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1. Introduction. Let G be a finite abelian group. The Davenport con-
stant D(G) is the smallest integer ¢ € N such that every sequence S over G
of length |S| > ¢ has a nontrivial zero-sum subsequence. This invariant has
been studied since the 1960s, and it naturally occurs in various branches of
combinatorics, number theory and geometry. Its precise value in terms of the
group invariants is known for p-groups and for groups of rank at most two,
among others. On the other hand, it is still unknown, for example, even for
groups of the form C3. The reader may want to consult one of the surveys
[10l 13] for more information.

Inverse zero-sum problems ask for the structure of sequences that are
extremal with respect to a certain property. Starting with the inverse prob-
lem for the Erd&s—Ginzburg—Ziv constant in the 1980s, inverse zero-sum
problems have attracted considerable attention in the last decade, partly
motivated by applications to the theory of nonunique factorizations (see
[14] and the two surveys mentioned above).

In the present paper, we study the inverse problem with respect to the
Davenport constant. Thus we investigate the structure of minimal zero-sum
sequences having length D(G). Cyclic groups, elementary 2-groups, Cy ® Cy
and C3 @ C5 are groups having (up to automorphism) precisely one minimal
zero-sum sequence of length D(G), and their structure is well-understood
([T, Section 5]). Let S be a minimal zero-sum sequence of length D(G). For
some very special types of groups, the structure of S has been determined
(see [8,19] 20]). However, for general finite abelian groups, there is not even
a conjecture on the structure of S, though the number of elements in §
whose order equals the exponent of the group has been investigated (see
recent progress by Girard [I5]). Here we concentrate on groups of the form
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G = C, ®C, with n > 2. Then D(G) = 2n — 1, and the inverse problem
with respect to G was first studied in [7]. We say that G has Property B if
every minimal zero-sum sequence S over G of length |S| = 2n—1 contains an
element with multiplicity n— 1. It is easy to check that, if G has Property B,
then the structure of all minimal zero-sum sequences over G is completely
determined (see Lemma . The standing conjecture is that every group
G of the above form has Property B, and this conjecture is supported by a
variety of partial results (see [13, Section 5.2]). The main aim of the present
paper is to show that Property B is multiplicative for groups of odd order.

THEOREM. Let G = Cuyp @ Copn with m,n € N odd. If both C,, & Cp,
and Cy, ® C,, have Property B, then G has Property B.

There is an earlier result of Gao and Geroldinger [9] stating that, if
n € N>g and C), @ C), has Property B, then Cs,, & Cs,, has Property B (also,
simultaneously to this work, it was shown that Cj, @ Cs, has Property
B by Bhowmik, Halupczok and Schlage-Puchta, who did not publish their
manuscript). Based on the above, the numerical verification of Property B
for small n < 10 (for n < 6, see [9, Proposition 4.2]; the cases n € {8,9,10},
and more, are settled in [2]), and a recent result of Schmid [21I] on the
structure of minimal zero-sum sequences in general groups of rank two, the
above theorem implies that if G = C,,, @ Cp, with 1 < ng|ny is a group
of rank two, and for every prime divisor p of n; the group C, @ C), has
Property B, then the minimal zero-sum sequences of maximal length over G
are explicitly characterized. More precisely, we have the following corollary.

COROLLARY. Let G = C,, @ Cyp, with 1 < ny|n2 and suppose that,
for every prime divisor p of n1, the group C, ®© C, has Property B. Then
Chn, @ Cy, has Property B, and a sequence S over G of length D(G) =
n1 + no — 1 is a minimal zero-sum sequence if and only if it has one of the
following two forms:

. . ord(e2)
S = (e1)— H (—zye1 + e2),
v=1
where {e1,ea} is a basis of G, T1,...,Tord(e,) € [0,0rd(e1) — 1], and x1 +
"+ Tord(ep) = —1 mod ord(er), or

na+(1—s)n1
S=g" "t I (—mg+g2),
v=1
where {g1, g2} is a generating set of G with ord(g2) = n2, s € [1,n2/n1],
T1, - Ty i (1—syny € 10,01 — 1], @14+ 4 Ty (1—syny =11 — 1, and (s =1
or N1g1 = N1g2)-
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Thus the complete characterization of all minimal zero-sum sequences of
length D(G) in groups of rank two is reduced to the verification of Property
B in groups of the form C), © C}, with p prime. Property B is verified for
small primes, and its validity, in general, is supported by other partial results
(see [13], Section 5.2]). Much recent progress has been achieved by Bhowmik,
Halupczok and Schlage-Puchta ([T, 2]).

In Section [2, we fix our notation and gather the necessary tools (apart
from former work on Property B and classical addition theorems, we use
a confirmed conjecture of Y. ould Hamidoune; see Theorem . Section
contains some straightforward lemmas. The proof of the Theorem consists of
two major parts. The first is given in Section [4] The second, more involved
portion is given in Section [5| The Corollary follows from the results men-
tioned above, and its proof needs only a few lines and is given in Section [6}

2. Preliminaries. Our notation and terminology are consistent with
[11] and [14]. We briefly gather some key notions and fix the notation
concerning sequences over abelian groups. Let N denote the set of posi-
tive integers and let Ng = N U {0}. For real numbers a,b € R, we set
[a,b] = {z € Z | a < x < b}. Throughout, all abelian groups will be written
additively. For n € N, let (), denote a cyclic group with n elements. Let G
be an abelian group.

Let A, B C G be nonempty subsets. Then A+B = {a+b|a € A, be B}
denotes their sumset and A — B ={a—b|a € A, b € B} their difference
set. The stabilizer of A is defined as Stab(4A) ={g€ G |g+ A=A}, and A
is called periodic if Stab(A) # {0}.

An s-tuple (e, ..., es) of elements of G is said to be independent if e; # 0

for all ¢ € [1, s] and, for every s-tuple (my,...,ms) € Z°,
mie; + -+ mges =0 implies mie; =+ =mges = 0.
An s-tuple (eq,...,es) of elements of G is called a basis if it is independent

and G = (e1) ® -+ D (es).
Let G = C,, ® C,, with n > 2, and let (ej,ez) be a basis of G. An
endomorphism ¢: G — G with

a b

(pler). g(e2) = (1, e2) ( ’

>, where a,b,c,d € 7Z,

is an automorphism if and only if (p(e1), p(e2)) is a basis, which is equivalent
to ged(ad — be,n) = 1. If f; € G with ord(f1) = n, then clearly there is an
f2 € G such that (f1, f2) is a basis of G.
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Let F(G) be the free abelian monoid with basis G. The elements of F(G)
are called sequences over G. We write sequences S € F(G) in the form

S = H g7 with v,(S) € Ny, and v4(S) = 0 for almost all g € G.
geG

We call vy(S) the multiplicity of g in S, and we say that S contains g if
vg(S) > 0. A sequence S; is called a subsequence of S if Sy |S in F(G)
(equivalently, v4(S1) < v4(S) for all g € G). Note that for two sequences
S, T € F(G), ged(S,T) is the longest subsequence dividing both S and T'.
If a sequence S € F(G) is written in the form S = g; - ... g;, we tacitly
assume that [ € Ng and ¢1,...,9; € G.

For a sequence

S=g-....q=[[ 9 € F(G).

geG
we call
o |S|=1="> vy(S) €Ny the length of S,
geG
e h(S) =max{vy(S) | g € G} €0,|S]] the mazimum of the multiplic-
ities of S,

o supp(S) ={g € G| vy(S) >0} C G the support of S,

!
e 0(9) = Zgi = ng(S)g € G the sum of S,
=1 geG
o Xi(S) = {Z gi | I C[1,] with |I| = k} the set of k-term subsums
el
of §, for all k € N,
o Xuu(9)= | TS, =9 =] Zi(9),
JE[L,K] Jzk
o X(S)=X51(S) the set of (all) subsums of S.

The sequence S is called

o zero-sum free if 0 ¢ X(S),

e a zero-sum sequence if o(S) = 0,

e a minimal zero-sum sequence if 1 # S, o(S) = 0, and every S’ | S with
1 < |5’ < |S] is zero-sum free.

We denote by A(G) C F(G) the set of all minimal zero-sum sequences
over G. Every map of abelian groups ¢: G — H extends to a homomorphism
v: F(G) — F(H) where (S) = ¢(g1) ... v(g1). We say that ¢ is constant
on S'if p(g1) =+ = ¢(ag1). If p is a homomorphism, then ¢(S) is a zero-sum
sequence if and only if o(5) € Ker(yp).
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DEFINITION 2.1. Let G be a finite abelian group with exponent n.

1.

Let D(G) denote the smallest integer ¢ € N such that every sequence
S € F(Q) of length |S| > ¢ has a nontrivial zero-sum subsequence.
Equivalently, we have D(G) = max({|S| | S € A(G)}), and D(G) is
called the Davenport constant of G.

Let n(G) denote the smallest integer ¢ € N such that every sequence
S € F(G) of length |S| > ¢ has a zero-sum subsequence T of length
|T| € [1,n].

We say that G has Property C if every sequence S over G of length
|S] = n(G) — 1, with no zero-sum subsequence of length in [1,n], has
the form S = T"~! for some sequence T over G.

LEMMA 2.2. Let G = Cy, ® Cy, with 1 < nj|ne.

1.

We have D(G) =ny +na — 1 and n(G) = 2ny + ng — 2.

2. If ny = ny and G has Property B, then G has Property C.

Proof. 1. See [14, Theorem 5.8.3].
2. See [9, Theorem 6.2] and [10, Theorem 6.7.2(b)]. =

Results on 7(G) for groups of higher rank may be found in [6}, 5}, 12, [4], 22].
LEMMA 2.3. Let G =C,, & C,, withn > 2.

1.

The following statements are equivalent:

(a) If S € F(G), |S| = 3n—3 and S has no zero-sum subsequence
T of length |T| > n, then there exists some a € G such that
On—lan—2 ’ S.

(b) If S € F(G) is zero-sum free and |S| = 2n — 2, then a"~2| S for
some a € G.

(¢) G has Property B. Namely, if S € A(G) and |S| = 2n — 1, then
a" 1| S for some a € G.

(d) If S € A(G) and |S| = 2n—1, then there ezists a basis (e1,e2) of
G and integers x1, . ..,x, € [0,n—1], with z1+- - -+x, = 1 mod n,
such that

n
S=e ! [[(zver +e2).
v=1

. Let S € A(G) be of length |S| = 2n—1 and e; € G with v, (S) =n—1.

If (e1,¢€h) is a basis of G, then there exist some b € [O n — 1] and
ay,...,a, € [0,n — 1], with gcd(b,n) =1 and Y, _, a, = 1 mod n,
such that

n
H aleq + beh).
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3. If S € A(G) has length |S| = 2n — 1, then ord(g) = n for all g €
supp(.5).
Proof. 1. See [14, Theorem 5.8.7].

2. This follows easily from item 1; for details see [9, Proposition 4.1].
3. See [14, Theorem 5.8.4]. =

The characterization in Lemma[2.3]1 gives rise to the following definition.

DEFINITION 2.4. Let G = C,, & C,, with n > 2.

1. Let Y(G) be the set of all S € A(G) for which there exists a basis
(e1,e2) of G and integers z1,...,x, € [0,n — 1], with 21 + -+ -+ z, =
1 mod n, such that S = e} ' [[l_,(z,e1 + e2).

2. Let 7, (G) be the set of those S € 7(G) with a unique term of multi-
plicity n — 1, and let 1,,,(G) = T(G) \ Yu(G) be those S € T(G) with
a nonunique term of multiplicity n — 1.

Thus, by Lemma[2.3]1, a group G = C,, & C,, with n > 2 has Property B

if and only if {S € A(G) | |S| =2n — 1} =T(G).
LEMMA 2.5. Let G = Cpyp @ Crpy with myn > 2, let S € A(G) be of

length |S| = 2mn — 1, and let ¢: G — G denote the multiplication by m
homomorphism.

1. ¢(S) is not a product of 2m zero-sum subsequences. Every zero-sum
subsequence T of ¢(S) of length |T| € [1,n] has length n, and 0 ¢

supp(¢(S5)).
2. S may be written in the form S = Wy - ... Wap—_o, where Wy, ...,
ng_g € f(G) with ‘W()’ =2n — 1, ‘Wﬂ == ’WQm_2| =n and

o(Wo),...,0(Wapm_2) € Ker(p).
Proof. See [9, Lemma 3.14]. m

The following is the Erdés—Ginzburg—Ziv Theorem and the correspond-
ing characterization of extremal sequences. There are much stronger inverse
results (see [13, Section 5]), but the one mentioned below will be sufficient
for our purposes.

THEOREM 2.6. Let G be a cyclic group of order n > 2 and S € F(G).

1. If |S]| > 2n—1, then 0 € X,(95).

2. If |S|=2n—2and 0 ¢ X,(S), then S = g *h"~! for some g,h € G
with ord(g — h) = n.

Proof. 1. See [14, Corollary 5.7.5] or [I8, Theorem 2.5].

2. See [3| Lemma 4] for one of the original proofs, and [13] Proposition
5.1.12]. =

The following result was a conjecture of Y. ould Hamidoune [I7] con-
firmed in |16, Theorem 1].
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THEOREM 2.7. Let G be a finite abelian group, S € F(G) of length
S| > |G|+ 1, and k € N with k < |supp(S)|. If h(S) < |G| — k + 2 and
0 ¢ Xy (S), then [X)q(S)| > |S] — |G|+ k — 1.

3. Preparatory results. We first prove several lemmas determining
in what ways a sequence S € 1T(Cyp, @ Cy,), where m > 4, can be slightly
perturbed and still remain in 7' (C), ® C,,). These will later be heavily used
in Section |5, always in the setting where K = Ker(p) and ¢: G — G is
multiplication by m.

LEMMA 3.1. Let K = C), ® Cy, with m > 4, let g € K, and let S =
FPH I (e fi + f2) € Tu(K) with 1, ..., 2m € Z.

1 If 8" = f72S(f1 +9)(fi —g) €T (K), then g =0 and hence S = S'.

2. If 8" = fil(zifi + )7IS(A + 9)(xjfi + f2 — g) € T(K), then
g €10, (z; —1)f1 + f2} and hence S =5".

8. If 8 = (z; frtfo) Manfit fo) 1 S(x) fr+fatg) (wrfitfamg) € T(K)
with j, k € [1,m] distinct, then g € (f1).

Proof. 1. Assume to the contrary that g # 0 and thus S # S’. Then
vf, (S") <m—1 and, since m >4, S" € T'(k) and S € 7,(K), it follows that
there is some j € [1,m] such that (x; fi + f2)™ 1| S, (z;fi+ f2)™ 3| S, and
w.lo.g zjfi+fo= fitg Ifweset fy = x;fi+fo, then S = f ™ (v, —
z;) f1 + f3), and thus we may assume that fo = f5. Then fo = fi + ¢ and
fi—g = fo—29 = 2f1 — fo. Since m > 4, it follows that fi|S’. Since
S" € Y(K), fir=1 8" and f1,2f1 — fo € supp(S’) \ {fa}, it follows that
(2f1 — f2) — f1 = f1 — f2 € (f2), contradicting that (fi, f2) is a basis.

2. After renumbering, we may suppose that j = m. If flm_l | S’, then
fitg=fiorzmfi+ fo—g = fi, and 8’ = S. Otherwise, f! ¢ 8
and we shall derive a contradiction. Observe that we cannot have f; + g =
Tmf1+fo—g = xif1+ f2, else g, fo € (f1). Thus, since S" € T(K), S € T,(K)
and m > 4, it follows that (after renumbering again if necessary) either

S' = @it )" @mfit fa—9) (@mo1 it f2)  With fi+g = zfi+ fa,

or

S' = "2 (xfit )" (At g) (@mo1 fit fo)  with zp fi+ fo—g = 2fi+ fo.

In the first case, we have (x,,f1 + fo — ¢g) = (xm — x 4+ 1)f1 and hence

12((2y—2+1) 1) | S'. However, since (zm—a-+1) fi = (2 f1-+f2—9) # fi
(else g = (1, —1) f1+ fa, as desired), it follows that f"~2((z,—x+1) f1) is not
zero-sum free (as f; is the unique element from (f;) that can be appended
to fl"_1 without yielding a zero-sum), a contradiction. In the second case,
one can derive a contradiction similarly.
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3. Since m > 3, f{*"'| S and S’ € T(K), it follows that (z,f1 + fa + 9)
— (z1f1 + f2) € (f1), where | # j, k, and hence g € (f1). =

LEMMA32 Let K = Cp, @ Cpy with m > 4, g € K and S =

m—1

1

1.
2.
3.

