(V?—3I)(V?—4I) = 0.

Proof. Suppose the dimension r is even. Then by Lemma 3.3(i),(ii), we
have U? = (JB)? + (BJ)?+2I = JB+ BJ +2I = U + 2I. Since U satisfies
a polynomial equation with a nonzero constant term, U is invertible. Note
that V2 = JB+ BJ +2I = U +2I. We have (V2 —I)(V2—4I) = 0, whence
V is invertible. Now suppose r is odd. By Lemma 3.3(i),(iii),
(JB)}+(BJ)® = (JB — BJ)((JB)*> = (BJ)*) + (JB + BJ)

= (JB—BJ)?>4+(JB+BJ)=(JB+BJ)*+(JB+BJ) —

=U?4+U—4I.
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Consequently,
U3 = (JB)> 4+ (BJ)® +3(JB + BJ) = U? + 4U — 4lI,
or (U —I)(U? —4I) = 0. Since V2 = U + 2, the last assertion follows. =

REMARK. With a more careful analysis, one can show that if r is odd
then V(V —2I)(V? — 3I) = 0, but we will not need this.

4. Euler sums with even characters. For Euler sums with even
Dirichlet characters, we shall consider those of odd weight. These include
the classical Euler sums S), ; evaluated in Theorems A and B. As mentioned
in Section 1, the evaluations of S, , with odd weight p + ¢ were initially
obtained by solving a system of linear equations. Linear relations among
Euler sums of the same weight can be easily derived from the partial fraction
decomposition (see [2, 4, 12] or even [10]):

4.1 _—
(4.1) (x + a)dzP
P q
—1)PA —-1)PB —1)PA; (1 1
:Z(wll /+Z w(fl) l z+( 1311{__ }7
— ol — o (z+ ) a r rHa
where w = p + q,
‘ , (w—1—-1 ' 7 w—1-1
(4.2) Al.:Alpq:(—1)< q—l > and Bl.:qu:< p—l .

Note that A1 = —Bj. Setting x = j and a = k£ and summing over all
positive integers j and k, we get
p
(4.3) Spa = Cp+a) = D (=1)P A (w — DS

=2
q

+ > (=1)PBi{Su-11— C(p+q)}
1=

+ (—1)PA1S1 w-1-

Now fix p+¢q = 2n+1 with n > 2; then we have the following linear relations
among S52.2n-1,932n-2, - -+, S2n-1,2:

((S2.9n—1 = 52,2n-1 + 253202 + 3S4,2n—3 + - + (2n — 2)San_1,2 + A(2),
S3,2n—2 = —53,2n—2 — 3S4,2n—3 — -+ — (2"272)52”7172 + A(3),

(4.4) Saon-3 = Saon-s+ -+ (*"5 %) San_1,2 + A(4),

Son—2,3 = Son—2,3 + (2n — 2)Sapn_1,2 + A(2n — 2),

Son—1,2 = —San—1,2 + A(2n — 1),
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where A(j), 7 =2,...,2n — 1, are known values in S} 2, and values of the
Riemann zeta function. The matrix of coefficients of the above system of
equations has size (2n — 2) x (2n — 2) and rank n — 1. Of course, this is
not enough to determine the values of S22,—1,53 202, ..., 52,—1,2 uniquely.
Fortunately, we still have reflection formulae given by

(4.5) Sp.q + Sep = C(p)¢(q) +C(p+q)

for p,q > 2. This adds n — 1 more linear equations to the system (4.4) so
that S, , can be determined uniquely. Indeed, let X = t(SQ,gn,l,S’g,gn,Q,

., S2n—1,2) be a column vector consisting of unknowns. Then (4.4) and
(4.5) can be put in matrix form as

(4.6) X —BX = A,
(4.7) X+ JX =1z,
where J and B are matrices of dimension 2n — 2 as defined in Nota-

tion 3.2, and where A =*(A(j))j=2..2n—1 and z =*({(p)¢(2n + 1 — p) +
¢(2n + 1)) _2n—1 are column vectors with known entries. Subtraction
of (4.6) from (4 7) gives a system of linear equations (J + B)X =z — A,
and by Corollary 3.4(i), the coefficient matrix J + B is invertible since the
weight p + ¢ = 2n + 1 is odd.

