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1. Introduction, main results, applications. Let Q, be the p-adic
completion of Q for a prime p. Denote by Z,, the ring of p-adic integers, i.e.
of those elements z € Q, with |z|, < 1. The unit group of Q,, i.e. the set
of x € Q, with |z|, = 1, will be denoted by U,. Let @p be the algebraic
closure of Q, and C,, its p-adic completion, which is an algebraically closed
complete field with a valuation uniquely extended from Q,.

Whereas the questions of transcendence or algebraic independence of
elements from Q, or even from C, over QQ are rather well investigated, the
corresponding question for C, over @, has been studied in the past only
occasionally. For a brief survey on what was published on this topic so
far, we refer the reader to our recent paper [3]. The main result there gives
sufficient conditions for the algebraic independence over Q,, of numbers from
C, defined by infinite series of the form ) ayp™, where (ry) is a sequence
of positive rational numbers and the coefficients a; are p-adic integers.

In our present paper, we propose two new such criteria, where the hy-
potheses on the ay, r; are now slightly stronger. But, on the other hand, we
no longer need, as in [3], conditions on determinants involving certain of the
coefficients a occurring in the different series under consideration. Both of
these criteria have the same appearance, typical in algebraic independence

theory: Under appropriate assumptions on functions fi,..., f; and points
a1, ..., 0, the [-m numbers fy(«,) from C, are algebraically independent
over Q.
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Using the notation N := {1,2,...} and Ny := NU {0}, we now are going
on to formulate our first main result, which concerns the particular case
[=1.

THEOREM 1. Let
f(2) =) ¢ € L[]
§=0
satisfy c¢; # 0 for at least one j € N. Suppose

oo
Qu = Zak’#prk,u (:u’: 17"'7m)
k=1

with ay,, € Uy for any possible pair (k, 1), and where the sequences (T )k
€ QI_\'F satisfy the following technical conditions for p=1,...,m:

(i) (rk,p)i increases eventually strictly and is unbounded.

(ii) There exist infinitely many n € N such that rpy1, cannot be ex-
pressed as a finite linear combination with rational integer coefficients of
the numbers 1,11, ..., and the vy, with (' # p.

Then the elements f(aq),..., f(om) € C, are algebraically independent
over Qp. In particular, o, ..., o, are algebraically independent over Q.

REMARK. Since |a,|, <1, the series f converges at all points o, . . ., Q.

After the proof of Theorem 1, at the end of Section 3, we briefly discuss
how far the conditions on the r’s are necessary.

Before giving an application of Theorem 1, we point out that we shall
denote by ord, x the highest power of p dividing « € Z\ {0}, and this notion
can be extended to x € Q* := Q\ {0} as well. Then the p-adic value of x is
given by

’x‘p =p- ord, x
for x € Q*, which we may use to define ord, x more generally for any
r € Q) (or even x € C). The above equation allows us to jump back and
forth as we please between the two notions | |, and ord,.

COROLLARY 1. Forp=1,...,m, let (¢n,u)nen be an arbitrary sequence
of integers with qn, # 0 for infinitely many n, and suppose v, € Q, r, > 1
such that there exists a prime p, with —ord,, r, € N and ord,, 7, € Ny
for any p' # p (if m > 1). Then the elements
oo
a, = H(l L) (u=1,...,m)
n=1

from C,, are algebraically independent over Q.
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Whereas in Theorem 1 our function f had only to be non-constant, our
second main result needs, even in the case [ = 1, a stronger hypothesis.

THEOREM 2. Let the functions
e =) epd €zl A =1,....0)
j=0
be algebraically independent over Q,. Suppose that the elements

(o9}
Qu = Zak#p”c,u (M = 17"'7m)
k=1

satisfy the conditions of Theorem 1. Then the | - m elements fx(cy,) (A =
L...,.,p=1,...,m) from C, are algebraically independent over Q,.

REMARK 1. Clearly, for any A there exists a jy € N with ¢;, » # 0 such
that every f) satisfies the conditions on f in Theorem 1.

REMARK 2. The proof of Theorem 2 in Section 5 will use induction on
m. The particular case m = 1 is stated in Section 2 as Proposition.

