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p-adic valuations of some sums of multinomial coefficients
by

Zu1-WEI SuN (Nanjing)

1. Introduction. Let p be a prime. In 2006 Pan and Sun [PS] obtained
various congruences modulo p involving central binomial coefficients and
Catalan numbers. Later Sun and Tauraso [ST1l [ST2] made some further
refinements; for example, they proved that for any a € Z* = {1,2,...} we

have
p*—1
2k @
Z = (& (mod p?).
k 3
k=0
. @1 2k
Recently the author [S10] managed to determine Y¥_* (%) /m* (mod p?)
for any integer m not divisible by p.

Motivated by the above work, Guo and Zeng [GZ] obtained some congru-
ences involving central ¢g-binomial coefficients and raised several conjectures
on p-adic valuations of some sums of binomial coefficients.

Throughout the paper, for a prime p, the p-adic valuation (or p-adic
order) of an integer m is given by

vp(m) = sup{a € Z : p* | m},

and we define v,(m/n) = v,(m) — vp(n) for any m € Z and n € Z*. For
example,

" <§> — s(2) = 1(3) =1 and y3<3> — Us(4) — 1(9) = —2.

For an assertion A we adopt the Iverson notation:
1 if A holds,
4= {

0 otherwise.
Thus [m = n] coincides with the Kronecker symbol 6, .
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The following result implies several conjectures of Guo and Zeng [GZ,
Section 5].

THEOREM 1.1. Let m € Z and n € Z*. Suppose that p is an odd prime
dividing m — 4. Then

(1.1) yp<§ %B) > uy(n) and y,,<n§ (”;1>(—1)’f§2> > v, (n).

k=0 k=0
Furthermore,
n—1 2k
Ly 150
n mk
k=0
2n—1) . v3(n) _
(- m —4 (2n/3vs 1 o
= 4n_11 + 6,33 | ] 3 (n/SVS(”) _1> (modpp( 4))
and also
n—1 2k
1 n—1 Cn-1 U () —
(1.3) - < § >(—1)k(kk)z o (mod p#(M—H=0%.3),
k=0

where Cy denotes the Catalan number %H(Qkk) = (2,5) — (,ffl) Thus, for
a € Z* we have

- m—1
2 =1+0p3 = (mod p)

(1.4) . .

and also

Ll b1 (Zk)
(1.5) pr kzo < i >(_1)kn§k = —1 (mod p) provided p # 3.
Now we give various consequences of Theorem 1.1.

COROLLARY 1.1 ([GZ, Conjecture 5.1]). Let p be a prime divisor of
4m — 1 with m € Z. Then

(16) " (Zl (3)m) 2 o

k=0
for alln € Z*.

Proof. As ptm, there exists an integer m, with m.m =1 (mod p*»(")
and hence m, = 4 (mod p). By Theorem 1.1, for any n € Z* we have

n—1 n—1 2k
2k k — (k) — vp(n
Z(k>m :Zm—IEZO(mOdpP()).
k=0 k=0

This concludes the proof. =
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COROLLARY 1.2 (|GZ, Conjecture 5.2]). Let n = |[4m — 1| with m € Z.
Then )
n—

2k
(1.7) kz_o < i >mk =0 (mod n).
Proof. By Corollary 1.1, (1.6) holds for any prime p dividing n. So (1.7)
is valid. m

COROLLARY 1.3 (|GZ, Conjecture 5.4]). Let p > 3 be a prime and
a € Z*. Then

L8) paz‘:l <2:> <1 - (—1i(p_1)/2p>k _ % (mod p*),

k=0

Proof. Let m = (1—(—=1)®=1/2p)/4. Then m € Z and p | 4m—1. Choose
an integer m, such that mm, = 1 (mod p®*!). Clearly m, = 4 (mod p).
Applying Theorem 1.1 we get

1 A <2k> i
il Z m
p k=0 k

So (1.8) holds. m

Note that (1.8) in the case p =5 yields
501 o
(1.9) kz_o (—1)’f< k) = 5% (mod 57+1),
which is the second congruence in [GZ, Conjecture 3.5].