Different substitutions of  and j into (4.1) lead to different linear rela-
tions among Hp 4(a/N,b/N) for various p and gq.

PROPOSITION 4.1. For a positive integer a with 2a < N, let

a 2a N—-—a N —2a
(4.8) Kp,q(av N) = Hyq (Nv F) + Hpq (T’ N )

Then for positive integers p and q with p,q > 2 and w = p + q, we have

q
(4.9) Kpgla,N) = (=1)P > BiKy_1(a, N) + kpg(a, N),
=2
where
k:pvq(a’ N)

(o=t ) o5 7)e (o550
F(—1)PA N {gw ) g<w NJ\‘{“) {ﬂcot%—ﬂcot%wa}

S ) (o 3)

=2

:zp: 1)P AN~ { (l, ;)

=
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Proof. Set x = aj + b and v = ak + b and sum over all non-negative
integers j and k to get

(4.10) Hpq<%2ﬁa> ZBsz ”<a 20,)
o avo(on (e 5)
sy o3

2a a
PA Hy -
+ (-1)PA1H, I(N N)

Replacing a by N — a, we get

N—-a N —2a aN—2a
(4.11) Hp,q(Tv ~ ): ZBlell< N N )
q
N —a N —a
1) —w B B - ¢
)Z;Azzv <<w L )c(z, N)

Feoare(o- 1 ) () o Y52

N —-2a N —a
N ' N ’

Our assertion then follows from the combination of (4.10) and (4.11), and

the evaluation

2a a N —-2a N —a
H — — Hy .,
1’"<N’N>+ 1,w 1( N N>

as given in Proposition 2.2. =

+ (—1)pA1H1,w_1 (

Note the resemblance between (4.9) and (4.3). Just as in the case of
Sp.q, utilizing relations in (4.9) with p = 2,...,w — 2 is not sufficient to
uniquely determine K, ,(a, N). Another obstacle is the lack of reflection
formulee (4.5). It is therefore necessary to introduce two more companion

families. Define
N—-2a N —a
H e
) + Pﬂ( N ’ N )’

(412)  Lpgy(a,N):= Hp,q<
—a N—-a a
Hpg| ——>~ |-
"N >+ M( N ’N)

Y

=iy
= =2l=

=] =

(4.13) M,y q(a,N) = an(
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In what follows, we use the abbreviations K,,, L,, and M, , for
K, q(a,N), Lp4(a,N) and M, 4(a, N), respectively.
From the above definitions, we see immediately the following reflection

formulee for p,q > 2:
a N —a N —a
e o) el ) )
(4.15) My, + M,

(4.14)  Kpq+ Loy
X {eo ) e (o)

Also we have the following relations by a similar consideration:

q
(4.16) Lyq = (=17 Z BiMy—iy + (—1)PA1My w1+ by g,
1=2

(417) pq — \ ZBle ll + )pA]-Klvw_l + mpvq’

where /), , and m,, , are known values in Hurwitz zeta functions.
As a first step, we obtain the values of K1 ,—1 and M;j 41 through the
relations when the weight w is odd.

PROPOSITION 4.2. For each positive integer n, K1 2, and M 2, can be
evaluated in terms of values at positive integers of Hurwitz zeta functions.

Proof. Note that

a 2a N-—-a a
(4.18)  Kion+ Mg, = {H1,2n<N N) +H12”<T’N>}

a N—a N—a N-—-2a
+{H1,2n<ﬁaT>+HL2n<Ta N )}

According to Proposition 2.2, the value is equal to

v )< (3)
) ) )
2 o
R !
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On the other hand, set ¢ = 2 and p = 2n — 1 in (4.16) and (4.17) to
obtain
Lop_12=—Mop_12+ (2n — 1) My 2p + l2p—1,2,

Msp—12=—Lop—12+ (2n — 1) K1 25, + map—_1,2.
It follows that
(4.19) (2n — D{K120, — M1 2} = lop—12 — Map_1.2.
Our assertions then follow from (4.18) and (4.19). =

Let K, L, M denote, respectively, the column vectors consisting of three
sets of variables

Kow o2, K30w-3,...,Kpw-22;, Low-2,L3w 3,..., Ly 22;
Ms 2, M35-3,..., My_22.