REMARK 3. In what follows, we shall need on several occasions the fol-
lowing fact. If L|K is any field extension, then the power series f1,..., f; €
K][z]] are algebraically independent over L if and only if they are so over K.
Whereas one of these implications is trivial, the proof of the converse can
be modeled exactly upon the procedure shown in Shidlovskii’s monograph
[7, p. 83] in the particular case where L = C and K is an algebraic number
field.

Our first application of Theorem 2 concerns the case [ = 3, more precisely
the identity on C,, the p-adic exponential function exp, and the p-adic
logarithm log,,. The last two are defined in C, by the following power series:

exp,, 2 := o
k=0

iff 2], < p~ /7Y,

- (2)F
log, (1 + 2) ::—ZT iff |z], <1
k=1

respectively; compare e.g. [4]. These power series on the right-hand sides
having rational coefficients are exactly as in the complex case. Therefore we
can say: Since the complex functions z, exp z, log(1l + z) are algebraically
independent over C, they are so over Q as well, and thus the p-adic functions
z, exp,, 2, log,(1+2) living in 2|, < p~ /=1 are algebraically independent
over C,, or equivalently, over Q,. By the way, the algebraic independence
of these three functions can be easily proved, even by a purely algebraic
reasoning. We leave the corresponding details to the reader.
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After these intermediate considerations, we are going to give a first ap-
plication of Theorem 2. Two others, more involved in their formulation, will
be discussed in Section 6.

COROLLARY 2. If aq,...,qy, satisfy the conditions of Theorem 1, then
the 3m elements ay,, exp,(pa,), log,(1+a,) (u = 1,...,m) from C, are
algebraically independent over Q).

We may combine Corollaries 1 and 2 as follows. Write the infinite prod-
ucts a,, from Corollary 1 as 1 + aj,, where the aj, satisfy the conditions
of Theorem 1 (compare the beginning of Section 4). As a consequence of
Corollary 2, the a;, log, (1 + aj,) (# = 1,...,m) are algebraically indepen-
dent over ), which is equivalent to the algebraic independence over Q,, of
the o, log, ay (p=1,...,m).

2. Some lemmas and a proposition. For the proof of Theorem 1
we shall need Lemma 2 below, which will be an easy consequence of the
following

LEMMA 1. Let the power series
p(z) =) djz € Z,[[]]
§=0

satisfy d; # 0 for at least one j € N. Suppose

(e o)

Q= Zakp”

k=1

with ap, € Uy for any k € N, and where () € Qli satisfies the following
technical conditions:

(i) The sequence (1) increases eventually strictly and is unbounded.

(ii) There exist infinitely many n € N such that r4+1 cannot be expressed
as a linear combination with rational integer coefficients of the numbers
1,ry,...,7mp.

Then ¢'(a) # 0 implies p(a) # 0.
Proof. The ith formal derivative of ¢ is defined, of course, by

()= G (G —i+1)d;27
j=i
Since ’(Z)djajfi’p < laf)~" and |af, < 1, all 0@ (a)/i! exist.

Suppose that, under the conditions of Lemma 1, we have ¢’(«) # 0 but
¢(a) = 0. Defining o™ to be the nth partial sum > or_q arp™ of o, we have
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ord, (@™ — a) = r, 4 for all large n. Since ¢(a) = 0 we get

¢" ()

o (o™ —a)2 4 ...

p(a™) = pla+ (@™ —a)) = ¢'(a) (@™ —a) +

From ¢'(a) # 0 it is evident that, for n large enough, the p-order of the
right-hand side is exactly ord,(¢'(a)(a(™ — «)), and therefore we find

(1) ord, (™) = ord, ¢'(a) + a1

for all large n. This equation is our basic information leading finally to the
desired contradiction. From

QOI(CE) — Z]%(Z ak_p'rk>j*1
j=1 k=1

we see that each summand occurring on the right-hand side has a p-order
being a finite linear combination of 1,71,79,... with non-negative integer
coefficients. Since ¢’(a) # 0 we know that ord, ¢'(«) is such a finite linear
combination. Let us call it v + uiry + ... 4+ uprp with u,uq,...,up € Ny
but up # 0 without loss of generality. We fix this linear combination for
ord, ¢'(a).