(%)

1
e kZ_O mh =1 (mod p).

COROLLARY 1.4 ([GZl, Conjecture 5.3]). For a € ZT we have
301

(1.10) > (-2)F (2:) = 3% (mod 3%+1),

k=0

3%—1

_m\k 2k = 3% (mo a+1

(1.11) kzo( 5) (k>_ 3% (mod 37+1),
79—1

2k
(1.12) > (-5)F ( k> = 7% (mod 7%*1).
k=0
Proof. Choose integers mq, me, m3 such that

1 1 1
m =g (mod 3%, my = = (mod 3*T1), mg = —x (mod 7T,

my =4 (mod 3%), mg =4 (mod3), m3=4 (mod7).
So it suffices to apply (1.4). m



66 Z. W. Sun

Formula (1.4) in the case p = 3, together with our computation via
Mathematica, leads us to raise the following conjecture.

CONJECTURE 1.1. Let m € Z with m =1 (mod 3). Then

n—1 2k
(1.13) ” (:L 3 Snkk)) > min{us(n), vs(m — 1) — 1}

k=0
and
v ln_l n-1 — k@ min{v v — —
(1.14) 3<”kzzo< . )( 1) mk>> {vs(n),v3(m—1)} — 1

for every n € Z*. Furthermore,

1 391

2 D

k=0

or any tnteger a > v3(m
J y integ

3¢—1 2k
1 3% -1 m—1 (e
< )(-1)’6 57';,3 - (mod 3v3(m=1))
k=0

(Qk) m—1
# =5 (mod 3v3(m=1)
1

), and

3a k 3

for each integer a > v3(m — 1). Also,

3¢-1 a
Z (3 . 1) (fl)k <2:> = 732a—1 (mod 32(1) fO’f‘ every a =2,3,. ...

k=0

We remark that Strauss, Shallit and Zagier [SSZ] used a special technique
to show that for any n € Z* we have

o5 (1)) 2een((7))

For any k € N = {0,1,2,...}, the central binomial coefficient (2kk) co-

incides with the multinomial coefficient (,3’2) In general, the multinomial
coefficient

kit ke (Bt k)
ki, .ok ) kil

in the case ky,...,k, = k € N gives

Now we pose one more conjecture which involves multinomial coefficients.
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CONJECTURE 1.2. For any prime p and positive integer n we have

(1.15) " <:Z:) ((15—1):» > 1, (n)
and

(1.16) " (;) (" et () z

Furthermore, vy(n) in (1.15) can be replaced by vy, (n(%?)) if p# 2.

Observe that
(4k)! 4k (2k\?
(k)4 -\ 2k k

and hence (1.15) in the case p = 5 yields the first congruence in [GZ, Con-
jecture 5.6].
Concerning Conjecture 1.2 we can prove the following result.

THEOREM 1.2. Let p be a prime.

(i) We have
2 /(p -k B
(1.17) kZ:O <(,f N 7)k> =pBy1+ (=1’ = 2p (mod p?),

where By, denotes the nth Bernoulli number. Also, an integer m > 1 is a
prime if and only if
m—1
(1.18) Z <(]7: . 17)]f> =0 (mod m).
k=0
(ii) Let n € Z*. If n # 1 (mod p) or there is a digit greater than 1 in
the representation of n in base p, then

n

1
(p—1Dk\ _
(1.19) 0 <k 3 k) =0 (mod p),

£
I

otherwise we have

(- Dk
o = (— 1/’12(”)*1
(1.20) > (77 0) = 0wt moa )
where 1,(n) denotes the sum of all the digits in the representation of n in
base p.
(iii) (1.15) holds for all n € Z* if and only if so does (1.16).