Suppose that
w=p+qg=2n+1 and r=w-3=2n-—2

with n > 2. Let I, J, B be the r xr matrices defined in Notation 3.2. In matrix
form, relations (4.9), (4.14), (4.15), (4.16) and (4.17) can be rewritten as

(1) K = BK +k,
(2) L=BM+1,
(3) M = BL +m,
(4) K+JL=c,

(5) M+ JM =d,

where k, 1, m, ¢, d are column (2n — 2) x 1 vectors consisting of known
values.
From (2) and (4), we have

(6) K=c—JL=—JBM + (c—Jl).
Substituting (6) into (1), we get
(7) (B—I)JBM = (B —I)(c — J1) + k.

The rank of (B — I)JB is only n — 1, but (5) provides another n — 1
conditions for the unknown M. Consequently, we can solve for M from (7)
with the extra conditions (5), and the values of L and K then follow.

Indeed, if we consider instead X = BM as a new variable vector, then
(5) and (7) are equivalent to the system

(B+ JB)X =d,
{(J— BJ)X = (I — B)(c—J1) — k.
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So
(J+B+JB—-BJ)X =(I —B)(c—Jl)+d—k.

Let P = (J+ B)+ (JB — BJ) be the coefficient matrix of the above system.
Then
P?=(J+B)*+ (JB-BJ)?

= JB+ BJ + (JB)? + (BJ)? = 2(JB + BJ).

By Corollary 3.4(i), det P> = 2"det(JB + BJ) # 0, proving that P is
invertible. Thus the solvability of the system is beyond doubt and this proves
the following theorem.

THEOREM 4.3. For positive integer a with 2a < N, let

a 2a N—-—a N —2a
Kp,q(aa N) = Hp,q<N’ N) +Hp,q<—N TN >,

2a a N —-2a a
Lp,q(a’ N) = Hpq <W7 N) + Hpq <—N ) N)’

a N—a N—-—a a
Mpq(a, N) = Hp,q<ﬁ’ T) + Hp,q<T’ N)’

Then Ky q4(a,N), Ly4(a,N) and My4(a,N) can be evaluated in terms of
values at positive integers of Hurwitz zeta functions when the weight p + ¢
15 odd.

We shall refer to the triple families K, L, and M as the K L M-system for
brevity. Some other triple families, the ET D-system and F'G R-system, share
the same kind of relations as (1)—(5), so we have the following immediate
consequences.

COROLLARY 4.4. For positive integer a with a < N, let

a N N—-—a N
Ep,q(a’ N):= Hpﬂ](ﬁ?ﬁ) +HP,CI< N ’N>’

N a N N —a
Tp,q(“» N) = Hp,q(ﬁvﬁ) +Hp,q<ﬁa N )a

a a N—-—a N—-a
Dp,q(aaN) 3:Hp,q<ﬁ7ﬁ>+Hp,q< N N )

Then E,q(a,N), Tpq(a,N) and Dpq4(a,N) can be evaluated in terms of
values at positive integers of Hurwitz zeta functions when the weight p + q
s odd.
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COROLLARY 4.5. For positive integers j, k and a with ka < N and
k>j4+2,k+#2j, let

. ja ka (k—j)a ka
Foali o, N) = By (50,57 )+ o (52

N-—ja N—ka N —(k—j)a N —ka
+Hp’q< N ' N > Hm( N TN ,
; ka ja ka (k—j)a
Goali ki ) = Hoa (550 ) + a7 52

N —ka N —ja N —ka N —(k—ja
+Hp’q( N ? N ) +Hp7q< N ’ N )

| (k=j)a N - ja N —ja (k-ja
RPvQ(«%k;a? N) = HI%Q( N ’ N + Hpaq N ) N
ja N=(k=ja N=(k—ja ja
(5 ) ()

Then Fy4(j, k;a,N), Gpq(4, k;a,N) and Ry, 4(j,k;a,N) can be evaluated in
terms of values at positive integers of Hurwitz zeta functions when the weight
P+ q is odd.