Now we investigate

o0 n .
j
P =3, (3 )
§=0 k=1
Here every summand occurring on the right-hand side has a p-order being
a linear combination of 1,7y,...,r, again with non-negative coefficients.
These considerations, combined with (1), lead to the following fact. r,,41

is a linear combination of 1,7q,...,r, with integer coefficients if n > h is
large enough. But this contradicts condition (ii) of Lemma 1.

REMARK. Of course, admitting here and in what follows the usual con-
vention ord,, 0 = 0o, equation (1) implies ¢(a(™) # 0 for any large n.

A rather immediate consequence of Lemma 1 is

LEMMA 2. If f satisfies the conditions of Theorem 1, and « those of
Lemma 1, then f'(a) # 0.

Proof. Let ¢ be the smallest positive integer with f(@(a) # 0. Such a ¢
must exist, by the condition on f in Theorem 1. Assuming ¢ > 1, we put

p(2) = f97V(2) € Z,[[2]),
leading us to p(a) = 0 and ¢’(«) # 0. This contradicts Lemma 1.

Another application of Lemma 1 is the following
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ProprosITION. Let f1,..., fi, of the form
o
z) =) ead? € ],
§=0

be algebraically independent over Q,. Suppose

[ee)

o= Z app™*
k=1
is as in Lemma 1. Then fi(a),..., fi(a) are algebraically independent
over Q.
REMARK. If the functions fi, ..., f; are algebraically dependent over Q,,,
then, of course, so are the values fi(«),..., fi(a).

Proof. Let P € Zy[X1,...,X;] be non-constant, and define ¢(z) :=
P(fl(z)v"'afl(z))‘ Clearle

o(z) = Y i € Z [l

Clearly there exists a ¢ € N with (@ (a) # 0, since ¢/ (a) = ¢"(a) = ... =0
would imply that ¢ is constant, ¢(z) = dy, and thus

P(fi(z),..., fi(z)) = do,
contradicting the algebraic independence of fq,..., f; over Q,.

Consider now the function (9= (z), which cannot be constant. Thus,
we get (@7 (a) # 0, by Lemma 1. If ¢ = 1, then we have p(a) # 0, or
equivalently P(fi(a),..., fi(a)) # 0. If ¢ > 1, we consider the non-constant
function ¢(4=2)(2) and conclude ©(9=2)(a) # 0, and so on.

The following two lemmas prepare the proof of Theorem 2. Since their
proofs generalize those of the above two lemmas, we will be somewhat
briefer.

LEMMA 3. Let ay,...,a,, satisfy the conditions of Theorem 1. For any
p=1,....m, let
[e.e]
ou(z) = Zdj,#z],
j=0

where all d;,, € Zp[la1,...,Qu,...,an]] (*) and d;,, # 0 for at least one
j=j(p) € N. Then ¢, (o) # 0 implies ¢, () # 0.
Proof. Suppose that our assertion is false, i.e. ¢} (a,) # 0 but ¢, (ay)

= 0 for some p € {1,...,m}. Defining a&”) as the nth partial sum of the

(*) This is an abbreviation for Zp[[a1, ..., 0u—1, 0us1, ..., am]].
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series for v, in Theorem 1, we have

TL n gp”(a ) n
() = gl (o)l — ) + P (af) — a7 4.
Since cpu a#) # 0, it follows that the p-order of the right-hand side is
ordy, (¢}, (av M)(aﬁn)—au)) for any n > n,,. This implies, for any large n (> n,,),
(2) ord, pu(a (n)) = ord, @L(au) S CORE WTR

To examine ord, ¢, (a,), we note that

@, (o) Z]d,oﬂ Y oand  dj, € Zpllan, .oy @y )]
j=1

The definition of ai,...,a,, in Theorem 1 shows us that ¢ (a,) is a sum
of products of an element from U, times a rational power of p, where the
exponent of p is a finite linear combination (over Ny) of 1 and the ry , with
keN, pe{l,...,m}. Thus ord, ¢, () is again such a linear combination,
which we fix from now on. We denote by k,, the maximal first subscript &
such that r,, appears for some v € {1,...,m} with a positive integer
coefficient in this fixed combination.