4.
5.

(fl + f2) € Tnu( )

IfS’ JT2S(f1+9)(fL — g) € T(K), then g € (fa).

If 8" = £3,2S(f2+ 9)(f2 — 9) € Y(K), then g € (f1).

If S = 7518+ 9)(fa — 9) € Y(K), then S = S and g €
{0, —f1 + fo}.

IfS" = frl(fr+ f2) 7 S(fr + 9)(fr + fo — g) € T(K), then g € (fa).
IfS' = fy N+ f2)71S(fa+ 9)(fi + f2 — g) € Y(K), then g € (f1).

Proof. 1. Since f5*~'| S and S’ € T(K), it follows that fi +g— (f1+ fa)
€ (f2), whence g € (f2).

2. Analogous to the proof of item 1.

3.IF f7H S or f51| S, the result follows. Otherwise, m > 4 and

h(S")

= m—11imply that m = 4 and fi+¢g = fa—g = fi1+ f2, a contradiction.

4. Since m > 3, it follows that fi | S’. Now we have f3*~!|S" and S’ €
T(K) so that (f1 + fa —g) — f1 € (f2), implying g € (f2), as desired.
5. Analogous to the proof of item 4. =

LEmMMA 33. Let K = Cp, & Cp, with m > 4, g € K and S =

1

1.
2.
3.
4.

5.

_l(fl + f2) S Tnu(K)

IfS" = f725(fi+9)(fi—g) € Thu(K), then g = 0, and hence S = S'.
IfS" = £,25(f2+9)(fa—g) € Tnu(K), then g = 0, and hence S = S'.
IS = fi ' 5 'S(fr+ 9)(f2 — 9) € Tau(K), then g € {0, —f1 + fa},
and hence S = S'.
IfS/ = fl_l(fl+f2)_ls(f1+g)(f1+f2_g) € TnU(K)7 theng € {07 f2},
and hence S = 5.
If S = fy (fr+f2) 1S (fatg) (fit f2—g) € Tou(K), theng € {0, f1},
and hence S = 5'.

Proof. 1. Assume to the contrary that ¢ # 0 and S # S’. Since S’ €

Yo (K

)and m > 4, we get fi+g = fi—g = f1+f2 and hence —2fs = 2g = 0,

a contradiction.
2.—5. Similar. =

Next we prove two simple structural lemmas which will be our all-
purpose tools for turning locally obtained information into global structural
conditions on S. They are also the reason for the hypothesis of m and n odd
in the Theorem.

LEMMA 3.4. Let G be an abelian group, a € G with ord(a) > 2, and
S, T € F(G) \ {1} with [supp(S)| = |supp(T)|.
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1. If supp(S) — supp(T) = {0}, then S = ¢gI*l and T = ¢I"1, for some
g €G.

2. If supp(S) — supp(T) C {0,a}, then S = g*(g + a)l°1=% and T = |71,
for some g € G and s € [0, |5]].

3. If |S|,|T| > 2 and U7, (Z:(S) — Zi(T)) C {0,a}, then either S =
g5 g +a) and T = gI"!, or else S = ¢gI5! and T = ¢\, for some
g€ G.

Proof. Note that X1(S) = supp(S) and that all hypotheses imply
supp(S) — supp(7T’) C {0,a}. Since ord(a) > 2, it follows that {0,a} con-
tains no periodic subset, and thus Kneser’s Theorem (see e.g., [14, Theorem
5.2.6]) implies that

2 > [supp(S) — supp(T)| > [supp(S)| + [supp(T)| — 1.
Therefore we get [supp(S)| < 2 and |supp(T")| = 1. Items 1 and 2 now

easily follow. For the proof of;)art 3, we apply assertion 2, and thus we may
assume that supp(S) C {g,g+ a} and T = ¢/T|. Now if item 3 is false, then
(g +a)?| S, whence
2
20 = ((g+a)+ (g+a) — (g+9) € | J(Z:(S) - Zi(T)) € {0,a},
i=1
contradicting ord(a) > 2. =
LEMMA 3.5. Let G be an abelian group and let S € F(G).

L. Ifk € [1,]5] — 1] and |Zx(S)| < 2, then |supp(S)| < 2.

2. If k € [2,|S] — 2] and |Xk(S)| < 2, and Xi(S) is not a coset of a
cardinality two subgroup, then either S = ¢! or § = ¢ISI=1h, for
some g,h € G.

3. If k € [1,|S]| — 1] and | Zx(S)| < 1, then S = g!°| for some g € G.

Proof. 1. Assume to the contrary that [supp(S)| > 3 and pick three
distinct elements ,y, z € supp(S). If k = [S] — 1, then X|g_1(S) = o(5) —
Y1(S) and hence |X|g_1(S)| = [supp(S)| > 3, a contradiction. Therefore
k < |S| —2. Let T be a subsequence (possibly trivial) of (zyz)~1S of length
|T| =k —1<|S|—3. Then {z,y, 2z} + o(T) is a cardinality three subset of
2k(S), a contradiction.

2. By item 1, we have S = g°1h®2 with s1,s89 € Ny, s1 > s9 and g, h € G
distinct. Assume to the contrary that sy > 2. Since Xjg_4(S) = o(S) —
Zk(9), it suffices to consider the case k < £|S|, and thus s; > 1[S| > k > 2.
Hence the elements kg, (k — 1)g + h and (k — 2)g + 2h are all contained in
Xk(S). Thus, since |X(S)| < 2 and g # h, it follows that ord(h — g) = 2
and X% (S) = kg + {0,h — g}, contradicting the assumption that Xy (S) is
not a coset of a cardinality two subgroup.
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3. If the conclusion is false, there are distinct z,y € G with zy | S, and
then {z,y} +0(9’) is a cardinality two subset of X (S) for any S’ | (zy)~1S
with0 < |S'|=k—-1<|S|—2. =

4. On the structure of ¢(S5)

DEFINITION 4.1. Let G = Cyp, ® Chppy with my, n > 2, 1let S € A(G) with
|S| = 2mn — 1, and let ¢: G — G be multiplication by m. Let

(8 =2 ={(Wo,...,Wapm_2) € F(G)* ™ 1| S=Wp-... - Wapm_2,
o(W;) € Ker(p) and |W;| > 0 for all ¢ € [0,2m — 2]}
and
2(8) =02 ={(Wy,...,Wopm_2) € 2" | [Wi| =+ = |Way_2| = n}.
The elements (Wo, ..., Wapm_2) € £2'(S) will be called product decomposi-
tions of S. If W € ', we implicitly assume that W = (Wp, ..., Way,—2).

By Lemma 2.5 2 # 0, and if W € (2, then o(Wp), ..., o(Wap_2) are
minimal zero-sum sequences over ¢(G) = C, @ C,. Proposition below
shows that ¢(S) is highly structured. In Claims A, B and C of Section 5
we will show (with much effort) that this structure lifts to the original se-
quence S. As this lift will only be “near perfect” (there will be one excep-
tional term x| S for which the structure is not shown to lift), we will then, in
Claim D of Section 5, need Theorem to finish the proof of the Theorem.

PROPOSITION 4.2. Let G = Chp @ Cry with m, n > 2, and suppose
that Cy, & Cp, has Property B. Let S € A(G) with |S| = 2mn — 1, and let
p: G — G be multiplication by m. Then there exist a product decomposition
(Wo, ..., Wam—2) of S and a basis (e1, es) of p(G) such that

(1) (W) = e H(xl,el +e2) and (W;) € {e?, H(Ci,v@l + 62)},
v=1 v=1

where z1,...,zy, € [0,n —1], 21 + -+ 2, =1 mod n, all ¢;, € [0,n — 1],
and ¢;1 + ¢ia+ -+ cin =0 mod n for all i € [1,n]. In particular,

2mn—~_In

p(S) =t [T (ever +e),

v=1
where £ € [1,2m — 1] and x,, € [0,n — 1] for all v € [1,2mn — In].
Proof. If n = 2, then it is easy to see (in view of Lemma that

holds. From now on we assume that n > 3. We distinguish two cases.

CASE 1: For every product decomposition W € {2, there exist distinct
elements g1, g2 € ¢(GQ) such that vy, (p(Wy)) = vg, (p(Wp)) =n — 1. Let us
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fix a product decomposition W € 2. By Lemma[2.3] there is a basis (e1, €})
of ¢(G) such that

(W) = i [ (@ver + ¢b)

v=1
where x1,...,z, € [0,n—1] and x1+- - -4z, = 1 mod n. Thus, by assumption
of Case 1, it follows that
e(Wy) = e} Hwer +€5)" (1L +x)er + b))  with x € [0,n — 1].

As a result,

1 =z
(e1,€2) = (e1,wer + €5) = (e1,ep) - (0 1)

is a basis of ¢(G) and
(2) p(Wo) = e lef ™ (er + ea).
We continue with the following assertion.

A. For every i € [1,2m — 2], o(W;) has one of the following forms:

er, ey, (e1 +e2)", (—e1 +e2)", (e1 —e2)",
ei(e; + eg)”*Q(el + 2e3),e2(e1 + 62)7“2(261 + e2).

Suppose that A is proved. If the forms (e; —e3)™ and e1(e1 +e2)" 2 (e1+2e2)
do not occur, then ¢(W;) has the required form with basis (e, ez). If the
forms (—e; + e2)™ and ez(e1 + e2)"2(2e1 + e3) do not occur, then p(W;)
has the required form with basis (eg, e1). Thus by symmetry, it remains to
verify that there are no distinct ¢, 5 € [1,2m — 2] such that

(i) e(W;) = e1(e1 + 62)"_2(61 + 2e9) and
e(W;) = ealer + e2)""2(2e1 + e2),
(ii) o(W;) = e1(er + e2)"2(e1 + 2e2) and o(W;) = (—e1 + €2)", or
(iii) e(W;) = (e1 — e2)™ and p(W;) = (—e1 + e2)".

Indeed, if (i) held, then (21 +e2)(e1 +2e2)(e1 4+ e2)" 2 would be a zero-sum
subsequence of p(W;W;) of length n — 1, contradicting Lemma If (ii)
held, then (—e; + e2)(e1 + 262)63_3 would be a zero-sum subsequence of
e(WoW;W;) of length n — 1, contradicting Lemma Finally, if (iii) held,
then (e; — e2)(—e1 + e2) would be a zero-sum subsequence of p(W;W;) of
length 2, also contradicting Lemma Thus it remains to establish A
to complete the case. To that end, let ¢ € [1,2m — 2] be arbitrary. Then
h(e(WoW;)) > n — 1, and we distinguish three subcases.

CaSE 1.1: h(p(WoW;)) > n. Then it follows from (2) that vy (p(WoW;))
> n for some g € {e1,e2,e1 + ea}. If g = e1 + ea, then p(W;) = (e1 + e2)™.
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Now suppose that g € {e1,e2}, say g = e;. Then
n—2
p(WoW3) = e5 ™ (er + ea)el ™ [ (cver + duea),
v=1
where ¢,,d, € [0,n — 1] for all v € [1,n — 1]. By Lemma [2.5
n—2
W} = 6371(61 + e2)eq H(cl,el + dyes)
v=1
is a minimal zero-sum subsequence of ¢(.S). Since W/ contains two distinct
elements with multiplicity n—1 (by assumption of Case 1), and since e; | W,
it follows that either

W = e?_leg_l(el +eg) or W)= eleg_l(el +eg)" L
But in the second case, we would get o(W()) = —2ez # 0. Thus W) =
el lel  er + eg) and o(W;) = ef.
CASE 1.2: h((WoW;)) = n. We distinguish two further subcases.

CASE 1.2.1: o(W;) = ¢g" for some g € ¢(G) \ {e1,e2,e1 + e2}. We
set g = cey + deg with ¢,d € [0,n — 1]. By Lemmas and it fol-
lows that ¢(Wp)g" ! has a zero-sum subsequence T of length |T| = n and
©(W;Wy)T~! is a minimal zero-sum subsequence of ¢(S) of length 2n — 1,
say

(W;Wo)T~! = edel(e1 + e2)*(cer + dea)’,

where g > 1,r>1,s>0and t € [1,n — 1].
Since g # e1 + eo, we infer that s < 1. If s = 1, then, by the assumption
of Case 1, we get

on—1=|WiWol |=q+r+s+t>1+(qg+7+1¢)
>1+(n—1+n—-1+1)>2n-1,

a contradiction. Hence s = 0. Again, by the assumption of Case 1, we have
the following possibilities:

e g=r=n—1landt=1.
e g=t=n—1andr=1.
eg=landr=t=n-1.

Ifg=r=n—1andt =1, then o(p(WoW;)T~') = 0 implies that g = e;+ea,
a contradiction. If ¢ = t = n — 1 and r = 1, then o((WoW;)T~1) = 0
implies that g = e; — ez and p(W;) = (e1 — e2)™. Finally, if ¢ = 1 and
r=t=mn—1, then o(p(WoW;)T~1) = 0 implies that g = —ej + eg and
(p(WZ) = (—61 + 62)”.

CASE 1.2.2: vg(o(WoW;)) = n for some g € {e1,ea,e1 + ea}. Since |Wj|
=n, o(p(W;)) = 0 and ve, +e, ((Wp)) = 1, it follows that g # e; + e2. Thus



Inverse zero-sum problems I11 115

g € {e1,e2}, say g = e1. Then

n—1

O(WoW;) = el ey + eg)el H(cyel +dyea),

v=1
where ¢,,d, € [0,n — 1] for all v € [1,n — 1]. By Lemma and the
assumption of Case 1.2,

n—1

W = el er + e2) H(cyel +dye)

v=1
is a minimal zero-sum subsequence of ¢(S) with ey ¥ W[. Since W} contains
two distinct elements with multiplicity n — 1 (by the assumption of Case 1)
and o(@(W;)) = 0, and since ey W, it follows that
Wi =eb ey + e2)" ep + 2e2),
and thus
o(W;) =e1(e1 + 62)n72(€1 + 2e9).

CASE 1.3: h(p(WoW;)) = n—1. Since o(e(W;)) = 0, it follows from
that vy (p(WoW;)) # n—1for g ¢ {e1, e2,e1+e2}. Suppose ve, 4, (@(WoW;))
=n — 1. Then

QO(VV,) = (61 + 62)”72(6161 + d1€1)(6261 + dgeg),
where ¢1,dq,ca,dy € [0,n — 1]. By Lemma and the definition of Prop-
erty C,
e(WoWi)(e1 + e2) " (caer + daez) ™
has a zero-sum subsequence T of length |T| = n and, by Lemma
e(WoW;)T~! is a minimal zero-sum subsequence of ¢(S) of length 2n — 1.
In view of the assumptions of Case 1 and Case 1.3, and in view of
gO(WoWi) = 6?716371(61 + 62)”_1(0161 + dleg)(cgel + Clzeg),
it follows that h(T") = n — 1, contradicting o(7T") = 0. So we conclude that
(3) ve(e(WoW;)) <n—1 forall g € (G)\ {e1,ea}.

We set p(W;) = [1_,(cver + dyea), where ¢,,d, € [0,n — 1] for all
v € [1,n], and pick some A € [1,n]. By Lemmas and it follows that
©(WoW;)(cxe1 + dyez) ™! has a zero-sum subsequence T of length |T| = n
and that o(W;Wy)T~! is a minimal zero-sum subsequence of ¢(S) of length
2n — 1. By the assumption of Case 1 and , it follows that

w(WOWi)T_l = e’f_leg_l(el + e3),

and thus cye; +dyea = e1 +e2. As X € [1,n] was arbitrary, this implies that
o(W;) = (e1 + e2)", contradicting the hypothesis of Case 1.3.
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CASE 2: There exists a product decomposition W € £2 with vy(p(Wy)) =
n—1 for exactly one element g € p(G). By Lemmal and the assumption
of Case 2, there exists a basis (e1, e2) of ¢(G) such that

n
e(Wy) = el H xyer + ea),

where x1,..., 2, € [0,n—1] and z; +-- -+ 2, = 1 mod n and at most n — 2
of the elements z1, ..., z, are equal. Let ¢ € [1,2m — 2] be arbitrary, and let
e(W;) = 11,_,(cver + dyea), where ¢,,d, € [0,n — 1] for all v € [1,n]. We
proceed to show that there exists m; € {0,n} such that

n—ms;
e(Wi) = e ] (cver + ea),
v=1
which will complete the proof. Let W; = [[_;(cve1 + dyea). We distinguish
six subcases.