Recall that our goal is to evaluate the sum in (2.8). To do so, we
shall show that the triple families Fp4(j,k;a,N), Gpq(j,k;a, N) and
Ry 4(j, k;a, N) with four members each can be further separated into sub-
families with just two members. Without loss of generality, we let j = 1 and
k = 3 and consider new families given by

(4.20)  Fpqi=Hy, (% %a) +Hpq <¥ : J_\73a>
() (5
(421)  Gpgi= HM(?’NG, %) + Hyy, (N &3a7 NA—[ a)
- Hpﬂ<3ﬁa’ %a) - HM(N;[?’“’ N]_VZGJ)’
(422) R, :=H,, (% %) + Hpgq <¥ QWG)

2a N —a N—-2a a
_HP"I<W’T> _HP’Q<T’N>'
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Note that fl,n + fil,n can be evaluated by Proposition 2.1 and reflection
formulee for p,q > 2 are given by

- N“’{C(p, %><<q, %) +C<p, N]\; a)g(g, N]:]?’a)
_C(p,z_]\‘;>g(q, ‘%) —C<p, N]—sza)c<q, N]—V:sa)}
(4.24)  R,q— Ryp
- N‘“’{C(p, %)C(qv N]_\,Qa> +C< ! N]\_ra>c<q’ %a)
~<(n e ) el 5T )elow)

Also we have the following relations among such triple families:

and

q
(4.25) Fpq= (—1)p+1 Z BiFy-1;+ (_1)p+1AlGl,w71 + fra
1=2

q
(4.26)  Gpg = (—1)PH! Z BiRy-1y+ (=1)P A1 R1w—1+ Gp.q»
1=2

q
(4.27) Ryq = (_1)p+1 Z BiGuy-11+ (—1)p+1AlFl,w—l + Tpg>
1=2

where f, 4, gpq and 7, 4 are known values in Hurwitz zeta functions.

PROPOSITION 4.6. For each positive integer n, ﬁmn, él,gn and Rmn as
defined in (4.20), (4.21) and (4.22), respectively, can be evaluated in terms
of values at positive integers of Hurwitz zeta functions.

Proof. We already know the value of F l,2n+§l,2n- Now setting p = 2n—1
and ¢ = 2 in (4.25), (4.26) and (4.27), we get

ﬁQn—l,Q = ﬁ2n—1,2 - (2n — 1)61,271 + .}En—l,%
é2n—1,2 = EZn—1,2 + (2n — I)ELZn + Gon—1.2,
§2n71,2 = 62n71,2 —(2n — 1)ﬁ1,2n + Top—1,2-

The value of émn is obtained from the first equation, and the value of

Fvl,gn — Emn comes from the addition of the second and third equations.
Thus our assertions follow. =
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Once we know the values of Fi 25, G2, and Ry 2,, we rewrite our rela-
tions in matrix form as before:

(1a) F=—BF +f,
(2a) G =—-BR+g,
(3a) R=—BG+T,
(4a) F+JG =u,
(5a) R—JR=v,

where the matrices J and B are given as before and f, g, T, u, v are column
vectors of size (2n — 2) x 1 with known entries. From (1a), (2a) and (4a),
we get

(6a) (I + B)JBR = (I + B)(J§ —u) +f.

Let X = BR be a new variable in place of R. By a similar argument as
before, the addition of (5a) and (6a) yields the system

(J+B+BJ—JB)X =(I+ B)(Jg§ —u) +f +v.

Then, again, the coefficient matrix P = (J + B) — (JB — B/J) is invertible
since P? = 2(JB + BJ) has nonzero determinant by Corollary 3.4(i). This
proves the following result.