Just the same consideration provides us with the fact that ord, ¢, (c ("))
is a finite linear combination (over Ng) of 1,71 ,,..., 7y, and the 74, with
pe{l,....q,...,m}. Combined with (2), this leads us to the insight that,
for each large n > max{n,, k,}, the number r,; , is a finite linear combi-
nation (over Z) of 1,71 ,...,7y,, and some of the rj ,» with p/ # p. Again
this contradicts our hypotheses on the a’s.

From Lemma 3 we conclude
LEMMA 4. For ag,...,qpm, and @1,...,¢0n as in Lemma 3,
SO;L(O‘M) #0
foru=1,....m

Proof. The hypotheses imply the existence of a smallest ¢, € N with

@Eﬁ“)(au) # 0. If g, > 1, we consider

dj#(z) = 90;(;1“71)(2) € ZP[[alv cee 7a#7 R Oém]”[ZH,
which satisfies all conditions of Lemma 3. Since ¢}, («v,) # 0, we get 1, (cv,)
# 0 or equivalently cp(q“f )(O‘u) # 0, contradicting our choice of g,,.

3. Proof of Theorem 1. We will argue by induction on m. To start
with m = 1, we simply write a := a3 = Y po; axp"* as in Lemma 1. We
put v := f(«), and we let P € Z,[X]| be of minimal degree such that
P(v) = 0, assuming, of course, that 7 is algebraic over Q,. As in the proof
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of Lemma 1, let a(™ denote the nth partial sum of the series for «, and put
7 = fat).
Next we must investigate the differences v(") — ~. Clearly

1)~y = (@) = fa) = Fa)@® — o)+ L1 (@) —agr g

where we know f’(a) # 0 from Lemma 2. Thus we get
(3) ord, (v —~) = ord,, f'(@) + ord, (™ — a)

for any large n.
From the above choice of P we deduce

(4) P(y™) =P/ (y)(y™ —7) + # (Y™ =)+ ...

= P'()(7 ™ =) + P (4™ =),
where the power series P*(X) = Y 7% (PW(y)/i)X? € C,[[X]] has
ord,(P®(v)/i!) > 0. For n large enough, the p-order of the right-hand side

of (4) is ord,(P'(7)(y™ —7)); compare (3) and P’(7y) # 0. Thus it follows
from (3) and (4) that

() ordy P(4™) = ordy P'(5) + oxdy /() + oxdy (0™ — a)

for any large n.
Now we try to get the desired contradiction from (5). As in the proof of
Lemma 1, we find the existence of an h € Ny such that

ord, f'(a) =u+uiry + ... +uprp, ord, P'(y) =v4vir +...+oprp

with w,uy, ..., up,v,v1,...,0, € No. Clearly, ord,(a™ —a) = 7, for
every large n, under the hypotheses of Theorem 1. What about ord,, P(y(™)?
If eg,...,e; € Z, are the coefficients of P, we see

J J 0o n .
P =3 eif (@) =3 e 3 e (3 an) ')
i=0 i=0  j=0 k=1
Hence ord,, P(~™) is a linear combination of 1,7, ...,7, with non-negative
integer coefficients. Then we deduce from (5) that, for any large n > h, r,11
is a linear combination (over Z) of 1,r1,...,7,, contradicting condition (ii)

of Theorem 1.
To perform the inductive step, we define

= o) (=1,..im).

We suppose m > 1, and assume that v1,...,v,, are algebraically depen-
dent over Q,, whereas any subset of m — 1 elements is not. Let P €
Zp[Xy,...,X,] be a non-constant polynomial of minimal total degree such
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that

(6) P(y1,...yvm) =0.