Cast 2.1: h(p(W;) [[,—;(zve1 + e2)) > n. Then there exists some z €
[0,n — 1] such that (after renumbering if necessary)

n T S
H zye1 +ex) = (xep + e2)" H(Cy€1 +dyez) H($u61 +e2),
v=1 v=1 v=1
where r € [1,n — 1], s € [2,n — 1] and r + s = n. Since

S
e?_l H(c,,el +dyes) H(x,,el + e2)
v=1 v=1
is a minimal zero-sum subsequence of ¢(S) of length 2n — 1, Lemma
implies that d; = --- = d, = 1, whence o(W;) = [],_,(cve1 + e2).

CASE 2.2: h( (W)HV 1(%,,61 + 62)) =n. If (Cl,dl) = . = (Cn,dn)
does not hold, then, similar to Case 2.1, we obtain dy = --- = d,, =
Therefore ¢; = -+- =¢, =cand dy = --- = d,, = d for some ¢,d € [0,n — 1].

Pick some A € [1,n] and consider the sequence

e(WoW;)(zre1 + e2)” 1(661 + deg)_l

= (ce; + dey)"™ 16? ! H (xye1 + e2).
ve[L,n\{\}
Since this sequence has length 3n — 3 = n(C,, ® C,,) — 1 (by Lemma 1)
but is not of the form U™~ with U € F(C,, ® C,,) (by the assumption of
Case 2), it follows from Lemma 2 and the definition of Property C that
it has a zero-sum subsequence T' of length n. Moreover, by Lemma [2.51,
©(WoW1)T~! is a minimal zero-sum sequence of length 2n — 1. Since ¢(G)
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has Property B, we have either
et o(WoW)T™" or  (cer + dea)" " [(WoW;)T ™"

If 1| p(WoW;)T ™!, then, since (zxe1 + ea)(cer + dea) | o(WoW;)T ™1, it
would follow that d = 1, whence ¢(W;) = (ce1 + e2)", as desired. Therefore
we may assume that (cey + de2)" ! | p(WoW;)T L.
Since p(W;) is a minimal zero-sum sequence, it follows that
n = ord(ce; + des) = n/ged(c, d,n),

and hence there are u,v € Z such that uc + vd = 1 mod n. Thus

¢ —v
(€],€h) = (cer + des, —vey + ues) = (e1,e2) - <d >
u

is a basis of ¢(G) and, for some sequence @ over ¢(G),
O(WoWi)T™! = (ceq + dea)" ter(xrer + €2)Q

rn—1

=" (ue] — deb)((xyu +v)e] + (c — xxd)eh)Q.
Now Lemma2.3|implies that —d = c—xzd mod n, whence x)d = c+d mod n.
Therefore, since A was arbitrary, we get

n
d= le,dzn(c+d) = 0 mod n,
v=1
and thus d = 0. If ¢ € [2,n], then (ce;)el™ is a zero-sum subsequence of
©(S) of length n — ¢+ 1 < n, a contradiction. Thus ¢ = 1 and p(W;) = ef.

CasE 2.3: h(e(Wy) 1 (zpe1 +e2)) =n—1 and ve, (p(W;)) > 2. After

v=1
renumbering if necessary, we have

S

4)  e(WoW;) = e (zey +eg)" ! H(x,,el +e2) H(cl,el + dye2)

v=1 v=1
where x € [O,n — 1], 7 € [I,n—1], s € [I,n—2] and r +s = n — 1. By
Lemma 2.5
S

W' = ey (zer + 62)"_1 H(:El,el + e2) H(cl,el +dyer)

v=1 v=1

is a minimal zero-sum subsequence of ¢(.S) of length 2n — 1. Since

1 z
(e1,€h) = (e1,we1 + e2) = (eq, e2) - <O 1)

is a basis of ¢(G) and

r S

W' = ele’Qn_l H((x,, —x)e; + eb) H((c,, —xdy)er + dyeh),

v=1 v=1
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Lemma [2.3]2 implies that z, — 2 = 1 mod n for all v € [1,r]. Therefore,

since
-

e(Wy) = e?_l(mel +e)" " H(xl,el + e9)

v=1
(in view of (), we get (n — )z +r(z+1) = >.)_, 2, = 1 mod n. Hence
r=1and
p(Wo) = e~ Hzer +e2)" H((a + V)er + e2),
a contradiction to our assumption on z1,...,x, for Case 2.
CASE 2.4: h(p(Wy) [, _;(xver + e2)) = n— 1 and ve, (W;) = 1. After

renumbering if necessary, we get

s

e(WoW;) = el (xze; + 62)”71 H(gcyel + e2) H(cye1 + dye9)

v=1 v=1
withz € [0,n—1],7 € 1,n—1], s € [1,n—1] and r+ s = n. By Lemma[2.5]
T S
W/ = (1:61 + 62)n_1 H(a:,,el + 62) H(C,jel + dl,eg)
v=1 v=1

is a minimal zero-sum subsequence of ¢(S) of length 2n — 1. Since

1 =z
(@169 = (enaer o) = (enen) (1)

is a basis of ¢(G) and

T S

W' = eén_l H((my —x)er + eb) H((cy —xdy)er + dyeh),
v=1 v=1
Lemma [2.3]2 implies that
(5) TN—T=- =z, —T=c] —xd] =+ =cs — xds mod n.
Ifdi = - =ds =1, then o(W;) = [/_;(cve1 + e2), as desired. Therefore

we may assume there is some v € [1, s] with d,, # 1, say v = s. Hence, since
o(W;) =0, it follows that there is also another v/ € [1,s] with d,» # 1 and
s = v # V. Thus, by Lemmas and 2.5 and the definition of Property C,

o(WoW;)ey Heser + dsea) ™

has a zero-sum subsequence 1" of length |T| = n and (WoW;)T~! is a
minimal zero-sum subsequence of ¢(S) of length 2n — 1. Since ¢(G) has
Property B, it follows that either

671‘_1 | ga(WOI/Vi)T*1 or (zep + 62)”71 | cp(WoI/Vi)Tfl.

If "1 | @(WoWi)T 1, then, as (cseq +dsea) | o(WoW;) T~ and (2je1 +e2) |
o(WoW;)T~! for some j € [1,n], Lemma implies that ds = 1, a contra-
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diction. Therefore (ze; + e2)" ! | o(WoW;)T L. Thus, for some sequence @
over ¢(G), we have

QO(W()WZ‘)T_l = (ze1 + 62)n_1€1(05€1 + dse2)Q.

Since

(e1,€h) = (e1,zer +ez) = (e1,ea) - ((1) T)

is a basis of ¢(G) and
P(WoW)T ™" = ereh” ™ ((cs — wdy)er + doeh)Q,

Lemmaimplies that ¢s—xds = 1. Thus it follows from (|5 . that z1 = --
zy = +1 mod n. Therefore we get (n—r)z+r(z+1) =, _; 2, = 1 mod
Hence r =1 and

o(Wp) = e]™ 1(:661 + 62)”_1((m + 1)e + e2),

Sl

a contradiction to our assumption on 1, ..., z, for Case 2.
CAsE 2.5: h(p(W;) [[—i(zver + e2)) = n—1 and ve, (p(W;)) = 0. If
di = --- = d, = 1, then the assertion follows. Therefore there is some

v € [1,n] with d, # 1, say v = n. Since dy + --- + d,, = 0 mod n, we may
also assume that d,_1 # 1. We distinguish two subcases.

CASE 2.5.1: o(Wy) [, _;(xpe1 + e2) contains two distinct elements with
multiplicity n — 1, say xe; + ez and yey + ea, where x,y € [0,n — 1]. Then

©(Wi) = (ze1 +e2)" (yer + e2)’(cn—161 + dn—1€2)(cne1 + dnea)

and
n
(6) H (zre1 +e2) = (ze1 +e2)" " (yer + €)%,

where 7,5 € [1 n—3] and r+s = n—2 > 2. By Lemmas [2.2] and [2.5
e(WoW; )(cn61 +dye2) ! has a zero-sum subsequence T of length |T'| = n and
e(WoW;)T~" is a minimal zero-sum subsequence of ¢(S) of length 2n — 1.

Since ¢(G) has Property B, it follows that

vg(go(WiWO)T_l) =n—1 for some g € {e1,ze; + ez, ye1 + ea}.
Clearly, we have
e1(zer + ez)(yer + ea)(cner + dpez) | o(WoWi)T L.

Since d,, # 1, Lemma implies that g # e;. Thus w.l.o.g. ¢ = xe; + es.
Consequently, for some sequence @ over ¢(G), we have

cp(WOWi)T_l = (ze1 + eg)"_lel(yel +e2)Q.
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As before,

1 =z
(61,6/2) = (61,$€1 + 62) = (6]_,62) . (O 1)

is a basis of ¢(G) and

_ ~1
p(WoW)T ™ = ey er((y — x)er + €3)Q.
Now Lemma 2 implies y — x = 1 mod n, whence @ and >z, =
1 mod n imply (xze; + e2)" ! | Wp, contradicting the assumption of Case 2.
CASE 2.5.2: o(W;) [, (zve1 + e2) contains exactly one element with
multiplicity n — 1, say xe; + ex where x € [0,n — 1]. After renumbering if
necessary, we get

s S

e(WoW;) = 6?71(x61 + 62)"_1 H(c,,el +dyes) H(xl,el + e2),
v=1 v=1
wherer € [1,n—1],s € 2,n—1] and r+s=n+1.1fdy =--- =d, = 1, then

the assertion follows. So after renumbering again, we suppose that d, # 1.
Let A € [1, 5].
By Lemmas[2.2)and[2.5] the definition of Property C, and the assumption
of Case 2.5.2,
e(WoW;)(crer + dreg)fl(x)\el + 62)71

has a zero-sum subsequence T of length |T| = n and @(WoW;)T~! is a
minimal zero-sum subsequence of ¢(S) of length 2n — 1. Since ¢(G) has
Property B, it follows that

Vo(p(WoW)T™ ) =n—1 for some g € {e1,ze; + ea}.
Clearly, we have
ei(zer + e2)(crer + drea)(zrer + e2) | go(WOI/VZ-)T_l.

Since d, # 1, Lemma [2.3]implies that g # e, and hence g = xe; + €. Thus,
for some sequence @ over ¢(G), we have

QO(W()WZ')Til = (1'61 + 62)”7161 (2?,\61 + 62)@.
As before,

1 =z
(e1.6) = (eraer +e2) = (enen)- (1 )

is a basis of ¢(G) and
C(WoW) T~ = eb" ey ((zy — z)er + €5)Q.
Hence Lemmaimplies that 1 = ) —2z mod n. As A € [1, s] was arbitrary,

it follows that 1 = --- = xs = ¢ + 1 mod n, and, as in Case 2.3, we obtain
a contradiction.
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CAsE 2.6: h(e(Wy) [I,_;(zver +e2)) < n—1. Let A € [1,n] be ar-
bitrary. By Lemmas and ©(WoW;)(cxe1 + dyea) ™! has a zero-sum
subsequence T of length |T| = n, and p(WoW;)T~! is a minimal zero-sum
subsequence of ¢(S) of length 2n — 1. Since ¢(G) has Property B, it follows
that €' divides o(WoW;)T~!. Furthermore, there is some v € [1,n] such

that
(:(:1,61 + 62)(6)\61 + d)\eg) ‘ (p(WoWi)T_l.

Thus Lemma [2.5] implies that either dy = 1 or (cy,dy) = (1,0). Thus, since
A € [1,n] was arbitrary and o(¢(W;)) = 0, we must have either dy = 1 for
all A € [1,n], or (cx,dx) = (1,0) for all A € [1,n], and so either o(W;) = e}
or o(W;) =T10_;(cver + e2), as desired. =

5. Proof of the Theorem. Let G = C,,,;, ® Cypyp, with m,n > 3 odd,
be such that Property B holds for both C,,, ® C,, and C, ® C,, (if m =1 or
n = 1, then the Theorem is trivial). Since Property B holds when mn = 9
(as shown in [2] and mentioned in the introduction), we may assume mn > 9,
and w.l.o.g. m > 5. Let S € A(G) be a minimal zero-sum sequence of length
|S| = 2mn — 1. The sequence S will remain fixed throughout the rest of this
section. Our goal is to show that S contains an element with multiplicity
mn — 1 (in other words, h(S) = mn — 1). We proceed in the following way :

e First, using Proposition [f.2] we establish the setting and some detailed
notation necessary to formulate the key ideas of the proof.

e Next, we proceed with four lemmas, that collect several argu-
ments used repeatedly in the proof.

e Then, we divide the main part of the proof into four claims, A, B, C
and D, where in Claim D we finally show that h(S) = mn — 1.

The setting and key definitions. Since S is fixed, we write 2’ and
(2 instead of 2'(S) and £2(S) (see Definition [4.1)). Recall that Lemma [2.3/3
implies that ord(z) = mn for all x € supp(S). Let ¢: G — G denote
multiplication by m. Then Ker(y) = nG = C), @ C,, and ¢(G) = mG =
Cp & C,,.

Let 29 C {2 be all those W € 2 for which there exists a basis (mey, mes)
of p(G), where ey, e2 € G, such that p(Wy) = (me1)" L [[L_, (z,me1+mes),
where z1,...,x, € Z with 1+ -- -+ x, = 1 mod n, and such that for every
i € [1,2m — 2], o(W;) is of the form either o(W;) = (me1)"™, or (W;) =
[1,_(yipmer +mez) where yi1,...,Yin € Z with y; 1 +- - - +y;n = 0 mod n.
By Proposition 1.2 (2 is nonempty.

Let W € ', and define (W) = [[27,2a(W,) € F(Ker(yp)). Since
S € A(G), it follows that o(W) € A(Ker(y)). As Property B holds for
Ker(y), it follows that (W) € T(Ker(yp)). Partition 29 = 2§ U £20* by
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letting (2 be those W € (2 with o(W) € T, (Ker(p)), and letting 27" be
those W € 2y with a(W) € Tu(Ker(p)).

Let W € (29, let (me1, mes) be a basis of ¢(G) as in the definition of 2y
with e1,e2 € G, and let (f1, f2) be a basis for Ker(y) such that a(WW) can be
written as in the definition of 7°(Ker(y)). While we will at times change these
bases, the value me; will remain constant throughout the proof, and we only
ever deal with W’ € () having an associated basis (me), meb) if mej = me;
(one may redefine 2y to be the subcollection of product decompositions W’
for which this is true).

Let S; be the subsequence of S consisting of all terms = with p(z) =
meq, and define Sy by S = 5155. In view of the comments in the previous
paragraph, both S; and Sy (which depend upon me;) will remain constant
throughout the proof. Let I C Z be an interval of length n. Each term x of
S1 has a unique representation of the form = = e; + ng with ng € Ker(y)
(where g € G), and each term x of So has a unique representation of the
form z = ae; + ea + ng with a € I and ng € Ker(yp) (where g € G). Define
Y(z) = ng € Ker(p) and, for x € supp(Ss2), define ¢(z) = a € I C Z. Thus

x=e +¢Y(z) forx|S,
x=t(z)er +ex+Y(x) for xS,
where ¢(x) € Ker(¢) = (f1, f2) and ¢(x) € I. We set

P(x) = 1(x) +Pa(x), where 1(x) € (fi) and o(x) € (fa).

If y € Ker(p) with y = y1 f1 + ya2f2, then we also use 1;(y) to denote y; f;.

Note that, for x € supp(S), the value of 1)(x) depends upon the choice of
(e1,€2), and that, for z € supp(S2), the values of ¢(z) and «(x) depend upon
the choice of (e1,e2) and I. We will frequently need to vary the underlying
choices for (ey, e2) and I, and each time we do so the corresponding values of
v and ¢ will be affected. All maps will be extended to sequences as explained
before Definition 2.1]

Let A; (W) be those W; with either i = 0 or p(W;) = (me1)™, let Ax(W)
be all remaining W; as well as Wy, and let AX(W) = A;(W) \ {Wp} for
i€ {1,2}. f W € £, let Co(W) be all those W; with vy, (6(W)) <m—1,
let C1 (W) be all remaining W;, and let C:(W) = C;(W)\ {Wo} for ¢ € {0,1}.
If W e g, let Co(W) be the unique W; with v,qy,)(0(W)) < m — 1, and
divide the remaining 2m—2 blocks W into either C; (W) or C2(W) depending
on the value of o(Wj;); analogously define C(W) for ¢ € {0,1,2}. When the
context is clear, the W will be omitted from the notation. We regard the
elements W;, W; € Ay as distinct when 7 # j, follow the same convention
for all other similar collections of W;, and will refer to them as blocks.