THEOREM 4.7. For positive integers j, k and a with ka < N and k >
j+2, k+#2j, let

~ ja ka N —ja N —ka
Fyq(d,kia,N) = Hp,q(ﬁ’ N) +Hp,q< N N

(k—j)a ka N—(k—j)a N —ka
_Hp7q< N ’N _Hp7q N ’ N 9

~ . ka ja N —ka N —ja
Gpq(j, k;a,N) := Hp”(ﬁ’ﬁ) +Hp7q< N W >

ka (k—j)a N —ka N —(k—ja
(S - (o Nt

~ ja N—(k—ja N —ja (k—j)a
Ryq(j,k;a,N) := Hp,q(ﬁ’%>+}]p,q< N N)

(k—ja N~ ja N~ (k~j)a ja
‘H< N v ) e\ F)

Then ﬁp,q(j,k;a, N), ép,q(j,k;a, N) and ﬁp,q(j,k;a,N) can be evaluated in
terms of values at positive integers of Hurwitz zeta functions when the weight
P+ q is odd.
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Combining Theorem 4.3, its corollaries as above and Theorem 4.7, we
obtain a much powerful theorem.

THEOREM 4.8. For a pair of positive integers a and b with a,b < N, the

sum defined by
a b N—-—a N-b
H<N N) * H<T T)

can be evaluated in terms of values at positive integers of Hurwitz zeta func-
tions when the weight p + q is odd.

Now we are ready to prove the first part of the Main Theorem.

Proof of the Main Theorem for even characters. When the character
is even, we rewrite Spq as

N = a b a N-—b
2Sp,q:bz_;X(b); Hpq N'N + Hpq NN )

The inner summation can be rearranged as

N-1
a b N—-—a N-b
>l w) + (555}

a=1
N b N N-b
(e )+ a5
Consequently, Sy, can be evaluated when the weight w = p + ¢ is odd, by
Theorem 4.8 and Corollary 4.4. m

5. Euler sums with odd characters. When the character x is odd,
we rewrite Sy, as

e a b a N—b
(51) 2‘91);,11 = ; X(b);{Hp’q<N’N> _Hp7q<N’T>}'
We shall henceforth fix the weight w = p+¢ = 2n+2 with a positive integer
n and matrices I, B, J as before except the size is (2n — 1) x (2n — 1).
Consider the new triple families defined by

_ a 2a N—-—a N—2a
(52) Kp,q(a’ N) = Hp7q <N’ N) - Hp,q (T? N >’

_ 20 a N—-2a N —a
(53) Lp,q(a7 N) = Hpvq (N? N) - Hpvq (TJ N )7

_ a N —a N—-a a
(54) Mp7q(a, N) = Hpﬂ <N’ N ) — Hp’q<T’ N) .
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We use the notations K, ,, L, , and M, instead of K, (a, N), L, ,(a, N)

and M, (a, N), respectively. Wlth similar arguments as before, we obtam
the following relations for p,q > 2:

(5.5) Z BiK, ,+ (~1)PAIL],, 4+,
(5.6) L,,= (-1t ZB, L+ (CDPAML, G,
(5.7 M, = (-1t ZB,L L COPPTAKT +my .

The reflection formulae for such families are given as follows:
(58) K,,+L,,

v e(ng oo ) el el )

(5.9 M,,—M,,

~v {07 50) o (20 e (o) b

Also note that

_ _ a 2a N—-a a
(5.10) K1,w—1 - Ml,w—l = {Hl,w—l (N’ ﬁ) + Hy -1 (T’ N) }

N—-—a N-—2a a N—a
_{Hl,wl<Ta N >+Hl’wl<N’T>}’

which can be evaluated by Proposition 2.2.
Now we begin with the evaluation for p =1 and ¢ = 2n + 1.

PROPOSITION 5.1. For each positive integer n, Ky, 1, Lyg,,q and

M 5,41 can be evaluated in terms of values at positive integers of Hurwitz
zeta functions.