By our hypothesis, P must depend on all variables X,, and
oP

7 ey Ym) #0 =1,...,m),

(7) 6X#(71’ Ym) 70 (1 m)

by our minimality condition on P. From (6) we get

8) P(X1,....Xpn)
) .
:Z—(’Ylaa’Ym)(Xu_’Yu)+P (Xl—’}/l,...,Xm—’}/m),

where all monomials in X7 — ~v1,..., X, — 7m in the polynomial P* have
total degree at least 2 and coefficients from C,, of non-negative p-order.
Now defining

n
©) ol =Y are, AP = o) o= - 3 agup
k=1

k>n
and
(10) 7 = flag),
we find from the definition of v, that
n G f(l) (aﬂ) n)\t
(11) W ==Y (A

i=1
With ny,...,n, € Ny, to be specified later, we deduce from (8) and (11)
that

ni n “ 8P n
(12) POl = 37 S ) i (e ) AL
w

=1

=

" 9P S T TR
8—%(%’”"%”);’7(14“ )

_l_

7!
n=1

+ P (™) — ) — ).

From (7) and Lemma 2, we get

B o) 2ot ) £0 = L,

and, defining b, := ord, B, for p =1,...,m, we may suppose without loss
of generality that

(13) b1 >...2 by
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The different terms on the right-hand side of the non—vanishing

I (o) Z]cjoﬂ ! ZJCJ(ZC“WP )
j=1

have p-adic orders belng finite linear combinations (over Ng) of 1,7 ,,
T2, - - - Similarly, the terms on the right-hand side of

oP A
(M5 -37m) Ze# i1,y im) flan)™ o flam)™,  eu(...) € Zp,
0X,,

where the sum is extended over finitely many (iy,...,%4,,) € N{*, have
p-orders which are finite linear combinations (over Ny) of 1 and all ry,
(ke N, v=1,...,m). Therefore, we can assert that each b, is a finite lin-
ear combination (over Ny) of 1 and all ry . For any p = 1,...,m, we may
fix such a linear combination for b,, and we define ny to be the maximal
k € N such that at least one r;, occurs in at least one of these m fixed
linear combinations.
Now we select n1 > ng according to the following conditions:

(14) Tni+1,1 > bl,

(15) Tny+1,1 is not a finite linear combination over Z of
1,711,...,"ny,1 and the 7 with ¢/ € {2,...,m}.

Finally we fix no,...,n, € Ng such that

(16) b1 + Tna+1,1 < ... < by, + Trpm+1,m

implying, by (13),
(17) Tni+1,1 < ooo < Tnpt1,m-

Since ord,, AEL"“) = Tp, +1,u for n, large enough, by (9) and our hypotheses
on the r-sequences, we find from (16) that

- oP
(18) ordy, (Z f'(a) 87(’71, e 7’7m)ALn“)> =b1 + Tny 41,1
p=1 "

It remains to investigate the p-order of the second and third term on the
right-hand side of (12). Clearly, for any ¢ > 2, u =1,...,m we have

f( )(au)

il (Alpw)ye > > 21,0 > b+ Ty

oP
Ordp<3X (Y1sveyYm) -

by (14) and (17). The different terms of P*(’yinl) — Y1, ,fy( nm) —7Ym) have
p-orders not less than 2r,, 111 > by + ry,4+1,1. With these considerations
and (18), we conclude from (12) that P(%”l), . ,’y,(n’")) does not vanish
and moreover has

(19) w = ord, P(')énl), o)) = by 4 0
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On the other hand, we see from (9) and (10) that

[ee] n .
J
VARTTUES ST) opesy
§=0 k=1
such that w is a linear combination (over Ng) of 1,71 1,...,70 1,...,
T1,ms---sTn,.m- Lhis and (19) gives us the desired contradiction, taking

ny > no and hypothesis (15) into account. Herewith Theorem 1 is proved.

REMARK. We briefly discuss the necessity of the conditions on the se-
quences (i) € QY appearing in our series

S a™ (=a).
k=1

Since aj, € U,, the assumption (r,) — oo is necessary and sufficient for the
convergence of these series. If, in contrast to condition (ii) of Theorem 1,
the sequence of denominators of 7 is bounded above, then a and f(«) are
both algebraic over Q,, for arbitrary series f € Z,[[z]]. Namely, under this
new hypothesis, one can write both of them as finite sums of the shape

t—1
S
7=0
with all A; belonging to Z, and ¢t € N the common denominator of all ry.