A basic problem in number theory is to characterize primes. However,
besides the well-known Wilson theorem, no other simple congruence char-
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acterization of primes has been proved before. Thus our characterization of
primes via (1.18) is particularly interesting.
It is of interest to know what odd primes p satisfy the congruence

p—1
Z <(I<}:) - 1):) =0 (mod p*) (i.e., pBp_1 =2p — 1 (mod p?)).
o \k

Using Mathematica we only found four such primes (they are 3, 11, 107,
4931) among the first 15000 primes. It seems that all such primes are con-
gruent to 3 modulo 8. From the proof of (1.17) we see that such odd primes
are exactly those odd primes p satisfying (p —2)! = 1 (mod p?), which were
investigated by P. Saridis [S] who also found the above four primes. (The au-
thor thanks Prof. N. J. A. Sloane for informing him about the reference [9].)

In the next section we are going to provide some lemmas. Theorems 1.1
and 1.2 will be proved in Sections 3 and 4 respectively.

2. Some lemmas
LEMMA 2.1 ([STT, Theorem 2.1]). For any n € Z* and d € Z, we have

(2.1) 0;};@ <k2fd> "R 4 [d > 0]z ug(x — 2)
- ¥ (?) Undi(T — 2),

0<k<n+d
where the polynomial sequence {uy(z)}r>0 is defined as follows:
uo(x) =0, wi(z)=1, wupyi(x)=2up(r) —ur—1(z) (k=1,2,3,...).
Let A, B € Z. The Lucas sequence u, = u,(A, B) (n € N) is defined by
uw =0, wu =1, upy1 =Au, —Bu,—1 (n=1,23,...).
The characteristic equation z? — Az + B = 0 has two roots:
,_AtVA A—VA
2 2 ’
where A = A%2 — 4B. It is well known that for any n € N we have

Up = Z oFg" =% and hence (o — B)u, = o™ — B

0<k<n

and =

The reader may consult [S06] for connections between Lucas sequences and
quadratic fields.

LEMMA 2.2. Let A,B € Z and let d € Z* be an odd divisor of A =
A% —4B. Then, for any n € Z+, we have
un(A, B) <A>”_1 {(A/2)"3A/3 (mod d) if 3|d and 3|n,

(22) —— = .
n 2 0 (mod d) otherwise.
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Proof. When A = 0, by induction ug (A, B) = k(A/2)¥~! for all k € Z7,
and hence the desired result follows.
Now we assume that A # 0. Then

R S hnn)

0<k<n
24k
_ L 3 n(m= 1\ ok p(-1)/2
2n—1 kE\k—1
1<k<n
24k
and hence
un(A,B) (A" n—1\ [A\"F Ak-D/2
23) no (2) =2 k—1)\ 2 k2k—1
1<k<n
24k

For k =5,7,9,..., clearly k < 3*=1/2 and hence v,(k) < (k — 3)/2 for
any prime divisor p of d, thus AA%*=3)/2/k = 0 (mod d). Note also that

n—1\(A\"?ACD2  (n—1)(n-2)(A\"’ A
3—1/\2 3.23-1 2 2 3-4
_ { (A/2)"3A/3 (mod d) if 3|d and 3|n,

0 (mod d) otherwise.

So (2.2) follows from (2.3).
The proof of Lemma 2.2 is now complete. =

LEMMA 2.3. If p is a prime, and

k k
a:Zaipi and b:Zbipi (ai,b; € {0,...,p—1}),
1=0 =0

then we have the Lucas congruence

() =11(:) .

This lemma is a well-known result due to Lucas (see, e.g., [Stl, p. 44]).