Proof. Setting p = 2n and ¢ = 2 in (5.5), we get
(5.11) Koo =Ky,0—2nLy 5,1 + k;n,Q'
Thus Ly 9,41 can be evaluated. On the other hand, setting p = 2n and ¢ = 2
n (5.6) and (5.7), we get
(5.12) Ly, 0= =My, 5 —2nMy 5, 4 + Ly, 9,
(5.13) My, 0 = =Ly, o + 20K 5,1 + My, .
It follows that
(5.14) 2n{ Ky 511 + M1 g1} = —Mogp o + lo 5
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The evaluations of Ki,,,, and Mj,, ., can be obtained by (5.10) and
(5.14). =

Once we get the values of K1 ont1r L1 onta and M 5,41, we rewrite our

system of equations in unknowns K2_,2n7K3_,2n—17 e K2_n,2; L2_72n, ngn_l,
... ,L2_n72; M2_72n7 M?:%_l, e MQ_n,Q in matrix form as follows:

(1b) K™ =BK +k7,

(2b) L~ =-BM™ +1,

(3b) M™=-BL  +m™,

(4b) K +JL =c7,

(5Db) M~ —JM™ =d,

where k™, 17, m~, ¢, d~ are (2n — 1) x 1 column vectors with known
values. Again we have

(6b) (I—-B)JBM =k —(I—B)(c” —JI").

The rank of (I — B)JB is n — 1 and the condition (5b) provides another
n — 1 equations. All these relations are still not enough to determine the
value of M ~. However, we have an extra relation from Ly o1

2n
(7b) Lyont1 = Mygppn + Z M onyo—1+ €1 9n 41

=1
This gives the final condition needed so that we can solve for M by (5b),
(6b) and (7b).

Here we show the solvability of the system. Let X = BM™ be a new

variable in place of M, and W be the (2n — 1) x (2n — 1) matrix with all
entries 1. Then (5b), (6b) and (7b) are equivalent to the system

(B—-JB)X =d™,
(J—BJ)X =k — (I —B)(c™ = JI7),
WX =w",

where w™ is a (2n—1) X 1 column vector with every entry equal to Ly 5,1 —
2M, 5,11 — 41 9,41~ Consider the sum of the first two equations. The coeffi-
cient matrix of the resulting equation is J + B — JB — BJ, which we denote
by P. Note that B? = J? = I and hence

P=—(J+B+1I)(J+B-2I).

Now we let P = P—(J+B+1)W = —(J+B+I)(J+B—2I+W), the
coefficient matrix of a combination of the system. To prove Pis invertible, it
suffices to prove that both J+ B+ 1 and J+ B —21+ W are invertible. First
we prove that J 4+ B + I is invertible. By Corollary 3.4(ii), the eigenvalues
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of J + B lie in the set {0, +2, +1/3}. It follows that J + B + I is invertible
since its eigenvalues are among +1, 3, 1 & /3, none of which is zero. Next we
prove that J+ B —2I + W is also invertible. Suppose that hisa (2n—1) x 1
column vector such that

(J+B-2I+W)h=0.

Applying W to the above equality and noting that WJ = W, WB = W,
we get
W?h=0 or (2n—1)Wh=0.

Hence Wh =0 and (J + B)h = 2h. A direct calculation yields
JBh =3h—-2Bh, BJh=-h+2Bh

and
(JB)?h = 5h — 4Bh, (BJ)?*h = —3h + 4Bh.

The identity (JB)? — (BJ)? = JB — BJ then implies that Bh = h. Now
from

Wh=0, Bh=h, Jh=h,
we get h = 0 since the ranks of W, B—T and J—T arel,n—1 and n — 1,
respectively. Thus J + B — 21 + W is invertible. We have thus proved

THEOREM 5.2. For a positive integer a with 2a < N, let K, (a,N),
L, (a,N) and M, (a,N) be defined as in (5.2), (5.3) and (5.4). Then they
can be evaluated in terms of values at positive integers of Hurwitz zeta func-
tions when the weight p + q is even.