4. The infinite product. For the proof of Corollary 1, we shall finally
use Theorem 1 with f(z) = z. But let us first consider a typical product
[Ta+pm

n=1

with € Q\ N,7 > 1 and all g, € Z with ¢, # 0 infinitely often. Clearly,
this infinite product converges. We expand it as a series of the form

1+ Z agp™*
k=1

with all a;, € Up, and all r, € Q4 are finite linear combinations of 1,r,...,
r™, ... with coefficients from Ny. We may suppose the sequence (r1) to be
strictly increasing.

Since

(20) (L+p") " =1+ qup” + > (q'n >pw
=2 ¢
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(where the sum vanishes for ¢, = 1, and is finite for ¢, € N), we first note
that in the case ¢, # 0,

(21) wp(n) :=ord, g, +r" < ord, (%) +ir™  fori > 2.
i

This inequality is a consequence of ord,i¢ < (i — 1)r™, and this last es-
timate follows at once from ord,i < (logi?)/(log2) < i — 1. Clearly, the
wp(n) are distinct for distinct n with ¢, # 0, by our conditions on 7.
Since wp(n) tends to infinity with n (¢, # 0), we may define N; to be
such that wp(N1) = minpenwp(n), and inductively, for any s > 1, let
wp(Ns) = min, sy, , wp(n). Clearly, Ny < Ny < ...

For N € N with qn # 0, let ky € N be defined by

Tkn = wP(N)'

Such a number ky exists for each N as above, since we can obtain the
corresponding term ord, gy + rV by multiplying quTN on the right-hand
side of (20) by the 1 from all other factors (1 +p" )4, n # N.

Next we note that if an rj, contains some rV with g # 0 as a summand,
then r; contains it in the form

(22) ord, (qN> +ir

)
with appropriate ¢ > 2. Further, we point out that none of the linear com-
binations 71, ...,y 1 contains some 7" (n > Nj) with a positive integer

coefficient. Namely, by definition of Ny, for n > N; with ¢, # 0 one has

wp(n) > wp(Ng) = iy, -

N,

The number ky, is the smallest k such that r; contains 7'+ as a summand

with a positive coefficient, since
r<...< Thy,—1 < Tkn,
and all other r containing Vs have subscript k > ky,; this follows from
(21) and (22).
We assert that ry, cannot be expressed as a linear combination of

1,71,...,Tky, —1 With integral coefficients. Otherwise we could rewrite this
linear form as

rNe = By + Bir + ...+ By, 7!

with all B’s in Z, contradicting the hypotheses on r.
Now we are in a position to apply Theorem 1 to the series

(23) D ek = [T =1 (=1, m),
k=1 n=1
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which are just the o, —1 in terms of our corollary. Our above investigations
on the ag,,ry, occurring in (23) show that these have all properties as-
sumed in Theorem 1. Plainly, the role of the r,,41 , from Theorem 1 is now
played by the different 74, arising when carrying out the above consider-

ations with r = r,,, (¢n)n = (¢n,u)n for p = 1,...,m. Thus, we conclude
from Theorem 1 that the a; — 1,..., ., — 1 are algebraically independent
over Q,, and therefore so are the aq, ..., ay, as well, proving Corollary 1.

REMARK 1. For special sequences (gq,), the considerations in the pre-
ceding proof become much simpler. For instance, let us briefly discuss the
case ¢, = 1 for each n € N. For this, we consider all sums Z;.O:o Opr™ with
0, € {0, 1}, but d,, = 0 from some n on. By our hypotheses on r, all these
finite sums are distinct. Therefore, we may order them following their size
as

O=rog<rm <...<rp<...— 00,

and we finally get
[e.e] " o0
[Ta+p)—1=> p™
n=1 k=1

Clearly, for each N € N, there exists exactly one k,, € N for which r;, =17
holds. Furthermore, no ry with k£ < kny can contain an r™ with n > N with
a coefficient §,, = 1.