Note that a starred collection of blocks simply refers to the fact that the
block Wy has been removed from the collection. We suggest that the reader
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Table 1. Notation

Ai Blocks W; with (me1)" ™" | o(W;), so p(W;) = (me1)"
or p(Wi) = p(Wo) = (me1)" " [1)_; (xumer 4 mes)

As Blocks W; with o(W;) =[]/'_, (z,me1 + me2) or W; = W

C1, Co | “Majority” blocks, i.e., blocks having as sum the same multiplicity m —1
element; we usually choose the basis (f1, f2) so that the following descrip-
tions of the C; hold

C1 Blocks W; with o(W;) = f1

Co Blocks W; with o(W;) = f2 (only applicable if W € £25)

Co “Minority” blocks W;, having o(W;) = Cf1 + f2 for some C € Z; if
W e 03", then our usual basis choice implies Co = {W}} with o(W}) =
fi+ f2

keep a sketch, at any given moment of the proof, of the current assumptions
and information known for each |A; NCj|, i € [1,2] and j € [0,2], as well
as which C; contains Wy, as this will prevent much confusion. Table 1 may
also be useful to quickly recall the definitions of the A; and C;.

We further subdivide Wy = WO(I)WSQ) with Wo(l) = ged(Wy, S1) and
Wé2) = ged(Wo, S2), and for a pair of subsequences X and Y with XY | S,
we define € (X,Y) to be the integer in [1,n] congruent to o(¢(X)) — o (c(Y))
modulo n, and define €(X,Y’) to be the integer such that

n—€(X,Y)+o((X))—a(Y)) =eX,Y)n.

The main idea of the proof is to swap individual terms contained in the
blocks of W € {2 so as to keep the resulting product decomposition in 2’
Using the lemmas from Section |3}, we will then derive information about the
possible values of ¥ and ¢ on the terms that have been swapped. The next
three paragraphs detail the three major types of swaps that we will use.

If U,V € Ay are distinct (thus U = W; and V' = W; for some i and j
distinct), then we may exchange any subsequence X |U for a subsequence
Y |V with |Y| = |X| (if U = Wp, then X must additionally lie within W\",
and likewise for V') and the resulting product decomposition W’ will still lie
in {2, equal to W except that the blocks U and V of W have been replaced
by the blocks U’ := X~'UY and V' := Y~V X. Moreover,

(7) o(V') =o(V)+o(y(X)) —a(¥(Y)).
We refer to this as a type I swap.

IfV e A5, and Y|V and X | WO(2) are subsequences with |X| = |V,
then by exchanging the sequence Y |V for the sequence RX | Wy, where

R| Wél) is any subsequence with |R| = n — €/(X,Y), we obtain a product
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decomposition W' that still lies in 2/, equal to W except that the blocks
V and Wy of W have been replaced by the blocks V' := Y™V XR and
W = R71X~'W,Y. Moreover,

8)  o(V)=0o(V)+e(X,Y)ner + o((X)) —a((Y)) + o(¥(R)).

We refer to this as a type II swap.

If U,V € Ay are distinct, then we may exchange any subsequence X |U
for a subsequence Y |V with |Y| = |X| and o(«(X)) = o(«(Y)) (and if
U = Wp, then X must additionally lie within W, and likewise for V')
and the resulting product decomposition W’ will still lie in 2, equal to
W except that the blocks U and V' of W have been replaced by the blocks
U':= X71UY and V' := Y~V X. Moreover,

(9) o(V') =o(V)+0o(y(X)) —a(i(Y)).
We refer to this as a type III swap.

We will also often have to change from W € {2y to another W’ € 2. One
common way to do this will be to find U € A} and X | UW(@ (X will often
be a single element dividing U). Then | X _1UW(§2)| = 2n—|X|. If there is an
n-term subsequence U’ | X_lUWZ) with o(U’) € Ker(p) (as is guaranteed,
in the case | X| = 1, by Theorem 1 applied to gp(w‘lUWO(z)) modulo mes;
note the mes coordinate of every term dividing p(z~1U WO(Q)) is constant,

so any n-term subsequence of ¢(z~1U WO(2)) with sum zero modulo mey will
be itself zero-sum), then, defining W by WU’ = WU, we obtain a new
product decomposition W' € 2y by replacing the blocks Wy and U by W]
and U’. Moreover, X | Wé(Q). We refer to such a procedure as pulling X up
into the new product decomposition W'.

All of the above procedures result in a new product decomposition
W' € (2 and, when W' € (2, leave the basis (mej, mey) unchanged. We
will always assume W' = (W{,..., Wy, _,), with W/ = W, for all blocks
W}, not involved in the procedure, and with Wy and W defined as above for
the two blocks W; and W; involved in the procedure.

Four lemmas. We will often only consider W € 2§* when 2§ = ()
(with one exception in Case 3 of Claim C). The reason for this is to en-
sure that if a swapping procedure applied to W results in a new product
decomposition W’ € 2, then W’ € 2" is guaranteed, and hence the more
powerful Lemma is available (instead of the weaker Lemma .

The following lemma will be used in Case 3 of Claim C to avoid having
to consider a W € 25" when 2§ # (.

LEMMA 5.1. Let W € (2§, U € C1 and V1, Vo € Cy be distinct. Suppose
there exist X |U and Yy | V1 such that swapping X for Y1 yields a new product
decomposition W' € (2 with the new block U' = X~'UY; in W' having
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o(U") # o(U). If Yo |Y['Vi and Z|Va are nontrivial subsequences such
that swapping Ya for Z in W yields a new product decomposition W" € (),
then W' e (2§.

Proof. Assume by contradiction that W € £j*, so that w.Lo.g. (W")
= N (fL + f2) with o(U) = f (since o(U) is a maximal multiplicity
term in (W) and all blocks involved in the swap resulting in W” are of
nonmaximal multiplicity, it follows that o(U”) = o(U) must be a maximal
multiplicity term in &(W") as well). Since m > 4 (so that fof{" | 5(W)), let
o(V1) = Cfi+ fa with C € [0, m—1]. By hypothesis, we may swap Y7 | V{" =
Y, 'V4Z for X |U"” = U to obtain a new product decomposition W € (2,
with new respective terms V;” and U". Since (by hypothesis) swapping X
for Y7 in W yields a new product decomposition W’ € 2’ such that the new
block U’ = X~1UY; in W’ has o(U’) # o(U), it follows from Lemma [3.1}2
that O'(U”/) = O'(U/) =Cf1 + fo and O'(Vll”) = O'(VIN) +(1-=-0CO)f1 — fo

Suppose o(V{") = fo. Then, from the above paragraph, we conclude that

GW") = f5"2(hi+ F)(( = OV (Ch + fo).
Thus, since a(W"”) € T(Ker(¢)) and m > 4, it follows that C = 0,
whence o(V{") = fo = Cfi + fa = o(V1). However, this implies that
o(W) = a(W") € 1§, contrary to W € (2. So we may assume instead
that o(V/") = f1 + f2 (note o(V]") # f1, since o(U) = f1, U € C1(W) and
no terms from C;(W) were involved in the swap resulting in W").
In this case, we instead conclude that

(W) = f37H (2= OV (CH + fo).
Thus, since o(W") € T(Ker(¢)) and m > 3, we conclude that C = 1 =

2 — C, and once more o(V]') = o(V}), yielding the same contradiction as in
the previous paragraph, completing the proof. m

The next two lemmas will often be used in conjunction, and will form
one of our main swapping strategy arguments used for Claims A and B. Note
that Lemma (1) gives a strong structural description as well as a term of
multiplicity at least (|D1]| + 1)n — 1 in S, while Lemma ii) allows us to
invoke Lemma [5.3]

LEMMA 5.2. Let W € 2y and, if 2 # 0, assume that W € (. Let
D1, Dy C A5 be such that, for each (relevant) i € [0,2], there do not exist
U €Dy andV € Dy with U, V € C;. If either

(a) |Di| > 1 and every type I swap between x | Wé2) and y | Wj, with
W; € D1 and o(x) = 1(y), results in a new product decomposition
W' with o(W§) = a(Wy), or

(b) |D1]| > 2 and |Dsy| > 1,

then one of the following two statements holds:
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(i) There exist xo\WO(2), g € I and a € Ker(p) such that v(xg) =
g+ 1mod n, t(z) =g and Y(x) = «, for all z| mJIWO(Z) [Ivep, V-
In particular, vge,+est+a(S) > (|D1| +1)n — 1.

(ii) There exist Wj € Dy, X | Wéz) and Y | W; such that | X| = |Y| and
€(X,Y) ¢ {1,n}.

Proof. We assume that (ii) fails and show that (i) holds. During the
proof we make implicit use of the fact that n > 3. If Wy € Cy, then choose
fo such that O'(Wo) = fi + fo; it W € 0%, then choose f> such that

c(W) = ! Y(f1 + f2) (note, in the case Wy € Cp and W € 2§%, that
this choice of fg agrees with the previous choice), and assume C; consists of
those W; with o(W;) = f1; and if Wy ¢ Cp, then w.l.o.g. assume Wy € C;.

Applying Lemma EB to L(Wé )) and each (V') with V' € Dy, with both
sequences considered modulo n (since (ii) fails, the hypothesis of Lemma
3.4]3 holds with {0,a} equal to {n,1} modulo n), we conclude, in view of
O'(L(WO(Z))) = 1 mod n (and hence \supp(L(Wé2)))| > 1), that there exist
xg|W02) and g € I such that ¢(z9) = g+ 1 mod n and ¢(z) = ¢ for all
x|z lWO [Iyep, V- If (a) holds, then performing type III swaps between

Wy and the V' € D; completes the proof. Therefore assume (a) fails and (b)
holds instead.

Case 1: Wy € Cp. Thus, since |Di|, |D2| > 1 (and in view of the hy-
potheses), let U € A5N (D1 UD3) with o(U) = f1 and let V € A5N (D1 UDy)
with (V) = C f1 + fo for some C € Z. Performing a type II swap between
some fixed u|U and each z |z 1Wé2) (using the same fixed subsequence
R| Wo(l) in every swap, which is possible since «(x) = ¢ for all x| a:ngg?’),
we conclude from either Lemmal[3.1]2 (since o(Wy) = f1+f2) or Lemma/[3.2/4
that 11 is constant on 1W(§2) Likewise performing a type Il swap between
some fixed v | V and each z |z, 1Wé ), we conclude from either Lemma 3.1/3
or Lemma E5 that 1) is constant on x; 1W0( ) Consequently, ¢ (z ) =«
(say) for all x|z, 1Wé2).

Suppose W € 23*. Then D; C A5 NC; for some i € {1,2} (in view of
the hypotheses of Case 1 and the lemma), and performing type III swaps
between the Z € Dy, we conclude, in view of |D;| > 2, that «(z) = ¢ for all
x|z 1I/V0 [Iyep, V, and by Lemma 1 or 2 that ¢ (z) = o (say)
for all z | [[/¢p, V- Further, applying type ITT swaps between Wy and any
Z € Dy, we conclude from Lemma [3:43 and either Lemma [3.3]4 or [3.3]5
that o = o/, completing the proof. So we may assume W € (2§.

If Dy C Cq, then repeating the argument of the previous paragraph using
Lemma in place of Lemma completes the proof. Therefore we may
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assume Dy C Cy. Let Z € Dy and z|Z. We proceed to show 9(z) = «,
which, since z | Z € Dy is arbitrary, will complete the proof.

If performing a type III swap between z | Z and some z | IW(SQ) results
in a new product decomposition W’ € O, then W, Z’ € Cy (as Wy, Z € Cp)
and, repeating the arguments of the first paragraph of Case 1 for W/, we
conclude that 1(z) = a If W e 0", then we can choose a new fo such
that o(W') = L= (fL + fo). If also W}, € Co, then o(W}) = f1 + fo
and repeating the arguments of the first paragraph of Case 1 for W’ shows
Y(z) = a. Therefore suppose W' € 2" and o(W() = fa. In view of Lem-
ma [3.1]3, we have a — ¥(z) € (f1). However, if a # 1(z), then performing
a type II swap between some y| U’ = U and both z | W}, and 2’| W{}, where
1(2') = g and 9 (2') = o, we conclude from Lemma [3.2]3 that

ener + o(P(R)) —Y(y) + {¥(2),a} = {0, f2 — fr},

where € = €(z,y) = €(2/,y) (in view of ¢(z) = 1(2') = g) and R is the same
fixed subsequence of Wé(l) used in both swaps (also possible since ¢(z) =

1(z') = g). Hence ¥(2) — a = £(f2 — f1), contradicting that o —(2) € (f1),
and completing Case 1.

CASE 2: Wy ¢ Cop and W € 2§*. Then Wy € C; (by our normalizing
assumptions). If there is Z € D1 NCy and D1 NCe = (), then, in view of Lem-
ma 4, we may assume that performing any type III swap between z | Z
and z | x61Wé2) results in a product decomposition W’ with o(W{)) = o(Wp),
else Case 1 applied to W’ completes the proof. Note that Lemma 1
guarantees the same for any Z € D;NCy. Thus if D1NCy = @, then (a) holds,
contrary to assumption, and so we may assume instead that Dy N Cy # 0.

Suppose there is Z € Dy with o(Z) = f1 + f2. Then performing type

IT swaps between some z | Z and each z | malWéz) (using the same R | Wol)

for every swap, which is possible since «(x) = g for all = |z 1W(§2)), we
conclude from Lemma 4 that 11 is constant on x 1W( ) If we perform
type III swaps between U and Wy with U € Dy NCy, then we conclude from
Lemmas 3 and |3 3 that there is ug |z 1W0( )U such that Y(x) = «
(say) for all a:]uo x 1W0( U and P(up) = a or a % (f2 — f1); moreover,
¥(ug) = a+ fa — f1 is possible only if ug |U, and ¥(ug) = a — (fa — f1)
is possible only if ug | WéZ). Thus, as 1 is constant on xalVVéQ) and 91 («a) #
1 (a+ fa— f1), we conclude that 1 (z) = « for all x| xalWé2). If ug | U with
Y(ug) = a+ fo — f1, then swapping ug | U for x| xalw()@) results in a new
product decomposition W’ such that o(W') = (W), o(W() = fa2, and 15 is
not constant on z, 1W6(2). However repeating the argument from the begin-
ning of the paragraph for W/, using Lemma 5 in place of Lemma 47
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we see that 1o must be constant on xz; 1W6(2), a contradiction. Thus we
see that any type III swap between u|U € D; N Cy and x|x61W0(2) re-
sults in a product decomposition W’ with o(W() = o(Wy). As a result,
since Z € Dy with o(Z) = f1 + fo, it follows from Lemma 1 that
(a) holds, contrary to assumption. So we may assume Dy N Cp is empty.
Thus, in view of Dy NCy # 0 and the hypotheses, it follows that there is
UeDyNC.

Performing type II swaps between some y | U and each z | :c1WO(2) (using
the same R | Wo(l) for every swap), we conclude from Lemma|3.2\1 that v is

constant on z, 1W(52). Consequently, performing type III swaps between Wy
and each V; € D1 NCy, we conclude from Lemmas [3.2]3 and [3.4]3 that there

exists v; | V; such that ¢(z) = a (say) for all z|v; o 1T/Vég)\/;; moreover,
Y(v;)) = aor a+ fo — f1. If there is Z € Dy N Cp, then, performing type III
swaps between the z | :calVVéz) and z | Z, and between the z|V; € D1 N Cy
and z|Z, we conclude from Lemmas [B.3]4 and [3.3]5 that ¢(z) = « for
all 7| Z.

If Z € Dy NCy does not exist, then |Dy| > 2 and |Dy N Cy| > 1 ensure
|D1 N Ca| > 2, and, performing type III swaps between the V' € Dy N Ca, we
conclude from Lemma [3.3]2 that ¢(z) = « for all |V with V € D; N Cy,
completing the proof. On the other hand, if there is Z € D; N Cp, then
applying type III swaps between Z and each V; € Dy NCy, we conclude from
Lemma 5 that 19 is constant on V; and Z; consequently, since ¥ (v;) = «
or a+ fa— f1, and since ¢(v) = a for all v | v; 'V;, we conclude that 1 (v;) = «
as well, completing the proof.