LEMMA 2.4. Let p be a prime and let h € Z+ and m € Z\ {0}. Then we
have

k—1 hl k—1 hl
1 E—1 ! (ll) . 1 (ll)
et (0 (M) = (2
for everyn =1,2,3,....
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Proof. By a confirmed conjecture of Dyson (cf. [D} Ga, [Z] or [Stl, p. 44]),
for any k£ € N the constant term of the Laurent polynomial

z; \ *
1<i,j<h i
1#£]
coincides with the multinomial coefficient (k hk k)
Let n € Z*. Then

(m™1 H1gi,jgh, i;éj(l —xi/zj))" — 1
m~1 ngz’,jgh, i;éj(l —zi/x;) — 1

206 L))

1#]
n k—1 11— l
nin-—1 Z E—1Y\ (—1)k1~ x;
pu— —_ 1 - .
k <k - 1) ( ! ) m! H Z;j
k=1 =0 lg'z;é]‘Sh
i#j

Comparing the constant terms of both sides we get

1 (o) s =1\ (~1)F 2 (k -1 (1)
e Srnt -2 () S (e

k=0 k=1 1=0

Recall that for any sequences {an }n>0 and {by, }n>0 of complex numbers
we have

=Y <Z> (=1)%bx  foralln=0,1,2,...

n
&b, = Z <k> (—l)kak foralln=0,1,2,....

k=0
(See, e.g., Rl p. 43].) So (2.5) holds for all n € Z* if and only if for each
n € Z* we have

GO 1 ey )
o S (I) TS e (e
k=1 =0 =0

Since both (2.5) and (2.6) are valid for all n € ZT, (2.4) holds for any
n € ZT. This concludes the proof. m
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3. Proof of Theorem 1.1. Observe that p { m since p| m—4 and p # 2.
Applying Lemma 2.1 with x = m and d = 0, we get

n—1n—1 (2k) 1 n—1 9
m n
— T’;k = E (k)unk(m—2, 1)

k=0 k=0
f 2n—1 20\ \ Un_r(m —2,1)
k n—k ’
k=0
Since m — 2 = 2 (mod p*»("™=4), we have

() () () s
where
¥ :Z:o( <2n— 1> <2:> ) _ <2:__11>.

Thus, by Lemma 2.2 and the above,

2 ) () ()

_ 4Sn (mod p”"(m_4)) (since m = 4 (mod p'/p(m—ﬁl)))’

where

In the case 3 { n, for any k € {0,...,n— 1} with £ = n (mod 3) we have

2n —1 2n n—=k(2n
(270 () = 2E () <o s
So 3|8y if 3t n.
In the case 3 |n, by Lemma 2.3, for k£ € N we have

()= (1) o
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and

<2n3; 1) " (@n —(?; - 3%2 - ;L —2) <2n3; 3)

_ (2n3; 3) _ (Qn/i— 1) (mod 3),

thus

e 'S () - ()

S () () e
and hence
S, = —92n/3-2 _gn/3-1 ;(2://33> _ ;(QqQ> _ (QqQ_—11> (mod 3)

with g = n/3v3(").
Combining the above we get

6 _ G+ dpald )22 (G4

1 _
n Z mn—1 !

k=0

This, together with (2.6) in the case h = 2, yields

n—1 2k
1 n—1 k(k) vp(m—4)—6,
n;g( o)V = o (o et

mF

()5 ()
_ _22 <Z:1)( 1/2) _ 2<n—n3/2> (i: !

with the help of the Chu—Vandermonde identity (see (5.22) of [GKP, p. 169]).
Clearly, if n = p® for some a € Z™ then

where

i
NE

b
Il

p*—1

Gl 2t —1y Y
gn—1 :<p“—1)_,}_11<1+k>:1(m0dp)
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Cor 1 (2°—2\ 1 (2p°—1
4n71_pa pe—1 _Qpa_l e

This concludes our proof of Theorem 1.1. m

and

—1 (mod p).