N

REMARK 2. The special infinite products considered in the preceding
remark arise, at least formally, from Mahler type functional equations as
discussed thoroughly in the classical complex case in Nishioka’s monograph
[5]. Namely, if F(z) denotes the infinite product [0~ (1 + 2" ), then we
have F(z) = (1 + 2)F(2").

5. Proof of Theorem 2. Again we proceed by induction on m. In the
Proposition from Section 2, we have already proved (a little more than) the
case m = 1 of Theorem 2. Suppose m > 1, and assume that Theorem 2 is
proved for any subset {ai,...,0,,...,am} of {a1,...,am}. Suppose that
our assertion is false for the m points aq, ..., a,,, i.e. that the [ - m numbers
(o) (A=1,...,l, p=1,...,m) are algebraically dependent over Q,. Let
the non-constant polynomial

(24) PeZpXiq,....X1im;- 5 X115, Xiym] (=t Zy[X], for short)
be such that
(25) P(l) = P(fyl,17 s ;Vl,m; s ;71,17 s 7,71,771) = 07

where vy, = fi(a,). Clearly, no I-tuple (X1 ,,...,X;,) of variables can
be missing in (24), by our induction hypothesis.
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From (24) and (25), we find

m !
(26) PX)=>>" apu (N (Xn =) + PHX =),

where all monomials in the [-m differences X , —~», , entering into P* have
total degree at least 2 and coefficients from C, with non-negative p-order.

Now, let aLn) and A,(f) be defined as in (9), and
’7)\ ,u = f>\( (n))

We want to substitute "yi 11 for X, in (26). To get on after that, we first
calculate

. f(’) " "
@27) A == Z A( D= fla) A+
i>2

Allowing here that n depends on p (we therefore write n, instead of n), we
find from (26) and (27) that

(28) P(’Yﬁl)7 .- 7/Y§nnZL)7 e ;’)’l(ﬁl)a e 7’7’1(71;”))

m

oP .
p=1 \=1
A (@) -
I @) pm)yi
+ZZ@X,\,N ); 7! ( H )
+P*('y§7§1)—%,1,--.,7§7§) vl,m;---,vl(ll)—71,1,-.-,%(7,1;”) Vim)-

At this moment, we need the following intermediate but crucial

LEMMA 5. For p=1,...,m, the sum

L oP
= Az:lfx(au) m(l)

does not vanish.
To start with its proof, we consider the polynomial
(29)  Qu(Xi - X1p)
=Py, X oo s Yms e Vs oo Xipiy o5 Vom)s

where X, replaces vy, for A = 1,...,0 on the left-hand side of (25).
Of course, by what we have noted after (25), Q,(X1,4,...,X;,) is a non-
constant polynomial with coefficients from

L[ Y1,15 s Vs oo s YUymi e e o3 VLo e e oy Vs - - 2 Vim)-
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Since the functions fi, ..., f; are algebraically independent over Q,, by hypo-
thesis, and thus over C, also (compare Remark 3 after Theorem 2), each
function

(30) eu(2) = Qu(fi(2),..., i(2))  (w=1,...,m)

is non-constant. From this and (29), we get

0Qu .
(31) alt Zf)\ alt aX (’71“7”'77[,,&):3/,1,’

On the other hand, one can easily rearrange ¢, (z) from (30) as a power
series as they appear in Lemma 3; then Lemma 4 gives us ¢ (o) # 0 for
uw=1,...,m, and therefore, by (31), the assertion of Lemma 5.

We are now in a position to continue our proof of Theorem 2. Since
B}, # 0 for p =1,...,m, by Lemma 5, we may define b;, := ord, B}, and
order them in such a way that

b > > b

Again each b, is a finite linear combination (over Np) of 1 and all 7. For
any = 1,...,m, we fix such a linear combination for b}, and proceed from
here on exactly as in the corresponding passage of the proof of Theorem 1,
except that we have to replace the b’s in (14) and (16) by the b*’s. If our

new ni,...,n,, are large enough, we deduce
(32) ordy (37 BLA[™ ) = b + 1y
pn=1

replacing formula (18). The sum in (32) is nothing else than the first double
sum on the right-hand side of (28). From here on, we get a contradiction
along the same lines as before.