By exactly the same procedure, we obtain the following theorem.

THEOREM 5.3. Suppose that j, k, a are positive integers such that
ka < N and k> j+2, k+#2j and

. ja ka (k—j)a ka
(5.15)  F, 40 k30, N) = Hyq (ﬁa N/ Hp,q(T7 N
N —ja N —ka N —(k—j)a N —ka
o HINJ( N ' N - Hp,q( N TN ’

|
|
|
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Then F,,(j,k;a,N), G, ,(j, k;a, N) and R, ,(j, k;a, N) can be evaluated in
terms of values at positive integers of Hurwitz zeta functions when the weight
w=p+q is even.

Triple families with four members as above can be separated further into
subfamilies with just two members. The argument is similar to that for odd
weight, so we omit it here.

THEOREM b5.4. Suppose that j and k are positive integers such that
ka <N, k>j+2 k+#2j and

Fy (G k;a,N) = {HM (jﬁa, %) - Hp,q<N]—vja’ N §ka>}
(R (S
é;q(%k;a, N) := {HM (l;:v_a’ %) - Hp,q<N ]—Vk‘a’ N;{ja)}
- {HM(% (k:;vj)a> _HM(N]—Vk:a? N—(]l;—j)a>}’
E;,q(j,k;a, N) = {HM (jﬁa’ W) — Hp,q<N;[ja’ (k ;Vj)a>}

_ {Hp’q((k;\fj)a’ N;[ja> B H,,g(N‘(]’;‘j)“, %}

Then ﬁpfq(j, k;a,N), @;q(j, k;a, N) and R;q(j, k;a, N) can be evaluated in
terms of values at positive integers of Hurwitz zeta functions when the weight
w=p+q is even.

We can combine Theorems 5.2, 5.3 and 5.4 into the following more gen-
eral theorem.

THEOREM 5.5. For a pair of positive integers a and b with a # b and
a,b < N, the sum defined by

a b N—-—a N-5b
HM(N’N) _H”’q(T’T>

can be evaluated in terms of values at positive integers of Hurwitz zeta func-
tions when the weight p + q is even.

There is a slight difference for the triple families defined by

_ a N N—-—a N
(518) Ep,q<a, N) = Hpﬂ(ﬁ’ﬁ) _Hp’q<T’N>’
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_ N a N N —a
(5.19) T, q(a, N) := Hpq (N’ N) — Hp, (ﬁ’ T)’
_ a a N—-—a N-—-a
(520) Dp7q(a, N) = Hpﬂ(ﬁ’ﬁ) _Hpﬂ(T? N >
Again, we simplify the notations as E, , T, and D, . With the same
argument as before, we get the following relations for p,q > 2:

q
(5.21) E,, = (—1)Ptt Z BE, ,+ (—1)p+1A1T1_,w71 + €pgs
=2
(5.22)  T,,=(-1"> BD, ,,+ (~1)PA1Dy, 1 +tpg,

q
(523) Dy, = (=1 BT, + (1P AIE, | +dp,

P.q
The reflection formulee for such families are
(5.24) By +T,,= N—“’{c(p, %)aq) - c<p, il a>c<q)},
(5.25) D,,+D,,

v {e(p oo ) ol 0ol 550

Furthermore, we note that

_ _ N—-—a N—a a N
(526) El,n — Dl,n = {Hl,n< N ' N ) + HL”<N? N)}

a a N—-—a N
- Hn_a_ HTL—7_ 9
U (55) = (7 7))}

which can be evaluated by Proposition 2.3. Also T, 1.n, can be evaluated by
Proposition 2.1.

PROPOSITION 5.6. For each positive integer n, B ont1s Tiontt and
D7 5,11 can be evaluated in terms of values at positive integers of Hurwitz
zeta functions.