4. Proof of Theorem 1.2

LEMMA 4.1. Let p be a prime and let n € Z7. If all the digits in the
representation of n in base p belong to {0,1}, then

<J”> 1% (mod p)

(where p(n) is deﬁned as in Theorem 1.2), otherwise we have

||E

() o0t

Proof. Suppose thatnzzfzoaipi with ag,...,ar € {0,...,p—1}.
If ap,...,ar € {0,1} then ja; < j < pforall i =0,...,k and j =
1,...,p—1, thus

-1 . -1 E . ;
¢ (J”) _ 5 <Zi=0(]ai)Pl>
LA e Zf:o a;p’

= | ﬁ( ) ﬁle (‘”’) (by Lemma 2.3)

J 1=07=1
=(p— 1)-)|{0§l§k' ai=1} = (—1)%(") (mod p)  (by Wilson’s theorem).

Now assume that {ag,...,ar} Z {0,1}. We want to show that p| (7;:)
for some j € {1,...,p—1}.Set s =min{0 <i < k: a; >1}. As1 < as <p,
we may choose j € {1,...,p — 1} such that jas = 1 (mod p). Thus

jn="Y_ (ja)p' + (jas = Dp* +p" + > (ja)p
s<i<k 0<t<s
Write
> (Ga)p' + (jas — 1)p* = > bp' + bp*t!

s<i<k s<i<k

with b; € {0,...,p — 1} and b € N. Then, with the help of Lemma 2.3, we
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have
(jn> B (bp’f“ + 2 ecick bip' + 7+ Zo<t<s(jat)pt)
Zf:o a;p'

s<lz1k (ZZ> g <als> 8 qu <j;:> = 0 (mod p).

Combining the above we obtain the desired result. m

Proof of Theorem 1.2. (i) If n is an integer greater than 1, then
(pn —1)! =0 (mod p) and hence

S 0 S () ST 60)

k=0 k=0 j=1 k=1 j=1
pn—1pn—1 k
+ (pn —1)! ; 1_[1 (‘7 _1>_1(m0dp).
J

So (1.18) fails for any composite number m > 1.
If1<k<p-—1,then (p—1)k>2(p—1) > p and hence

=Dk _ (p=DK)! _
<kk = gt = 0 (wodp).

Thus

p—1 1

p— 1k p—1)k

g <(k )k>EE <(k )k>:1+(p—1)!50(modp)

= \k. = \k
with the help of Wilson’s theorem.

Now we determine Zﬁ;é ((gfl)kk) modulo p?.

In the case p =2, as By = —1/2 we have

p—1
> (%) ) 1):> =1+ (p—1)!=2=2B, 1+ (~1)’"" = 2p (mod p?).
2\ k...,

Now let p be an odd prime. If 2 < k < p — 1, then there exist ji,j2 €
{1,...,p — 1} such that jik = 1 (mod p) and jok = 2 (mod p), hence
(%+F) = (%2¥) = 0 (mod p) by Lemma 2.3, and thus

—1
(p—DE\ _ Ty (4% _ )
<k:,...,l<: _H . =0 (mod p*).
7j=1
Note also that

<(2p_1)22> - 1:[ @) Ijj(](?J —1)) =pl(p - 2)! = —p (mod p°).
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Therefore

(20

1
Z(%_l)@ —p=1+(p—1)! —p (mod p°)
2\ k...,

and hence we have (1.17) with the help of Glaisher’s result (p—1)! = pB,_1—

p (mod p?) (cf. [G)).
(ii) Write n = pm +r with m € Nand r € {0,...,p — 1}. If m > 0 then

S -EU)-EEn )

=0 k=0 j=1 k=0 t=0 j=1
m—1 1 p—1 . .
k+ jt
= (pjk +‘Z ) (by Lemma 4.1)
im0 t=0 j=1 \ PR T
m—1 1 p—1 . .
t k
= H ((Jt > (jk )) (by Lemma 2.3)
k=0 t=0 j=1
m—1 p—1 ik
= (I+(p-—1 H<Jk:>£ (mod p)
k=0 j=1
Similarly,

> (Sff.l,)zf) = SZ< I (j(pms)) = 5 (mod p),

S ((0]3)

0<s<min{r,2} j=1
Clearly S = 0 when r = 0. If r > 2, then
p—1 Jm
S=(1 —1)! =0 d p).
1+ >>1:I(m) (mod p)

In the case r =1 (i.e., n = 1 (mod p)), if all the digits in the representation
of n =pm + 1 in base p belong to {0, 1}, then

S — H <]m> = (—1)*»™~1 (mod p)

by Lemma 4.1, otherw1se S =0 (mod p) in view of Lemma 4.1. This ends
the proof of part (ii).