CaSE 3: Wy ¢ Co and W € 2f. Then Wy € C; and D; C Cp (else (a)
holds in view of Lemma [3.1{1). Hence, since |Ds| > 1, there is U € A3 N Cy.
Performing type Il swaps between each z | 2, Wy and some fixed u | U (using
the same fixed sequence R | Wél) in each swap), it follows from Lemma 1
that ¥ (x) = « (say) for all z | m61Wé2). Let V; € D;. Performing type III
swaps between Wy and V;, we conclude from Lemmas [3.1]2 and [3.4}3 that
P(2) = a for all z|v; 'V;, for some v; | V;; moreover, either ¢(v;) = a or
Y(v;) = a —a(Wy) + o(V;). However, in the latter case, since V; € Cy and
Wy € Cy (so that o(Wy) = f1 and o(V;) = Cf1 + fo, for some C € Z), we
see that o (v;) # ¥2(a). Since |D| > 2, performing type III swaps between
the V; € D1, we conclude from Lemma [3.1]3 that 19 is constant on each
Vi, whence 19(v;) # 2(a) is impossible. Thus 1(z) = « for all z |V, with
Vi € Dy, completing the proof. =

Lemma [5.3] allows us to deduce detailed information concerning the val-
ues of 1 on Wo(l). Depending on o(W;) and o(W)), the appropriate part of
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Lemma or will ensure that one of the hypotheses in item 1, 2, or 3
below holds.

LEMMA 5.3. Let W € §2y and W; € A5 be such that there are Y | W;
and X | Wéz) with | X| = Y| and €(X,Y) ¢ {1,n}, and set

D={W'e Q' | W is the result of performing a type II swap
between X | Wy and Y | W;}.

L If o(Wj) —o(W;) =0 for all W' € D, then |supp(:»(W, él)))| =1.
2. If U(W’) - 0( i) € (fi), where i € {1,2}, for all W' € D, then

[supp(ti—i (W ))] = 1.
3. If o(W)) — a(W;) € {0, F} for all W' € D, where F € Ker(p), then

supp(q/J(Wél))) = {v, B} for some~, B € Ker(p) withy—p € {0,+F}.

Proof. 1. By hypothesis, there is only one possibility for o(¢(R)), where

R| Wol) is any subsequence with |R| =n — €(X,Y). Furthermore, we have
1<|Rl<n-2< W(VV0 )] and thus item 1 follows from Lemma

applied to w(Wé )).
2. The argument is analogous to that for item 1, using the group

Ker(p)/(fi) = (f3—;) in place of Ker(y).
3. By the arguments for item 1, replacing Lemma 3 by Lemmal7

we conclude that w(Wél)) = 4/p"=1=! (say), where | >n —1—1> 1 and
~v # 3 (else the assertion holds); moreover,

e(X,Y)ner + o(¥(X)) —o(¥(Y)) + min{t, I} - v
(¢ —mint, 1}) - B+ {0,8 — 4} = {0, F},
where t =n — €¢/(X,Y). Thus § — v = £+ F, as desired. m
The following lemma encapsulates an alignment argument for the ¢ values

that forces them to live in near disjoint intervals. It will be a key part of the
more difficult portions of Claim C.

LEMMA 5.4. Let W € (2, let D C A% be nonempty, and let Z | Wé2) be
nontrivial. For z|S, let vo(z) = ¥(x), and for x € Ker(yp), let 1o be the
identity map. Let i € {0,1,2}. If ¥;(ne1) # 0 and

(10) Yi(x) = Yi(y) + Yi(e(z, y)ner) = 0

for every x| Z and y|U € D, then there exist intervals Jy, Jo and Js of Z
with either

(11)  supp (L( H U)) C Js, supp(u(Z)) C J1UJa, and
UeD
max J; < min J3 < max J3 < min Jo, or
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(12)  supp(¢«(Z)) C Js,  supp (L( H U)) C J1UlJy, and
UeD

max Ji < min J3 < max J3 < min Js.
Moreover, I can be chosen such that:

1. min [ is congruent to an element in 1(Z) modulo n,
2. u(z) <uly) and e(z,y) =0 for all x| Z and y|U € D,

3. Yi(x) = i(y) for all zy | Z [[yep U.
Proof. Observe, for zy | So, that

0 uz) < uly),
" wn={\ s
Consequently, we conclude from that
(14) Yi(x) = ¥i(y)
for all 2| Z and y|U € D with «(z) < ¢(y), and that
(15) Yi(z) = ¥i(y) — Yi(ner)

for all x| Z and y |U € D with «(z) > (y).

If there do not exist x| Z and yy' | [[cp U with «(z) < «(y) and o(x) >
t(y'), then, for every x|Z, we have either t(x) < «(y) for all y| [[ycp U,
or t(z) > t(y) for all y| [[7cp U. Thus we see that holds (with J3 =
min(supp(e(][7ep U))), max(supp(e(][7ep U)))], J1 being any nonempty
interval containing those ¢(x) with «(z) < «(y) for all y| [[yepU and
maxJ; < minJs, and Jy being any nonempty interval containing those
t(z) with ¢(x) > 1(y) for all y | [[;;ep U and min Jo > max J3).

Now instead let 2 | Z and yy' | [[;ep U with o(x) < «(y) and o(x) > o(y/),
and factor [[;epU = JiJ;, where Ji are those terms a| [[;cp U with
v(a) < o(x) and Jj are those terms b| [[;;cp U with «(b) > «(z). By assump-
tion, both J! are nontrivial. Moreover, from and and 1;(ney) # 0,
we see that

(16) Yi(b) = i(x)
and
(17) Yi(a) = Yi(z) + Yi(ner) # i(z),

for all a|J] and b|J5. Thus ¢; is constant on J| and also on J} but the
two values assumed are distinct. If there were 2’| Z such that (z') <
max(supp(¢(J7))), then by and we would conclude that 1;(z') =
¥i(b) = i(z), where b is any term of Jj, while from and also ,

applied between 2’ and max(supp(«(Jq))) = ap, we would conclude that
Yi(x") = i(ag) = Pi(x) + i(ner) # i(z), a contradiction to what we have
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just seen. We likewise obtain a contradiction if there were z’| Z such that
t(2’) > min(supp(¢(J3))). Therefore we see that holds with

Ji = [min(supp(¢(J))), max(supp(e(J1)))],
Jo = [min(supp(¢(J3))), max(supp(¢(J3)))],
J3 = [min(supp(:(2))), max(supp(¢(£)))]-

Choosing I such that min 7 is congruent to min(supp(¢:(Z))) modulo n, if

either holds or else holds with supp(¢c(Z)) N Jy = 0, and congruent
to min(supp(¢(Z)) N J2) otherwise, the remaining properties follow in view

of and . n

Now we choose a product decomposition W' € (2, and if 2§ # 0, we
assume that W € (2.

CrLamm A. h(Sy) > |S1| — 1.

Proof. We need to show that there exists xq|S1 such that ¢ (z) = ¥ (y)
for all xy |z 1S,. We divide the proof into four main cases. In many of the
cases, we do partial work towards showing h(S1) = |S1|, which will later be
utilized in Claim B.

CASE 1: |A;| = 1. In this case, we will show that h(S7) = |S].

Suppose Wy € Cy. Then we may choose fy such that o(Wy) = f1 + fo,
and if 2% = 0, such that (W) = f"~ 15" 1(f1 + f2) also. Let D; be those
blocks W; with o(W;) = fi and let Dy be all other blocks from .A5. Note
|Dy| = |Ds| =m — 1 in view of |A;| = 1. Applying Lemma[5.2] we see that
Lemma [5.2)(ii) must hold, else ge; + ez + a will have multiplicity at least
mn—1in S, as desired. Performing type II swaps between the X | WéZ) and
Y | W; given by Lemma [5.2{ii), we conclude, from Lemmas [5.3]2 and either

2 (since o(Wy) = fi1+ f2) or 4, that 1) is constant on Wél). However,
reversing the roles of D; and D, and repeating the above argument using
Lemmas [3.1]3 and [3.2]5 in place of Lemmas [3.1}2 and [3:2]4, we conclude
that 1o is also constant on Wél , whence v is constant on Wél), completing
the proof of Case 1. So we may assume Wy ¢ C.

Suppose 2% = ). Then we may assume that (W) = f{" 1 5"~ 1(f1 + fa),
C consists of those blocks W; with o(W;) = fi1, and o(Wy) = fi. Let D1 = Cy
and Dy = Cf U Cp. Applying Lemma we see that Lemma [5.2)(ii) must
hold, else there will be a term with multiplicity at least mn — 1 in S, as
desired. Thus Lemmas 3 and M?) imply that supp(i,l)(Wél))) = {~, 5}
(say) with 8 — v = £(f2 — f1) (else Case 1 is complete).

Reversing the roles of D; and Ds and again applying Lemma we once
more see that Lemma (ii) must hold, else there is a term with multiplicity
mn—1in S, as desired. Thus Lemmal5.3|2 and either Lemma [3.2}1 or [3:2]4
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imply that v; is constant on Wél), contradicting that § — v = £(f2 — f1).
So we may assume 2§ # (.

Let w.lo.g. Wi,...,Wy,—2 be the blocks of Cj N Az, and let D; = C}
and Dy = Cy. Apply Lemma If Lemma, (ii) holds, then Lemmas 1

and |3.1}1 imply that v is constant on I/Vo(l)7 whence Case 1 is complete.
Therefore we may instead assume «(z) = g and ¥ (x) = « (say) for all terms

x| a:glwo(?)wl oo . Win—g, for some g | Wéz) with ¢(xg) = g + 1 mod n.

Consider W with j > m — 1. If «(W;) # ¢", then there exist z | Wé2)
and y | W; with ¢(z,y) ¢ {1,n}, whence Lemmas [5.3]3 and [3.1]2 imply that
supp(w(Wél))) = {v, B} (say) with § —~y = £F} (else Case 1 is complete),
where F; = (1 — C;) fi — f2 and (W) = C f1 + fo.

If W}, is another block with k > m — 1 and «(W}) # ¢", then the above
paragraph implies that § — v = +F}, where Fy, = (1 — Ck)f1 — fo and
o(Wg) = Crf1 + f2. Thus, since m > 3 and § — v = £Fj, we conclude that
F; = F}, and C; = C} mod m. As aresult, we see that any two blocks W; and
Wi, with j, & > m — 1 and «(Wy), «(W;) # ¢", must have o(W;) = o(Wy).
Hence, since W € (2, we conclude that there are at least two distinct blocks
Wy and W, with s, r > m — 1 and «(Wy) = «(W,.) = ¢". Performing type III
swaps between Wy and both W, and W,, we conclude from Lemmas [3.1]2
and [3.4]3 that ¢(z) = « for all but at most two terms of W W,, whence
ge1 + e2 + « has multiplicity at least (m — 1)n — 14+ 2n —2 > mn in S,
contradicting that S € A(G) and completing Case 1.

CaSE 2: |Ay| > 2 and 2§ = 0. We may w.lo.g. assume that (W) =

{”_1 2m_1( f1 + f2), by an appropriate choice of fa, whence Claim A fol-

lows easily by performing type I swaps between the blocks of A; and using
Lemmas and This completes Case 2.

Casg 3: |Ay| > 2, 2y # 0, and |C; N A;| > 1. In this case, we will
moreover show that h(S7) = [S1] unless [A; NCy| =1 or [ A3 NCy| =1, and
that [supp((U))| > 1 for U € A; NC;, where i € {1,2}, is only possible
when |./41 ﬂCZ| =1.

If U,V € A; are distinct, then we can perform a type I swap between U
and V, and by @ and Lemma we conclude that

o(p(X)) = a(1p(Y)) =0 ifU,V e,

o(h(X)) —o(h(Y)) € {0,(1 = C) fr — fo} HU€E€C,V €Cand
o(V)=Ch+ [

o(P(X)) —o(¥(Y)) € (f1) if U,V € Co,

for X |U and Y |V with |X| = |Y].
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A1l:If |A;N Cy| > 2, then using (for all X and Y with | X|=|Y|=1),
we conclude that ¢(z) — ¥ (y) € (f1) for all z and y dividing a block from
A1 N Co.

A2:1f | A1 N Cy| > 2, then using (for all X and Y with |X|=|Y|=1)
and Lemma 1, we conclude that ¢ (z) = ¢(y) for all z and y dividing a
block from A1 NC;.

In view of A2, we may assume |[4; N Cy| > 1, else the proof of Case 3 is
complete.

Let U e AyNCy and V € A1 NCy with U and V distinct. Then, using
(for all X and Y with |X| = || <2 < n —1) and Lemma [3.43, we
conclude that 1(z) = « (say) for all z | x5 UV, for some xq | UV; moreover,
Y(zg) =aor at ((1—-C)f1 — fa).

Suppose zo|U and 9(xg) # «. Then, in view of A2, we see that
| A1 N Ci| = 1. Thus performing type I swaps between U and all possible
V € A1 NCy completes Case 3, for n > 5 or U # Wy, and, when n = 3 and
U = Wy, we instead conclude that either (V) = o” or (V) = ", where

@D(Wél)) = af3, for all V € Ay N Cy. However, if there are V, V' € A1 NCy
with (V) = o™ and ¢(V') = " and o # (3, then implies that
f—a=(1-C)fi—frand a— = (1-C")f1— f2, where o(V) = Cf1 + fo
and o (V') = C' f1 + fa, from which we conclude that (2—C'—C) f1—2f2 =0,
contradicting m > 3. So we may instead assume g | V.

In this case, in combination with the results of the previous paragraphs,
we find that there is at most one v; | V;, for each V; € A; N Cy, such that
Y(z) = « for all z|S; apart from these v;. In this scenario, Case 3 is done
unless we have two distinct Vi,Ve € A; N Cpy such that ¢(v1) # a and
Y(z) = a for all | vflvglUVng. However, applying a type I swap between
y | U and vq | V1, we conclude from that a—(v1) = 1=C)fi—fa & (f1)
for some C' € Z, which, in view of aw(v1)|1(V1), contradicts A1l. This
completes Case 3.

CASE 4: |A1] > 2, 2§ # 0, and |C1 N A1| = 0. In this case, we will
moreover show that h(Sy) = |S1].

We may w.l.o.g. assume Wy, ..., W, 1 are the blocks in C1NAs. Let D1 =
C1 and Dy = C5 N Ag. If | D3| > 1, then we can apply Lemma Otherwise,
in view of Lemma 2, we may assume hypothesis (a) holds in Lemma
else applying Case 3 to the resulting product decomposition W’ (attained
by performing a type III swap that shows (a) fails) would imply, in view of
|Dy| = 0, that ¢ (z) = « (say) for all x| W/ = W; with ¢ € [m,2m — 2], in
which case o (W) = ne; +na has multiplicity m — 1 in o(W’), contradicting
og(W') = a(W) (in view of Lemma 2) with W € (2. Thus, in either
case, Lemma is available. If Lemma [5.2(i) holds, then ge; + e3 +  is a
term with multiplicity at least mn — 1 in S (recall |D;| = |Ci| = m — 1),
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as desired. Therefore there are X | Wéz) and Y | W;, for some j € [1,m — 1],
such that |X| = |Y| and €(X,Y) ¢ {1,n}. Hence Lemmas [5.3]3 and [3.1]2
imply that supp(w(Wél))) = {~, B} (say) with v — g € {0,£F}, where
F=(C-1)fi+ fe and o(Wy) = Cf1 + fo. Since |A;| > 2, let V € C5 N A;.
Performing type I swaps between Wy and V', we conclude from Lemma [3.1].3
that 19 is constant on VW(EI), whence v — 3 € {0, £F} implies v = f3.

Performing type I swaps among the V € Cyp N Ay, we conclude from
Lemma [3.1]3 that ¢o(z) = tba(y) for all |V € Co N A;. Let W’ be the
product decomposition resulting from performing a type Il swap between
X |Wpand Y |W; (with X and Y as given by Lemmalp.2{ii) in the previous
paragraph). Since €'(X,Y’) ¢ {1,n}, we conclude that both blocks W/ and
W} contain e; + v, and thus there is a block W, € C; with k € {0,j} and
(e1+) | W}. Since 6(W') = ¢(W) (in view of Lemma/3.1|2), performing type
I swaps between W, and each distinct block V' =V € C§ N A, we conclude
from Lemma [3.1]2 that either ¢(z) = v or ¢(z) = v + o(V') — a(W)),
for each x|V’. However, since W/ € C; and V' € Cy, it follows that the
latter contradicts 19 being constant on V! =V € Cy N .A; with value 12(7).
Therefore we conclude that ¢ (x) =« for all x| V', with V' =V € C§ N Ay,
whence 1(z) = v for all x| S, as desired, completing Case 4. =

In view of Claim A, we may assume S; = e'lsl‘_l(el + a), for some
a € Ker(y). Let yo = €1 + a.