Proof. It suffices to evaluate E} 9pt1 and Dy, 4. However, their differ-
ence given by (5.26) is known. Setting p = 2n and ¢ = 2 in (5.22) and (5.23),
we get

Ty 0 =Dy o — 2nD7 9 g + ton2,

Dy, 0 =T5,9 — 2nE] 5,1 + don2.
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It follows that
(5.27) 20{ B g 41 + Dionsr} = ton2 + dony.
Thus the evaluations of Ey 5, and Dy, follow from (5.26) and (5.27). =
Now we rewrite (5.21) to (5.25) in matrix form with unknowns
E™ =By B39y 15+ B ),

- t — — —
T = (T2,2n’ T3,2n71’ T 7T2n,2)7

D™ = t(DQ,an D3 oy 153 Dapa)-

The system of equations are given as follows:

(1c) E~ =—-BE +e,
(2¢) T- =BD™ +t~,
(3c) D™ =BT +d-,
(4c) E-+JT =u,
(5¢) D™ +JD =v,

where e™, t7, d7, u™, v are (2n — 1) x 1 column vectors with known
entries.
With a similar argument as before, we get the equation

{I+B)JB+1+J}D  =(I+B)(u—Jt")—e"
from (1c), (2¢), (4c) and (5c). Let P = (I + B)JB + 1 + J. Then

PB=J+B+BJ+JB
=(J+B)?+(J+B)-2I
=(JJ+B-I)(J+B+2I).
By a similar argument to the proof of Theorem 5.2, we see that both

J+ B —1I and J + B + 2] are invertible, and thus the following theorem is
proved.

THEOREM 5.7. Suppose that a is a positive integer with a < N and
E,(a,N), T, .(a,N), and D, (a,N) are defined as in (5.18), (5.19), and
(5.20), respectively. Then E, (a,N), T, (a,N), and D, (a, N) can be eval-
uated in terms of values at positive integers of Hurwitz zeta functions when
the wetght w = p + q is even.

Now we prove the remaining half of the Main Theorem.
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Completion of the proof of the Main Theorem. Suppose x is odd and
p + q is even. As mentioned earlier, we rewrite

N a b a N-b
255, =D x®)Y_{Hpal w5 )~ Hoal ) (-

b=1 a=1
The inner summation can be rearranged as

. a b N—-a N-»
2 ol yowy) Ty TN

a=1
N b N N-b
+{Hpvq(ﬁ’ﬁ> ‘Hm(ﬁ’—zv )}'

Thus our assertions follow from Theorems 5.5 and 5.7. =

As an immediate consequence of our Main Theorem, we have

COROLLARY 5.8. For a pair of positive integers p and q with ¢ > 2 and
a Dirichlet character x of conductor N, let

qu Jp ’

k=1 7=1

Then ggq can be evaluated in terms of Hurwitz zeta functions when either
X s even and p + q is odd, or x is odd and p + q is even.

Concluding remarks. 1. Although the Main Theorem was only stated
for the sum Sy, our methods are in fact applicable to the evaluation of the
most general double Euler sums with Dirichlet characters of the form

X (k) o= Xm(4)
XmaXn . n m
Z o

7=1
where x,, and Yy, are Dirichlet characters modulo m and n, respectively.
Putting N = lem{m,n}, we can rewrite the sum as

; azjgxmm)xn(b){ﬂp,q(%, 2)
xn(-Dnal-Dpe (S5 AT

Analyzing the inner sum Hp, 4(a/N,b/N) £+ Hp (N —a)/N, (N —b)/N) as
we did in this paper, one can deduce that if x,,(—1)xn(—1) = 1, then the
general sum may be evaluated in terms of values at positive integers of Hur-
witz zeta functions when the weight p+ ¢ is odd, while when x,,(—1)x,(—1)
= —1, the evaluation may be obtained when p + ¢ is even.
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2. The same analysis that allows us to prove the invertibility of various

matrices can be used to obtain the minimum polynomial of the coefficient
matrix P for the linear systems treated in this paper. The inverse of P is
therefore explicitly given and one can then solve the associated system to
effect an evaluation of various Euler sums. However, we should remark that
the evaluation obtained this way is not very tractable, as was also noted by
Borwein et al. [2, p. 293].
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