6. Two more applications of Theorem 2. Here we discuss first hy-
pergeometric series and then a g-analogue of Corollary 2. But before enter-
ing a little more into the details, let us describe in short a general principle
for the search of such applications, which we used already in the proof of
Corollary 2.

Suppose we are given power series

2) :chykzj A=1,...,0)
§=0

from Q[[2]], say, having positive radii of convergence Ry and R, ) in C and
C,, respectively. If we have any method to prove the algebraic independence
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of the functions

(33) z,fl(z),...,fl(z)

over C (or equivalently the algebraic independence of f1(z),..., fi(z) over
the rational function field C(z)), then the functions (33) are also alge-
braically independent over Q; see again Remark 3 after Theorem 2. But
this implies their algebraic independence over Q,, (or over C,) as well, and
we can conclude from Theorem 2 that the (I 4 1) - m elements

ap filap) - filaw)  (p=1,...,m)

from C, are algebraically independent over Q,, if the a’s satisfy the condi-
tions of Theorem 1.

Hypergeometric series. We consider generalized hypergeometric series

o~ (915 (k)
o 2 )y Oy

where (X); := X(X+1)...(X+j—1),j € N, denotes the usual Pochhammer
symbol, (X)p := 1. If v > u, and all x’s and A’s are rational, these series
can be made Siegel E-functions by a change of variable. Such functions are
considered in the Siegel-Shidlovskii theory (compare, e.g., [7]), and their
algebraic independence over C(z) is intensively studied within the scope of
this theory. Very precise conditions on the parameters £ and A such that
functions of type (34) are algebraically independent over C(z) can be found
in the literature. Concerning this topic, we refer the reader to Salikhov [6]
but we also mention the paper [1] of Beukers, Brownawell and Heckman.

A g-analogue of Corollary 1. Tt is explained in [2] in which sense we may
consider the entire transcendental function

o me=11(-5) Lo

n=1 7=0

as a g¢-analogue of the classical exponential function, supposing ¢ € C,
|g| > 1. Further, we may consider the meromorphic function

(36) Lyz) =Y -~

n
— 2z
n:lq

as a g-analogue of the complex logarithm. Namely, we easily see from (36),
expanding (¢" — z)~! into a power series about z = 0, that

(37) L) =Y =

gl —1

j=1
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in |z| < |g|, and therefore (¢ —1)L,(2) = 3227 /(¢’~' +...41), which tends,
at least formally, to > 27/j = —log(1 —z) as ¢ — 1. As is obvious from (35)
and (36), the connection between the functions F, and L, is

Ef:) _ L)

38 =
(38) E,(z) z

Now we assert that, for fixed ¢ as above, the three functions
(39) 2z, Eq(2), Lq(2)

are algebraically independent over C, or even over Q(gq), since the series
in (35) and (37) have their coefficients in that field. Suppose, to the con-
trary, that the functions (39) are algebraically dependent over C. Then
z, Eq(z), Ey(2) would be algebraically dependent as well, by (38). In other
words, E,(z) would satisfy an algebraic differential equation of the first or-
der. But then, following a result attributed by Valiron [8], [9] to Wiman,
the function E, would have growth order o(E,;) € Q4. On the other hand,
it is well known (compare, e.g., [2] or [8]) that E, has o(E;) = 0. For his
convenience we remind the reader that the growth order o(f) of an entire
function f is defined by limsup,._, . (loglog|f|-)/(logr), where | f|, denotes
the maximum of |f(z)| on |z| = 7.

Choosing now g € Q\Z, |g| > 1, we may select a prime p with ord, ¢ < 0.
Then the product and the series in (35) define the same entire function in
C,, which we denote by E, ,(2). The series in (37), converging for z € C,,
|z], < |qlp, may be called Ly ,(2). Then our above considerations on the
functions (39) give the algebraic independence of their p-adic analogues

z, Eqp(2), Lg,p(2),
and we can deduce from Theorem 2 a g-analogue of Corollary 2.
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