CrLamM B. h(51) =|51].

Proof. We assume by contradiction a # 0. In view of the partial conclu-
sions of Claim A, we may assume |A;| > 2 (in view of Case 1 of Claim A),
and, if 24 # 0, that |A; N Ci| > 1 (in view of Case 4 of Claim A). We
proceed in four cases.

Case 1: 2 # 0 and yo|U for some U € A; NCy. In view of Case 3
of Claim A, we have |A4; NCy| = 1. Hence, if U # Wy, then Wy € Cp, and
performing a type I swap between yo|U and some y | Wy results (in view
of Lemma [3.1}2) in a new product decomposition W’ with o(W') = a(W),
U’ € Cy, W) € C1, yo| Wj and W' also satisfying the hypothesis of Case 1.
On the other hand, if U = Wy, then |A;]| > 2 and |A; NCy| = 1 imply that
there is V' € A} N Cp, and performing a type I swap between yo | Wy and
some y | V results (in view of Lemma[3.1]2) in a new product decomposition
W' with a(W') = (W), W € Co, V' € C1, yo |V’ and W' also satisfying
the hypothesis of Case 1. Consequently, there are W and W’ satisfying the
hypotheses of Case 1 with (W) = a(W’') and w.l.o.g. yo|U # Wy and
yo | U = W (thus W' is defined as in the second sentence of Case 1). Since
U e Cyand o(W') = o(W) with W[ € C; (with W’ as in the second sentence
of Case 1), letting o(Wy) = C f1 + f2 we see that a = (1 — C) f1 — fa.
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Let D1 = A;(W’)ﬂcl(W/) and Dy = A;(W’)HCO(W/). Since ’A10C1| =1
and W € C1, we have |D;| = m — 2, and by Claim A we have |Ds| > 1 (else
e1 is a term with multiplicity at least (m + 1)n — 2 > mn, contradicting
S € A(G)). If Lemma [5.2[(ii) holds for W’, then Lemmas [5.3|1 and [3.1]1
imply that a = 0, a contradiction. Therefore Lemma [5.2)(i) holds for W'
Let g and o be as given by Lemma [5.2[i).

Since [Da| > 1,let V € A5(W)N Cy(W) (recall that no terms from Ci (W)
were involved in the swap between W and W', so V! = V). If (V) = ¢,
then, performing type III swaps between V and some Z € A3 N C;, and
between V and Wy, we conclude from Lemmas [3.1]2, 3.1}3 and [3.4]3 that
Y(z) = a for all |V, whence ge; + ez + a has multiplicity at least mn — 1
in S, as desired. Therefore, in view of L(WéQ)) = ¢" (g +1) mod n, we see
that there exist z | WO(2) = W6(2) and y |V = V' such that €(z,y) ¢ {1,n}.
Hence, Lemmas[5.3]3 (applied to W) and [3.1]2 yield a = £((1—C") f1 — fa),
where o(V) = C'f; + fa. Thus, since a = (1 — C)f; — f and m > 3, we
conclude that C'f; = Cf; and o(V) = o(Wp). As V. € A5(W) N Co(W)
was arbitrary, we see that o(V) = Cf; + fo for all V€ Ay(W) N Co(W).
On the other hand, if Z € A;(W) N Cy(W), then, performing type I swaps
between U and Z, we conclude from Lemma[3.1]2 that a = (1 —C") fi — fa,
where o(Z) = C" f1 + fo. Thus a = (1 —C) f1 — fo implies that C” f; = C'f1,
and now o(Z) = Cf1 + fo for all Z € A (W) N Co(W). Consequently,
o(Z) = Cfy + fo for all Z € Co(W), contradicting h(a(W)) < m. This

completes Case 1.

CASE 2: 2§ #0 and yo|U for some U € A; NCy. Recall that [A; NC|
> 1 and |A;]| > 2. Hence Case 3 of Claim A and the hypothesis of Case 2
further imply that |.A; N Cy| = 1. Thus, if U # Wy, then Wy € Cy, and
performing a type I swap between yo | U and some y| Wy results (in view
of Lemma 2) in a product decomposition W’ with yo | W), W{ € Co,
ag(W') = a(W) and W' satisfying the hypotheses of Case 2. Thus w.lo.g.
we may assume U = Wj.

Since |A; NCi| > 1, let V € A1 NCY (recall Wy = U € Cy, so C1 = Cj).
Performing a type I swap between gy | Wy and some y |V, letting W’ be
the resulting product decomposition, we conclude from Lemma [3.1]2 that
a = (C —1)f1 + fa, where o(Wy) = Cf1 + fo. Since |A; NCp| = 1 and
Wy € Cop, let wlo.g. Wi,...,Wp_1 be the blocks of A5 N Cy. If z| WO(Z)
and y | W;, with j € [1,m — 1] and «(x) = ¢(y), then, performing a type III
swap between x | Wy and y| W; and between x | Wj and y | W}, we conclude
in view of Lemmas [3.1]3 and [3.1}2 that ¢ (z) = 9(y); thus, letting D; =
AsNCy = {W1,...,Wpn_1} and Dy = A5 N Cy, we see that hypothesis (a)
holds in Lemma If Lemma i) holds, then ge; + ex + « is a term
of S with multiplicity at least mn — 1, as desired. Therefore Lemma ii)
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holds, whence Lemmas [5.3]2 and [3.1]3 imply that a € (f1), contradicting
a = (C —1)f1 + fa. This completes Case 2.

Note that if 2§ = (), then (in view of |A;| > 2) we may w.l.o.g. assume
yo | U with U # Wy, by an appropriate type I swap. Moreover, when £ = 0,
we will w.l.o.g. assume a(W) = f"~! Y(fi + f2) with C; consisting of
those blocks W; with o(W;) = fi.

Case 3: 2§ =0 and yo |U € A} with U € Cy. We may w.l.o.g. assume
Wy € Cy. Performing a type I swap between yo | U and some y | Wy, letting
W’ be the resulting product decomposition, we conclude from Lemma 4
that a = fo. Let Dy = A5(W’') N Co(W') and let Dy = A5(W') N CL(W').
Observe that |Di| = m — 1, else performing a type I swap between yg | U
and some V € A; NCy would imply in view of Lemma [3.3]5 that a = fi,
contradicting a = f. If a type III swap between W and some WJ’ €D
results in a new product decomposition W” with o(Wy) # o(W), then
Lemma 5 implies o(W{') = fa, whence, performing a type I swap be-

tween yo | WM = W}V and U” = U’, we conclude from Lemma H?) that
—a = f1 — fa, contradicting a = f2. Thus hypothesis (a) of Lemma
holds for W’. If Lemma (1) holds, then ge; + es + o has multiplicity at
least mn — 1 in S, as desired. Therefore, Lemma [5.2[(ii) holds, whence Lem-
mas [5.3]2 and [3.2]5 imply that @ € (fi), contradicting that a = f» and
completing Case 3.

Case 4: 2 =0 and yo |U € Aj with U ¢ Cy. We may w.l.o.g. assume
U € Cy. If Wy € Cq, then performing type I swaps between Wy and U would
imply, in view of Lemma [3.3]1, that a = 0, a contradiction. Moreover, this
also shows that A3 NC; = {U}.

Suppose Wy € Cq. Performing a type I swap between yo|U and some
y| Wy, letting W’ be the resulting product decomposition, we conclude
from Lemma [3.2]3 that 5(W') = 6(W), W{ € C1, a = f1 — f2 and ne; =
o(U") = fa. Let Dy = AS(W') N Ci(W') and let Dy = A5(W') N Co(W).
Since Ay NCy = {U}, we have |Di| = m — 2. Since ne; = fo # f1 + fa, we
have Z € Cp with Z € A5, and thus |D2| > 1. Apply Lemma to W'.
If Lemma [5.2(ii) holds, then Lemmas [5.3]1 and [3.2}1 imply t1(a) = 0,
contradicting a = f; — fo. Therefore Lemma i) holds, whence gne; +
ney + na = o(V) = fi, where V€ Dj. If there is a type III swap be-
tween Z' = Z and Wy resulting in a product decomposition W' with
o(W{) # o(W{), then Lemma [3.3]4 implies that o(W{') = f1 + f2, whence,
performing a type I swap between yo |W{ and y|U " = U’, we conclude
from Lemma [3.3]5 that —a = —fi, contradicting a = f1 — fo. Therefore
hypothesis (a) holds in Lemma for W’ with the roles of D; and Dy
reversed. Apply Lemma in this case. If Lemma, (ii) holds, then Lem-
mas [5.3]2 and [3.2]4 imply that a € (f2), contradicting a = fi — fa. There-
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fore Lemma i) holds, whence gne; + nes + na = o(Z) = f1 + fo,
contradicting gne; + ney + na = fi. So we may assume instead that
Wy € Cp.

Performing a type I swap between yo | U and some y | Wy, letting W’ be
the resulting product decomposition, we conclude from Lemma [3.3]4 that
oW’y = a(W), Wi € Ci, a = —fa, and ney = o(U') = fi + fa. Let
Dy = A5;(W') N Co(W'). If there is V' € A; N Cy, then, performing a type
I swap between yo |U and some y |V, we conclude from Lemma 3 that
a = fi1 — fa, contradicting a = — fo. Therefore |Di| = m — 1. Let Dy =
AW NC (W), Since A1 NCy = {U}, we have |Ds| > m — 2. Thus we may
apply Lemmato W' If Lemma(i) holds, then ge;+es+a is a term of S
with multiplicity at least mn —1, as desired. Therefore Lemma (ii) holds,
whence Lemmas [5.3]3 and [3.2]3 imply that a = £(f1 — f2), contradicting
a = — fa. This completes Case 4. =

By Claim B, we now have S1 = ellsll. From Lemma 3 and ej | S1, we
have ord(e;) = mn. Hence there exists € € ea + nG such that (e, e)) is
a basis for G; we provide a short sketch of how to choose such an ef below.

Take a basis (e1, €5). Write ea = aey + be)y, where a,b € Z. Let m’ | m be
maximal such that ged(m/,n) = 1 (and thus every prime dividing m’~‘mn
also divides n). Note that (mey, mes) being a basis in ¢(G) implies ged (b, n)
= 1. Since ged(m/,n) = 1, use the Chinese Remainder Theorem, for each
prime p|m/, to find x € Z such that p|b-+ nz for all primes p|m/, and thus
ged(b+ n(x +1),m') = 1. Now let e = ex + n(xz + 1)éb.

Thus, after changing notation if necessary (exchanging e for e}), we
may suppose that (ej,e2) is a basis of G. If ¢ € G and z,y € Z with
g = xey + yea, then we set m1(g) = ze; and ma(g) = yes. Note that we now
have o(¢)(R)) = 0 in any type II swap and that (fi, f2) and (nej,nes) are

~

now two (possibly) distinct bases of Ker(yp) = Cy, & Cp,.
CraM C. There exists o | So such that x —y € {e1) for all xy|xy*Ss.

Proof. We need to show that there exists x| S2 such that ma(¢(x)) =
ma(1(y)) for all 2y | x5 Ss. We divide the proof into four cases.

CASE 1: 2 # 0 and there is U € A} NC;. In this case, we have

(19) ne; = o(U) = f1.

Let V € A5. Perform type (II) swaps between Wy and V. If V,W, € Cy,
then we conclude from Lemmas [3.1]1 and 3.4]1 that mo(y(z)) = as (say)
for all x| VWO(Q). If V, Wy € Cy, then we conclude from Lemmas 3 and
1 and that o is constant on VWO(2), whence further implies
that ma(¢(z)) = ag for all z | VWéQ). If {V, Wy} NCyq| = 1, then we conclude
from Lemmas 2 and 3 that ma(1(x)) = ag for all x| a;EIVWO(Q), for
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some I | VWéQ). If ma(¢p(z0)) # o and zg |V, then pull z¢ up into a new
product decomposition W’ and assume we began with W’ instead of W
(note that (19) holds independent of W’ and that o(W) = o(W’) follows
by Lemma 2, so all previous arguments can be applied to W’ regardless
of whether A7(W')NCy1 (W) is nonempty or not). Doing these swaps for all
V € A, we conclude that there is an xq | S such that ma(¢(z)) = a for all
x| :UaISQ, completing Case 1.

Case 2: 2§ # 0 and A; NCy = {Wy}. Performing type II swaps be-
tween Wy and each U € A5 N Ci, we conclude from Lemmas [3.41 and
1 that ma(¢(x)) = ag (say) for all m]WéQ)U, with U € A5 N Cy. Let
w.lo.g. Wq,..., W, be the blocks in As NCy, and let Wy,11,..., Way,_o be
the blocks in A5 N C;. Note [ > 1, else Claim C follows by the previous con-
clusion. Performing type II swaps between W, and W;, with j € [1,1], we
conclude from Lemmas 3 and H2 that ma(¢(z)) = aq for all x| zj_le,
for some z; | W;. We may w.l.o.g. assume m2(1)(2;)) # a2 for j € [1,I'] and
ma(1h(zj)) = ag for j € [I' +1,1]. We have I’ > 2, else Claim C follows.

Perform a type II swap between z; | W) and any term y | WO(Q), and let
W’ denote the resulting product decomposition. Since ma(1)(z1)) # as =
m2(1¥(y)), we know that ma(o(Wp)) # ma(o(W])), and hence o(Wy) # o(Wy).
Thus Lemma [3.1]2 implies that 6(W') = 6(W), W}, € Cy and W] € Cy.

Now pull the term 29 | W5 up into a new product decomposition W”. Note
by Lemma[3.1]2 that 5(W") = a(W). If W/ € C, then the arguments of the
first paragraph show that me(¢)(22)) = a9, contradicting " > 2. Therefore
WY € C; instead. However, noting that yWél) |
U(L(WO(2))) = 1 mod n and o(¢(W3)) = 0 mod n), we can still perform the
swap between y | W{ and z; | W{' = W, described in the previous paragraph,
which results in a new product decomposition W in which the m blocks

" ! " " " "
W :W17 W :WQ, m+1:Wm+17 ceey 2m72:W2m—2

W{ for some y | Wé2) (since

all have equal sum f;, contradicting S € A(G) and completing Case 2.

CASE 3: Either (2§ # 0 and A;NCy =0) or (2§ =0 and Wy ¢ Cp). If
Q% =, we may w.l.o.g. assume (W) = f" 71, + fo) with C; those
blocks with sum f; and Cs those blocks with sum fo, and that Wy € Co. Let
w.lo.g. Wi,...,Ws be the s < m—1 blocks of CiNA%. Let o(Wy) = Cfi+ fa
and F = (C — 1) f1 + fo. If £2§ # 0, then we have s = m — 1 by hypothesis.
If s =0, then |[A7NCi| = m—1 (recall Wy € Cq), implying e; is a term with
multiplicity at least mn —1 in S (in view of Claim B), as desired. Therefore
we may assume s > 0.

We claim, for any W satisfying the hypothesis of Case 3 and notated as
above, in particular, with Wi,..., Wy being the blocks of C; N A5 (and in
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fact, if W € 23", we will not need that 2 = (), that
(20) ™ (w (xaIWO(Q) I1 W,,)) = g{tin-t
v=1

for some x| WO(Q) [[,_; W, and g2 € Ker(p). To show this, perform type
I swaps between Wy and Wj, i € [1,s]. If ma(F) = 0, then Lemmas [3.4]1
and either 2 or 3 imply that holds with me(x0) = ¢o as well. If
m2(F) # 0 and fails, then Lemmas [3.4]3 and either [3.1]2 or [3.2]3 imply
that m2(¢(2)) = g2 (say) for all z| xglwéz)wi, for some x; | W;, © € [1,s];
moreover, s > 2 and w.l.o.g. ma(¢(z1)) and ma(¢(z2)) are not equal to go.
Pull 1 | W} up into a new product decomposition W’. If (W) = o(Wy),
then the arguments of the previous sentence imply either mo (¢ (x1)) = o
or ma(1(z2)) = g2, a contradiction. If o(Wy) # o(Wy) and W € (2, then
Lemma [3.1]2 implies that W’ € £y with W}, € C1, whence Claim C follows
in view of Case 2 applied to W’. Therefore we may assume o(W}) # o(Wy),
W e 25" and W) € C; (in view of Lemma ). Let y be a term that

divides both WéQ) and W6(2) (possible since o((Wp)) = 1 mod n). Choose
I such that min/ = u(y) mod n, and consequently e(y,z) = 0 for any
z (in view of (13)). Note that while the new choice of I may change the
overall value of ¥(x), where x| S, in a nontrivial manner, nonetheless, the
value of m2(1)(z)) remains unchanged. Perform type II swaps between y | Wy
and any z | W. In view of our choice of I, Lemma [3.2]3 and mo(¢(z2)) #
g2 = m2(¥(y)), we first conclude that —v(z2) + ¥(y) = F = —fi + fo
(since —ma(¢(x2)) + m2(¢(y)) # 0, implying —1(z2) + 1 (y) # 0, and since
€(y,z) = 0), implying m2(F') # 0, and then that —¢(z) + ¢ (y) = 0 if z # a9
(since —mo(1¥(2)) + m2(¥(y)) = 0 # ma(F)); in particular, ¢ (ze) # ¥1(2)
for z |z YW,. However, performing type II swaps between y | W and any
z | W4 = Wa, we conclude from Lemma 1 and the choice of I that
is constant on W, = Wa, contradicting the previous sentence. Thus is
established in all cases.