(iii) This part follows immediately from Lemma 2.4.

By the above we have completed the proof of Theorem 1.2. u

where



76 Z. W. Sun

Acknowledgements. The author is grateful to the referee for many
helpful comments.

This research was supported by the National Natural Science Foundation
(grant 10871087) and the Overseas Cooperation Fund (grant 10928101) of
China.

References

[D] F. J. Dyson, Statistical theory of the energy levels of complex systems I, J. Math.
Phys. 3 (1962), 140-156.

[G]] J. W. L. Glaisher, On the residues of the sums of products of the first p — 1
numbers, and their powers, to modulus p®> or p>, Quart. J. Math. 31 (1900),
321-353.

[Go] 1. J. Good, Short proof of a conjecture of Dyson, J. Math. Phys. 11 (1970), 1884.

[GKP] R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics, 2nd ed.,
Addison-Wesley, New York, 1994.

[GZ] V. J. W. Guo and J. Zeng, Some congruences involving central q-binomial coef-
ficients, Adv. Appl. Math. 45 (2010), 303-316.

[PS] H. Pan and Z. W. Sun, A combinatorial identity with application to Catalan
numbers, Discrete Math. 306 (2006), 1921-1940.

[R] J. Riordan, Combinatorial Identities, Krieger, Huntington, NY, 1979.

[S] P. Saridis, Sequence A0798583 in Sloane’s OEIS (On-Line Encyclopedia of Integer
Sequences), http://oeis.org/A079853|

[St] R. P. Stanley, Enumerative Combinatorics, Vol. 1, Cambridge Univ. Press, Cam-

bridge, 1999.

[SSZ] N. Strauss, J. Shallit and D. Zagier, Some strange 3-adic identities, Amer. Math.
Monthly 99 (1992), 66—69.

[S06] Z. W. Sun, Binomial coefficients and quadratic fields, Proc. Amer. Math. Soc.
134 (2006), 2213-2222.

[S10] —, Binomial coefficients, Catalan numbers and Lucas quotients, Sci. China Math.
53 (2010), 2473-2488.

[ST1] Z. W. Sun and R. Tauraso, New congruences for central binomial coefficients,
Adv. Appl. Math. 45 (2010), 125-148.

[ST2] —, —, On some new congruences for binomial coefficients, Int. J. Number The-
ory, in press; arXiv:0709.1665.

[Z] D. Zeilberger, A combinatorial proof of Dyson’s conjecture, Discrete Math. 41

(1982), 317-321.

Zhi-Wei Sun

Department of Mathematics

Nanjing University

Nanjing 210093, People’s Republic of China
E-mail: zwsun@nju.edu.cn

http: //math.nju.edu.cn/~zwsun

Received on 17.11.2009
and in revised form on 21.4.2010 (6219)


http://dx.doi.org/10.1063/1.1703773
http://dx.doi.org/10.1016/j.aam.2009.12.002
http://dx.doi.org/10.1016/j.disc.2006.03.050
http://oeis.org/A079853
http://dx.doi.org/10.2307/2324560
http://dx.doi.org/10.1090/S0002-9939-06-08262-1
http://dx.doi.org/10.1007/s11425-010-3151-3
http://dx.doi.org/10.1016/j.aam.2010.01.001
http://dx.doi.org/10.1016/0012-365X(82)90028-0

	Introduction
	Some lemmas
	Proof of Theorem 1.1
	Proof of Theorem 1.2