Next we proceed to show that s = m — 1. To this end, suppose s < m—1.
As noted before, we may then assume 2 = 0. Let U € A; N C; (which is
nonempty by the assumption s < m — 1). Then f; = o(U) = ne;. Let zg
and ¢ be as defined by . Thus, performing type II swaps between a
fixed x; ]mJIWéz) and any y |V € A5 N (C2UCp), we conclude from f; =
o(U) = ne; and Lemmas [3.2]2 and [3.2]5 that 12(V) = ¢o(z1)" for all such
blocks V' € A7 N (C2 U Cp). Hence, in view of ne; = fi, we conclude that
ma(Pp(V)) = ma(¢(z1))" = ¢4 for all such V, which combined with
implies Claim C. So we may assume s = m — 1.

In the case W € (2j*, we have assumed (2§ = (). However, we will
temporarily drop this assumption, allowing consideration of W € £2j" even
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when 2§ # 0, provided it still satisfies the hypothesis of Case 3 and follows
the notation given in the first paragraph with s = m — 1. This will extend
until the end of assertion A1l below, which shows that the exceptional term

xo in ([20) is not necessary.

Al. For every W € 2y satisfying the hypotheses of Case 3 (allowing
W e Q20" even if 24 #0), we have ma(¢(x0)) = qo, where gz and
Ty are as given by (and W is notated using the conventions
from the start of Case 3).

Proof of A1l. Assume instead there exists W € (2 satisfying the hy-
potheses of Case 3 with ma(¢(x0)) # g2

Suppose xo|W; with j > 0. Pull up an arbitrary y|W; € As, with
k > m, into a resulting product decomposition W” (such a block exists,
else completes Claim C). If W” satisfies the hypotheses of Case 3, then
applying to W” we conclude that m(¢(y)) = g2 (since zo|W; with
j > 0), whence Claim C follows in view of and the arbitrariness of y.
Therefore we may instead assume W’ does not satisfy the hypotheses of
Case 3, whence, in view of Cases 1 and 2, we may assume W € Q" with
W e Co(W").

Let z be a term dividing both WéQ) and W[ @ (which exists in view
of O'(L(Wé2))) = 1 mod n). Note that we cannot have 0 = ¢(z) — ¢(xo) +
€(z,z0)ner, as then 0 = ma(¢(xg)) — m2((2)) = ma(¥(xo)) — 2, & con-
tradiction to m2(¢(zo)) # g2. Thus, in view of and Lemma [3.2]3 or
2, it follows that performing a type II swap between x| W; and z | Wé2)
results in a new product decomposition W’ in which o(W}) = Cfi + f2
and o(W{) = f1. Thus, if W € 2, then we can apply Lemma to
conclude W € 2§, contrary to the conclusion of the previous paragraph.
Therefore we may assume W € 27*. Hence, from W” € OQf* and Lemma
it follows that o(W") = a(W), whence o(W{) = fi1 + f2 (in view of
W € Co(W")). However, since z | Wy ) we may still apply the previously
described swap between xo | W' = W and 2| W now in W" € £, which
results in a product decomposition W € 2’ with vy, (6(W")) = m (as
U(W]{”) = O’(W;) =Cfi+ fo= foand U(WJI»/) = O’(Wj) = f1 and Wé’ S Co),
contradicting S € A(G). So we may assume xg | Wp.

Perform a type II swap between an arbitrary z | WO(Q) and y|W; with
j € [1,m —1]. In view of Lemma [3.1]2 or B.2]3, it follows that

(21) e(z,y)ner +¥(z) = ¢(y) € {0, F}.
If x = xg, then it follows, in view of ma(¢(z0)) — m2(¢¥(y)) = m2(Y(x0)) — q2
# 0 and (21)), that e(zo, y)ner + ¥(z0) — ¥ (y) = F, and thus

(22) 0 # ma(P(20)) — g2 = ma(¥h(20)) — m2(¥(y)) = ma(F).
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Consequently, if z # xg, then, from mo(¢)(x)) — m2(¢¥(y)) = g2 — g2 = 0 (in
view of (20))) and and (22), it follows that

e(z,y)ner +¢(z) —(y) = 0.
As y|W; with j € [1,m — 1] and x|:):alW0(2) were arbitrary above, we

see that we can apply Lemma [5.4| with ¢« = 0, Z = :1:0_1W0(2) and D =
{Wl, cey Wm—l}-
Thus we can choose I appropriately so that, for some ¢ € Ker(y),

(23) P(z) =q
for all = |z, 1W(§2) 17! W, and
(24) v(z) < u(y)

for all x| xHIW(SQ) and y|W;, i € [1,m — 1]. By performing a type II swap
between zo| Wy and each y|W; with i € [1,m — 1], we conclude, from

T2(¥(20)) # g2 = m2(g) and either Lemma [3.1]2 or [3.2}3, that

(25) ¥(x0) — g+ €(zo, y)ner = (C = 1) f1 + fo.

Thus €(zo,y) must be the same for every y|W; with j € [1,m —1]. As a
result, it follows in view of (13)) that either +(zp) < min(supp(b(]_[;n:_l1 W)

or t(zg) > max(supp(¢c([],; Wy))). In the latter case, we may choose I
such that min I = ((z¢) mod n, and thus, in both cases (in view of (24))),

(26) v(z) < u(y)

for all x| WO(Q) and y|W;, i € [1,m — 1], with still holding for some
q € Ker(yp) (since was all that was required in the proof of Lemma
to ensure held). Consequently, (25) and imply that

(27) Y(wo) =q+F=q+(C—-1)f1 + fo.

Let y | Wi € Ag with &k > m and m2(¢(y)) # ¢o; such a term and block
exists, else Claim C follows in view of . If y | W, could be pulled up into
a new product decomposition W’ with zq | W/, then W’ must still satisfy
the hypothesis of Case 3 (by the same arguments used when x| W; with
j > 0), whence applying (20) to W’ implies m2(¢(z0)) = g2 or m2(¢(y)) = g,
contrary to our assumption. Therefore we may assume this is not the case,
whence Theorem [2.6]2 implies that

(28) (W) = ghgs™u(zo) and (W) = g7 ghu(y)

for some g1, g2 € Z with ged(g1 — g2,n) = 1. If there existed zj | xalw()@)
such that e(x(), z) = €(x, z) for some z | W}, then we could apply a type II
swap between z|W) and each of zg|Wy and z( | Wy, which in view of
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Lemma 3 or Lemma would imply that ¢a(zo) = 2(z() = ¥2(q),
contradicting . Therefore we may assume otherwise, whence im-

plies either

(29) (o) < min(supp(s(W)) < max(supp((1))
< min(supp(b(acEIWé2))))

(30) t(xo) > max(supp(¢(Wy))) > min(supp(¢(Wg)))
> max(supp(L(x(;lWé@))).

In either case, we see that |supp(c(Wy)) N supp(L(WO(Q)))\ < 1. As a result,
implies that w.lo.g. | = n — 1, L(Wém) = g" lu(20) and (W) =
95 u(y). Thus o (¢«(Wy)) = 0 mod n and U(L(Wé2))) = 1 mod n imply that
t(Wy) = g5 and ¢(zg) = g1 + 1 mod n.

If holds, then from ¢(xp) = g1 + 1 mod n and it follows that
max I = g1. However, in view of , this is only possible if «(z) = g1 for all
x|zy IWO(Q) H,Tjnz_ll W, in which case, since 9(x) = ¢ also holds for all such
terms (in view of (23)), it follows that S contains a term with multiplicity
mmn — 1, as desired. Therefore we can instead assume holds. In this case,
it follows, in view of , L(.TUalWO(2)) = ¢" ! and «(z0) = g1 + 1 mod n,
that

{92} = supp(e(Wi)) = supp(u(y ' Wy™)) = {g1},
contradicting ged(g1 — g2,n) = 1. =

We now return to arguments where we assume 2§ = () when W € 7.
In view of A1, we may assume 7o (¢)(z)) = g2 for all x| WéQ) 17 W,. Let
y | Wi be arbitrary with Wy, € Ay and k > m. If we can pull up y into a
new product decomposition W’ such that either W' € £, or else W’ € £
and W{ ¢ Co(W’), then it follows, in view of Cases 1 and 2, A1l and ,
that we may assume m2(¢(y)) = g2 also (note this is where we need that
W e 2" is allowed in A1 even when 2} # ()). However, this can only fail
if (by an appropriate choice for f; in the case when W € 2{) w.Lo.g.

(31) (W) = [ 2O+ f2)(1= OV + fa),

with o(Wy) = (1—-C) f1+ f2 and (recall) o(Wy) = C f1+ f2. Consequently, we
see that there is at most one block W}, for which this can fail (as Wy ¢ Co
when 2 = 0). As Claim C follows otherwise, we may assume Wj, € Aj
exists and that o(W) is of such form, and w.l.o.g. assume k£ = 2m — 2. Now
(32) Cfi+ f2 = o(Wy) = Yiner + nez + ngo,

(33) f1 =o(Wy) = Yane; + nea + ngo,
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for some Y; € Z. From and , we conclude that
(34) (C =1)fi+ f2 € (ne1).

If there exists U € Aj, then ne; = o(U) = f2 (in view of (31)), s=m —1
and Wy, = Wa,—9 € Aj); thus from it follows that (C' —1)f1 € (fa),
which is only possible if C' = 1 mod m, contradicting W ¢ Cp when W € 23"
(in view of (31)). So we may instead assume |A;| = 1. This same argument
also shows that 11 (ney) # 0. Let D = {Wy,,..., Wap,_2}.

If 1pa(ne;) = 0, then ne; € (f1), which combined with yields a
contradiction to (f1, f2) being a basis. Therefore 13(ne;) # 0. Thus, in view
of Lemma [3.1]3 or Lemmas [3.25 and [3.2]2, it follows that we may apply
Lemma with Z = W()(2), ¢t = 2 and D as given above. Choose I as in
Lemma (as mentioned before, changing I does not affect the value of
mo(1(z)), and thus (20) remains unaffected). Then

(35) Ya(z) = az
for all z | WéQ) [12™ 2 W, and some as € (f2), and
(36) ) < u(y)

for all z | Wéz) and y| [[2" 2 W,.

Let yo| Wam—o with ma(1(y0)) # g2 (such a yo exists, as discussed
above, else Claim C follows). Let W’ be an arbitrary product decompo-
sition resulting from pulling up g into a new product decomposition. Since
To(¥(y0)) # g2, we have (as discussed earlier) G(W') = f" L =L (f1 + fa)
with o(W)) = fi + fo. Let X = ged(W?, W{?) and let X', Y’ and
Y be defined by W\* = XX/, W}® = XY’ and Wy, = YY’. Thus
W3,._o = X'Y. Note that all four of these newly defined subsequences are
nontrivial in view of O'(L(WO(2))) =1 mod n and o(¢(Wap—2)) = 0 mod n.

Let D' = {W{,..., W/, 1}. In view of Lemma [3.2/4 and ¢ (ne1) # 0,
it follows that we can apply Lemma with ¢ = 1, Z7 = Wé(Q), and D
taken to be D' (however, do NOT change I). If holds, then (in view of
(13)) we can find z | W}, for some j € [1,m — 1], such that €(yo, z) = €(x, 2),
where | X. Applying a type II swap between z | W]’ and each of x|W
and yo | W{, we conclude from Lemma [3.24 that ¢1(2z) = 11 (yo). How-
ever, since z|X and X | Wé2) and yo | Wap—2, it follows from 1) that
vao(x) = 1o(yo) also, whence ¥(z) = ¥(yo), implying g2 = mo(¥(z)) =
m2(1(yo)), contrary to assumption. Therefore we may instead assume ((11)
holds. Moreover, if both yy and some x| X are contained in the same
interval J; (from (L1)), then we can repeat the above argument to obtain
the same contradiction. Therefore it follows, in view of , that yo € Jo
and X C Jj.
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Let z | W6(2) and 2’| W] with j > m be arbitrary. Performing a type II
swap between z | W/ ) and 2| W}, we conclude from Lemma (3.25 that

o (2) — o (2') + a(e(z, 2')ner) = 0.

Thus (35]) implies that i2(e(z, 2")ne;) = 0, which, in view of ¥a(ney) # 0
and (|13, implies that €(z, z’) = 0 and

(37) u(z) < u7)

for any z | W{® and 2/ | W, with j > m.
Applying (37) with z | Y’ and 2’| X’ and j = 2m —2, we conclude in view
of (3 . ) that
2m—2

(38)  u(2) = max(supp(e(W,P))) = min(supp<L( ]_'[ W;))) = (2

for any 2’| X’ and 2 |Y".

From applied with z = yo, we see that there is y{, | W(§2) with ¢(y()
= 1(yo). Thus y can be pulled up into a new decomposition W” by exchang-
ing yo | Wam—2 and y;, | Wp, and all of the above arguments (valid for an arbi-
trary W’ obtained by pulling up yo | Wam—2) are applicable for W”. In par-

ticular, y(’)_lWO(Q) =X C J1 and yy € Jo imply, in view of Y = yO_IWQm,g,
and , that
(39) max(supp(c(yy~ Wy™))) < min(supp(u(Wam-2))).

If we could pull up yiyo| WoWam—2 into a new product decomposi-
tion W, then would imply that X’ contains a 2z’ with ¢(2’) < ¢(yo),
which would contradict applied with z = yo and 2/ = 2’. There-
fore we can assume otherwise, whence Theorem 2 and imply that

- 2 - 2
supp((yp W) = [supp(e(yy  Wam-2))| = 1. Thus o(u(Ws?)) = 1
mod n and o (¢(Wap,—2)) = 0 mod n force that «(Wa,,—2) = ¢" and L(WéQ)) =
(g — 1)"1g, where t(y0) = t(y)) = g. Consequently, , X C J; and
yo € Jo (in the case when W' = W) force that «(z) = g — 1 for all
2o WP TI W

Applying type III swaps among the W;, i € [1, m — 1], we conclude from
Lemma [3.3]1 or B.1]1 that ¢(z) = ¢ (say) for all z|W;, i € [1,m — 1].
Appl mg type III swaps between W(] and Wi, we conclude from Lem-

h2 and Lemma 3 that ¢(z) = ¢ for all = |y; ! Yo Wé ),
for some y( |y, WO , and that 1/)( 0) =qor g+ (C—1)f; + fa. Ap-

plying a type III swap between yj | W{ and some z|W{ in W”, we con-

clude from Lemma [3.2]4 that 11 (yf) = wl( ) = U1(q), Whence we see that
Y(yy) =q+ (C—=1)f1 + fo is impossible (since C' = 1 mod m would con-

ma3 3or
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tradict Wy ¢ Co when W € 27%; see (B1])). Thus ¢(yj) = ¢ as well, and
(g—1)e1 + e2+ ¢ has multiplicity at least mn—11in S, as desired, completing
Case 3.

CASE 4: 2} =0 and Wy € Cy. We start with the following assertion.

A2 If 05 =0, W € 25" with 5(W) = [ 7 (fi + f2), Wo € Go,
and |[Aa N C;| > 1 for alli € {1,2}, then I can be chosen such that
one of the following properties holds:

(i) [supp(v (W) =1, or

(ii) (a) ¥i(ne1) # 0 for all i € {1,2},

(b) there exist g1,92 € Z such that ged(g1 — g2,n) = 1 and
(U) = g and (V) = ¢4 for every U € A5 NCy and
Ve A5NCy,

(¢) g1 > g2 and v(x) < g1 for all x| WO(Q),

(d) if also |A2 NC;| > 2 for all i € {1,2}, then there exist
c,d € Ker(p) such that Y(U) = " and (V) = d"* for
everyU € A5NCy and V € A5NCs.

Proof of A2. We may w.l.o.g. assume C; are those blocks with sum fi.

Performing type II swaps between each x | Wé2) and each y | U € A5NCy, and
)

between each z | Wé2 and each z | V € A35NCq, we conclude from Lemma

that
(40) Y1(x) = Y1(y) — Yi(e(z, y)ner),
(41) Po(x) = ¥2(z) — Ya(e(z, 2)ner).

Since ord(e;) = mn, one of 11 (ney) or ¥a(ney) is nonzero, say the former
(the other case is identical). Then, in view of (40), we may apply Lemmal5.4]

withi =1, Z = WéQ) and D = A5 NC;. Consequently, we can choose I such
that

(42) u(z) < u(y)

for all z | WSQ) and y|U € A5 N Cy, and 1) is constant on WO(Q). If o (neq)

is zero, then implies that 1 is also constant on WO(Q), whence (i) holds.
Therefore we may assume otherwise, and (a) is established. Likewise, if

there is some z |V € A% N Cy with ¢(z) > max(supp(L(Wé2)))) or 1(z) <
min(supp(L(Wéz)))), then (i) again holds (in view of and ) So we

may assume otherwise:

(43) min(supp(L(WéQ)))) <(z) < max(supp(L(WO(Q))))
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for all z|V € A5 N Cy. Consequently, it follows in view of that both
SUPP(L(HUeAngI U)) and SuPp(L(HVeA;mcz V)) are disjoint.

Suppose [supp(¢(U))| > 1 or |supp(¢(V))| > 1 for some U € A5 NC; or
V € AN Cy. Then we may find ug |U and vy | V such that |supp(s(uy 'U))|
> 1 or [supp(¢(vy 'V))| > 1, whence it follows, in view of Theorem 2
(applied to ¢(ug 'vy 'UV) modulo n) and the fact that Supp(L(]_[UeAng1 U))
and SUPP(L(HVGA;OCQ V) are disjoint, that we can refactor UV = UV’ so
that U’ and V' both contain terms from both U and V. Replacing the
blocks U and V by U’ and V"’ yields a new product decomposition W’ € (;
in view of Lemma [3.2]3, we still have 5(W’) = 5(W), whence W' satis-
fies the hypotheses of A2. However, since both U’ and V' contain terms
from both U and V, it follows that both U’ and V' contain a term 2’ |U

with «(2') > max(supp(a(WéQ)))) (in view of ), as well as a term z |V
with min(supp(L(Wé2)))) < (7)) < max(supp(L(WéZ)))) (in view of ),
which makes it impossible for or to hold for W', contradicting
Lemma for W', which must hold by the above arguments. So we may
assume [supp(¢(U))| = 1 and [supp(¢(V))| = 1 for all U € A5 NC; and
V € A5 N Ca. Moreover, this argument also shows that if «(U) = ¢} and
J(V) = g8, then ged (g — ga,m) = 1.

Suppose [supp(e([Tyeasne, U))I > 1 or [supp(e(Ily e azne, V) > 1, say
the former (the other case will be identical). Then there are Uy, Us € A5NCy
and V € A5 N Cy with «(Uy) = g1, t(Uz) = ¢} and (V) = g¢o, where
g1 # ¢7. We have ged(gr — ¢j,n) = 1, else repeating the arguments of
the previous paragraph, using U; and Us in place of U and V, we ob-
tain a W’ € () satisfying the hypotheses of A2 but such that the con-
clusion of the previous paragraph fails, whence 1 = |supp(w(W6(2)))| =

\supp(w(WO(Q)))\ must hold by prior arguments, yielding (i). Hence, since
ged(g1 — g2,n) = 1 and ged(g] — g2,n) = 1, it follows that all n-term
zero-sum modulo n subsequences of g?_lg’lnflgg_l have support of cardi-
nality three. Thus, by two applications of Theorem [2.6]1, we can refactor
U U3V = XY Z such that X, Y and Z all contain terms from each of Uq,
Uy and V (note, since |supp(¢(X))| = 3, that (Y Z) C ¢ Lg," 'gnh).
Replacing Uy, Us and V by X, Y and Z yields a new product decompo-
sition W’ € (2; in view of 2§ = 0 and m > 5, we still have o(W') =
(W), whence W' satisfies the hypotheses of A2. However, since X, YV
and Z each contain terms from Uy, Us and V, we see that the condition
lsupp(¢(U))| = 1 for U € A5 N Cy fails for W', whence previous argu-

ments show |supp(w(W0(2)))| = |supp(¢(W6(2)))| = 1, yielding (i). So we
may assume [supp(e([[yeazne, U))l = 1 and [supp(e([Tycazne, VI = 1,
and also supp(b(]_[UeA;mC1 U)) = g1 and SuPp(L(HVeA;mCQ V)) = g2. This
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establishes (b). Moreover, by the arguments from the second paragraph, we
can choose I such that (c) holds.

We now assume | A2NC;| > 2 for all i € {1,2}. Performing type III swaps
between distinct Uy, Us € A5 N C; and between distinct Vi, Vo € A5 N Co,
we conclude from Lemma [3.3| that ¢(U) = ¢ (say) for all U € A5 NC; and
that ¢(V) = d" (say) for all V' € A3 N Cy, establishing (d), and completing
the proof of A2. =

Since 2§ = 0, it follows, in view of Lemma that if we pull up any term
y| U, where U € A, then we may assume the resulting product decomposi-
tion still satisfies the hypothesis of Case 4 with (W') = (W), else applying
Case 3 using this product decomposition completes Claim C. Thus, if for
every product decomposition satisfying the hypothesis of Case 4 we can find
I such that |supp(1/1(Wé2)))| = 1, then, since modifying I does not alter the
values m2(¢(z)), we would be able to conclude |supp(m2(¢(S2)))| = 1—by
successively pulling up terms y | Sa, yielding a sequence of product decom-
positions satisfying the hypotheses of Case 4, until every such y occurred in
the Wé2) part of one of these product decompositions, and then noting that
there must always be a common term in WéZ) between any two consecutive

product decompositions in the sequence (in view of O'(L(WéQ))) = 1modn)—
completing Claim C. Therefore we may assume this is not the case for W.
Let wlo.g. (W) = f" L fi""1(f1 + f2) and C; consist of those blocks with
sum fi.

Note that we must have A3NC; and A5NCy both nonempty, else in view
of Claim B it would follow that e; is a term of S with multiplicity mn — 1,
completing the proof. Thus A2(ii)(a) implies that 1;(ne;) # 0 for i € {1,2}.
As a result, we cannot have a block U € A} (else ne; = o(U) = f1 or fa).
Hence |A;| = 1, implying |A5NCi| > 2 and |A5NCy| > 2. Thus, by choosing
I appropriately, A2(ii)(a d) holds for W.

Suppose supp(¢ (WO )) # {91, g2}. Then there must be some z | I/V0

with «(zo) ¢ {91, g2} (in view of o (¢ (Wé ))) = 1 mod n). Since ged(g1 —
g2,m) = 1, there is no n-term zero-sum mod n subsequence of g7~ 1g§_1
Thus applying Theorem .1 to g7~ ! 95 )(x0) implies that we may find a
subsequence U; | 2oUV, where U € A3NCy and V' € A3NCy, such that x| Uy
and supp(t(zo~1U1)) = {g1, g2}. Consequently, vy, (U;) < n — 2, and thus
v, (L (Uf1W(§2)UV)) > 2, for ¢ = {1, 2}. Thus, if there were no n-term zero-
sum mod n subsequence of t(U; 'u;! _1W(2)UV), where u; | Uy, v1 |V and
uyvy | U7 'V UV, then Theorem [2.6/2 would imply that L(Ul_lw(EQ)UV) =
9195, whence

= O’(L(WO(Q)UV)) = o((U1)) + ng1 + ng2 = 0 mod n,
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which is a contradiction. Therefore we may assume there exists such a
subsequence ¢(Usz), where Us | Ufluflvleé2)UV. Let W{ be defined by
WoUV = U UaW{. Then replacing Wy, U and V' with Wy, U; and U, yields
a new product decomposition W’ € 2. Since 2§ = ) and m > 4, we must
have o(W) = o(W’), and we may further assume W/ € Cy, else apply-
ing Case 3 using W’ completes Claim C. Thus W' satisfies the hypotheses
of Case 4, but since [supp(:(U1))] > 1, we see that W’ does not satisfy
A2(ii). Thus A2(i) implies that we must have ]supp(wz(w(Wé(Q))))] =1
(note we do not have ]supp(w(Wé(Q) )] = 1 as we would need to change
I for this to hold); since ujv; | W} and w; |U and vy |V, this implies that

ma(c) = ma(Y(u1)) = m2(ip(v1)) = ma(d).

Let x|z, 1Wé2) be arbitrary. By Theorem El, it follows that there is
an n-term zero-sum mod n subsequence of L(x_lUl_lWéz)UV), say t(Us)
with Us |2 107 ' WUV (recall that Uy |2oUV). Let WY be defined by
WoUV = U UsW{. Then replacing the blocks Wy, U and V with the blocks
W, Uy, and Us yields a new product decomposition W” € 2, and as before
we may assume W/ satisfies the hypotheses of Case 4 with o(W") = a(W).
Thus, since [supp(c(U1))| > 1, we see that W does not satisfy A2(ii), and
so we must have

(44) jsupp (ma (¥ (W ®)))] = 1.

Since xo |U; and x| Wo(z), it follows from the pigeonhole principle that
we must have a term z’| Wé’@) with 2’ |UV, and thus with ma(¢(2')) =
ma(c) = m2(d) (in view of the previous paragraph). Since x | W{, this implies
mo(1(z)) = ma(c) (in view of ) Asx|xzy IWSZ) was arbitrary, we conclude
that every z | xSy has ma(1(z)) = ma(c) = ma(d), completing the proof of
Claim C (in view of A2(ii)(d) holding for W). So we may instead assume
supp(«(W5 ™)) = {91, g2}.

Since |A;| = 1, let Wy,...,Wy,—1 be the blocks of A5 N Cy, and let
Wins - - ., Wam_—2 be the blocks of A% N Cy. Let W2 = by ... by -... -V, ,
with (b;) = g1 and ¢(b;) = g2. Applying type III swaps between b; | Wy and
y| Wh, it follows from Lemma [3.3]4 that we may assume ¢(b;) = ¥(y) = ¢
for all ¢ (else Case 3 completes Claim C). Likewise applying type III swaps
between b, | Wy and z | Wy, it follows that ¢ (b]) = ¢ (z) = d for all i. Conse-
quently, we may assume ¢t € [2,n—2], else S contains a term with multiplicity
at least mn — 1, as desired (either gie; + es + ¢ or goey + e3 + d).

Applying type II swaps between by | Wy and z | W, and between b} | Wy
and y | Wy, it follows, in view of Lemma [3.2] and g1 > g2 (A2(ii)(c)),
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that
(45) d—ce(fa),
(46) c—d+ne € <f1>

Since t € [2,n — 2|, we have b1bs | WO(Q) and b} b} | WO(Q). Let Y be a subse-
quence of Wp and Z be a subsequence of Wy, with |Y| = |Z] = 2. Apply-
ing type II swaps between b)b, | Wy and Y | W; and between bybe | Wy and
Z | Wi, we conclude from Lemma |3.2] that

(47) 2(d — ) + €(byby, Y)ner € (f2),
(48) 2(c — d) + €(biba, Z)ney € (f1).
Observe (in view of g1 > go) that

0 if g1 —go < (n—1)/2,
e = (0 TSy
—ne; if g1 —go2> (n+1)/2.
Likewise
if g —ga < (n—1)/2
€(biba, Z)ney = {nel LT (n=1)/2,
2ne; ifgr—g2 > (n+1)/2.
Thus, if g1 — g2 < (n—1)/2, then and imply that ¢ —d € (f1),
which combined with implies that ¢ = d, in which case Claim C follows.
On the other hand, if g1 — g2 > (n+1)/2, then and imply that
ney € (f2), which contradicts A2(ii)(a) for W, completing Case 4. m

CrLAM D. h(S) =mn — 1.

Proof. Let S, = xSy, with g as in Claim C, and let S’ = $;S5. By
Proposition and Claim B, we have S = ellsll, |S1| = ¢n — 1 and |S}| =
2mn —¥€n —1, for some £ > 1. If £ > m, then e; is a term with multiplicity at
least mn — 1, as desired. Therefore we may assume ¢ < m. Moreover, since
S € A(G), it follows that 0 ¢ X(S"). In view of Claim C and Proposition[4.2]
we may assume every z; | S5 is of the form y;e1+(14+ngq)eq, with ¢ € [0, m—1].
Let T = m(S}) € F({e1)), and let H = (e, (1 + gn)es) = Cppn @ Cyn,
where rn = ord((1 + gn)ez). If » < m, then noting that S’ € F(H') with
S| =2mn—2 > mn+rn—1=D(H’), we see that 0 € X(S5"), contradicting
S € A(G). Thus we may choose ey to be (1 4 gn)ea while (e, e2) is still
a basis, and so w.l.o.g. we assume ¢ = 0.

Since ¢ < m, it follows that [S}| = 2mn—¢n—1>mn+n—1>mn+2
and

(49) Z(Sl) :{61, 261,‘..,(€n*1)61}.
Consequently, 0 ¢ X'(S’) implies
(50) Y (S%) = X (T) C A :={e1, 2e1, ..., (mn —In)ey},
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and thus
(51) | X (T)| < mn —tn = |T| —mn + 1.

Note that h(T') = h(S}) < mn — 2, else the proof is complete. Thus we can
apply Theorem taking k = 3, whence it follows, in view of and
0 ¢ Xnn(T), that [supp(T)| < 2.

We may assume [supp(7’)| = 2, else S will contain a term with mul-
tiplicity |T| = 2mn — fn — 1 > mn + n — 1, contradicting S € A(G).
Thus T = (goe1)™ ((go + d)e1)™ for some go, d € Z with de; # 0. Since
(e1,g0e1 + e2) is also a basis for G, by redefining ey to be goe; + e2 we may
w.l.0.g. assume gg = 0. Thus

(52)  Xpn(T) = B := (mn —ny)de; + {0,dey, ..., (mn — fn — 1)de; },

which is an arithmetic progression of difference de; and length mn — ¢n (in
view of 0 ¢ X, (T)). In view of (50), we have B = A with

2<n<|Al=mn—4Itn<mn-n<mn-—2.

Thus de; = +e; (as the difference of an arithmetic progression under the
above assumptions is unique up to sign). Consequently, and imply
that ny = nm — 1 if de; = e (since |S’| < 2nm — 2), and that n; = mn —¥{n
if de; = —e; (since |:S5| < 2mn—¥¢n). However, in the former case, e has the
desired multiplicity in S, while in the latter case, no = 2mn—4¥Im—1—n; =
mn—1, and thus dey + ey = —eq +e9 has the desired multiplicity, completing
the proof. =

6. Proof of the Corollary. Let G = C,, ® Cp,, with 1 < nq|ng,
and suppose that, for every prime divisor p of ny, the group C), ® C}, has
Property B. The assertion that C,, ® C,, has Property B follows from the
Theorem and from the following two statements:

(a) For every n € [2,10], the group C,, & C,, has Property B: for n < 6
this may be found in [9, Proposition 4.2]; the cases n € {8,9,10}
(and more) are settled in [2].

(b) If n > 6 and C,, &), has Property B, then Cy,, & C5,, has Property B
(see [9, Theorem 8.1]).

Since Cy,, ® Cy,, has Property B, the characterization of the minimal zero-
sum sequences over G of length D(G) now follows from the main result in
[21] (which differs from the Corollary only in that its hypothesis is that
Cpn, © Cp, has Property B, rather than that C, © C}, has Property B for
every prime divisor p of n;). =
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Note added in proof. When this article went to press in December 2009, Christian

Reiher announced a proof that C), @ C}, has Property B for all primes p € P. This implies
that the assumption in the Corollary is satisfied, and thus the structure of all minimal
zero-sum sequences of maximal length over groups of rank two is completely determined.
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